PHYSICAL REVIEW D

VOLUME 46, NUMBER 6

Bubble nucleation in first-order inflation and other cosmological phase transitions

Michael S. Turner
NASA/Fermilab Astrophysics Center, Fermi National Accelerator Laboratory, Batavia, Illinois 60510-0500
and Departments of Physics and Astronomy & Astrophysics, Enrico Fermi Institute, The University of Chicago,
Chicago, Illinois 60637-1433

Erick J. Weinberg

NASA/Fermilab Astrophysics Center and Theory Group, Fermi National Accelerator Laboratory, Batavia, Illinois 60510-0500;

Department of Physics, Columbia University, New York, New York 10027;
and School of Natural Sciences, Institute for Advanced Study, Princeton, New Jersey 08540

Lawrence M. Widrow
Canadian Institute for Theoretical Astrophysics, University of Toronto, Toronto, Ontario, Canada M5S 141
(Received 13 April 1992)

We address in some detail the kinematics of bubble nucleation and percolation in first-order cosmolog-
ical phase transitions, with the primary focus on first-order inflation. We study how a first-order phase
transition completes, describe measures of its progress, and compute the distribution of bubble sizes.
For example, we find that the typical bubble size in a successful transition is of order 1% to 100% of the
Hubble radius, and depends very weakly on the energy scale of the transition. We derive very general
conditions that must be satisfied by T'/H* to complete the phase transition (I’ =bubble nucleation rate
per unit volume; H=expansion rate; physically, I' /H* corresponds to the volume fraction of space occu-
pied by bubbles nucleated over a Hubble time). In particular, I' /H* must exceed 9/4 to successfully
end inflation. To avoid the deleterious effects of bubbles nucleated early during inflation on primordial
nucleosynthesis and on the isotropy and spectrum of the cosmic microwave background radiation, dur-
ing most of inflation I'/H* must be less than order 10 #*~10"3. Our constraints imply that in a success-
ful model of first-order inflation the phase transition must complete over a period of at most a few Hub-
ble times and all but preclude individual bubbles from providing an interesting source of density pertur-
bation. We note, though, that it is just possible for Poisson fluctuations in the number of moderately
large-size bubbles to lead to interesting isocurvature perturbations, whose spectrum is not scale invari-
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ant. Finally, we analyze in detail several recently proposed models of first-order inflation.

PACS number(s): 98.80.Cq, 05.70.Fh, 98.80.Dr

I. INTRODUCTION

The Universe may well have undergone several first-
order phase transitions and important “fossils” of these
phase transitions, including the isotropy and homogenei-
ty of the Universe, gravitational waves, and possibly even
the baryon asymmetry of the Universe, may exist today
(see, e.g., Ref. [1]). Of current interest are first-order
inflationary models [2] and first-order symmetry-breaking
phase transitions (e.g., electroweak symmetry breaking
[3]). During a first-order phase transition the Universe
gets “hung up” in a metastable (‘“false-vacuum”) state,
and the transition to the new phase (“‘true vacuum”)
proceeds through the nucleation of bubbles of the new
phase. Whether or not the Universe “recovers” from a
first-order phase transition and any relics left behind de-
pends upon the kinematics of bubble nucleation and how
the eventual transition to the new phase is accomplished.
We focus here primarily on inflationary phase transitions,
in which the Universe gets hung up for at least 60 or so
Hubble times (to solve the horizon and flatness prob-
lems). However, most of our results are also applicable to
first-order cosmological phase transitions that are com-
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pleted after only a moderate degree of supercooling below
the critical temperature and proceed through the nu-
cleation of thermal bubbles.

There are several requirements that must be satisfied in
a successful inflationary transition: sufficient inflation, a
“graceful exit,” density perturbations of an appropriate
size, the absence of unwanted relics such as magnetic
monopoles, and so on [4]. Here we are concerned with
the graceful exit from the false-vacuum phase, during
which the expansion of the Universe is exponential (or at
least accelerating), back to a very isotropic and homo-
geneous radiation-dominated phase. (Based upon pri-
mordial nucleosynthesis we are confident that the
Universe was isotropic and homogeneous and radiation
dominated by the time it was about 1072 s old.) In first-
order inflation the transition proceeds via the nucleation
of true-vacuum bubbles, and whether or not the Universe
successfully makes this transition depends crucially upon
the relationship between the expansion rate H and the
bubble-nucleation rate per unit volume I'. Roughly
speaking, when I' /H* << 1 bubble nucleation is rare and
the Universe is trapped in the false vacuum; when ' /H*
becomes of order unity bubble nucleation quickly com-
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pletes the phase transition [5]. (The physical significance
of this criterion will become clearer when we show that
T'/H* corresponds to the volume fraction of space occu-
pied by bubbles nucleated over a Hubble time.) In “old
inflation,” the original example of first-order inflation,
both I" and H were constant, and thus it was impossible
to both inflate (remain trapped in the false vacuum for at
least 60 or so e-foldings of the scale factor) and gracefully
exit [6].

In the more recent models of first-order inflation I’
and/or H can vary significantly during inflation, and thus
it is possible for I'/H* to be small at early times and
large at late times. The variation of both I' and H is
frame dependent, as discussed in Ref. [7]; for our pur-
poses this fact is not important. While the variation of "
and/or H allows for both sufficient inflation and a grace-
ful exit, a new worry arises: the production of bubbles
relatively early during the inflationary phase which even-
tually reach astrophysically interesting sizes. These bub-
bles have the potential to leave unwanted ‘“‘scars” (e.g.,
distortions of the microwave background or interference
with primordial nucleosynthesis). We will find that the
suppression of big bubbles requires that at early times
I'/H* must be less than about 10™* or so; on the other
hand, successful completion of the phase transition re-
quires that T'/H* must be greater than about 9 /4 at late
times. As we shall discuss, this poses a real challenge for
those building models of first-order inflation.

The analysis of the most general model of first-order
inflation, or of a first-order cosmological phase transition,
is a formidable task. The approach of this paper is to be-
gin with the most general considerations, and then to
proceed to the specific. To wit, in the next section we dis-
cuss the history of a bubble of true vacuum from its nu-
cleation to the homogenization of the energy it releases.
In Sec. III we address the adverse effects of “big bub-
bles,” and show that cosmological considerations based
upon primordial nucleosynthesis and the cosmic mi-
crowave background radiation severely constrain their
number and thereby the ratio I' /H* during inflation. In
Sec. IV we discuss bubble kinematics and measures of the
progress, and ultimate completion, of a first-order phase
transition, and in Sec. V we apply the results of Secs. III
and IV to specific models of first-order inflation. We
finish with a summary and concluding remarks in Sec.
VL

II. THE HISTORY OF A BUBBLE

In a strongly first-order cosmological phase transition
the Universe gets hung up in a metastable, false-vacuum
state, and its eventual evolution to the true vacuum
proceeds through the quantum nucleation of true-
vacuum bubbles. (By strongly first order, we mean a
phase transition in which there is very significant super-
cooling; i.e., the temperature of the Universe when the
transition completes is much less than the critical tem-
perature.) Once nucleated, the evolution of true-vacuum
bubbles is essentially classical; they expand and, in a suc-
cessful first-order transition, eventually fill all of space,
completing the transition from the old phase to the new
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phase. In the process entropy is produced; in first-order
inflation this entropy production accounts for all of the
thermal energy in the Universe today. Until we address
the progress of a phase transition in detail in Sec. IV we
will be somewhat vague about precisely when a phase
transition is completed; as we shall see, in a successful
phase transition the epoch can be fixed to within a few
Hubble times. For the moment, we simply denote the
end of the phase transition by a subscript asterisk.

[In many cases of cosmological interest the true vacu-
um and false vacuum can be identified with values of a
scalar field ¢, with the former corresponding to the global
minimum of the scalar-field potential V' (¢) and the latter
to a higher-energy local minimum. Although we will oc-
casionally find it convenient to refer to such a scalar field,
it is irrelevant to our analysis whether or not the phase
transition has anything to do with a fundamental scalar
field.]

The decay of the false vacuum is a well-understood
problem in quantum field theory [8], and the details of
quantum bubble nucleation need not concern us here.
Our interest is in bubble kinematics. To this end, it
suffices to know that the quantum mechanical (i.e., non-
thermal) bubble nucleation rate per unit volume is gen-
erally of the form

r=Ce 1. (2.1

The prefactor has units of energy to the fourth power and
is expected to be of the order of JM*, where M=.1,10"
GeV is the energy scale that characterizes the phase tran-
sition. For definiteness we define /1 to be the fourth root
of the false-vacuum energy density (i.e., p,,. =/M*). In
first-order inflation the tunneling action 4 can be time
dependent because of its dependence upon the evolution
of other scalar fields. Although a vacuum bubble has a
finite radius (=r) at the time of its nucleation, its initial
size can be neglected for our purposes. Likewise, we as-
sume that the speed of expansion of a vacuum bubble is
that of light, even though it only asymptotically ap-
proaches the speed of light, vy =1/ 1+r3 /12 (If
M is comparable to the Planck scale, mp =1.22X10"°
GeV, gravitational corrections to the bubble-nucleation
rate and bubble-wall velocity can be significant. We shall
assume throughout that M <<mp,, so that gravitational
effects are not important [9].)

At early times the interior of a bubble of true vacuum
is empty; the false-vacuum energy (“latent heat) liberat-
ed by the bubble as it expands outward resides in the “ki-
netic energy” of the bubble wall (in both spatial and tem-
poral gradients of the scalar field); the surface-energy
density in the bubble wall o (¢)~/M* /3. When two bub-
bles collide the kinetic energy carried by their walls is
converted into massive scalar particles which eventually
decay into relativistic particles that then thermalize [10].
The time scale 7 for both decay and thermalization is set
by the mass of the scalar field and its couplings to other
fields. Very roughly, we expect T~m¢_' ~M~1~10"8
s/M 4. Schematically, the flow of the false-vacuum ener-
gy  proceeds: false-vacuum  energy — bubble-wall
energy —scalar particles— decay products— thermal en-
ergy.
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[Some aspects of this picture must be modified for the
case of the thermal nucleation of bubbles. First, the ac-
tion in Eq. (2.1) is replaced E(T)/T, where E(T) is
roughly the energy of a critical bubble, and the bubble-
nucleation rate is thus explicitly temperature dependent.
Second, thermal-bubble walls do not expand at the speed
of light, but rather at some temperature-dependent veloc-
ity v(T) < 1. Finally, not all of the latent heat is carried
outward in the bubble walls; instead, some of it propa-
gates into the bubble interior where it is thermalized. So
far as the kinematics of bubble nucleation is concerned
the only significant difference is the bubble-wall velocity.]

