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We study the Est KL s~3tr, mlv tim. e-dependent interferences at a P factory. We find that, with
10' —10" P's as obtainable with a luminosity /=1033 cm 's ', it should be possible to measure the
CP-conserving amplitude of the decay Ks~m+m ~ from the observation of such interferences. Furth-
ermore, we point out that also the fina-state-interaction phases of I( ~3m could be reached experimen-
tally in this way.

PACS number(s): 14.40.Aq, 11.30.Er, 13.20.Eb, 13.25.+m

For our understanding of low-energy physics it is very
interesting to study the EI=—,

' transitions in K~3m.
The decay Kz m+m m. is a pure EI=—,

' transition, and
therefore its detection would be important in this regard.
Since it is inhibited also by an angular momentum bar-
rier, its branching ratio is expected to be rather small,
8(Ks~tr+no)=(. 2 4)X10—[1—4], so that it has not
been detected yet.

I~ what follows we investigate the possibility of
measuring the Kz ~m+m ~ amplitude via its interfer-
ence with EL ~tr+tr tr at a P factory [5,6]. This would
represent a determination alternative to the direct mea-
surement of the width. An advantage of this method is
that also the final-state-interaction phases of K~3~
should be accessible. These phases are qualitatively ex-
pected to be small, of the order of 5-0. 1 or so, due to
the smallness of phase space. Nevertheless, they bring
important information on the chiral structure of meson-
meson interactions and, even more importantly, they
determine the size of direct CP-violation asymmetries in
K~3n[7 —9], so th. at their experimental determination
would be welcome. While in the width of K~3m these
phases appear quadratically (i.e., as cos5-1 —5 /2) and
therefore are quite diScult to be observed, in the time-
dependent interference mentioned above they appear
linearly, in the K~ —Kl mass oscillation factor
—sin(bmt+5). The latter could possibly be recon-
structed from the data, leading to a direct determination
of 5.

As observed by the authors of Ref. [10],statistics avail-
able at P factories might not be enough to measure CP
violation in K& L ~3m through time-dependent asym-
metries of the kind discussed in [11—13] for K ~2tr. We
point out, however, that the CP-conserving
Kz~~+~ ~ amplitude, and the strong phases, could be

l

1+I 1

[2( 1 + IZI2)]'n [2( 1 + IZI )]
(2)

In (1) z is the direction of the momenta of the kaons in
the c.m. system, while in (2) Z is the CP-violating K -K
mass mixing. In this situation the subsequent Kz and KI
decays are correlated, and their quantum interferences
show up in relative time distributions and time asym-
metries.

Specifically, we consider the transition amplitude T for
the initial-state decay into the final states f, and fz at
times t, and t2, respectively:

measurable from such time-dependent interferences, with
a number of P's between 10' and 10" as expected from a
tt factory with luminosity X=10 cm s '. Further-
more, compared to [10], we stress the crucial role of the
explicit Dalitz distributions in computing rates and in
making appropriate kinematical cuts to observe these in-
terferences. This last observation has been shown to be
very important on similar grounds also at CP LEAR
(CERN Low Energy Antiproton Ring) [14,15].

To develop these ideas for the P factory, we just outline
the basic ideas underlying the results of [11]. Because of
the conservation of C in strong and electromagnetic in-
teractions, at a P factory the E K pairs from /~K K
are in a pure state with J (P)= 1 . Thus, the initial
KK state immediately after P decay is represented, in
general, by the following combination of Ks and KL (we
assume CPT conservation):

I
t &

=—IK'K'(C =odd) &

IK (z)K (
—z) &

—IK (z)K (
—z) &

2&2pq

where

&f iI TIKI, (ti) & &fiI TIKs(t2) &
—&fiI TIKs(ti) & &f2I TIKg(tp) &

T(f, (ti, z),f2(tz, —z))=
2 2pq

(3)
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Clearly, time-dependent interferences between

(f ) ITIKL, (t& ) && f21 TIKs(t2) &

~K (t)) =e (K (0) &,

with

(4)

and

(f, ~T~Ks(t, ))(f2~T~KL(t2)) Defining

1 '
SL 2~ YsL

can be observed. To maximize the effect of such interfer-
ences for Ks L

—+3m., we choose f, =sr l v and
f2=m+x n. , as also considered in [10]. Actually, to
simplify the notation, in what follows we will denote f2
simply by f2=3~.

