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An analysis of the factorization approach in charm hadronic decays is carried out by using the
spectral-functions method and by exploiting the updated information on the semileptonic processes of
both the D meson and the v lepton. Not only the two-body but also the multiparticle exclusive decays
can be computed for the first time. While for some channels agreement with experiment is somewhat ac-
ceptable, within a factor of 2, much larger variance is found for other modes: D ~K a& {1260),
D ~K *a+, D ~K m'man.
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I. INTRODUCTION

By analogy with the semileptonic decay which is fac-
torizable, i.e., its matrix element is a product of one ha-
dronic and one leptonic current, the factorization ap-
proach [1—3] in nonleptonic processes is a natural exten-
sion asserting that the amplitudes are also the product of
two hadronic currents, each one entered into an ap-
propriate semileptonic mode. Whether or not this as-
sumption might be justified in the 1/N, expansion [4] is a
different aspect of the problem not discussed here (N,
designates the number of colors and is three in QCD).
We simply take it as a working hypothesis and ask our-
selves how good this approximation is in charm decays
by comparing theoretical predictions with data. Table I
summarizes our results, and readers are invited to judge
for themselves.

We begin with the standard effective Lagrangian

—V;, V„d [c,(ud)(sc )+cz(uc )(sd )],2""'
in which for simplicity we consider only the Cabibbo-
favored modes. The coeScients c

&

=(c+ +c ) /2,
cz=(c+ —c )/2 (with c+c =1) represent the well-
known [5] hard-gluonic corrections and are functions of
AQcD and the scale p at which the processes operate.
Here (ud) is a brief notation for the colorless current
uy„(1 —y~)d, and so on for the others. The usual pro-
cedure for computing the exclusive hadronic modes is to
assume factorization and to sandwich X,s between initial
and final states in all possible ways, and to perform Fierz
rearrangement (including colors) such that X,s can be
written as

(2)

Here the subscript H indicates the change to hadronic
field operators [3], and a 1

=c
&
+ ( I /N, )cz, a2 =c2

+(1/N, )c&. The case N, =00 (hence a, =c&, a2=c2)
was suggested a long time ago [2] and subsequently put
forward by other authors [3,4]. The decay amplitude is
then a product of two hadronic currents in a way very
similar to that of the semileptonic ones:

—V„d(lv)(ud )~, V;, (sc)It(vl ) . (3)

From Eqs. (2) and (3) we immediately recognize that the
hadronic decay modes best suited for factorization are
those involving the charged currents proportional to a&
(class I according to Ref. [3]). We can indeed take full
advantage of information from both decays of the heavy
lepton r induced by the current (ud )H on the one hand,
and the semileptonic decays of the D meson into K and
E* supplied by the current (sc )H on the other hand. We
remark further that the D and the ~ masses are nearly
equal so that ~ data can be fully exploitable in D decay.
Clearly in the factorization approach, the knowledge of
form factors contained in each hadronic current is the
most important issue since the amplitudes are completely
fixed by them. Therefore Sec. II will be devoted to the
extraction of the form factors in semileptonic decays,
which in turn determine the hadronic rates. These ha-
dronic decays are treated in Sec. III (two-body modes)
and Sec. IV (multibody channels).

II. THE FOUR FORM FACTORS IN D~K AND
D ~K* SEMILEPTONIC TRANSITIONS

Since the (sc)H current has zero isospin, the semilep-
tonic decay rates of D+ and D are equal; it is not neces-
sary to specify them.

While the decay D ~Le v is similar to the old K13,
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'M'm'&r
(D K )

cs k M, m, q
d 192vr M

(4)

Yo(q') = M+m& M —m, —
q

2mi A(M, m, , q )
A, (q )

l(M2 m 2 q2)
A,(q'), (6)

(M+m, )

q (M+m, )~

Y+(q )=
A(M m q)

A(M2 m 2 q2)
X A,(q')+, V(q')

(M+m, )

We write the three dimensionless helicity amplitudes

and depends on only one vector form factor f+ (q ), the
mode D~K*ev is more complicated. Many years ago
[6], a general and convenient formalism for analyzing this
latter mode in terms of three helicity amplitudes (0, +)
was suggested with an emphasis on looking for angular
correlations. The method was subsequently derived by
other authors [7] and especially used by the E691 experi-
rnental group [8] in their recent investigation. Let us
writedr, dr,