As we shall discuss, in a successful first-order phase
transition most of the bubbles are nucleated and collide
in a time interval comparable to or shorter than the Hub-
ble time H ~!. After bubbles collide, their interiors, ini-
tially devoid of radiation, are rapidly filled as thermal ra-
diation diffuses in, and the distribution of energy in the
Universe becomes homogeneous. (Particle horizons play
no role because the relevant bubbles are subhorizon size
when they collide; moreover the Hubble radius is grow-
ing relative to them.) Any potential scars that could re-
sult from the nucleation and percolation of bubbles are
on the scale of the Hubble radius at the end of inflation
(or smaller), and this corresponds to a comoving scale of
only about 102! Mpc/.M .

In this section and in the next section we discuss at
length the rare, very large bubbles that were nucleated
long before the end of inflation; these bubbles can grow to
astrophysically interesting sizes. Their story line is very
different and covers a much longer period of time; see
Fig. 1. It is useful to characterize these bubbles by the
epoch when they were nucleated. Specifically, for ex-
ponential inflation we label a bubble by the number of e-
foldings N that the cosmic-scale factor R (t) grows from
the time it is nucleated until the end of inflation. The
reason for this is simple. After a bubble is nucleated, it
expands at the speed of light (and grows in comoving
size); about a Hubble time after nucleation it crosses out-
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FIG. 1. The evolution of the physical size of a vacuum bub-
ble from its nucleation to the time it reenters the horizon and
for reference that of the comoving scale that corresponds to the
current Hubble radius. For a time of order a Hubble time after
its nucleation the coming size of a bubble grows; thereafter the
size of a bubble simply stretches with the expansion.
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side the “horizon” (more precisely, we mean that its
physical size becomes larger than the Hubble radius
H™'). Thereafter it conformally stretches so that its
physical size grows as the cosmic-scale factor R. At the
end of inflation the radius of a ““big bubble,” up to factors
of order unity, is e times the Hubble radius, which sets
the scale for the size of typical bubbles being nucleated as
the phase transition is being completed. (We will make
these arguments more precise in Sec. IV.)

If inflation is not exponential, the Hubble parameter
varies with time, so that the ratio of the bubble size at the
end of inflation to the Hubble radius at that time is not
the same as the increase in the scale factor over the
bubble’s lifetime. For example, in power-law inflation,
where R (1) <t? (p > 1 is required for superluminal expan-
sion), the Hubble parameter falls inversely with ¢. If we
denote the value of the Hubble parameter at the end of
inflation by H,, then a bubble of size eNH,,Tl at the end
of inflation would have had a radius equal to the Hubble
radius at a time ¢ when the scale factor was
N'=Np /(p —1) e-foldings smaller than its value at the
end of inflation (and would have been nucleated shortly
before that). Note that as the growth of the scale factor
becomes more rapid, i.e., p— o, N'—>N.

Because a big bubble is superhorizon size at the end of
inflation, it continues to be conformally stretched and to
grow as R (t); if it continued to grow conformally until
today, its present size D would be

m |eNH  N-4s

*
3K | 1 Mpc My,

D

N N—n —48
1 Mpc

=e ,

(2.2)

where n;,=InM;, and we have assumed that the
Universe enters the radiation-dominated era with a tem-
perature of order J/l. If the cosmic-scale factor is normal-
ized to be unity at the present, D is also the comoving
size of the bubble.

Equally, if not more important, is the time when the
bubble crosses back inside the horizon (again, to be pre-
cise, we mean inside the Hubble radius); it is at this epoch
that it first becomes possible for light to cross the bubble,
and thus for radiation to diffuse in, thereby allowing the
bubble to become homogenized. The temperature of the
Universe at horizon crossing is related to D by

300V ss-neny

To, ~ 300 eV) ,
hor D/MpC ( eV)
D $13h 7% Mpc (or NS50+n,,), (2.3a)
hor~M~ 9672N+2n14(1000 eV)
(D /Mpc)
D2 13h 7% Mpc (or N250+n,,), (2.3b)

where the present value of the Hubble parameter
H,=100h kms~ ' Mpc ™!, and the comoving scale 13h —2
Mpc separates bubbles that cross back inside the Hubble
radius  during the radiation-dominated epoch
(T} 2 10R% €V) and those that do so during the matter-
dominated epoch (T}, S 102 eV).

We are now ready to discuss the story line for a big
bubble. When the phase transition ends via the rapid nu-
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cleation of Hubble-size (or smaller) bubbles, big bubbles
are very much superhorizon size: size on the of order
eMH_'. The energy carried by the expanding wall of a
big bubble is thermalized through collisions with many
Hubble-size bubbles. On the face of it a collision between
a big bubble and a Hubble-size bubble is very different
from that of two Hubble-size bubbles. However, when
viewed in a frame that is Lorentz-boosted along the axis
that connects their centers (with Lorentz factor
Yoig=e€" /%) the two colliding bubbles are of equal size. In
the equal-bubble” frame the conversion of bubble-wall
energy into particles proceeds as before and takes a time
of order 7; seen in the Friedmann-Robertson-Walker
(FRW) frame (i.e., the rest frame of the Universe) it takes
a factor of y; longer Since 7 is expected to be of order

M7 (~10" 3 s/M4) and for the largest bubbles v\, is
at most 10! or so, the time it takes to convert the kinetic
energy of the expanding wall of even the largest bubble
into particles is still very short (~1072" s//M,).

If the particles produced in the equal-bubble frame are
characterized by energy /M, in the FRW frame they have
energy 7Yyp/M and move in the original direction of the
motion of the big-bubble wall, thereby comprising a rap-
idly expanding, thin shell of very energetic particles. As
these particles interact with the thermal bath of particles
in the Universe their energies are quickly degraded. Even
though the process of converting the false-vacuum energy
to thermal radiation proceeds relatively quickly, the inte-
rior of a big bubble remains empty for a long time: On
the basis of causality along the interior cannot be filled
with thermal radiation until the bubble crosses back in-
side the horizon. Therein lies the fundamental danger of
big bubbles: They represent highly inhomogeneous re-
gions, a relatively empty region of space, surrounded by a
region of higher energy density, that cannot be homogen-
ized until a relatively late epoch, cf. Eq. (2.3) [11].

Before going on to discuss the perils associated with
big bubbles and the constraints to I'/H* that follow, let
us relate the volume fraction occupied by big bubbles to
the bubble nucleation rate I' and expansion rate H. After
a big bubble is nucleated and has grown to a size of about
a Hubble radius, its size simply conformally stretches as
the Universe expands. From that point on, the volume
fraction of the Universe that it occupies remains con-
stant. Thus the volume fraction occupied by the bubbles
nucleated in the time interval ¢ to ¢t +H ~! is roughly the
volume of such a bubble when it begins conformally
stretching, about H ~3(¢), times the number of such bub-
bles nucleated per unit volume, I'(¢)H (). Noting that
the bubbles nucleated over a Hubble time span roughly
one e-folding in size, it follows that the volume fraction
occupied per logarithmic interval in bubble size is

dfy | T
dinD | g*

) (2.4)

where the subscript N indicates that I'/H* is to be evalu-
ated at the time such bubbles were nucleated. Recall, eV
is the size of a big bubble at the end of inflation relative
to the Hubble radius, while e’ is the increase in the scale
factor from the time the bubble was nucleated until the
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end of inflation. If the scale factor increases exponential-
ly during inflation, N'=N; if it increases as a power,
R «<t?, then N'=pN /(p —1). In any case, D and N are
related by Eq. (2.2). Equation (2.4) makes the physical
significance of (I'/H*)y manifest: It is the volume frac-
tion of space occupied by bubbles nucleated over a Hub-
ble time at a given epoch. We will derive a more precise
version of this relationship in Sec. IV.

III. BIG BUBBLES ARE BAD

As a number of authors [12,13] have emphasized, big
bubbles are a potentially dangerous relic of first-order
inflation. The absence of scars in the postinflationary
Universe associated with big bubbles can be used to
sharply constrain the value of I' /H* at various times dur-
ing the inflationary epoch well before the end of inflation.
The fact that T'/H* must exceed 9 /47 to successfully end
inflation (derived in Sec. IV), together with our big-
bubble constraints imply that I'/H* must be very small
for most of inflation, and then rapidly increase at the end
of inflation. As we discuss in Secs. V and VI, this pro-
vides a considerable challenge for building models of
first-order inflation.

Although some [14] have expressed the hope that the
production of a few astrophysical-size bubbles might ac-
tually play a beneficial role, e.g., accounting for the voids
seen in the distribution of galaxies, the big-bubble con-
straints derived here dash that hope. However, as we dis-
cuss at the very end of this section, it may still be possible
that isocurvature density perturbations arising from Pois-
son fluctuations in the number of bubbles within a given
volume could be of some relevance for the formation of
structure in the Universe.

A. Primordial nucleosynthesis

The standard scenario of primordial nucleosynthesis is
remarkably successful, accounting for the primeval abun-
dances of D, *He, *He, and 'Li, provided that the
baryon-to-photon ratio 7 lies in the narrow interval
3X10719to 5X 107 '° and the effective number of relativ-
istic degrees of freedom at the time of nucleosynthesis
corresponds to the equivalent of at most 3.4 light neutri-
no species [15]. Moreover, attempts to construct alterna-
tive scenarios for primordial nucleosynthesis have been
remarkably unsuccessful. Consider, for example, nu-
cleosynthesis in a model universe with large fluctuations
in the local baryon-to-photon ratio that could have re-
sulted, e.g., from a strongly first-order quark-hadron
transition. When the assumed level of inhomogeneity in
the baryon-to-photon ratio is raised to the point that it
actually significantly affects the yields of nucleosynthesis,
it is no longer possible to obtain agreement between the
predicted and observed primordial abundances for any
set of parameters [16]. With this fact in mind we use pri-
mordial nucleosynthesis to constrain deviations from
homogeneity at this early epoch (T ~1MeV and ¢t ~ 1 s).

The basic idea underlying this constraint is that bub-
bles that are Hubble-size or larger at the epoch of nu-
cleosynthesis are not yet homogenized and therefore have
the potential to upset the successful predictions of nu-
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cleosynthesis. While we can be certain that nucleosyn-
thesis in unhomogenized regions proceeds radically
differently, precise statements are beyond the scope of the
present work. The potential to overproduce D, *He, or
’Li is great, since these light isotopes are produced in
very small quantities in the standard scenario: a few
parts in 10° for *He and D, and a few parts in 10'° for
"Li. (In fact, in the aforementioned scenarios of inhomo-
geneous nucleosynthesis overproduction of all three of
these light isotopes is a problem.) To be absolutely “’Li
safe” one would have to require that the fraction of space
filled by superhorizon-size bubbles at the time of nu-
cleosynthesis (= fggyn) be less than about 107 °, Then,
even if in a big-bubble region the 'Li production were
100%, after such bubbles homogenized and their nu-
cleosynthesis yields were mixed with those of the rest of
the Universe, 'Li would necessarily be diluted to an ac-
ceptable level. For *He and D, the corresponding ““abso-
lutely safe limit” would be fggy <1077,

No doubt fppy S107!° or even fypy S107° is un-
necessarily stringent. In the absence of a more detailed
analysis, one might prudently require fggy <1072 or so,
which is the constraint that we adopt. This leads to the
bound

60+n,

r
Soen= f39+n|4 aN

— <1073,
H” |y

(3.1a)

Here the lower limit corresponds to bubbles that are
Hubble size when nucleosynthesis commences (T ggy ~ 1
MeV), while the upper limit corresponds to bubbles that
are Hubble size today (since there are clearly no bubbles
larger than this in our past light cone, they cannot be
relevant for observational bounds). In models leading to
successful transitions (I'/H*)y is generally a decreasing
function of N, and the integral in Eq. (3.1) is dominated
by the contribution from the lower end of the integration
range, so that this bound is essentially a constraint to
(F/H4)39+n|4:

r

F SCGX10_3 y

N=39+n,,

(3.1b)

where ¢, is of order unity.

