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Cosmological consequences of a time-dependent A term
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The phenomenological approach to investigate the decay of the effective cosmological constant, as re-
cently proposed by Chen and Wu, is generalized to include a term proportional to H on the time depen-
dence of A, where H is the Hubble parameter. This new term can modify some features of the standard
Friedmann-Robertson-Walker model and its free parameter may be adjusted in accordance with nu-

cleosynthesis constraints. The model also allows a deceleration parameter qo assuming negative values
so that the density parameter Qo is smaller than —, and the age of the Universe is always bigger than

Ho . In these cases, the usual matter creation rate appearing in models with a decaying vacuum energy
is smaller than the one present in the steady-state model.

PACS number(s): 98.80.Dr, 98.80.Cq

I. INTRODUCTION

The smallness of the effective cosmological constant
observed today (AD~10 cm ) is one of the most
difficult problems involving cosmology and elementary
particle physics theory. In order to explain the striking
cancellation between the "bare" cosmological constant
and the ordinary vacuum energy contributions of the
quantum fields, several mechanisms have been proposed
in the last few years [1]. Phenomenologically, the sim-
plest of them is to assume that the effective cosmological
"constant" is a variable dynamic degree of freedom so
that in an expanding universe it relaxes to its present
value [2—6]. In other words, the "effective cosmological
constant" is quite small today because the Universe is too
old. From a macroscopic point of view, the problem
reduces to determine the right dependence of A on the
universal scale factor R and eventually in its first deriva-
tives, taking into account the proper cosmological con-
straints.

Recently, Chen and Wu argued in favor of an R
dependence of A, based on a dimensional argument in
line with quantum cosmology [6]. They also showed that
such a behavior may alleviate some problems in reconcil-
ing the observational data with the inflationary scenario.
However, it is easy to see that the "ansatz" of the authors
does not fix A=aR, a constant, as the only possible
decaying law. For example, one may assume, for the sake
of simplicity,

lp,
2

where Ip& and tp& are respectively the Planck length and
time, n is an integer number, and tH ——H is the Hubble
time. So, recalling that general relativity is a classical
theory, in order to get rid of the A dependence of A one
needs to put n =2. Thus, since the Hubble parameter H

where a and P are dimensionless numbers of the order of
unity, with the factor 3 being introduced for mathemati-
cal convenience.

II. THE FIELD EQUATIONS

Let us consider the Friedmann-Robertson-Walker
(FRW) line element (c =1)

dr
ds =dt R(t)— +r (d9 +sin Odg )

1 —kr
(2)

where k =0,+1 is the curvature parameter. For a
comoving perfect fiuid, the nontrivial Einstein s field
equations with a A term given by (1) can be cast in the
form

' 2
8~Gp=(1 —/3)R + k —a

R R

8vrGp = —2——(1—3P)
R R
R R

k —3a
R

(4)

where p and p are respectively the energy density and
pressure of the cosmic fluid.

By considering the "y-law" equation of state

p =(y —1)p, it is easy to see that the scale factor is
governed by the second-order differential equation

RR+h)R +52=0,

is given by R /R, there is also the possibility of A scaling
with (R /R ) . As will be seen later, this new term can
play a fundamental role in solving some cosmological
puzzles. In what follows, we extend the cosmological
scenario discussed in [6] by considering a more general A
term of the form

2

A=3/3 — +R 3a
R
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the first integral of which is

and

R = AR ' — (6,%0)
1

R = A —2b, 2lnR (5& =0) .

Here,

3y(1 —P) —2 3y(k —a) —2k
2

' ' 2

(6a)

(6b)

times [see Eq. (8)]; (ii) the P parameter also contributes,
on one hand, to increase the age of the Universe with
respect to the values computed in the standard model
and, on the other hand, to diminish the particle produc-
tion rate as compared with the result obtained by Chen
and Wu. We shall see later that P can also be held in ac-
cordance with the nucleosynthesis constraints.