The time evolution of the initial quantum state ~i ) can
be easily written in terms of the exponential time depen-
dences of the mass eigenstates Ez and EL .

t =t) +t27 At —t2 t]

and the "intensity" I(b,t ),

I(ht)= ,'—f—dt~T(f, (t„z),f2(t2, —z))~',

(6)

one finds, for f&
and f2 chosen above, and neglecting CP

violation which is not of interest here (so that
p =q =1/~2),

and

I(~~i+v 3~~t(0) I '
[l&3~ITIK &12e- s +((3~(T(K &(2e

—i
8y

+2e rla I[ Re((3n
/ TIKt &'(3~1 TIKs) ) cos(hm lht I)

+ Im(&3~ITIK& &'&3~ITIKs&)sin(bml~tI)]j

I(~*i'v, 3~;St&0)= ~& ~ ~
( )~ [/(3~/T/K )/'e " +/(3~/T/K )f'e "

(8)

+2e r '[ Re( ( 3n
~
T

~ KL ) ' ( 3n
~
T

~ Ks ) ) cos( b m b t )

—Im((3m(T(Kt )'(3m. (T)Ks)) sin(bm ht)]J .

Here y=(yL+ys)/2; km =mL —ms, and the depen-
dence of the X~3m amplitudes on pion momenta are im-
plicit.

The isospin decomposition of ECz ~++m m and
K&~~+m. m decay amplitudes, up to linear terms in
pion momenta, can be written as [16—18]

(n+m n ~T~Kr ) =(a, +a&)e ' —(P&+P&)e ' Y,

(13)

Re( ( 3n I
T IKt &

'
& 3~ I T IKs & )

= 2
y3X[a cos(52 5is ) pY cos(52

3

I

[ ( 3~1T IKL, ) I
=a —2ap Y cos(5&M —5,s )+p Y, (12)

i (3n
/ T/Ks ) /'=-', ygX',

(~+~ ~O~T~Ks) = ', v'3y, xe' '-.

(10) Im((3m ~T~Kt ) (3m
~ T~Ks) )

= 2—ysX[asin(5z —5&s)—PYsin(52 —5|M)] . (15)
3

In Eqs. (10) and (11) Y and X are the Dalitz-plot variables
Y=(s& —so)/m and X=(s2 —

s& )/m, where
s; = (p —p; ) with p and p; (i = 1,2, 3 ) the four-momenta of
the kaon and of the pions, respectively. In this notation
& =3 indicates the "odd-charge" pion, i.e., the ~ in our
case, and so =

—,'(s, +s2+s~). The amplitudes a, p, and y
correspond to the three possible (3~) isospin final states:
I =1 symmetric, I=1 with mixed symmetry, and I =2.
The subscripts 1, 3 on a, p, and y refer to the AI= —,

' and
AI =

—,
' transitions, respectively. The phases 5&&,5&~, and

62 account for final-state strong interactions, and are
needed, in principle, in order to satisfy unitarity. Finally,
a, P, and y are real numbers if CP is conserved.