B. CMBR distortions

The decoupling of (baryonic) matter and radiation
occurs at a temperature of order 0.3 eV (provided that
the Universe is not subsequently reionized, in which case
final decoupling could occur as late as redshift z~ 60).
Needless to say the presence of a large, unhomogenized
bubble near the last scattering surface would lead to a
massive distortion of the temperature of the cosmic mi-
crowave background radiation (CMBR) [17]. The
CMBR temperature is spatially uniform to almost a part
in 10° on angular scales from less than 1° to 90° (aside
from the dipole anisotropy, which is presumably due to
our motion with respect to the cosmic rest frame) [18],
and the CMBR spectrum is consistent with that of a
blackbody at temperature 2.74+0.01 K over almost three

TURNER, WEINBERG, AND WIDROW 46

and one-half decades in wavelength (A~100 c¢cm-0.03
cm) [19]. The horizon scale at decoupling corresponds to
an angular scale of about 1° and a comoving length of
about 1004 ~! Mpc. (If decoupling occurred much later,
say at redshift z;,, the decoupling horizon corresponds to
0.9°41000/z;,.) Thus bubbles of comoving size
D 2100k ~! Mpc remain unhomogenized at decoupling;
moreover, if such a bubble lay on the last scattering sur-
face it would produce an order unity fluctuation in the
CMBR temperature on an angular scale (D /100 !
Mpc)’, in clear conflict with current observations.

Based upon the absence of massive distortions in the
CMBR temperature we can be certain that there could
have been no bubble of size 1004 ~! Mpc—-10* & ~! Mpc
(angular size 1° to 90°) on the last scattering surface
[18,19]. Recall that the fraction of space occupied by
bubbles in a unit logarithmic interval of size is about
(T'/H*)y and that the size of a bubble on the microwave
sky is (D /100h ~! Mpc)? square degrees, where D and N
are related by Eq. (2.2). The entire sky contains of order
30000 square degrees; thus the number of bubbles in a
unit logarithmic interval around size D expected on the
sky is 30000 (1002 ! Mpc/D)XT/H*)y. If we very
conservatively assume that there could be no more than
10 or so large bubbles on the last scattering surface, we
obtain the bound

% $3X107%D /100n ~! Mpc)*,
H
N
(3.2a)
100h ! MpcSD 510* h ! Mpc ,
which is most stringent on the scale 100k ~! Mpc:
_r_4 S3X1074. (3.2b)
H® |N=53+n,

This is in essence the original big-bubble constraint de-
rived in Ref. [12].

Next, consider spectral distortions of the CMBR.
These are usually referred to as u distortions, because the
CMBR is characterized by a Bose-Einstein distribution
with nonzero chemical potential u7,

_ 1
n(p) exp(u+p/T)—1"°

(3.3)

rather than a simple Planck distribution, n(p)
=1/[exp(p/T)—1] [20]. The chemical potential pu can
be either positive or negative, if it is negative, the form of
n (p) must be modified for p <puT.

Ordinarily one assumes that the chemical potential of
the photon is zero. If there is nonthermal energy release
in the Universe this will only be true provided photon-
number-changing processes are occurring rapidly com-
pared to the expansion rate of the Universe. When the
temperature of the Universe drops below about 1 keV,
photon-number changing processes, e.g., the double-
Compton process e tyeoe +y+ty, become
ineffective, and any energy injected after this epoch leads
to a photon distribution with 45=0. Cosmic Background
Explorer (COBE) and rocket-borne observations con-
strain |u| to be less than about 1073 [19].
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Bubbles that are still unhomogenized at a temperature
of about 1 keV will inevitably lead to a u distortion as
they homogenize. Again, a precise calculation of the size
of such a distortion is beyond the scope of this paper. If
we suppose that the p distortion within a Hubble-size
bubble at this epoch is order unity, a reasonable estimate
for the p distortion after such bubbles have been homo-
genized is the fraction of our Hubble volume occupied by
such bubbles, or (I'/H*)y. Requiring that u$10~2 re-
sults in the bound

60+n,,

f47+n14 aN

where as before the lower limit corresponds to bubbles
that were Hubble size when photon-number-changing
processes became ineffective, while the upper limit corre-
sponds to bubbles that are Hubble size today. As with
constraint (3.1) we expect the integral to be dominated by
the region near the lower limit, so that Eq. (3.4a) is essen-
tially a constraint to (I‘/H4)N:47+,,14:

-F—4 s107°%,
H

N

(3.4a)

r

—}1—4 SCbXIO_J ) (34b)

N=47+n,

with ¢, of order unity.

C. Isocurvature perturbations from finite bubble number

In slow-rollover inflation curvature (‘“‘true” density)
perturbations arise from quantum fluctuations in the
inflaton field. In first-order inflation the field that sup-
plies the vacuum energy that drives inflation (the scalar
field responsible for the phase transition) is anchored in
the false vacuum and is not free to fluctuate; however,
there is always another field that can fluctuate and pro-
duce curvature perturbations [21]. For example, in ex-
tended inflation it is the Brans-Dicke field [2]; in two-field
inflation, it is the “trigger field” [22].

In addition to the perturbations associated with quan-
tum fluctuations, one also expects perturbations to arise
from the random distribution of bubbles. We have just
considered the adverse consequences of individual large
bubbles; we now consider the perturbations that arise due
to Poisson fluctuations in the number of bubbles nucleat-
ed within a specified volume. To wit, we focus on a
comoving scale A: Different regions in the Universe of
volume A once contained different numbers of bubbles
(of various sizes), and one would expect Poisson fluctua-
tions in the number of bubbles to give rise to density per-
turbations. As we shall see, bubble-number fluctuations
lead to isocurvature perturbations, whose amplitudes we
now estimate.

To illustrate why bubble-number fluctuations result in
isocurvature, rather than curvature, perturbations we
briefly review how curvature perturbations arise in
inflation. As a given scale A crosses outside the Hubble
radius during inflation, fluctuations in the local energy
density lead to fluctuations in the local curvature. These
curvature fluctuations are characterized by a dimension-
less, gauge-invariant quantity { whose amplitude remains
constant while they are outside the horizon; when a given
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scale reenters the horizon during the postinflation epoch
the amplitude of the resulting density perturbation is
(8p/p)nor~§. The gauge-invariant quantity ¢ is given by

L 3.5)
ptp
here 8p is the magnitude of the density perturbation, p
and p are the (mean) density and pressure, and § is to be
evaluated as the scale crossed outside the Hubble radius
[23]. Note that curvature perturbations only arise if
there are density perturbations [24].

Now turn to the bubble-produced perturbations. As a
point of reference we should keep in mind that in a suc-
cessful model of first-order inflation the conversion of the
bulk of the vacuum energy into radiation occurs through
the nucleation of bubbles during the final few Hubble
times of inflation and that these bubbles have comoving
sizes that are very tiny by astrophysical standards, of the
order of 102! Mpc/M,,. The number of such bubbles
within any interesting astrophysical volume is enormous,
and so their Poisson fluctuations are completely negligi-
ble. Again, we are interested in the rarer bubbles that nu-
cleated well before the end of inflation.

Consider the perturbations on the scale A that arise
from the Poisson fluctuations in the number of bubbles of
comoving size D (necessarily smaller than A) that are nu-
cleated in a comoving volume A’. Noting that larger
scales cross outside the horizon earlier (and reenter the
horizon later) and recalling that bubbles simply confor-
mally stretch from about a Hubble time after nucleation,
we see that bubbles of size D must have been nucleated
after the comoving scale A has crossed outside the Hub-
ble radius.

Since the quantity § that describes the evolution of a
curvature perturbation remains constant after the scale A
crosses outside the Hubble radius, the nucleation of bub-
bles of size D S A cannot give rise to curvature perturba-
tions on the scale A. Instead, the fluctuation in the num-
ber of bubbles within a volume A3 gives rise to isocurva-
ture or pressure perturbations; such perturbations have
been discussed in some detail in Ref. [25]. Here we just
state the key result: After the scale A has reentered the
horizon and the Universe has become matter dominated,
the pressure perturbation will become a density perturba-
tion of the same magnitude. (The underlying physics is
straightforward to understand: The pressure fluctuation
will move matter around resulting in a density perturba-
tion.)

Within a single large bubble which went outside the
horizon before its interior was homogenized the pressure
contrast relative to the average is of order unity. The
perturbation resulting from the Poisson fluctuations in
the number of such bubbles nucleated in a volume A3 is
then simple to estimate:
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Here Np is the mean number of bubbles of size D
(per unit_logarithmic interval) within a volume A3,
8N, =1'Np, and f, =pp /p.o is the fraction of the ener-
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gy density of the Universe that resulted from the nu-
cleation of these bubbles (which is just the volume frac-
tion of the Universe which they occupy). And of course,
this estimate is only valid if N, R 1. The quantities f)
and N are related: N~ f,(A/D)*. From Eq. (2.4),
fp=(T'/H*),d InD, where as usual the subscript indi-
cates that I' /H* is to be evaluated at the time when bub-
bles of size D were nucleated. [From our previous argu-
ments concerning the disastrous effects of big bubbles, we
can be confident that big bubbles fill only a small fraction
of space, and expect that (I'/H*), is at most of order
1073.]

For bubble sizes D where the number of bubbles ex-
pected within a volume A® is less than order unity, Pois-
son statistics do not apply. Bubbles of such size lead to
rare perturbations (on the scale A) of amplitude (D /A )3,
which is just the relative contribution of a single bubble
of size D to the energy in a region of size A; the probabili-
ty that a given A3 volume has such a perturbation is
roughly Nj. In the previous subsection we discussed the
potentially deleterious effects of such rare bubbles.

