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Using formulas developed by Blanchet, Damour, and Iyer, we obtain a symmetric trace-free multipo-
lar expansion of the gravitational radiation from a coalescing binary system which is sufficiently accurate
to allow a post-Newtonian calculation of the linear momentum carried off by the gravitational radiation
prior to a binary coalescence. We briefly examine the structure of the post-quadrupole corrections to the
wave form for an orbiting binary system near coalescence. The post-Newtonian correction to the
momentum ejection allows a more accurate calculation of the system recoil velocity (radiation rocket
effect). We find that the higher-order correction actually reduces the net momentum ejection. Further-
more, the post-Newtonian correction to the momentum flux has only a weak dependence on the mass ra-
tio of the objects in the binary, suggesting that previous test mass calculations may be quite accurate.
We estimate an upper bound of the center-of-mass velocity of 1 kms™! for neutron star binaries very
near coalescence. In an appendix we give a self-contained (albeit less rigorous) derivation of the gravita-
tional wave form using the Epstein-Wagoner formalism.

PACS number(s): 04.30.+x, 97.60.Jd, 97.60.Lf, 97.80.Fk

I. INTRODUCTION AND SUMMARY

Binary systems containing compact objects, such as
neutron stars, may prove to be the most fruitful systems
for obtaining information about relativistic gravity in
strong-field, dynamical regimes. For example, the binary
pulsar PSR 1913+ 16 has given us our first evidence that
gravitational waves exist, and new binary pulsars, such as
PSR 1534, may give better accuracy. When laser-
interferometric gravitational wave detectors are built,
coalescing binary systems will be the leading candidates
for detectable sources. For example, Schutz [1] has
shown that by examining the gravitational wave ‘“‘chirp”
of a coalescing system it will be possible to determine the
distance to the system and even estimate the Hubble con-
stant. Unfortunately, to date, gravitational wave detec-
tors have been unable to definitively observe any events.
However, Thorne [2] has suggested that the next genera-
tion of laser-interferometric detectors should not only
have sufficient sensitivity to detect gravitational waves,
but also have sufficient resolution to allow detailed study
of the actual shape of the wave form emitted by a given
event. This motivates our search for accurate predictions
of the gravitational wave form emitted during a binary
coalescence.

In addition the direct detection of an emitted gravita-
tional wave, and the decay or coalescence of the system
caused by the gravitational energy radiated away, there is
another potentially observable effect of gravitational radi-
ation from binary systems. The emitted radiation can
also carry off linear momentum, giving rise to a recoil of
the center of mass of the system. This effect was first
studied by Bekenstein [3] and then treated in more detail
by Fitchett [4] and Fitchett and Detweiler [5]. It has
even been suggested that this recoil velocity may become
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sufficiently large in the late states of a black-hole—black-
hole coalescence to reach galactic escape velocities. For
an overview of this “‘gravitational-radiation rocket effect”
see Redmount and Rees [6].

Our approach to the problem of finding the gravita-
tional radiation from a coalescing binary system, as well
as its subsequent recoil motion, is to use approximate
equations based on the assumption of weak fields and
slow motion. In order to obtain some degree of
confidence in the results as we evolve the orbit to the
closest possible separation, where the fields may not be so
weak nor the motions so slow, we use equations carried
to the highest practical order in a post-Newtonian expan-
sion. Roughly speaking, the post-Newtonian expansion is
an expansion of corrections to Newtonian gravitational
theory in powers of e?=~(m /r)=~v% (We use units in
which G=c=1.) We emphasize that our calculation is
not a ‘“‘test mass” calculation, in fact, we consider cases
where the binary masses are comparable (e.g., neutron
stars). This approximation scheme is certainly not as ac-
curate as a fully general relativistic 3+ 1 numerical solu-
tion, but it has the advantage of being available now.
Such a full-blown numerical solution is probably still
many years in the future.

The details of our analysis of binary systems fall into
three separate but related parts: the motion of the sys-
tem, the radiated wave form, and the ejected momentum.