From now on we suppose A, )0 and P & 1 so that the
cosmic scenario starts from a singularity as in the stan-
dard model. In order to compute the age tp of the
Universe one must integrate the first integral of R for the
matter-dominated phase [Eq. (10)]. In this case, defining
the present time quantities

R =A R +4p+ 2a —k
1 —2P

(7)

and A(y) is an arbitrary constant. Using Eqs. (1), (3),
and (6) one obtains for the radiation- (y= —', ) (RD) and
matter- (y =1) dominated (MD) phases the following re-
sults:

(i) RD phase (p =
—,'p, PA —,

'
)

RR
R

RandH =
R

2gp 2gp

0 1 —3P 1 —3P x' dx . (13)

it is straightforward to obtain to from Eqs. (5) and (10):
—1/2

8mGp„" =(1—P) A, R -4+4~+
1 —2P

8mG " =PA, R -'+4t'+
1

1 —2P

(ii) MD phase (p =0, PA —,
'

)

(8)

(9)
k —3a

(1—3P)R o

2gp

1 —3P
(14)

Note that if P=O the formal result of the standard model
is recovered [7]. We observe that, since the deceleration
parameter obeys the relation

R =A R '+~+3a —k
1 —3P

8mG =(1—p)A R +3p+ 2a —2pk
R

3 1 —3P
8n.G

pA R 3+3p+ a —pkR z

3 2
1 —3P

(10)

(12)

In the above expressions it was implicitly assumed that
the vacuum couples only with the dominant component
in each phase.

If 8=0 and the constants A&, A2, and a are taken
greater than zero, the cosmological scenario obtained by
Chen and Wu [6] is recovered. If P=O, A, &0, and
a =k = 1, the above equations reproduce the nonsingular
model of Ozer and Taha [2]. For a=O and k =0, one
can see that the parameter defined for any epoch
x =p„/(p+p„) is equal to the constant P. This case
comprises a concrete example of the scenario discussed
by Freese et al. [3].

III. SOME COSMOLOGICAL CONSEQUENCES

We now examine the consequences of the P term upon
cosmic evolution. In general, the physical features of the
model are strongly dependent on the values of the param-
eters a and P as well as on the sign of the integration con-
stants A& and A2. As in Ref. [6], the constant a plays
the role of a curvature parameter with a reversed sign.
However, because of the existence of the P term, two new
effects are present: (i) unlike in the Chen and Wu paper,
if P is large enough, the curvature contribution from the
radiation energy density cannot be neglected in early

a also affects, although indirectly, the value of the age.
However, for P=O, the age continues restricted to the in-
terval —', +Hptp ~1, as remarked by Chen and Wu. An
important effect of the a parameter is to make a Hat mod-
el (k =0) simulate the dynamic behavior of an open
FRW model with the age approaching the maximum
value Hp '.

In our model if, for instance, k =3a, then 2qo= 1 —3p
and from the field equations we obtain

2/3(1 —P)
2

3(1—P)

Thus, the age obtained is

2

3(1—P)

as one can check from (13). Observe that if —,
' &P& —,

' it
follows that 1 ~ Hptp —', in accordance with the observa-
tional limits (0.6 & Hoto & 1.4) claimed by several authors
[8—10]. Since a may assume negative, null, or positive
values, such a result holds for open, flat, or closed models
obeying the constraint k =3a. In general, the age of the
Universe will depend on the values taken by the parame-
ters P and qo, which for k =0 will fix the sign of a. The
behavior of Hoto as a function of P and qo is shown in
Fig. 1 for three values of P.

The dynamical critical behavior of the models with
respect to a recollapse in the future is now established by
the effective curvature parameter k =(k —3a)/(1 —3P).
If k )0, a recollapse will happen regardless of the sign of
the spatial curvature parameter k.
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which is explicitly time dependent. Note that only if
a=O or, more generally, if a/R H «P at the time of
nucleosynthesis, does one obtain the stringent limit
P&0. 1. In this case the solution of the age problem is
rather prejudiced since to will only increase about 10%
with respect to the values computed in the standard mod-
el. We remark that for larger values of P, as for example,
P in the interval ( —,', —,

' ), the a term may be important for
the radiation energy during the nucleosynthesis epoch.
To show this, we now roughly estimate the ratio
y =8' 6p, /~ a

~

R '- at the nucleosynthesis, where

p„=po(Ro/R )
~ with po=(vr /15)TD being the radia-

tion energy today and Ro ——5 X 10 ' GeV '. By substitut-
ing 6 =6.7 X 10 GeV and using the fact that
TR ' ~ is nearly constant it follows that

laly=2. 2&10 '[T~/T ]" '~'"'

FIG. 1. The age of the Universe as a function of qo calculat-
ed from Eq. (13).The curves are for three values of P as indicat-
ed.