We now consider separately perturbations in the
matter and in the radiation that result from isocurvature
bubble fluctuations. Perturbations in the matter density
on scales that reenter the horizon before matter-radiation
equality, ASkeqzl3h —2 Mpc, reenter the horizon with
amplitude 8p,, /p,, ~6p/p [26]; however, these matter
perturbations do not begin growing until the Universe be-
comes matter dominated, after which they grow as the
scale factor R (¢). Perturbations in the matter density on
scales that reenter the horizon after matter-radiation
equality, A 2 134 ~2 Mpc, also reenter the horizon with
amplitude 8p,, /p,, ~8p /p, and immediately start grow-
ing, again as R (¢). Bringing this all together, the spec-
trum of matter perturbations at epoch of matter-
radiation equality is given by

3

2

80,

Pl 12| X | dmp,

Pm eq A H D
AS13h 2 Mpc, (3.7a)

S |’ A o (p|[r

ﬂ ~ T f — — dInD ,

Pm eq 13h ~* Mpc A H* |,
AZ13h 2 Mpc; (3.7b)

where we have summed the contributions from bubbles of
all sizes (in quadrature) and the integration only runs
over bubble sizes D characterized by Nj R 1, i.e., bubble
sizes D such that (A/D)T'/H*), 2 1. [For scales larger
than A, the (A/ keq)-z factor takes into account the fact
that the amplitudes of these perturbations are being
specified before they reenter the horizon: Because they
grow from matter-radiation equality until they reenter
the horizon by a factor of precisely (A/A., ), they reenter
the horizon with amplitude &p /p, as noted above.]

For our present purpose the isocurvature matter per-
turbations are not of interest; they will be discussed else-
where [27]. However, we mention some salient points: (i)
Their spectrum is determined by the evolution of T'/H*
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and thus in general is not scale invariant; (ii) if we sup-
pose that T'/H* only varies slowly with scale D, we see
that the contribution to 8p,, /p,, on the scale A increases
with D, achieving its maximum value, roughly I'/H 4 at
the cutoff, i.e., where N,~1, which occurs for
D ~(T/H*'3); (iii) because the dominant contribution
to (8p,, /P, ) comes from bubbles for which N, ~1, the
statistics of these isocurvature matter fluctuations should
be non-Gaussian; and (iv) since our previous big-bubble
bounds, as well as the new bounds we derive below, only
constrain T'/H* to be less than order 10 *~107* or so
and (5p,, /pm )KN(F/H4)D~(1"/H4)“3A’ isocurvature bub-
ble perturbations could possibly be a novel, if not impor-
tant, mechanism for the origin of the fluctuations needed
to initiate structure formation.

Now on to our main interest here, temperature fluctua-
tions that arise from isocurvature perturbations. The
horizon at decoupling corresponds to an angular scale of
about 1°. Because patches on the sky of size greater than
1° were out of causal contact at the decoupling tempera-
ture fluctuations on these scales are simple to estimate.
(This is not true for scales smaller than 1°, where the
finite thickness of the last-scattering surface, photon
diffusion, and the interaction of the radiation with
baryons are all very important; see [28].) The tempera-
ture fluctuations on scales greater than about 1004 ~!
Mpc are up to factors of order unity equal to the initial
pressure perturbation, cf. Eq. (3.6), which implies that

(2] ] o

r

H4

8T
T

6~(A/100h ~! Mpc)’

’

d InD
D

(3.8)

where again the integral over bubble sizes only extends
over bubble sizes for which Np 2 1,i.e., D S(T/H*)!/\.

These must be consistent with the observed isotropy of
the CMBR. If for simplicity we summarize the current
isotropy limits by the statement that (8T /T)y is a factor
of a few smaller than 10™* for 2 1°, and insist that each
logarithmic interval in bubble size satisfy this bound we
obtain the constraint

3
q

valid for D/AS(I'/H*)'” (bubble sizes for which
Np21) and A~100h ~! Mpc—10*h ~! Mpc (correspond-
ing to 6~1°-90°). Constraint (3.9) is illustrated in Fig. 2.

We see for a given angular scale 6 that Eq. (3.9) pro-
vides the most stringent constraint on the largest bubbles,
ie, D~(T/H"' A

r

0 (3.9)

<1078
D

r

H4

<S1074,
D =0.051

(3.10)

valid for A~ 100A ~' Mpc—10* h ~!Mpc. [This result can
also be obtained by assuming that (I'/H*), is slowly
varying compared to D? and then approximately evaluat-
ing the integral, which is dominated by the upper end of
the integration range. We will see that this assumption is
valid in examples that just barely satisfy the big-bubble
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FIG. 2. Contours of the contribution to (87 /7T) /100h — Mpey
from Poisson fluctuations in the number of bubbles of size D per
A3 volume as a function of (I'/H*),, and D /A. The hatched re-
gion is forbidden because the contribution of a unit logarithmic
interval of bubble sizes around D to 8T /T exceeds 10™%, which
is a generous upper limit to the measured isotropy on angular
scales greater than 1°.

constraints.] Based upon the observed isotropy on angu-
lar scales from 1° to 90° we obtain the bound

r

EZ S1074.

50+n,, SNS54+n,,

(3.11)

D. Epilogue

The quantity (I'/H*), corresponds to the fraction of
space filled by bubbles (in a unit logarithmic interval of
bubble size) that were a factor e larger than the Hubble
radius at the end of inflation. Our constraints apply to
the value of I'/H* when these bubbles were nucleated.
In exponential inflation such bubbles were nucleated
when the value of the cosmic-scale factor was e times
smaller than its value at the end of inflation; for power-
law inflation (R < ¢?), such bubbles were nucleated when
the value of the cosmic-scale factor was e”" was smaller
than its value at the end of inflation, where
N'=pN /(p —1). Moreover, our constraints are actually
integral constraints to (I'/H*), though in most cases we
expect the integral over (I'/H*)y to be dominated by the
contribution near the lower end of the integration.

With these caveats stated let us summarize the
prescribed behavior of I'/H* in a successful model of
first-order inflation: (I'/H*)y must be of order unity at
the end of inflation (more precisely =9 /4; see Sec. IV),
less than about 1073 for N =39+n,, (primordial nu-
cleosynthesis), less than about 1073 for N =47+n,, (u
distortion), less than a few times 10~ * for N =53+n,,
(CMBR temperature), and less than about 10™* for
N =50+n,, to 54+n,, (CMBR isotropy). These con-
straints are illustrated in Fig. 3. As we shall see in the
next two sections these conditions on I' /H* are not easy
to satisfy. Furthermore, if we understood the physics of
the early Universe at temperatures well above that of pri-
mordial nucleosynthesis, e.g., the electroweak phase tran-
sition (which corresponds to N ~27+n,,), baryogenesis
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FIG. 3. Summary of the big-bubble constraints to (I'/H*)y.
Here (T /H*)y refers to the value of I' /H* when bubbles whose
size at the end of inflation is e” times the Hubble radius were
nucleated and n,, =In(M /10'* GeV). The cross-hatched region
indicates that such a value for (I'/H*) could lead to astrophysi-
cally interesting isocurvature fluctuations due to Poisson fluc-
tuations in bubble number.

(N~n?, and so on, we could in principle place con-
straints on (I'/H*)y even closer to the end of inflation,
which would prove even more challenging to model
builders.

We have primarily focused on the adverse cosmologi-
cal consequences of large bubbles; let us now discuss pos-
sible favorable consequences, e.g., accounting for large
voids or seeding structure formation. In this regard it is
an unfortunate fact that the constraints just derived im-
ply that the fraction of space occupied by bubbles of as-
trophysically interesting size, say greater than of order 1
Mpec, is less than order 1074-1073. To be more specific,
consider the number of big bubbles of comoving size of
order 30k ~! Mpc expected within 1002 ~! Mpc of the
Milky Way (a volume about the size of the Harvard
Smithsonian Center for Astrophysics (CfA,) redshift sur-
vey [29]): The expected number is only about 3X 1072
This it seems very unlikely that large, individual bubbles
produced by first-order inflation have anything to do with
the “bubbly” structure observed today on scales of order
30n ! Mpc (large voids, walls, and so on), and even if
they could be abundant enough, it is not clear that they
could produce the desired structures [11]. On the other
hand, it remains to be seen whether or not such struc-
tures need explanation beyond what inflation-produced
curvature perturbations can account for. Finally, it is
still possible that isocurvature fluctuations arising from
Poisson fluctuations in the number of bubbles nucleated
in different regions of space could be interesting; these
fluctuations will be discussed further elsewhere [27].

IV. THE DEVELOPMENT OF A FIRST-ORDER PHASE
TRANSITION: MEASURES OF PROGRESS

Several quantities provide useful measures of the pro-
gress of a first-order transition. The most fundamental of
these is p(¢), the probability that a given point in space
remains in the false vacuum at time ¢. While p (¢) mea-
sures the conversion of false-vacuum regions to true vac-
uum, it does not directly track the conversion of the la-
tent heat of the transition into thermal energy. The cru-
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cial step here is the disappearance of the bubble walls,
where the latent heat is initially stored, through collisions
between bubbles. This leads us to examine a quantity
Fg(t), which is the fraction of uncollided bubble wall,
weighted by surface energy density. Although both of
these quantities should approach zero as the transition is
completed, we know from the example of old inflation
that this is not a sufficient condition for successful transi-
tion [6]. We therefore also look at the physical volume in
the false vacuum, Vphys(t)OCR3(t)p(t). For a successful
transition this quantity must eventually approach zero,

and we define a time 7, to be the time when V' begins
to decrease.
It is straightforward to show that
p(t)y=e 10| 4.1

where I(¢) is the expected volume of true-vacuum bub-
bles per unit volume of space at time ¢ [30]. In calculat-
ing I (¢) the regions in which bubbles overlap are counted
twice, and the ‘“‘virtual bubbles” which would have nu-
cleated had their point of nucleation not already been in a
true-vacuum region are also included; the exponentiation
of I corrects for these effects. If r(z,¢') is the coordinate

radius at time ¢ of a bubble that was nucleated at ¢’, then
1= 43” “drTOR 1) 42)

where ¢ is the time when the phase transition begins. If
we make the approximation, valid in most cases of in-
terest, of neglecting the bubble size at nucleation,

. redt’v(t")
ro=f TR
where v (2) is the velocity at which the bubble walls are
expanding. For bubbles nucleated at temperatures far
below the critical temperature (i.e., vacuum-bubble tran-
sitions), as is the case in most scenarios for first-order
inflation, v can generally be taken to be unity; as noted
previously, this cannot be done for transitions which are
completed at high temperature (thermal-bubble transi-
tions).
It is instructive to view I' and H as functions of the
scale factor R rather than of ¢, and to rewrite Eq. (4.2) as

4vrf medz v(z)

y 22H(z)
In most cases of interest to us ' and H ~ ! are increasing
functions of time, so that the integrals in this expression
are dominated by the upper end of the integration range.
In such cases, it is clear that the integral over y is essen-
tially an mtegral over I'/H*, and that I'(t)/H*(t) sets the
natural size for I (¢).