To evolve the orbital motion of the binary system, we
use the Damour-Deruelle equations of motion [7]. These
equations of motion include all terms up to, and includ-
ing, radiation reaction at the (post)’/2-Newtonian level.
It is the radiation reaction term that gives rise to a secu-
lar decay and circularization of the orbit. Lincoln and
Will [8] studied the late-time evolution of binary systems
using the Damour-Deruelle equations of motion in detail,
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and discussed the range of validity of the Damour-
Deruelle equations for different types of binary systems.
We also mention that a completely equivalent set of equa-
tions of motion have been derived by Grishchuk and Ko-
pejkin [9].

In order to obtain an expression for the wave form of
sufficient accuracy to allow a post-Newtonian calculation
to the momentum ejection we explore two techniques. In
Sec. II we use the mathematically rigorous technique
developed by Blanchet and Damour [10-13] and
Damour and Iyer [14] to construct the wave form.
[Throughout this paper the formalism developed in Refs.
[10—14] will be referred to as the Blanchet-Damour-Iyer
(BDI) formalism.] Appendix A also contains a separate,
but nonrigorous, derivation of the wave form, which uses
the formalism of Epstein and Wagoner [15] (EW).

In Sec. II we assemble and use a number of key results
of the Blanchet-Damour-lIyer formalism. In particular
Blanchet and Damour [12] have developed integral ex-
pressions for the lowest order and first post-Newtonian
correction for all the “mass multipole moments” of the
gravitational radiation. Similarly, Damour and Iyer [14]
have obtained a formal expression for the “current quad-
rupole moment” of the radiation. We then evaluate these
very general formulas in the point-mass limit to obtain
explicit formulas for the necessary multipoles. The ad-
vantage of constructing the wave form with the BDI for-
malism is that it relies only on rigorous and well-defined
mathematical steps. Specifically, the final results only
contain integrals over the compact material source. This
is in contrast with the Epstein-Wagoner formalism. The
disadvantage of constructing the wave form in this
rigorous way is that the development is not particularly
transparent. Indeed the formulas discussed above rely
heavily on a number of mathematical preliminaries which
are presented elsewhere [10,11]. Therefore, in the Ap-
pendix we also present a less rigorous, but self-contained
derivation of the wave form.

In Appendix A we extend the Epstein-Wagoner (EW)
[15] formalism to the (post)’’>-Newtonian order beyond
the usual quadrupole radiation. However, in using the
EW formalism we must resolve several technical issues.
Our equations of motion, the Damour-Deruelle equa-
tions, are expressed in de Donder or harmonic gauge,
whereas the EW formalism is cariied out in a gauge that
is only approximately de Donder (they agree only to first
order in the metric perturbation). Furthermore, the
definition of the fields used by EW is different than those
generally used in the expression of the de Donder gauge
condition. Problems arising from the differences in the
gauge and differences in the field definitions could prob-
ably be sidestepped by showing that the two approaches
actually agree out to some order in the post-Newtonian
expansion. However, we deal with the problem directly
by explicitly showing that the EW derivation of the radi-
ation carries through essentially unchanged in de Donder
gauge. Working consistently in de Donder gauge also al-
lows us to compare the results of this derivation unambi-
guously with the derivation in Secs. II and III.

A feature of the EW formalism is the appearance of in-
tegrals over the infinite extent of the effective stress ener-
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gy of the gravitational fields. Some of these integrals are
formally divergent, thus calling into question the validity
of the entire formalism. (This is precisely why we also
give a rigorous derivation of the wave form.) Wagoner
and Will [16], performing this calculation to (post)'-
Newtonian order, encountered this same obstacle of
divergent quantities, but found that in all cases the diver-
gent quantities appeared only in terms with vanishing
transverse-traceless part; thus they did not contribute to
the physical radiation. Even at the higher (post)*/2-
Newtonian order we find the same is true.

In developing the wave form (by either BDI or EW) we
neglect the hereditary contributions to the radiation.
These hereditary contributions are primarily due to the
“tail” of the gravitational waves. The term ‘hereditary”
is used to reflect that these contributions depend on the
entire past history of the system. (See Eq. (4.4) of Kovacs
and Thorne [17], or Eq. (39) of Crowley and Thorne [18]
or Eq. (1.4) of Blanchet and Damour [13(b)].) It is true
that these hereditary terms do enter the wave forms at
the (post)3/2-Newtonian order; however, we show that
these terms do not enter the momentum ejection calcula-
tion at the order we are considering. The effect recently
discussed by Christodoulou [13,19-21] is also an heredity
effect; however it has been shown to enter the wave form
only at the (post)’’?-Newtonian level [13(b),21], and
therefore is neglected in this wave-form calculation. The
contribution of these hereditary effects to the wave form
of a coalescing binary system will be explored in a future
publication [22].