(D ~K "ev) =Qq, . p+ Pq

G'~ V„~' X'(M', m', q')
Y;( )

—p + 19277 M

(5)

with 2

F2(q2) =F (O)
A

—2
2

=F2(o) 1+2 q

A

the integrations can be analytically performed. This
linear approximation is largely adequate, not only be-
cause q /A ((1 in the whole range of integration [from
0 to (M —mj ) ] but mainly because of the kinematic
A,(M, m, q ) term, which practically ensures that only
the very small q region contributes to the integrals; the
most unfavorable case —when q reaches its maximum
value (M —mj ) —is completely suppressed by the kine-
matic A.(M, mj~, q ) term.

Then we get, in of
192m ) i V„ i

=7.42 X 10" s

F'= (G'M'/units

Y, (q ) in terms of three form factors V(q ),
A2(q ), Az(q ) defined in Ref. [3] and first measured by
the E691 group via the double angular (0„,0, ) distribu-
tions [8]. As previously noted [6], the relative + sign in
the right-hand side of Eq. (7) refiects the V—A character
of the charmed current (sc). Here M, m, mi are, respec-
tively, the D, K,K" masses; +q is the momentum
transfer, which is also the lepton-pair invariant mass, and
A(a, b, c)=(a +b +c 2a—b —2ac 2b—c)' is the totally
symmetric Kallen function. As remarked before, the
knowledge of the form factors —not only their normali-
zations at one point (say at q =0) but also their q
dependence —is of great importance for accurate calcula-
tions of the hadronic rates. The q dependence, as mea-
sured by many groups [9] are all consistent with a simple
pole behavior with mass A„=2. 1 GeV for f+ ( q ) and
V(q ) and A, =2.5 GeV for A, z(q ).

We now turn to the form-factor normalizations at
q =0 that essentially fix the rates. For this purpose, in-
tegrations over q of Eqs. (4) and (5) must be done. In
the linear approximation of the form factors,

I (D ~Kev) = f + (0) g, — + g,
U

f', r(D K*ev)=r„,„,+r,.„, ,

m) M2 m)r„.„,=r +r = v'(o) g, +, g,M
m( M2 m

+A, (0) g, + g3
A,

(9)

Mr,.„,=r,= A', (o) g, +, g,M
M+A2(0) g5 +

~ g5M

m, M2 m&—A, (0)A~(0) g6 +
2 g6M

(10)

with

g, (x)=1—Sx ~+8x6—x —24x lnx

g, (x ) =—', —6x 2 —32x 4+ 32x +6x ——', x —48x ( 1+x )lnx, (12)
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g2(x) = g, (x),1

4(1+x)

g (x)= [—' ——'x —25x +25x +—'x' ——'x' —8x (3+8x +3x )lnx],1
2 (1+ )2 15 5 5 15

g3(x)=(1+x) [ —,'+3x —3x —
—,'x6+4x2(1+x2)lnx],

g3(x)=(1+x) [—,'+ —,'x —23'x —3x +8x (1+3x +x )lnx],

(13)

(14)

(15)

(16)

(17)

g4(x) =
'2

1+x
[

1 5 x2+ 8x4+2x6 103 x 8 23 x 10+x4( 1+9x2+4x4)lnx ]40 24 3 24 120 (18)

g, (x)=

g5(x) =

g, (x)=

1
(1—9x +45x —45x +9x ' —x ' + 120x lnx ),

24x (1+x)
1

[1—14x +126x +525x —525x —126x' +14x' —x' +840x (1+x )lnx],
84x (1+x)

2
[2(1—x )gi(x) —gi(x)],

16x

(19)

(20)

(21)

g, (x)= [2(1—x )g2(x) —g2(x)) . (22)

In Eqs. (11)—(22) the g, (x) represent contributions for constant form factors, while g;(x) are those due to the q depen-
dence. It turns out that the q dependence enhances the width by 24% in D~Kev and 10% in D~Ke'v. We get nu-

merically

I'(D~Ke )v= 019 f5+( 0)f'=1.45f+( )010" s

I (D +K "ev)= [—0.238 A 1 (0)+0.0105 A 2(0)—0.078 A i(0)A2(0)+0.0039V (0) ]f'

= [1.769A 1 (0)+0.078A2(0) —0.578A i(0)A2(0)+0.029V (0)]X 10" s

I „„2.10A2(0)+0. 137A (0)—1.013A, (0)A (0)

r„,„, A i(0)+0.051V (0)

(23)

(24)

(25)

The average rate I (D~Kev) is known [9] to be
(7.1+0.6)X10' s ', from which [9] f+(0)=0.71+0.06,
in striking agreement with previous predictions [6].