With this fact in mind, it is simple to see that, up to a
numerical factor, (I'/H 4)N measures the fraction of
space occupied by bubbles larger than those of size eV
times the Hubble radius at the end of inflation (in accord
with our assertion at the end of Sec. II). First note that
1—p(ty) is precisely the fraction of space filled by these
large bubbles (7, is the time that a bubble whose size is
e times that of the Hubble radius at the end of inflation

(4.3)

y F(y

(4.4)
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was nucleated). Provided that this fraction is small, as it
will be in all cases of interest, 1 —p (¢5)=1(ty), which as
discussed above should just be a numerical of order unity
factor times (I'/H*),,.

Note that we have used a Robertson-Walker scale fac-
tor R(z) in these formulas even though the Universe
ceases to be homogeneous and isotropic once bubbles be-
gin to form. For low-temperature transitions where the
bubbles expand at the speed of light, this is justified be-
cause the false-vacuum regions, not being in the light
cone of any bubbles, have the same curvature as they
would in the absence of bubble nucleation. Inside the
bubbles the geometry is of course different from that out-
side (indeed, there does not even seem to be a naturally
preferred way of continuing the hypersurfaces of con-
stant ¢ through the bubble walls), but we do not need the
details of this geometry in order to follow the disappear-
ance of the false-vacuum regions.

The situation is of course more complex for high-
temperature transitions with v <1. However, we will see
that for such transitions most of the bubbles are nucleat-
ed over a period much less than a Hubble time, so that
the effects of the cosmic expansion are small.

The conversion of latent heat to thermal energy can be
tracked by examining the fraction of bubble wall that
remains uncollided at a given time. To that end, let us
consider a reference bubble that was nucleated at time t;
and ask what fraction of its wall remains uncollided at
some later time ¢. This is equivalent to asking what frac-
tion of the points on the outer surface of the bubble
remain in the false vacuum. At first thought, one might
take this to be p(t)=e ', However, this is not quite
right, since a point on the bubble wall is not a random
point. The existence of the reference bubble precludes
the nucleation of “younger” bubbles (nucleated at times
after t ) in the interior of the reference bubble; however,
these bubbles would never reach the surface of the refer-
ence bubble, and thus they have no effect on the calcula-
tion. Since the reference bubble must have nucleated in a
false-vacuum region, its existence also precludes the ex-
istence of “older” bubbles in the past light cone of the
point of nucleation. Because these excluded bubbles
would have contained all of the points on the surface of
the reference bubble, I () must be corrected to reflect this
absence. Of the bubbles nucleated at a time ¢’ <tg, those
nucleated within a sphere of coordinate radius r(z,¢")
would have reached a given point on the surface of the
reference bubble by time . Within this sphere, a region
of coordinate radius r(tg,t’) is excluded by the above
considerations. Thus, the contribution of bubbles nu-
cleated at time ¢’ must be reduced by a factor of
[r(tg,t')/r(t,t")]® relative to their contribution to I(z).
It follows that the fraction of the reference bubble wall

—fltg)

left uncovered is e , where

St tp)=1(t)—

=I(t)—

4 lR ’ ’ ’ ’
waro dt'T(¢)R3(1")r(tg,t")
I(tg) . 4.5)

[At nucleation the fraction of the reference bubble’s sur-
face that is collided must of course vanish, which pro-
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vides a heuristic argument that f(¢,t5)=1(t)—1I(tg).
One can also derive Eq. (4.5) by explicitly considering
bubble nucleation in the vicinity of the reference bubble
and computing the fraction of its surface that is covered
by both younger and older bubbles.]

It is now a simple matter to compute the fraction F(z)
of uncollided bubble wall at time . The number of bub-
bles nucleated at time ¢ is proportional to
I'(tg )R 3(tg )p (tg ); the area of each of these is 4mr*(s,tz).
Hence,

—I(ty) —f(ttp)
g R¥ 1 )r 2,1 Titg e Re Tk
— 0

He) . 3 2 —I(tp) ’
[, dtg Rtz )r¥ (1,15 )Tt )e
0

e_I(')f‘;dtRR 3tg )r(e,tx )T (2g)

- —o - 4.6)
[ dtg R¥(tg r¥(t,tg )Ttg e *
0

This calculation does not take into account the fact
that the surface energy density of a bubble wall increases
as the bubble expands. Because the false-vacuum energy
liberated by a bubble is proportional to its volume and is,
until collisions take place, stored entirely within the bub-
ble walls, this surface energy density is proportional to
the bubble radius [31]. By inserting factors of r(z,¢5)/3
into the integrals in both the numerator and denominator
of Eq. (4.6), we obtain the energy-weighted fraction

e 101 (1)
(47/3) [ "dtg R¥ (15 )r¥(t,rg )Wty e
)

Fp(t)=

—I(tg)

(4.7)

This expression suggests that the energy-weighted frac-
tion of uncollided bubble wall decreases exponentially
with I(¢). To obtain an explicit upper bound to Fy(z) we
need a lower bound to the denominator. To this end we
note that

4_7T ‘r D 347Y,.3 ' ’
Itg) == fto dt'R¥(t")r(t,¢')T(t")
=J (tg,t) . (4.8)

Thus the integrand in the denominator must be greater
than

R¥tp)r¥ (4,15 )Ditgle &7
=___3_ ie —J(x,t) , 4.9)
47T a.x x=tR

which is easily integrated to show that the denominator
must be greater than 1—e ~/{). This gives the interesting
upper bound

I(t)e —1I(1)

<
TelD)= 1—p(2)

1-1(t)/2, I(t)<<1,
zl (4.10)

Ie ™10 T(1)>>1 .

To summarize, at time ¢ a fraction p(¢) of the latent
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heat remains as vacuum energy in the false-vacuum re-
gions, while a fraction [1—p(#)]Fg(¢) is in uncollided
bubble walls. Finally, a fraction

(I—pO[1—F(D]Z1—[1+I(t)]eT? 4.11)

of the total energy has been released through the dissolu-
tion of bubble walls. We see that this last fraction ap-
proaches unity exponentially as I (¢) becomes large.

We recall that p () is a misleading measure of progress
in old inflation, since it tends to zero at large times even
though the transition is never completed [6]. The bound
of Eq. (4.10) shows that F; is no better in this regard
[32]. We therefore turn our attention to the actual physi-
cal volume in the false vacuum, ¥V, (#) <R 3t)p (t), and,
more specifically, to the time 7, when

dv
poL PN — (3p —dI /dt)

o 4.12)

becomes negative. At this epoch the fraction of physical
space still remaining in the false vacuum begins to de-
crease.

In an inflationary transition a bubble “outruns” the
general cosmic expansion only during the first Hubble
time after nucleation. Our expectation therefore is that
Vonys can decrease in such a transition only if the nu-
cleation rate is greater than one bubble per Hubble
volume per Hubble time. We can make this more precise
by examining the right-hand side of Eq. (4.12). For v =1
the quantity dI /dt is given by

%=41Tf';dt'l"(t')R 3(t')r2(t,t’)%r(t,t')

=ar ['d' TR OR T (Ork ) . (413)
fo

By changing the integration variable from ¢ to R, we can
rewrite this expression as

dr _ R ['(y)y?
dr 4wfR“0) YRH ()

2

(4.14)

fR dz
y z*H(z)

An upper bound to dI/dt can be obtained by replacing
I['(y) by the maximum value that the nucleation rate
achieves during the interval ¢ to ¢ and by replacing H (y)
and H(z) by the minimum value of H during this inter-
val. The integrals are then easily evaluated. In almost
any scenario for first-order inflation the nucleation rate
will be an increasing function of time. We also expect H
to be either constant or a decreasing function of time. If
we therefore assume that the maximum of I' and the
minimum of H are both reached at the upper end of the
range of integration, we obtain the bound

R, |
R

dl _ 4w

_S_
dt 3

I
H3

r

H3

4

3 , (4.15)

t

where Ry =R (¢,) and all other quantities are to be evalu-
ated at time r. Combining this with the condition
I'(t,)=3H, we obtain the lower bound

I
H4

9

. - (4.16)
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[Following a similar line of reasoning, but with the less
stringent requirement that I'(¢) /H? is monotonic one can
obtain the slightly weaker bound (I'/H*), >3/87.]

While ¢, defines one ‘“milestone” which must be
reached in the course of the transition, it is not the only
one. One cannot reasonably say that a transition has
completed until p(¢), the fraction of comoving volume
remaining in the false vacuum, has become small. This
suggests that we define another milestone ¢, , by the con-
dition that

plt,)=e M, 4.17)

where M is some suitably large number. Defined in this
manner, this would be a somewhat misleading criteria in
old inflation, where p(f) becomes arbitrarily small
without the transition ever being completed [6]. Howev-
er, for transitions that do in fact complete p (¢) will gen-
erally become small near the time of completion. We can
deal with the exceptional cases where this is not so by
noting that it is only the bubbles nucleated during the last
60 or so e-foldings of inflation which are of relevance for
us. Any bubbles produced earlier would correspond to
regions larger than the currently observed Universe.
Such bubbles were evidently not nucleated in our past
light cone, and so could not have contributed to the com-
pletion of the transition in this portion of the Universe.
We therefore append to the definition of #, the proviso
that only bubbles nucleated during the last 60 e-foldings
are to be included in the calculation of p(¢). Similarly,
we define a quantity 8¢, which measures the duration of
the transition, as the time that it takes this restricted p (¢)
to go from being nearly unity to being nearly zero. To be
specific, we take 8t =¢, —t,,, where p (¢, )=e " with m
some appropriately small number. If, for example, we
choose m =0.01 and M =35, then &7 will be the time over
which the Universe goes from 1% true vacuum to 99%
true vacuum.

Depending on the speed of the transition, either ¢, or
t, can come first. For a rapid transition ¢, <t,, as can be
seen by noting that during the course of a sufficiently rap-
id transition the expansion of the Universe can be
neglected, in which case V;,,, declines from the very on-
set of the transition. On the other hand, if the transition
is slow enough ¢, <t,. Again, this can be seen by refer-
ring to the limiting case, old inflation, where ¢, is never
reached. By considering these limiting cases, we see that
neither of these times gives a definition of the “end” of
the transition that is adequate for all situations; since the
conditions associated with both are necessary for com-
pletion, we will always choose the latter of the two. We
will find that for transitions that meet the big-bubble con-
straints of the previous section |z, —¢,| is never much
more than a few Hubble times. As a result, the eventual
constraints that big-bubble considerations place on the
parameters of the theory are rather insensitive to which
time we use as the end of inflation.

Another milestone that is often discussed is the per-
colation of the low-temperature phase. This is clearly
necessary for the homogeneous completion of the transi-
tion. Indeed, proving the absence of percolation was the
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crucial step in demonstrating the failure of old inflation.
However, since percolation by itself is not sufficient for a
successful transition, the onset of percolation is of less in-
terest for us here [33].