Schematically our wave form has the form

R = %[Q’H(am JmPY , + PY

+(8m /m)PY,, + P +O0() ]y . (1.1)

Here, p is the reduced mass of the binary system, R is the
distance between the system and the observer, QY
represents the usual quadrupole term (two time deriva-
tives of the quadrupole moment tensor), which is of order
O(€?), P{,, represents the (post)'’2-Newtonian correction
of O(v=¢) smaller than the quadrupole term, etc. The
notation TT denotes the transverse traceless part [cf. Eq.
(2.2) below]. The factor 8m /m (the difference in mass of
the two bodies divided by the total mass m) is explicitly
displayed in Eq. (1.1) to emphasize that if the binary con-
stituents have equal masses, then these odd-half-order
terms are shut off. More importantly, in an observed
wave form, information about the difference in the
masses of the two objects will reside in these odd-half-
order terms. The term P, ., represents the hereditary
contribution to the wave form which we neglect in this
calculation. We emphasize that the hereditary contribu-
tion does enter the wave form at the (post)*/2-Newtonian
order, but does not enter the momentum ejection calcula-
tion. _
Figure 1 shows the total wave form (modulo Py,
during a coalescence of a system with m; = 10m,, plotted
as a function of time. Figures 2(a)-2(e) show the relative
contribution of the first four terms in Eq. (1.1) to the total
wave form. (Figures 2 are plotted against orbital phase.)
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FIG. 1. Contributions to the “+” polarization of the wave
form. Plotted is (R /2u)h . against time. The time is arbitrari-
ly set to zero at an orbital separation of 15 m. Corresponding
orbital separation is marked. The plot is terminated when the
separation is 3 m. In this plot m,/m,=10, ®=90°, &=0".
Note the piling up of the peaks (“chirp”) at late time.
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Notice that, although the composite wave form [Fig. 2(a)]
basically follows the quadrupole term [Fig. 2(b)] until
fairly late in the evolution, where the approximation
scheme is becoming questionable, the higher-order terms
[Figs. 2(c)-2(e)] do produce a noticeable change [e.g., the
To what extent the
contributions of these higher-order corrections of the
wave form will be detectable by laser interferometric
gravity-wave detectors such as the Laser Interferometric
Gravitational Observatory (LIGO) will be the topic of fu-
ture research. On the one hand, the higher-order terms
have different phase and frequency signatures (especially
the odd-half-order terms), which enhances their detecta-
bility. On the other hand, they are all of considerably
smaller amplitude than the quadrupole term until the

“sawtooth” structure in Fig. 2(a)].

very large stages of the coalescence.

As the binary constituents spiral toward each other the
radiation carries away linear
momentum if the two masses in the binary system are un-
equal. This causes a recoil of the system’s center of mass.
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FIG. 2. Gravitational wave form plotted against orbital phase. Plotted is (R /2u)h . with (m,/m,)=10, ®=90°, &=0°. The
growing amplitude in each plot is caused by the shrinking orbital radius. The orbital phase is arbitrarily set to zero at an orbital sep-
aration of 15 m. After 10 (20) revolutions the separation has shrunk to 13 m (9 m). The plots are terminated when the separation is 4
m. (a) Composite wave form plotted against phase angle. (b) Lowest-order contribution (pure quadrupole). Note the difference be-
tween this contribution and the composite wave form. (c)—(e) Post'/>-Newtonian, (post)'-Newtonian, and (post)*/>-Newtonian contri-

bution, respectively.
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The physical intuition behind this effect is quite simple.
If the two objects are in a circular orbit the lighter mass
will be moving faster than the heavier mass, and will
therefore be more effective in “forward beaming” its
gravitational radiation. This gives a net momentum ejec-
tion in the direction of motion of the lighter mass, thus
causing a recoil of the system in the opposite direction
(see Fig. 3).