For D ~E*ev, the large difference in magnitude of the
coefficients accompanying the form factors A i(0), A2(0),
and V(0) in Eqs. (24) and (25) indicates that the contribu-
tions of the vector V(q ) are negligible in both the abso-
lute rate I and the ratio R. Only the axial vector A 1 (q )

and its interference with A2(q ) are significant. This ob-
servation suggests that the form factors A, (0) and A2(0)
can be safely determined by using I and R as the contour
constraints represented, respectively, by an ellipse and a
straight line in the ( A „A2) plane illustrated in Fig. 1.
The plot could, to some extent, bypass the double angular
measurements (0„8,) utilized to extract the form factors
[8]. Only the single-angle e„distribution is needed to
measure R. Once this quantity is known, combining it
with the absolute rate I is then sufficient for fixing A, (0)
and A2(0).

While data on F are in good agreement among six ex-
periments, with the average [9] I (D ~K e v)

=(4.3+0.6)X10' s ', the experimental situation [9] is
still unclear for the ratio R ranging from 1.8+04 0.3

(E691) [8] to 0.47+0,z +0,5 (Mark III) [10].
In spite of the uncertainty in R, it is remarkable that

the A, (0) form factor which we find to be around
0.55+0.10 is quite stable from all experiments as indicat-
ed by the ellipse of Fig. 1. This is due to the fact that the
rate I depends almost on A, (0). The value
A, (0)=0.55+0. 10 which we obtain is only about half of
what was predicted by many theoretical models

Among the six experimental groups ARGUS, CLEO, E653,
E691, Mark III, and WA82, the Mark III collaboration has a
higher I rate than the five others. Also their ratio
R =I

&,„I/I „,„, is smaller than that of E691 and E653 but simi-
lar to WA82. Combining I and R of the Mark III data, we get
A, (0)=0.85+0.10 and A2(0)=1.4—1.8 using the V(0)=0.9
of E691, while we get A &(0)=0.55+0.10 from the average data
of the five other groups.
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FIG. 1. Contour constraints in the (A&, A2) plane. The ellipse, from Eq. (24), is for the rate I (D~K*ev). The dashed straight
lines, from Eq. (25), are for the ratio 8 = I &,„g/I „,„,. The E691 and the Mark III central values of 8 are indicated along the straight
lines.

[3,6,7,11].
On the other hand, the form factor Az(0) depends

essentially on R as shown by the straight lines of Fig. 1.
From the central value of the Mark III data on R, we ob-
tain A2(0)=1.45, ' very different from the E691 result

A2(0) =0+0.1+0.2. The uncertainties in R are refiected
in the uncertainties in A 2 (0), in agreement with Ref.
[12].

We summarize the present situation of the form fac-
tors: f+ (0)=0.71+0.06 and A, (0)=0.55+0. 10 can be

I

considered as settled. ' V(0) is insignificant for our pur-
poses in both the leptonic and hadronic modes, as will be
discussed later. Only A2(0) is still not fixed; it ranges
from 0+0.1+0.2 to 1.45+0.4, depending on our choice
of the E691 or the Mark III data. '

III. NONLEPTONIC DECAYS

By factorization, the rate for D decays into a E and

a nonstrange hadronic system X (X can be one-particle or
multiparticle) can be written as

z
(D ~K X)=a f 3 f+(q )A.(M, m, q )

dg 3277M

X[(M —m ) a&(q )+A, (M, m~, q )[u&(q~)+a&(q2)]j, (26)

which is completely similar to the hadronic decay of the heavy lepton r, as given by [13]

dl
z
(r+~vQ)=

3
(M q) [M~o(q )+—(M, +2q )[u&(q )+a&(q )]] .