~o k= 1 —2qo+
H ROH

(15}

Defining, as usual, the critical density by

p, =3H /8m. G and the density parameter by Q=p/p„
one can deduce for the present values of the cosmological
constant and the density parameter the expressions

p+ 3H(p+p ) =- A

8mG
(18)

where Tz stands for the nucleosynthesis temperature.
Thus, for Tz ——10 GeV, To ——3 X 10 ' GeV, and
P=0.43 one obtains y =10~a~ '. This shows that, in
fact, the a term can be important at the nucleosynthesis
epoch. So, if a is negative the nucleosynthesis constraints
can in principle be satisfied for a larger value of P increas-
ing, consequently, the age to.

Models with a time varying A are usually endowed
with matter creation at the expense of the vacuum energy
decay. From conservation of the total energy-momentum
tensor one has a "balance equation" for the material
component:

Go=1+ k

RDH

AO

3Ho
(16) In the present case, as a function of QO, the above expres-

sion takes the form

ax= +
R H

(17)

Thus, for k =0 (in agreement with inflation) one obtains

+0 3 qo +
3

~ Note that this expression holds regardless

of the time dependence of A. Moreover, 00& —', is possi-

ble only if qo &0. We remark that dynamical estimates
suggest 00=0.2+0. 1 [ll] and a negative value of qc is
not ruled out by the observations [12,13]. However, the
model of Chen and Wu does not comprise qo &0, and this
explains why it only alleviates the density parameter
problem. In our scenario, regardless of the value
of k, we have along the MD phase that
qcHc=[(l —3P)/2]A2RP '. Thus, if P) —,

' and A2)0,
one has qo &0 and it is possible to accommodate a low

energy density universe.
As remarked before, the agreement between our mod-

els and the nucleosynthesis predictions can put more
definite limits on the parameters a and P. According to
Freese et al. [3], element abundances from primordial
nucleosynthesis require the ratio x =p„/(p„+p, ) &0. 1

during nucleosynthesis. In fact, this upper bound for x
was established by considering x =const during the RD
phase. Such a ratio for our spatially flat models (k =0) is
given by

2(1—QD) 3Qo —2

Rc d& 0 &c 2(1—Qc}

If 13=0 this equation reduces to the result obtained in
Ref. [6] properly rewritten in terms of Ao. We see that if
Qo & —,, the 13 term contributes effectively to diminish the

rate of matter creation. In particular, if 00=0.4 it fol-

lows that

—(pR ) =3poHD[1 ——', P],
0 0

which is smaller than the creation rate 3poHc of the
steady-state model [7,14].

IV. CONCLUSIONS

Finally we observe that, although many authors have

argued against the introduction of a nonvanishing cosmo-
logical constant, there is some observational evidence

supporting this hypothesis [15—17]. In fact, if more ac-
curate observational data confirm Qo-—0. 1 —0.3 and

Hotc
)0.6, a AAO will be required to save a k =0 model

as predicted by inflation. However, since the observed
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value of A is unusually small, although capable of solving
the low energy density problem, we have introduced a
more attractive scenario in which, as the Universe
evolves, the effective cosmological constant decreases to-
ward its natural value A=0. We explored this hypothesis
by assuming a A term varying as aR +PH . This be-
havior is justi6ed by using the same kind of simple and
general arguments used by Chen and Wu. We have dis-
cussed how these new terms modify some features of both
the standard FRW and Chen-Wu models, especially in
regard to the age and the low energy density problems.

We have assumed throughout this paper that the vacu-
um couples to radiation and matter in the same way; that
is, a and P are both the same value during the radiation-
and matter-dominated epochs. If we relax this hy-

pothesis it will be much easier to satisfy the nucleosyn-
thesis constraints and to solve the age and the density
problems in a k =0 universe. A natural extension of this
work would be to explore different scenarios obtained by
making A

&
& 0 and for which the models are nonsingular.

Some other important aspects of the model, such as, for
example, the classical cosmological tests and the growth
of density perturbations, were not analyzed here. Fur-
ther investigations are going in this direction.
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