The rate of momentum ejection is obtained by integrat-
ing the momentum flux over a sphere far from the sys-
tem:

dP* _ + dE
il Br-er L (1.2)
where
dE _ R? T
2id0 —327r(h Frh ), (1.3)

where n* is the component of the unit normal vector in
the kth direction, an overdot denotes d /dt, and h¥ is
schematically represented in Eq. (1.1). To lowest order
the momentum ejection comes from the cross term of 0
with P, ,,; for this term the intuitive argument given
above holds. The next-order correction comes from cross
terms of Q with P; ), and P, ,, and P,. (Also notice these
cross terms will be multiplied by the factor 6m /m.) The
cross term of Q7 with P¥, ., does not survive the angular
integration in Eq. (1.2). Surprisingly, we find that the
surviving correction terms actually reduce the net
momentum ejection. In fact, when the objects spiral in to
a separation of approximately 7 m, the correction term
begins to dominate, suggesting that the approximation
has broken down. Note that in de Donder coordinates
the horizon of an isolated black hole is at a radius r =m,
not the usual r=2m, as in Schwarzchild coordinates.
Based on test mass calculations, Fitchett [4] and Fitchett
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FIG. 3. Momentum ejection and subsequent recoil of a
binary system.
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and Detweiler [5] have argued that the lowest-order
momentum calculation should underestimate the total
momentum ejection when the object separation is quite
small. In Sec. IV we discuss the relevance of our finding
to this claim.

Using the momentum ejection formula obtained from
Eq. (1.2), we are able to estimate the center-of-mass recoil
motion of a coalescing binary system. In the case of a
coalescence of two neutron stars the center-of-mass ve-
locity is kept very small by the factor 6m /m, which is
typically <0.05. In Sec. IV we show |V__|~=~1kms™'
at neutron star separations of approximately 9 m. In the
case of a coalescence of two black holes or a neutron star
and a black hole the momentum ejection and center-of-
mass recoil velocity are maximized for a mass ratio
m,;/m,=2.6. At separations of approximately 9 m we
estimate the recoil velocity to be of order 3 kms™!. This
is certainly well below galactic escape velocities, which
are of order 1000 kms~!. We also point out that our ve-
locity estimates are independent of the total mass of the
system. Unfortunately, we are unable to make reliable es-
timates of the recoil velocity just prior to the coalescence
of two black holes.

In the remainder of this paper we show the details of
the calculations. In Sec. II, we develop the general ex-
pression for wave forms for sources consisting of N
“point” masses. In Sec. III we examine the two-body
equation of motion and then specialize the general wave-
form results of Sec. II to the special case of binary sys-
tems (N =2). Section IV treats the linear momentum
carried off from a binary system by the gravitational radi-
ation. Appendix A contains a separate nonrigorous
derivation of the wave form. Appendix B contains some
of the mathematical details required for evaluating the
multipole integrals which arise in Appendix A.

II. MULTIPOLAR EXPRESSION FOR
THE GRAVITATIONAL WAVE FORM:
THE POINT PARTICLE LIMIT

The gravitational radiation in the far zone is given by
the “transverse-traceless” projection of the spatial por-
tion of the metric perturbation:

haBEgaﬁ—naB' 2.1)

(See Thorne [23] (henceforth referred to as Th80) and
Refs. [24] and [25] for our notation and conventions.)
We define the “far zone” as R >>A > characteristic di-
mension of the source. Here R =|x]| is the distance from
the source to the field point, x is the spatial position vec-
tor of the distant field point relative to the center of mass
of the system, and A is the characteristic wavelength of
the radiation. The ‘“‘transverse-traceless” (TT) projection
is computed in the following way:

iz =P*PipK—LPUpPHpH (2.2)
where
Pi=g§i—pinl (2.3)

n=x/R is the outward directed unit vector, and summa-
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tion over repeated spatial indices is assumed. In this pa-

per the most frequently used properties of the
transverse-traceless operator are
(N pr=(f'n)r=(fIn" )= (2.4)

These follow easily from Eq. (2.2).

1 1 (4,4

2)ri 3 yijk,, k (4)yijkl  k

[+ kg ky —_(pikip
3 12

x|

2

Lkt | 2 piky iy Lo pikmy, 1,
2

The presuperscript number on each multipole denotes the
order of differentiation with respect to retarded time.
The ellipses in Eq. (2.5) represents higher order mul-
tipoles which do not enter the wave form at the (post)*/%-
Newtonian order.