16aM
(27)

Here vJ(q ), az(q ) (J=0, 1) are, respectively, the dimensionless vector and axial-vector spectral functions [13] associ-2 2

ated with the hadronic state X having a total angular momentum J. They are defined as

g(0~uy„(1 —y5)d~X)(X~dy (1—y5)u ~0)(2') 5 (q —p„)=( qg„+q„q, )[—u, (q )+a, (q )]+q„q ao(q') . (28)

The advantage of these general formulas is that not only the two-body modes but also the continuum and multibody

channels can be treated on the same footing. The two-body modes are only a particular case in which the spectral func-

tions vz(q ) and az(q ) are replaced, in the narrow-width approximation, by the 5 function 5(q —mz ) times the corre-

sponding decay constant squared. Some examples are given below:



46 HOW GOOD IS THE FACTORIZATION APPROACH IN CHARM. . . 265

Particle X

p(770)

a, (1260)

Dimensionless spectral functions

a()(q )=f 5(q m— )
2

u, (q )=f 5(q —m ) —+
(q —m )+ym

fArA A 1a, (q )=fA5(q —mA)~
(q —m„) +y„m„

(29)

For the p(770) and especially for the broad a)(1260)
mesons, the inadequate narrow-width approximation
must be improved by replacing the 5 functions in Eq. (29)
with the Breit-Wigner form in which the full widths y are
taken into account. The substitution is made according
to the prescription [13]

&(q' — ') (30)
{q —m )+ym

which represents, to a certain degree, the final-state in-
teractions.

In Eq. (29},f is the usual pion decay constant ( = 132
MeV), f is defined by (OIV&Ip*)=egpmp, and fA is
defined similarly. The constant f is &2 times the p de-

cay coupling measured by the rate p ~e+e, which
gives f =215 MeV. Unlike f„and f, the decay con-
stant f„ is not so accurately known. Direct information
comes from the decay r~va)(1260). In the narrow-
width approximation of p(770) and a ((1260), we have

8(r~va)) fA (M, —mA) (M, +2m„)
&(&~vp) fp (M, —m } (M, +2m )

and a, {1260}widths by putting the Breit-Wigner forms,
Eq. (29), into Eq. (27), and after integration over q, we
get numerically (for y „=400MeV)

I (r~va) )=0.393 M,fA16m.
(31)

I'(r —+vp) =0.804 M,f16

The Breit-Wigner-corrected coefficients 0.393 and 0.804
in Eq. (31) replace, respectively, the coefficients
(1—mA /M, ) (1+2M„/M, )=0.5 and (1—m /M, ) (1
+2M /M, )=0.91 of the narrow-width approximation.
From Eq. (31) we then get (fA/f ) =0.97. Both values
0.86 and 0.97 for (fA/f ) are consistent with the first
Weinberg sum rule [15], written in our notation as

f fA =f —and giving (f„/f ) =0.62. In the follow-

ing we will take (fA /f ) =0.97 corresponding to
f„=212MeV.

Furthermore, from the conserved vector current, the
continuuin spectral function u) (q ) can be related to the
cross section of e e annihilation into the isospin-1 had-
rons [13]

=0.55
P

from which we get (fA /f ) =0.86, where data on r are
given in a recent review [14]. Taking into account the p

I

G'I v*, v
(DO K

—«~) a2 " g3(M2 m2 2)

as

(32)
q (rl, (e++e ~hadrons}

u, (q )=
8~ a

Similarly, the rate I'{D ~K'X) can also be written

M+mi
X Y(q )[u)(q )+a)(q )]+

2m'

M mi
A)(q )—

M+mi

'2

A2(q2) ao{q (33)

where Y(q )= Yo(q )+Y+(q )+Y (q ).
Putting Eq. (29} into Eqs. (26)

(G'I v,', v„dI'/32~)M'=6~'I v.dI'f']:
'2

r(D0~K ~+)=a'
M 'M'

2

f+(m ),
M

(34)

and (33), the principal two-body decay rates are [in units of

I {D ~K p+)=a)
M

rp p [(M -)/M]'d 2 2 ~ (1-m'/M x)
2 2

dx +Mx 2'22 2 2(2m /M) (x —m /M ) +y m /M
(35)