Also of interest is the distribution of bubble sizes. Bub-
bles that have a physical radius p at time 7 were nucleated
at a time 1, determined by the relation

cdt"v(t")
p=R(Dr(1,1,)=R (”f,p R

The number density of such bubbles is determined by the

nucleation rate I'(¢,) at that time, and by the fraction

p(1,) of space still in the false vacuum at that time. Tak-
ing into account the expansion of the Universe between
t, and t, the number of bubbles per unit physical volume
with physical radius p is given by

(4.18)

dN _ R(1,) )dtp
dp R |Pap
4
R(t)) | p(t)
=T P e .
(t,) R(0) o(1,) 4.19)

A related quantity of interest is the size distribution of
the bubbles that have collided with a given “reference
bubble” by a time ¢. Let us assume that the reference
bubble was nucleated at time ¢z at position » =0, so that
its physical size at time ¢ is pgr =R (¢)r (¢,tg). In order
that a second bubble of size p (and hence nucleated at
time tp) could have collided with the reference bubble,
two conditions must hold. First, it must have been nu-
cleated close enough for it and the reference bubble to
have reached each other. In other words, its nucleation
must have occurred at a point whose coordinate distance
rc from the origin obeys

R(t)re<prtp . (4.20a)

Second, since the younger of the two bubbles cannot have
nucleated within the older bubble,

R (tre>lpr—pl - (4.20b)

Thus, the center of the colliding bubble must lie in a
spherical shell of physical volume

Vipg,p)=dmpip.+pL), (4.21)

where we have defined p. and p_ to be the greater and
lesser of pr and p.

Naively, we would just multiply this volume by dN /dp
to obtain the expected number of colliding bubbles of a
given size. This is not quite right. The difficulty lies in
the factor of p(7,) in Eq. (4.19). This is the probability
that a random point is still in the false vacuum at time ¢,,.
However, the points in the region we are considering are
not random, since the existence of the reference bubble
precludes the nucleation of any bubbles in the past light
cone of its point of nucleation. This is essentially the
same problem as we encountered in the calculation of ¥
and Fg, but the correction needed here, while going in
the same direction [i.e., increasing the effective p(z,)] is
somewhat more complicated to calculate. In any case,
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the correction only becomes important for bubbles nu-
cleating late in the transition, after p (¢) has begun to de-
viate significantly from unity. In fact, since the correc-
tion arises from the absence of potential bubbles which
would have nucleated before both the reference bubble
and the colliding bubble, we may write the distribution of
colliding bubble sizes as

dN.
dp

We will go on shortly to evaluate the various quantities
defined above for several specific models. Before doing
s0, we point out a useful approximation that can be ap-
plied in any inflationary transition. In such a transition,
the integral in Eq. (4.3) for r(¢,¢’) remains finite as t — o,
and is dominated by a time interval of order H ! at the
lower end of the integration range. As we have discussed
previously, this corresponds to the fact that a bubble ex-
pands freely at the speed of light for a time of order H ~!
after which it simply conformally stretches as the
Universe expands. This suggests that for (t —¢')>>H ~!
the coordinate size of the bubble is simply

kH Yt")
R(t')

(for inflationary transitions) ,

=‘V(pR,p)Z—1;T[1+O(1—p(tp>))]. 4.22)

r(tt')=

(4.23)

with k of order unity. Explicit evaluation of the integral
gives k =1 for exponential expansion and kK =p/(p —1)
for R (t) = t? with p > 1. Using this approximation in Eq.
(4.2) for I(t) and then differentiating gives

Ir| .95
H* te~ 4

(for inflationary transitions) , (4.24)

suggesting that the lower bound of Eq. (4.16) is actually
reached in inflationary transitions.

Furthermore, using this approximation and setting
v =1in Eq. (4.19) leads to

; dN r

- (4.25)
Pdmp ~ | H

(valid for p>H "),

~
=~

t

P

where ¢, is the time at which bubbles that have physical
size p at time ¢t were nucleated. Thus, as was asserted at
the end of Sec. II, the volume fraction occupied by large
bubbles in a unit logarithmic interval of bubble size is
essentially equal to the value of I' /H* at the time of their
nucleation.

Comparing Egs. (4.24) and (4.25) we see that within
this approximation the big-bubble constraints of Sec. III
are simply lower bounds to the net increase in I'/H*
from ¢y to ¢z, and are thus insensitive to the behavior of T’
and H at intermediate times.

V. SPECIFIC EXAMPLES

A. Model 1: Exponentially growing nucleation rate
in a static universe [34]

In this section we apply the general formulas of Sec. IV
to some specific examples. As a first example, we consid-
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er a transition where the bubble-nucleation rate I' in-
creases very rapidly near the time of completion, with
essentially all of the bubbles being nucleated within much
less than a Hubble time, so that the expansion of the
Universe can be neglected. Such a transition could be an
inflationary transition completing at essentially zero tem-
perature, or it could be a noninflationary first-order tran-
sition taking place at some finite temperature [35]. While
the bubble-wall velocity v can be set equal to unity in the
former case, this will not in general be true for the latter.
However, since we expect v to be determined by the tem-
perature, which by our assumptions changes little over
the time that the bubbles are nucleated, we will take v to
be a constant.

Because the nucleation rate is typically proportional to
the exponential of some action, we again write it as

L=Ce~ 41" | (5.1)

with C assumed to be of the order of M*, where M is the
mass scale characterizing the transition. In order that
the usual treatment of bubble nucleation be valid, the
tunneling action A4 (¢) must be greater than order unity.
(If the tunneling action is of order unity or smaller, the
phase transition proceeds via spinodal decomposition,
formation of very irregularly shaped fluctuation regions,
rather than via the nucleation of true-vacuum bubbles.)
We expand A4 (t) about time ¢, , which we take here to be
the time that the phase transition completes,

At)=A,—pBt—t )+ -, (5.2)

and keep only the first two terms in the expansion. Here
A,=A(t,) and B=—(dA/dt), >0. We will find that

the functional form of our results is independent of both
3 and v, which only serve to set the scales of time and dis-
tance. For our assumption of a “fast” transition to be
valid, B must be large compared to H; we will discuss the
magnitude of 3 further at the end of our calculation.

With the cosmic expansion neglected, the factors of R
cancel in the evaluation of Eq. (4.2) for I(¢). We can
with little error set ¢, = — o to obtain

87v3 Blt—t,)

5 Iz, )e

Exponentiating this gives p (), which is shown in Fig. 4.
In the same figure we have also plotted Fz(t); note that it
tracks p(¢) rather closely, but with a time lag of about
0.06B87!. The time scale for the completion of the transi-
tion is of order B~ !; specifically, the time for p (1) to de-
crease frome ™toe Mis

prape
m]ﬁ'

I()= Blt—1ty) ‘

=I(t,)e (5.3)

6t=t,—t,=In (5.4)

To obtain the distribution of bubble sizes we note that
a bubble which has a radius p at time ¢ must have been
nucleated at a time ¢,=¢—p/v. From Egs. (4.1) and
(4.19), the bubble distribution at time ¢ is then
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p(t), Fe(t)

0
-6 -5

-4 -3 -2 -
time (units of B7)

0

FIG. 4. The evolution of p(t) (lower curve) and Fx(t) (upper
curve) for model 1. Time is measured in units of 87!, which is
the inverse of the rate of change of the tunneling action at the
completion of the phase transition. Time zero corresponds to
the time that p (t)=e ~'°.

:r(t*p/v)e*1(1~p/v)/v ;

t

&
_ B

T 8wt

I(t)e _’3”/”+EI)B—1nI(t)

(5.5)

This distribution of bubble sizes, shown in Fig. 5,
achieves its maximum at

_ v
p(t) BlnI(t) ,
and has a width of order v/B. Note that as ¢ increases
the shape of this distribution is unchanged, aside from an
overall shift to larger p (simply due to the expansion of
each bubble). The total number of bubbles (per unit
volume) at time ¢ is N,,, =B°[1—p(¢)]/8mv? and mo-
ments of the distribution can be expressed in terms of the
incomplete gamma function and its derivatives.
Since 3 plays a crucial role in determining the typical
size of bubbles at the time the transition is completed, let
us examine it a bit more closely. First, consider the case

(5.6)

4

X

>
'\\‘TfT”T—

n

T

_
lllliLLJlljll\“(

7
//

dN/dp (units of g*/8mvY)

II\I{‘V_[I\
e

0 lr/ 1 l 1 1

0
p — <p> (units of v/B)

0

FIG. 5. Distribution of bubble sizes in model 1 as a function
of bubble radius p at time ¢ minus the mean bubble radius
(p)=vInI(t)/B (v is the speed at which the bubble wall ex-
pands).
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where the time dependence of I is due solely to the varia-
tion of temperature with time, so that

d4
dt

T dA

A dT

B—_—_ A*H*EV(T*)A*H* ’

Iy

Tx

(5.7)

where we have defined T,=T(t,), H,=H(T,), and
used the fact that T/T = —H.

The first factor on the right-hand side is a dimension-
less quantity which is defined in such a way as to be at
most weakly dependent on the mass scale of the transi-
tion. Except for a possible divergence near the critical
temperature [in a region where A4 (T) would be too large
for significant nucleation in any case] y(7) is of order
unity for most plausible estimates of the nucleation rate.
(For a further discussion of this point see Ref. [34].) To
estimate the second factor we note that Eq. (5.3) implies
that

__B B'M

L, )=——I(t,)= . (5.8
* gmvd ¥ 8mv3
Inserting Eqgs. (5.1) and (5.7) then gives
3
A, +4lnd, =In |70 € (5.9)

Yy T OM HY

The logarithm on the right-hand side is controlled by the
only factors that are not of order unity, namely, C ~Mm*
and H, ~M?*/my,. Hence

mp

A, =4I| =,

(5.10)

As long as M is at least 1 or 2 orders of magnitude below
the Planck scale, this is large enough for the standard nu-
cleation picture to be valid and implies that BH ~' is
large enough to justify our neglect of the cosmic expan-
sion. On the other hand, 4, cannot be too large. Even
for /M as low as 100 MeV, A4, is only of the order of 200.
Hence, the characteristic bubble size at the end of the
transition lies roughly between 1% and 100% of the
Hubble radius, and we see that the bubble size is not set
by M, as one might naively have guessed, but rather by
H ! which, by determining T, fixes the rate of change of
the nucleation rate. Similarly, the value of T' /H Yatt . 18
not arbitrary, but rather must be of the order of
A% ~[In(mp /M)]".

We will also be interested in cases where the time vari-
ation of the nucleation rate arises from the effects of some
slowly varying scalar field i (other than the scalar field
that is involved in the phase transition). Equation (5.7) is
then replaced by

Y d4
A dy

¥
Y
As before, the first factor is in general of order unity,
while A, can be determined with the aid of Eq. (5.3).

The second factor depends upon the time evolution of the
field ¢ which, through its equation of motion, depends

B= 4, . (5.11)

ty 12
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upon the expansion rate H. As before, we can anticipate
that the value of B will be determined by H. We will dis-
cuss this case further when we consider two-field
inflation.