In order to have a wave form of sufficient accuracy for
our momentum calculation we must compute the mul-
tipoles I, I'*, and JY to lowest order plus their first
post-Newtonian correction. The remaining multipoles,
Tk pikim - ik and JU* we need only to their lowest
Newtonian order. As we have mentioned several times
thus far, we are neglecting “hereditary” contributions to
the wave form. We can now make this very precise: we
are neglecting (post)’/2-Newtonian corrections to the ra-
diative mass quadrupole moment (I/). To have wave
forms which are formally accurate to the (post)’/-
Newtonian order these would need to be included. How-
ever, in the general expression for the rate of momentum
ejection given in Sec. IV it is clear that this omission will
not affect the momentum calculation at the order we are
considering.

In order to have a complete description of the gravita-
tional radiation from the system we now need to relate
the radiative multipoles in Eq. (2.5) to the dynamics of

J

Li, y— L\STF 3
I™(u) f(x) a(x,u)dx+2(21+3) e

m+E(4)J])kmnnn nt4 .- ] l .

2
st [ | 2 LT (x,u ) —
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In the far zone the metric perturbation (i.e., the radia-
tion) can be expanded in terms of radiative “mass” mul-
tipoles denoted by I” """, and the “current” multipoles
denoted by JY "', These multipoles are functions of the
retarded time only. From Eq. (4.8) of Th80 we write the
radiation

nl+$(5’1"jk1’"n nlpmt .

(2.5)

[
the source. To ensure our wave-form formula is on firm

mathematical footing we use the technique developed by
Blanchet and Damour [10—-13] and Damour and Iyer [14]
(the BDI formalism). Although we present essentially
none of the details of their derivation, we give the follow-
ing summary of their technique. (1) Outside the material
source, expand the general solution of the source-free
Einstein field equations (i.e., the metric) in terms of arbi-
trary symmetric trace-free (STF) radiative multipoles.
(See [Th80] or the Appendix of Ref. [10] for a discussion
of STF multipoles.) (2) Obtain a post-Newtonian expan-
sion of the near-zone metric. This expansion can be ex-
pressed solely in terms of retarded-time integrals over the
finite extent of the material source (i.e., the ‘“source mo-
ments”). (3) Match the two solutions in the weak-field-
near-zone overlap region. Thus the radiative moments in
step (1) can be related to the well defined source moments
in step (2).

We now assemble a collection of results from several
sources which give the necessary radiative multipoles in
terms of integrals over the finite extent of the material
source. The radiative mass multipoles given by Eq. (3.34)
of Ref. [12] ar accurate to (post)!-Newtonian order
beyond their lowest-order contribution

QI+ d pomste g s
(I+1)21+3) duf(x Pol(x,u)d x .

(2.6)

Here the superscript L denotes a multi-index. (See Ref. [24].) The superscript STF denotes that only the symmetric
trace-free part is to be taken. A similar expression for the radiative current quadrupole moment is given by Eq. (5.36)

of Ref. [14]:
Ji= [sj“"fd3x [abx""+%0bx“"P(_“—%asx‘"P(_l +%0”x”P{o)+—i—asx"P(b§’,+ ;o x Py, + 11 Pm ZUx“P(O)
+_‘_1_ io.xaisPsb -‘LO'XESSP 3 a,xasPsb1+ a,xalP
d 56 (=1 56 (=1 112 (0) 1 (0)
9 | STF
_maxa})“)_Haxalsst_z)+_218_xassTbi_2_18_xasins 2.7
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The multiple index on x represents a product (e.g.,

x%=x°". The sources in Eq. (2.6) and Eq. (2.7) are
given by

o(x,t)=TP+T* | (2.8a)

ol(x,t)=T%. (2.8b)
The P, (x) in Eq. (2.7) is the generalized tensorial po-
tential

PE fcr y)rxynxy . n;’yd3y , (2.8¢)
where r,, =[x—y| and n] =(x'—y")/r,,. [Notice, in

Eq. (2.8c) the a on the rlght side is actually an exponent.]
In Egs. (2.8) T*¥ is the stress energy of the matter in the
source. The second term in Eq. (2.8a), T**, represents
the spatial trace of T#". The remaining spin multipoles
can be computed (to sufficient accuracy) from the
Newtonian formula

Jijk:{skabfo,bxaideX]STF ,

ukl_ Iabfa, aukd x STF

(2.9a)

(2.9b)

If we now restrict our attention to the case of N well-
separated bodies, and neglect the internal structure of the
bodies, we can collect the relevant formulas from Appen-
dix C of Ref. [14]. In this case the stress energy tensor of
the matter for N “point masses” can be formally
I
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represented by

dx4 dx} 1 4

Tl“’(xt)—ZmA Lt gd’S(x x,(1).