2
m

M M2
2

I (D ~K a+)=a , fA-'
M

2
2 2

M M2' M'

A A [(M —m)/M} 2 2 A, ( l, m /M, x }x +Mx
(3m /M)' (x —

mA /M ) +y Am A /M

(35')

(36)

(36')
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'2 1

m m M+m
I (D ~K* sr+)=a A, 1" M 'M'M' 2ml

M m)
A, (m )—

M+m)
A~(m„)

2

(37)

I (D ~K* p )=a,
2

fp
M

y m [(M —m
&

)/M] A, (l, m, /M, x)
(zm zM)' (x —m /M ) +y m /M

(38)

M M2
(38')

Equations (35'), (36'), and (38') correspond to the zero-width approximation. Numerically Eqs. (38) and (38') a«, «-
spectively [the term a, (f /M ) is not included],

0.717A i (0)+0.0145 A 2(0) —0. 1462 A i (0) A q(0)+0.0146V (0),
0.88A f(0)+0.0116Aq(0) —0. 1478A i(0)A2(0)+0.0192V (0) .

As in the leptonic modes, the vector form factor V(q )

does not contribute to D ~K*m.. Its contribution is also
insignificant in the K*p mode where, practically, only
A, (q ) and Az(q ) count.

Since all the class-I decay rates depend on the (hard-

gluon-corrections) coefficient a &, which is sensitive to
both AQcD and the scale p, it is more convenient to factor
it out and to compare, in the third column of Table I, all
the branching ratios with the D ~K m+ one taken as a
starting-point input. For the K p+, K a,+ (1260), and

TABLE I. Comparison of experimental data (column 2) with theoretical calculations [column 3 for a, =1.02, column 4 for
a, = l. 11 (N, = 3), column 5 for a, = l.30 (N, = ~ )]. Theoretical predictions in parentheses correspond to the narrow-width approxi-
mation.

Experiments' Branching ratios (percent), theoretical predictions

Modes

D ~K
D ~K p+

Branching
ratios

(percent)

3.71+0.25

7.8+1.1 5.53

a) =1.02
(from fit to

the D ~K
data taken
as input)

3.71

(6.31) 6.54

a) =c)+ 3cp
1

1.11
(N, =3)

4.39

(7.47) 8.98

a, =c, =1.3
(N, = 0C )

6.02

(10.25)

D K a,+ (1260)

D K

D K *p+

D ~K m+m.

D ~K ~+a m. +m

D' K- ~+~o~o~o

9+0.9+1 7

4.6+0.4

6.2+2.3+2b

9 ~ 1+1.2
7.3+3.6+0.9g

3.8+v

5.2+0.7+0.6"

1.29'
1.28
1.25

4.00'
5.98'

213
0.38'

5.56

0.5

0.07

(0.86)

(4.92)
(7.83)

1.52'
1.51
1.48

4 73d

7 09'

2.52'
0.45'

6.58

0.59

0.08

(1.02)

(5.82)
(9.27)

2.06'
2.05
2.01

6.49
9.72'

3.46
0.61'

9.03

0.81

0.10

(1.39)

(7.99)
(12.71)

' Particle Data Group, J. J. Hernandez et al. , Phys. Lett. B 239, 1 (1990) (PDG 1990).
The Mark III Collaboration [10].

'The three values in decreasing order are obtained from the y A width taken, respectively, to be 500, 400, and 300 MeV.
Calculations using the E691 form factors [8] A, =0.46, A z

=0, V =0.9.
'Calculations using the form factors A, =0.70, Az = 1.45, V=0.9 extracted from the Mark III data [10]. Very similar results are ob-

tained with another set of form factors compatible with Mark III data: A, =0.85, A2=1.8, t/ =0.9.
'This branching ratio is obtained (PDG 1990) when D ~K *~+ and D ~K *n. followed by K ~K m, and K *~K ~ are
subtracted.
ACCMOR Collaboration [22].