B. Model 2: Exponentially growing nucleation rate
with exponential cosmic expansion

We now extend the previous model to include the
cosmic expansion. For simplicity we take the expansion
to be exponential, R (t)=R e, with constant H. Also,
since we expect the effects of the expansion to be
significant only for the low-temperature bubbles pro-
duced in an inflationary transition, we set v =1
throughout. As before, we approximate A4 (¢) by a linear
function

An=a,-Zu-1,y, (5.12)

a

where ¢, is the greater of ¢, and ¢,, and A, = A (¢, ).
For large a the nucleation rate grows slowly, and the
completion of the transition takes many Hubble times; we
will use the big-bubble constraints of Sec. III to place an
upper limit to a (of order 6). On the other hand, for
small a the transition completes in much less than a Hub-
ble time, and this model reduces to the previous one, with
B=H /a.

It is now straightforward to evaluate I (¢) for times not
very different from ¢, . As in the previous example, we
set the lower limit of the integration to —c. (In doing
so, we need not worry about excluding bubbles produced
before the last 60 e-foldings of inflation since the contri-
bution from these is negligible for all values of a con-
sistent with the big-bubble constraints.) Evaluation of
the integral in Eq. (4.2) for I(#) then yields

8rat I'(¢)

I(t)= .
® (1+a)1+2a)(1+3a) H* 5.13)
Differentiating this equation reveals that dI /dt =HI /a.
From the definition of ¢, it follows that
I(t,)=3a . (5.14)

Since I(?) increases monotonically, we see that ¢, is later
than ¢, if T increases sufficiently slowly, a>M /3~1, in
accordance with our previous remarks. More
specifically, Eq. (5.13) gives the time needed for I(¢) to
vary between the two given values. Thus,

M

t,—t,=aH 1
* e Q@ n3a

(5.15)

while 8¢, the time interval over which I increases from m
to M, is

M

ol

To obtain the distribution of bubble sizes, we note that
with constant Hubble parameter Eq. (4.18) takes the form

p=H_1{exp[H(t—tp)]—1} . (5.17)

8t=aH 'In (5.16)
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Using this relation, as well as Egs. (4.19), (5.12), and
(5 13), the distribution of bubble sizes at time ¢ is found to

I'(¢) S NU)N—— I(1) (5.18)
. (1+Hp)4+““ (1+Hp)'/®
It achieves its maximum at
v pr—1 1(1)
= _ 5.19
p(t)=H yy—— ( )

For I(t)<4a+1, p is negative, corresponding to a distri-
bution of bubble sizes that is monotonically decreasing
for all p> 0.

For large « (i.e., a relatively slow transition) Egs. (5.13)
and (5.14) lead to

I
H4

9
411'

At ] , (520
6a

8

which should be compared with the approximation (4.24),
(I'/H 4),e ~9/4m. The big-bubble constraints are bounds

to

Ir
H4

r

—,N/a

T (5.21)

Using Eq. (5.20) to evaluate the right-hand side, and tak-
ing M =10 GeV, we find that the bounds of Sec. III give
an upper limit a <a_,,~5-6.

From Egq. (5.14) it follows that p (t,)=e ~3¢, indicating
that for @ R 1 all but a small fraction of space is converted
to true vacuum before V', begins to decrease. This is
reminiscent of old inflation, and indeed the bubble distri-
bution bears some resemblance to that of old inflation.
Small bubbles dominate numerically: dN /dp decreases

monotonically from p=0 and falls to one-half of its peak
value by p=H ~". On the other hand, large bubbles are
responsible for the bulk of the volume. The volume-
weighted bubble distribution at ¢,,

; dN | _T@) (Hp)*
P dlnp H4 (1+Hp)4+l/a
3a
Xexp |——— |, (5.22)
P| U+ Hp) ]
achieves its maximum at
Ppeak = (3a)°H ™", (5.23)

and as a function of Inp has a width of order aV'e. Be-
cause the interior of a large bubble is not homogenized
until it comes back within the horizon, a relatively homo-
geneous radiation-dominated universe cannot be estab-
lished until the temperature has fallen to about
M /(Hp,eny); for a=6 this is about 8 orders of magnitude
below the critical temperature.

To illustrate the development of the transition at the
ragged edge of the big-bubble constraint, we show p(t),
Fg(t), and the distribution of bubble sizes for =6 in
Figs. 6 and 7.
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FIG. 6. The volume-weighted distribution of bubble sizes,
p*dN /d Inp, for model 2 with a=6=a,, (solid curve) and
a=13 (broken curve). Note that the distribution peaks at a bub-
ble radius of order p,.~(3a)® and that for p>>p,eu,
pdN /d Inp only decreases as p~ /%,

We can also recover the case of a rapid transition by
taking the limit a@ << 1. The end of the transition is now
signaled by ¢, rather than t,, with the duration 67 of the
transition becoming much less than a Hubble time. As
expected, in this limit the various formulas go over into
the corresponding results for model 1, with 8=H /a and
v=1.

C. Model 3: Power-law nucleation rate
with power-law expansion

For our third model we take

R(1)=R,t?, -I%=yt" . (5.24)

Note that this implies T'=yp*% % This form is
motivated in particular by Brans-Dicke extended
inflation [2] and generalizations [36] of this model involv-
ing dilaton fields. We require p > 1, so that the expansion
be inflationary, and ¢ > 0, so that the transition eventual-

1 rTr 11T JrrrrrrroT

p(t), Fg(t)

{1 Y T | | 1 T T O
~20 -10 0
time (units of H )

FIG. 7. For model 2 and a=6~a,,,, p (¢) (lower curve) and
Fg(t) (upper curve). The zero of time corresponds to ¢,; i.e., the
epoch when the volume of physical space in the false vacuum
begins to decrease.
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ly complete; moreover, we only require that these func-
tional forms be good approximations near the end of
inflation. Again, we set v =1 because we expect this
model to apply primarily to inflationary transitions.

Evaluation of Eq. (4.2), with the lower limit ¢, set equal
to zero, gives

I(t): 87Tp4 _F_
q(g+p—1)q+2p—2)g+3p—3) | H*
(5.25)
Differentiating this reveals that
I(e,)=22 . (5.26)

q

Equation (5.25) shows that times of interest during the
course of the transition are related by

b [ L | (5.27)
t, I(ty) ’
In particular, for a fast transition, where g >>p > 1,
1/q
St=t,—t,=t, [1— ; ~7ln i (5.28)

where 7=gq/t, is the characteristic time scale for the
variation of I'/H* at the end of the transition. Since
7=(d InI" /dt),,, this reproduces the corresponding re-
sult for model 1, cf. Eq. (5.4), as should be expected.

The physical radius of a bubble that was nucleated at
time ¢, at time ¢ is

e P
pP=pol |— ——1’ s (5.29)
t
p
where
1 p
=— |—F— 5.30
P H() |p—1 30
Using this one finds that
4+g/(p—1)
dN | _ po_ |0
dp |, potp
q/(p—1)
Xexp | —1(t) (5.31)
pPotp ]

This formula is the same as Eq. (5.18) if we make the re-
placements

(p—1)/g—a, pal—>H . (5.32)
Thus, the qualitative features of the bubble distribution at
the end of the transition are the same as in model 2 (see
Fig. 6). In a slow transition small bubbles predominate
numerically, but most of the volume is in large bubbles,
with pdN /d Inp peaking at p=~(3p/q¥ %, In a fast
transition the bubble distribution is sharply peaked about
p~=T7InM.

To apply the big-bubble constraints we note that for a
slow transition, where p >>¢g =0, Eqgs. (5.25) and (5.26)
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imply that roller,” with equation of motion
- -V
I | _9 1+M+ - (5.33) 1,0“’— , (5.36)
H* 417 6p
where V'=a3dV /dy. (Here, and henceforth, ¥V and its

The bounds are to be applied to bubbles with radius
eM(1—1/p)p, at the end of inflation. From Eq. (5.29) we

see that these were nucleated at a time
tp=te[P/(P _l)]l/(p—l)e—N/(p—l), so that
/(p—1)
L =e—qN/(p—1) p _.F_ .
H* p—1 4l
(5.34)

Comparing this with Eq. (5.21) for model 2, we see that

the bounds for the two models are related by

p—1
q

(5.35)

R Q. =5-6 .
max

In Brans-Dicke extended inflation ¢ =4 and p =w+1.
This upper bound then translates into o <20-25, which
is essentially the bound of Ref. [12]. There is also a lower
bound to w from the requirement of sufficient inflation:
The effective Planck mass in this theory is given by the
square root of the Brans-Dicke field ®, and grows linear-
ly with time during inflation, reaching essentially its
present value of 10! GeV at the end of inflation. In or-
der that quantum gravity effects be negligible, V'® must
be larger than the mass scale /M of the transition
throughout the inflationary period. For any given degree
of inflation, this upper limit to the growth of ® places a
lower limit to . To obtain 60 e-foldings of inflation,
®z 5 if M=10'" GeV; as the amount of inflation desired
rises, so does the lower limit to .

Related models involving dilaton fields have also been
proposed [36]. For these, our bounds agree with those
obtained by Wang [37]. In these models, also, the big-
bubble constraints and the requirement of sufficient
inflation work in opposite directions.

D. Two-field inflation and related models

Two-field models of first-order inflation contain an
inflaton field o, which is trapped in a false-vacuum state
with 0 =0, (and is the field responsible for the phase
transition), and a trigger field ¢, which slowly evolves to-
ward the minimum of its potential. The coupling be-
tween these fields is arranged to make the tunneling ac-
tion A for the inflaton field decrease as ¥ evolves. When
1 reaches a critical value A4 is sufficiently small that bub-
bles are rapidly nucleated and the transition completes;
for our purposes we define this critical value to be
b =(1,).

In order that this be first-order inflation, rather than
slow-rollover inflation, the evolution of 1 must have little
effect on the vacuum energy, which can therefore be
viewed as arising from the o field alone. (A consequence
of this is that H may be treated as constant during
inflation.) Hence, [0V (0,¥)/3¢]|, must be small. This

is also needed in order that the trigger field be a “slow

derivatives are assumed to be evaluated with 0 =o0.)

The amount of inflation is determined by the time it
takes 9 to evolve from its initial value ¥; to ¢,. In a suc-
cessful model this must be long enough to ensure at least
60 or so e-foldings of the scale factor:

. = = — 2 e_]A >
N, v,)= [Hdt=—3H s 260 (53D
With the aid of Eq. (5.36), this may be rewritten as
H*
N, )= |,,,(¢"|f<¢,,¢e>~6o (5.38)
8
where we have defined the dimensionless quantity
bidy (V')
f(¢i’¢e)=f¢ %—W . (5.39)

Typically f is expected to be of order unity. For exam-
ple, if ¥ (1) can be approximated by the form a +b2y?:

, p=2

fW,)= (5.40)

p—2

, PF2.

[Note that for the upper (lower) choice of sign ¥, is
greater (less) than 1,.]