(2.10)

The sum over A represent the sum over the N body la-
bels. The mass and position of the Ath body are
represented by m , and x 4(¢). If we neglect the nonradi-
ative infinite self-interaction terms the sources in Egs.
(2.8) become

o=3m, (1-U,+3v3)d(x—x,), (2.11a)
A

o= mw (1-U,+L})8(x—x,), (2.11b)
A

Ti=3 m v (1-U,+1v])d(x—x,) . (2.110)

A

The quantity v # represents the bulk velocity of body 4,

4=|dx 4 /dt|. The potential U , is the Newtonian grav-
itational potential at the position of body A4 produced by
all the other bodies:

U,= _—
Bg,q h‘A_"B|

Substituting Egs. (2.11) into Egs. (2.6), (2.7) and (2.9), we
obtain to the necessary order

e 2.12)

i 3 1 d? T 204
Ii=Sm 14252 — i 20 _j _20a STF, k
§, 4 SV BgArAB xix) 14dz(lx,,lx,, x4) 21d[(x,,x,,x,,) ]] (2.13a)
STF
ik 3 mp 1 d? 7d,. ;
Iv —%m,, 1+3UA BEA; xixixk+— 18 4 2(IxA| xixdxk) —;Z[(x,,xﬂ,xl’;xﬁ,)s“vl]] , (2.13b)

IM=3m (xixxXx!)STF | (2.13¢)
4
JUkm = > m 4 (xixdxkx! xmSTE (2.13d)
4
Similarly for the current moments of the radiation Damour and Iyer [14] have obtained
Jij——‘[sjabzmA x%vb 1+%UA
4
b L ai ai bs
1 UgXy IUAXA”AB 7 ba i 1 b
+ m = +-v n'p+-—vix9nb;
B§A B‘ 2 |x,—x5] 2 |x,—x5 4 VaXalap™ yVa*altap
7 11 i
+5vf,xj, B+TUA" le—xBI——ZvL,xf,nﬁB
x alsn sb xSy ib
+i 5 44 .__1_. A4 748 3 — x5y sbi
dr |56 |x,—xp5| 56 [x,—x5] 112 A"4B
b
9 b 9 bi 1 x§%nip
+__ a 1 — —
T1z MAnan ~ Ty *andslxa —xal = 74 %, —x5?
i3 : STF
dr |2g A vAT g XA ] : (2.142)
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Jik=3 m ,(e%xGvfxixk)STF
4

J ik = EmA(e‘“bxjvf,x{,xﬁqu )STE
a
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(2.14b)

(2.14c¢)

The symbol n'p=(x',—x5)/|x ,—xzl, and n’jp =n’,pnsp. These multipoles can be substituted into Eq. (2.5) to ob-
tain the wave form; however, we will delay this until we specialize these results to the two-body case.

III. TWO-BODY MOTION AND WAVE FORM

A. Two-body equation of motion

We now restrict our treatment of the radiation to the
astrophysically relevant case of a binary system (N =2).
In addition to being the relevant case, this restriction has
two computational advantages: (1) We will be able to use
the well established Damour-Deruelle two-body equa-
tions of motion [7] to evolve the orbital system, and to
simplify higher-order time derivatives created by the
derivatives in Eq. (2.5). (2) If we establish a coordinate
system with its origin at the ‘“center of mass” of the
binary system then Egs. (2.13) and Egs. (2.14) can be con-
siderably simplified.

The Damour-Deruelle (DD) equations [7] describe the
motion of a binary system of compact objects. These
equations of motion include terms through the dissipative
radiation-reaction term of (post)’’?-Newtonian order.
They can be schematically represented

ay=An(my,x;—X))+ Apn(my,my, Xy =X, v, V)
+ Appn(my,my, x| —Xp V1, V)

+ 4!