Using (10) and (11), we can replace in the right-hand
sides of (8) and (9) the following expansions (we denote
a=a&+a~ andP=P, +P~):

In practice, in the above equations one could simplify
cos5-1 and sin5-5 due to the expected smallness of
strong interaction phases. Furthermore, for practical
purposes one can consistently neglect the momentum
dependence of those phases and fix them at, e.g., their
values at the center of the Dalitz plot. In principle, con-
sistent with the quadratic order in X and Y retained here,
we should have included quadratic terms also in Eqs. (10)
and (11), which would modify the form of (12)—(15).
However, in the sequel we shall consider integrals of the
intensities (8) and (9) over the Dalitz plot with kinemati-
cal cuts suitably defined in order that only the interfer-
ence survives, which is of interest here. Because of these
cuts, the contribution to these integrals of the so-rnodified
Eqs. (12) and (13) would still vanish. Regarding the in-
terference, there would be a correction to the XY term in
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(14) and (15), proportional to the added quadratic slope of
Kz~m+m m. . From the fit to the present K~3m data
this slope is found much smaller than the linear slopes,
and actually is compatible to zero [3]. Furthermore, this
extra contribution is a higher-order e6'ect in chiral per-
turbation theory, and accordingly it should be considered
as a correction also from the point of view of this theoret-
ical approach. Consequently, Eqs. (14) and (15) represent
an approximate expression of the interference term, ade-
quate to the accuracy of our numerical estimates.

Froin Eqs. (8) and (9) one can notice that in the intensi-
ty of events for ht & 0 the l ( 3m.

l
T

l Ks ) l
term is

enhanced by yz «ys with respect to l(3m l TlKz ) l, a
situation which is complementary to that of K ~2m [10].
Thus, for the total number of events, obtained by in-
tegrating (8) in l ht l and over the full K ~3m Dalitz plot
(so that the interference terms do not contribute) we have

N(ir —
1 v, 3~;b, t &0)

2mt, g+-o
&3m'

X [ cos(b, m
l
ht

l )

16
e

—r l«I
3v'3la, „„l~

+ (52 —5is ) sin(b, m
l
b, t

l )], (21)

with la,„,l
=8.5X10, and all integrals over the Dalitz

plot needed in the following become trivial.
Specifically, to select A(Ks rr+m rr ) and 52 —5is

we can make a cut in X, by defining

V'3
Xx(ht)=

3 Q+ o
(4m) m

X f f r dr dP sgn(X)I(m —1+v, 3n-, b, t ) . (20)

Using Eqs. (8)—(15),
2

Xx(bt &0)=k 8(Kz +el—v)8(KL ~ir+ir rr )
4y

=N o o ,'B(Ki ~—m. l—v)

X
~L

8(KL ~3m)+B(Ks~3~) 0,
Xs

(16)

and

2

Xx(ht &0)=+ B(Kt +nlv)8(K—L
~n+~ n).

4r

2mx gr sing 2m' gr cosPX=, Y=-
v'3m '„' 3m ' (17)

where, with the assumed luminosity,
= l. 5 X 10' /yr. In (16) 0 & 1 is a factor representing the
experimental acceptance. For the predicted values of the
Ks ~3nwidth th. e two terms in (16) are indeed compara-
ble, and lead to about 3 X 10 XQ events/yr.

The other important point is that the K&~a+~ m

amplitude y3 and the strong relative phases 52 —5,+ and

52 —5,M appear linearly in the intensities of events
through the interference terms (14) and (15), and are
there multiplied by well-defined, explicit time-dependent
coefficients. Thus in particular, by reconstructing the
sin(b, mb, t) interference pattern one should have experi-
mental access to the K ~3~ strong phases.

To extract the interference terms we can define
"weighted" integrals of the intensities (8) and (9) over the
K —+3~r Dalitz plot, with suitable cuts [15]. To this pur-
pose it is useful to introduce polar variables r and P, cen-
tered at the symmetric point of the Dalitz plot, such that

2m~ Q+ o 16y i
X e

v'3m ' 3v'3
l a,„„n.

X [ cos(b, m b, t )

—(52 —5,s ) sin( hm ht ) ] . (22)

Explicitly,
2

X~r(bt &0)=+ B(KL ~nlv)B(KL ~vr+rr rr )
4y

(23)

4mzg+-o
3v'3m'

X[ cos(b, m lb, tl )

2R
e

—rl«l
v'ala, „„l'~

The part of the interference linear in 52 —
5&M can be

determined by a cut in XY, defined as

Xxr(ht ) 3 Q+ —o(4~)'m, 18

X f f r dr dgsgn(XF)I(m —
1 v, 3m , bt) . -

where Q is the Q value (Q+ o
=83.6 MeV). The K ~3~

width can be expressed as

r(K 3m)=, Q' f f r dr dP l
A(r, g)l' .