We must also require that the big-bubble constraints be
satisfied. If the tunneling action is approximated by a
linear function of time, as in Eq. (5.12), these constraints
place an upper bound to a=H / A(t,). Defining

g=|L %:;— (5.41)
we may write
j A )|V'(,)
a”'=gA(1,)H ! L”il =—g—#, (5.42)
14 3H?,

where the second equality is obtained with the aid of Eq.
(5.36). Comparing this with Eq. (5.38) we obtain

N, ¥,)

a= f(d}nd}e

A1) (5.43)

Arguments similar to those leading to Eq. (5.9) show that
A(t,)=4In(myp /M)=~46+4n,,. Using the bound (5.38)
on N we may write the constraint a <a,,,~5-6 as

N, ¢,)

Toran, ] WovgT!55-6. (5.44)

Since g, like f, will typically be of order unity, while N is
bounded from below by 60 or so, we see that the generic
two-field model will always be close to the edge when it
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comes to satisfying the big-bubble constraints. Further-
more, since a increases with W and, in the spirit of
inflation, there is no reason for JV to be close to 60 or so,
satisfying this constraint is likely to be very difficult
indeed.

A successful model must also be such that the density
perturbations arising from quantum fluctuations in the ¥
field during its slow roll phase are not too great [38]. The
amplitude of these density perturbations at the post
inflationary horizon crossing is easy to estimate using the
fact that while a given mode is outside the horizon the
gauge-invariant quantity {=08p/(p+p) remains constant.
The inflaton field makes no contribution to p+p (since
pstP,=0) or to 8p (o-field fluctuations are suppressed
because in the false-vacuum state m?2 >>H?). For the ¢
field, p¢+p¢=1/}2 and 8p=Ay|V'|~H|V’'|/2w. From
this it follows that

_3H’
hor |V'| ’

dp
p

where as usual the right-hand side of the equation is to be
evaluated when the scale of interest crossed outside the
horizon during inflation. For astrophysically interesting
scales, which went outside the horizon 40-60 e-foldings
before the end of inflation, this quantity can be at most
~3X107°.

This is the familiar formula for the amplitude of
inflation-produced density perturbations, though there
are some important differences. First, we should
remember that the vacuum energy that fixes the value of
H is determined by the o field rather than by the ¢ field.
This increases the value of (8p/p)y,, relative to that ex-
pected for the case of slow-rollover inflation driven by the
1 field. Second, inflation ends when the o field makes the
transition to the true vacuum, and not when the ¥ field
leaves the slow-rolling regime. Hence, there is no need
for the denominator on the right-hand side of Eq. (5.45)
to be increasing near the end of inflation. This too works
in the direction of increasing the density fluctuations. In
pure slow-rollover inflation the issue of density perturba-
tions is a difficult one; in two-field models it is even more
s0.

Another interesting relation follows from the con-
sideration of density perturbations. Equation (5.45) re-
lates the density perturbations to the value of V'(¢) at
times 40-60 e-foldings before the end of inflation, while
Eq. (5.42) involves the same quantity at the time the tran-
sition is completed. As remarked above, in ordinary
slow-rollover inflation V' is significantly larger at the
later time, since the end of inflation occurs as the inflaton
field leaves the flat part of the potential. There is no
reason to expect this to be true in two-field first-order
inflation, since the value of 1 needed to trigger the transi-
tion is not related to any special property of V or its
derivatives. Instead, one might plausibly guess that the
values of V' entering Egs. (5.42) and (5.45) are roughly
the same. Assuming this to be the case we obtain the re-
lation

A

T

(5.45)

_ 1 1
a

_1 Sp
g A(,)

p

(5.46)

hor

TURNER, WEINBERG, AND WIDROW 46

Given the magnitude of the density fluctuations, this
translates the upper bound on a to an upper bound on
¥,. For example, if we take (8p/p)yo,~3X107° and
choose M =10 GeV, so that A4 (t,)=46, we find that
¥, S3X10'® GeV; it cannot be much less than this value,
or else WV will be too small.

A specific realization of two-field inflation is provided
by the “ramp-potential” model of Ref. [22]. In this mod-
el the coupling of the inflaton and trigger fields is such
that the energy difference between the true and false va-
cua is of the form

e=go( 1+ /42) .

In the thin-wall approximation the tunneling action

(5.47)

varies as ¢ °. Using this approximation, the authors of
Ref. [22] write
4o
(1+ny°/¢;)
Substitution of this form into Eq. (5.41) yields
-9 5.49
g e (5.49)

Unless the value of 4 is just such that the Universe is on
the verge of nucleating bubbles long before ¥ reaches v,,
n cannot be too small nor can the initial value of ¢ be
close to ¢, (i.e., ¥; <<v,). Furthermore, since we did not
want the variation of the trigger field to affect the energy
density significantly, n should be at most of order unity.
Together, these two considerations suggest that the value
of 1 should be 0.1-1 (which is what the authors of Ref.
[22] also conclude), and hence that g is in the range
0.8-5. [Actually, when the thin-wall approximation is
valid the tunneling action tends to be much larger than
the value we have deduced for A4 (¢t,). We therefore ex-
pect the transition to complete after € has become too big
to justify the thin-wall approximation. The dependence
of A upon e is then expected to be milder, which will
tend to exacerbate the problem of satisfying the big-
bubble constraint.]

In this model, when the o field is at its false-vacuum
value the trigger field “feels” a linear potential

V()=V(y)—Fp—1y) . (5.50)
This gives
f<wi,¢e)=—¢e_¢i : (5.51)
Y.
so that the amount of inflation is given by
3H? 3H%Y,
) = —U. )= . 5.52
N )= (=)=~ (5.5
The constraint (5.44) can be rewritten as
N( i e) —Y;
bide) | W Wi | 1 | g o (5.53)
46+4n 14 ¢i 97]

Since we expect the initial value of the trigger field to be
much smaller than its final value ¢,, we conclude that un-
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less the value of WV is close to the minimum required to
solve the horizon and flatness problems, the big-bubble
constraints cannot be satisfied. Put another way, the
ramp model can, at best, marginally satisfy the big-
bubble constraints.

VI. CONCLUDING REMARKS

We have studied the kinematics of bubble nucleation in
first-order inflation and other cosmological phase transi-
tions. In particular we have identified several measures
that track the progress of a phase transition, the proba-
bility that a point in space remains in the false vacuum,
the volume of physical space in the false vacuum, and the
fraction of uncollided bubble wall, and we have discussed
the distribution of bubble sizes and the duration of the
transition. In a successful phase transition the end of the
transition as determined by our three different measures
of progress agree to within a few Hubble times. In gen-
eral, the characteristic bubble size and duration of the
phase transition are determined by a characteristic time
7=(d InT" /dt)~!, which for a very wide class of models is
of the order of 1% to 100% of the Hubble time, depend-
ing only logarithmically on the energy scale of the phase
transition.

In any first-order phase transition the crucial quantity
that determines essentially all aspects of the transition is
I'/H*, the number of bubbles nucleated per Hubble time
per Hubble volume. The value of T'/H* at time ¢ deter-
mines the fraction of space occupied by bubbles nucleated
between ¢t and ¢t +H ', In a successful model of first-
order inflation T'/H* must ultimately exceed 9 /4 in or-
der that the volume of physical space remaining in the
false vacuum decreases. It must also be quite small only
a short time earlier: In first-order inflation bubbles nu-
cleated well before the end of inflation grow to astrophys-
ical size and remain as unhomogenized regions until late
in the history of the Universe. Such big bubbles can leave
scars on the Universe by interferring with primordial nu-
cleosynthesis, by distorting the spectrum of the CMBR,
or by leading to large anisotropies in the temperature of
the CMBR. The empirical requirement that big bubbles
be suppressed constrains the value of I'/H* to be less
than 1074-1073 at the time that such bubbles were nu-
cleated, which for exponential inflation is between about
39 and 54 e-foldings in the scale factor before the end of
inflation. That dashes the hope [14] that individual bub-
bles have anything to do with the apparent bubbly nature
of the distribution of galaxies [29], although the possibili-
ty remains that Poisson fluctuations in the number of
moderate-size bubbles nucleated within a given volume
could give rise to isocurvature perturbations that are of
interest for structure formation and whose spectrum is
not scale invariant.

In all the models of first-order inflation that we have
considered we have seen that there is a conflict between
having sufficient inflation and adequately suppressing big
bubbles. To achieve the former one wants I'/H* to in-
crease slowly, while to satisfy the latter one wants ' /H*
to increase rapidly (see Fig. 3). In models where I'/H*
varies smoothly the “window” defined by these con-
straints is narrow; e.g., in Brans-Dicke extended inflation
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o must exceed 5 to achieve sufficient inflation, while
suppression of big bubbles requires that w be less than
about 20. There is, of course, nothing that forbids mod-
els in which I'/H* changes from varying slowly to vary-
ing rapidly. However, such models lose one of the attrac-
tive features of the first successful model of first-order
inflation (extended inflation), in that the critical value of
the “spectator field” (Brans-Dicke field, dilaton, or
trigger field) which brings I'/H* above unity must be
correlated with a mass scale set by the spectator dynam-
ics.

The big-bubble constraints can be even more difficult
to satisfy in more exotic models. For example, some au-
thors have proposed a model in which a period of first-
order inflation is followed by a second period of slow-
rollover inflation [39]. The big-bubble constraints that
we have discussed place limits on the value of I'/H*
when the value of the cosmic scale was a specified num-
ber of e-foldings smaller than at the end of inflation
(about 39 to 54); if we assume that the second period of
inflation lasts P e-foldings, then the big-bubble con-
straints place limits to I'/H* of 1074~10"3 at 39—P to
54—P e-foldings before the end of the first epoch of
inflation, and of course to successfully terminate the first
period of inflation I' /H* must exceed 9 /4. (For simpli-
city, we have set n,,=0 and assumed both epochs of
inflation were exponential.) This means that ' /H* must
grow from order 107#~1073 to order unity in a shorter
time than in the absence of the second inflationary epoch,
and tightens the constraints to the rate of change of
T'/H* e.g., to a in model 2, or to (p —1)/g in model 3.

Finally, in our discussions of the deleterious effects of
big bubbles, we have focused on large bubbles that are
homogenized at the time of nucleosynthesis or later. We
have seen that the suppression of such bubbles to an ac-
ceptably low level is a rather nontrivial constraint on
model building. It is therefore interesting to consider the
possibility that the density of these bubbles is in fact close
to the bounds we have derived. If this is the case, one
might expect to find significant effects from regions that
homogenize at times just before nucleosynthesis. One
place to look for such effects might be the electroweak
phase transition. The presence of large, unhomogenized
regions would imply a departure from thermal equilibri-
um, one of the necessary conditions for baryogenesis to
proceed, and a condition that seems to be at best margin-
ally satisfied in the standard scenario of the electroweak
phase transition [3]. Perhaps big bubbles could have
good effects too.
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