"E691 Collaboration [23].
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,'(D' K-4~) =a',
~ V,', V„„~'

q 256a M m dq

dr, dr, dI 4
q2 a2~vey ~2f2 (0)Jy dq

2 1 cs u d + (44)

with

dF
(D K n. +m m m )

=f (q )A, (M, m q )

(41) are plotted in Fig. 3, from which we obtain, after numeri-
cal integrations,

I'(D ~K a+a n ~ )=(Q. 12X IQ' s ')a&,

I (D ~K m+n m+m)=(0..91.X 10' s ')a, ,

X [q —,'o (e+e ~n+nn+m)], (.42). .

dF p + + p, (D'
dq

=f+(q )A, (M, m, q )q

X [—,'cr(e+e ~n+mn+n). . . .

+~(e+e -~+~ ~o~o)] . (4-3)

giving B(D ~K 4m ) =0.S%%uo.

Interpretation of D ~K 4~ in terms of the class-I D
decay must be cautious because of possible contamination
by two- and/or three-body subresonant modes coming
from both charged and neutral currents (classes I and II
of Ref. [3]). Contamination from class II, D ~K' rj,
K' co followed by K' ~K m+ and (ri, co)~n~n, have
been already subtracted in these experiments. In Table I,
results for both D ~K (2m. ) and D ~K (4m. ) are
given.

Data for e+e —+~ m. m. +~ and e+e ~m+m. m. m.

are taken from Ref. [16] in which the Frascati [19],No-
vosibirsk [18], and Orsay [17] results were used: both
cross sections are very well measured from the threshold
to the kinematic limit M —m = 1.4 GeV in contradistinc-
tion with r~v(4m)case considere. d in Ref. [16] where
higher-energy e e cross sections are needed (but mea-
sured with big errors). The normalized four-pion
invariant-mass distributions d I 4/dy, defined as
(y =&q')

V. SUMMARY AND CONCLUSION

In Sec. II, we made a detailed analysis of the
D ~K*ev decay in order to extract information on the
form factors. We found that A&(0) must be around
0.55+0. 10 from all experiments except the Mark III Col-
laboration from which we get a higher value
A, (0)=0.85. As for A2(0), the present situation is still
unclear; it ranges from 0 to 1.45 due to the uncertainties
of the ratio r&,„ /I „,„,. The contributions of the vector
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form factor V(q ) are negligible, and f+(0) in D +—Kev
is well determined to be 0.71+0.06. Equipped with these
form factors, the two-body hadronic decays were dis-
cussed in Sec. III with results summarized in Table I.
While for some modes agreement between experiment
and theory is fair (within a factor of 2), in the others such
as D ~K 'mr+ and D ~K a&+(1260), much larger
differences are found. In Sec. IV, the multichannel de-
cays D ~K (2m ) and D ~K (4m. ) were analyzed,
providing a further test of factorization. Compared to
experiment, the D ~K (2n) prediction is rather ac-
ceptable, while the D ~K (4m) one is found to be too
small. (See Table I.) However, for the latter case, the
comparison should be considered with caution since pos-
sible resonant subcomponent contamination coming from
both charged and neutral currents must be subtracted. It
should be noted, however, that in these experiments, the
subtraction has already been done for the two principal
sources of contamination, K' g and K* co.

Before any firm conclusion can be drawn on the factor-
ization approach, the problem of form factors must be
unambiguously settled. Since the uncertainty involves
the K via the A2(q ) form factor, any statement on the
D +K '~+ mode seems premature. On the other
hand, for the D ~K a&+(1260) and D ~K (4n) de-

cays, the theoretical predictions are much smaller than
experimental values. For the former case, one might
think that such enhancement —as suggested by data—
could come from the annihilation mechanism implement-
ed with a resonance near the D mass according to the
scenario D ~„„kV'~st„„P a, (1260), where V*
denotes a J =1 vector meson. A candidate for this V'
intermediate state is the E'(1680). However, such a
scenario is untenable since the mode K ~+ must be
enhanced by the same order (or an even larger order due
to phase space). This has already been ruled out by ex-
periments. One then turns to the eternal problem of
final-state interactions (which is not the purpose of our
paper), remembering, however, that the mode D ~K K
is the cleanest example in which final-state interactions
are shown to be important [20] and experimentally
confirmed [21]. It should be finally mentioned that the
factorization approach may be only suitable for energetic
two-body (or quasi-two-body) transitions; for
D~ Ka&(1260) with very little energy release, the ap-
proximation is questioned.
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