(4~)'m

(18)

For our estimates the integration domain can be safely
taken as the circle of unit radius (nonrelativistic limit), so
that (18) can be simplified to

and

+ (52 5,~ ) sin(b, m—
l
ht

l )],

4mxg+ —o
2 2

3v'3m'„

X [ cos(b, m b, t )

20r3
v'31 a,„„l'~

—(5i—5,~)sin(b, m b, t)] .

2

Xxr(ht &0)=+ B(K~~rrlv)B(Kt ~vr ir ~ )
~L + — 0

4r

(24)

(25)

r(K, ~ ~ ~ )=, g+ o~la, „„,lo

(4~)'m
(19) To assess the expected number of events at the P facto-

ry we integrate the above equations in
l
ht l, and take the
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numerical values P= —2. 8 X 10, y 3
=2. 3 X 10 from

the fit to E~3tr data of Ref. [3]. For the final-state-
interaction phases at the center of the Dalitz plot we
adopt the value

5is —52
5,s 5,~ —— ——0.07,

2
(26)

—[(n.+1 v)~(~ 1+v)] . (28)

Using the input values mentioned above, we would find
about 490XQ and 70XQ events/yr available to the
determination of y3 and 52 —5&s, respectively, where 0 is
the acceptance factor introduced in (16). Analogously,
Eqs. (24) and (25) would give about 7XQ events/yr for
the determination of 52 —5,M.

These results indicate that the possibility to determine
experimentally the CP-conserving Es —+m+m. ~ ampli-
tude at a P factory through the EL Es int—erference
should be considered with some attention. Particularly
appealing is the sensitivity of this method to the E—+3~
final-state-interaction phases, which seem to be measur-
able for 0 not so far from unity (although, from the cal-
culated number of events, probably only an upper limit
could be derived for 5z —5,M). As anticipated, such a
possibility directly relates to the explicit momentum

as predicted by model calculations using either chiral
loops [8] or the nonrelativistic approximation [20].
From (21) and (22), y3 is determined by the combination

[N(tr+1 v, 3';ht &0)+N(tr+1 v, 3n", ht &0)]
—[(m+I v)~(m 1+v)], (27)

while 52 —5,s is determined by

[N(rr+l v, 3n-, ht &0) N(n. +1—v, 3';ht &0)]

dependence of Dalitz-plot distributions, leading to Eqs.
(21)—(25). Our discussion thus positively complements
Ref. [10), which was limited to the consideration of CP
violating E~3m..

Furthermore, we remark that one chooses f, =n*l . v
with respect to other channels as a convenient mode for
tagging. Indeed, the authors of Ref. [21] have recently
emphasized the significant role of this E decay channel,
interfering with fz =am. , in testing CP and CPT violation
at a (() factory.

Clearly, the considerations above should be substan-
tiated by further studies, taking into account experimen-
tal efficiencies, which here were taken equal to one. One
manifest difficulty is due to the factor e ~ ' in the in-
terference term, which requires measurements at ex-
tremely short times. Naively then, the situation seems
similar to that of the measurement of Im(e'/e) in K ~2m.
[22]. The important difFerence, however, is that the mea-
surement proposed here (if feasible) has the nice feature
of being free from the background decay P~E K y,
leading to the C =even state:

iE E (C=even))

iK (z)E (
—z))+iE (z)E ( —z))

2v'2pq

In fact, in addition to the overall suppression due to the
small branching ratio of the originating process
/~K E y [23—25], the contribution of the iKsKs)
state is further suppressed by tiny branching ratios, while
that of the IEL Et ) state vanishes by the kinematical cuts
in Eqs. (21)—(25).
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