PS/2N (3.1)

(m,m,yX|—X5,V,V,) .
Here a! is the ith component of the acceleration of body
No. 1, AL represents the Newtonian contribution to the
acceleration, ALy represents the post-Newtonian contri-
bution, etc. A similar formula for the acceleration of the
second body can be obtained by interchanging the labels
1 and 2. The DD equations also contain corrections for
spinning bodies. However, to be consistent with our as-
sumption of static structure, we will neglect spin effects
in this discussion. We also point out that the DD equa-
tions exceed the accuracy of the wave forms that we have
computed. Our wave forms contain terms through
O(&3); the DD equations contain terms of O(¢’). We do,
however, expect that our wave forms coupled with the
DD equations of motion will give a reasonably good
quantitative approximation of the gravitational radiation
emitted, including the secular changes as the orbit de-
cays.

From the Damour-Deruelle equations of motion one
can derive a constant of the motion [to (post):-Newtonian
order], which can be interpreted as the “center of mass”
of a binary system. Choosing this as the origin of the
coordinate system we introduce the relative position vec-
tor x=x,—Xx,, where x| (x,) represents the position of
body 1 (2) relative to the center of mass. Explicitly,

n6m

2 m

m, m
— 4 2__ 70

m

x;= +0(e |x, (3.2a)

+0(e*) |x. (3.2b)

Here m=m,+m,, u=mm,/m, n=pu/m, dm=m,
—m,, r=|x|, and v=x. The velocities of the individual
bodies can be obtained by differentiating Egs. (3.2) and
using the Newtonian equation of motion to eliminate the
acceleration that arises in the post-Newtonian correction

m
vi= |24 | dm e m
m 2 m r
_Adm M roE), (3.3a)
2 mr
m
v= |l |2dm e m
m 2 m r
— Mmoo (3.3b)
2 m r

Using the transformation above, Lincoln and Will [8]

have reduced the DD equations to the form
a=a,;—a,=(m/r’)[(—1+ A +Bv], (3.4)

where T=x/r. Here 4 and B can be written as the sum
of (post)!-, (post)>-, and (post)’’>-Newtonian correction

terms. That is, A=A4,+A4,+ 45, and B=B,
+B,+Bs,,, where
- m 2,3 2
A1—2(2+17)T-—(1+317)v +577r , (3.5a)
3 2
A== 3(12+297) |7 | —q(3—dm)’*

—18—577(1—317)i4+%17(3—417)v2f- 2

(13— ot 2k 25+ 2 2
r

(3.5b)
8 m 17 m
A =—_—m—y 2 —_
52 Snrr[3v+3 r” (3.5¢)
B,=2(2—n)F , (3.5d)
_1. 2 2y m
BZ—E n(15+4n)v-—(4+419+87 )T
—3n(3+29)F? |, (3.5¢)
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B. Two-body wave-form equation

We now use Egs. (3.2) and (3.3) to simplify the mul-
tipole expressions; substituting into Eqgs. (2.13) and sum-
ming over the two bodies, we obtain

. 29 1 m| .
I=p | 1+ (1=3nw2——(5—8n) " |xx/
1 42( 3nh? 7( 817)r x'x
STF
—%(1—3n)rixivj+%(l—31])r2v’vf ,
(3.6a)
i dm 5—19q 5S—13pm |, ;
Jik= 27 + 2__ U iy jyk
u - [1 6 v 6 P x'x/x
STF
+(1—29)(r?v'vix*—rivixx*) ,
(3.6b)
Iijk’=y(1—377)(xixjxkx1)STF , (3.6¢)
Iifk""=—pa (1—2m)xxixkxx™STF | (3.6d)
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i dm jab 1—522 2 m i b
Ju __#— € 1+ 5V +2(1+7)— |[x'x%
r
1
+ L4 -2y
28 dt [¢
STF
X (3rivi—rix)xw?] J )
(3.7a)
JUR=p(1—=3m)(e%x % bx Ix k)STF | (3.7b)
ikl — _#57”1( 1 —2m)(gi%bx o by Jx kg STF (3.7¢)

The mass quadrupole term Eq. (3.6a) agrees exactly with
Eq. (3.37) of Blanchet and Schafer [26]. The lowest-order
term in the mass octupole Eq. (3.6b) also agrees with
Blanchet and Schafer. However, the explicit two-body
post-Newtonian correction in Eq. (3.6b) has not been pre-
viously published. The mass multipoles, 17¥ and 1Y%
are just Newtonian mass multipoles of the source; both
can be easily computed from Th80 Eq. (5.28a). Damour
and Iyer [14] have computed a post’/2-Newtonian expres-
sion for the current quadrupole J. After their result is
carefully reduced to the two-body case, it agrees with Eq.
(3.7a). The current multipoles J7* and J7¥ are just the
Newtonian current multipoles; both can be computed
from Th80, Eq. (5.28b). In Egs. (3.6) and (3.7) we have
made repeated use of simple identities, such as
mi+mi=mi(1—2n), m}+m3=m31—3n).

These expressions for the multipoles can now be substi-
tuted into Eq. (2.5). When the time derivatives produce
an acceleration, we substitute the DD equations of
motion to the necessary order. The result is the wave
form

h%=—2—R’i[QU+(8m JmOPY y+ Pl +(8m /m )Py 1pr

Similarly for the current multipoles we substitute into (3.8a)
Eqgs. (2.14) and find where
J
QU=2 |pipi— , (3.8b)
r r2
L j J iJ iy .
Py, =3ng L |XWIVXL XX (X i (3.8¢)
r r r r
. ) iy .
Pi=2(1-3n) |(n3) 32— 15 247 | ZXL g XVTHUXT
3 r r r? r
i iy gpixd o j
+ntnvZ [12P2 2 1622 tox +(n-v)? [6v'v/— an_xx
r r? r r2
o Il pixd
+1 31 =3mw2—202— 3 2 |pipit 2 Mg (54 3 X0 0X]
3 r 3 r
ixJ
+%%‘3(1—3n)i2—(10+3n)v2+29—':l— 2= (3.8d)
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i j i, j i J L
+ L (0220w | [ —op+45i 228 T | XX _sqp XVIHOXT | g s
4 r r r2
iy iy iy i .
+ 2 () (noy 2 s 0o X g xxd ) L [ XX gy
2 r2 2 r2
1 sm xvi+vixd |, , m 2
BT | 2 7263+ s4m) — (128 36m) +v7(33— 187)
iyJ .
+225 —u2(63—54n)+i:’-(242—24n)+r'2(15-907,) —(186+24n)iv'y’
r
1 i 2 m xixj m 3 2
+n-v Y v/ | —2v (1—57))+T(3—817) T (1——277)r + (26—37 )————(7 21)v?
r
j
;1”—11’"—"’ H7+4m) (3.8¢)

This now makes the schematic representation of the wave
form [Eq. (1.1) or (3.82)] actually an explicit representa-
tion. The first term Q7, now given by Eq. (3.8b), is just
the standard quadrupole term. The second term PY,,,
now given by Eq. (3.8¢c), is the (post)!/2-Newtonain
correction term. The next term (PY) is the (post)!-
Newtonain correction to the wave form. Through
(post)!-Newtonian order the wave form is identical to the
Wagoner-Will wave form [16]. The final term (P¥,,) is
the (post)’/?-Newtonian correction to the wave form.
Figure 2 shows the relative contribution of these terms to
the total wave form for the “+” polarization (see Eq.
(4.3a) for a definition of the “+” polarization). Once
again we emphasize that Eq. (3.8) is still not a full
description of the wave form through (post)®*/%-
Newtonian order; hereditary contributions to the gravita-
tional waves have been omitted.

IV. MOMENTUM FLUX AND RADIATION RECOIL

With the wave form in hand, we now proceed to the
calculation of the momentum carried off by the gravita-
tional radiation. There are two equivalent approaches to
this problem: (1) using Egs. (3.8) for the wave form,
directly compute the momentum ejected by integrating
the momentum flux [i.e., directly compute the integral in
Eq. (1.2)]; (2) with the symmetric trace-free multipole
decomposition of the wave form use the formula in Th80
to evaluate the momentum. We choose the first; the
second technique is used at the end of the section for the
simplified case of circular orbits as a check.

The net kK component of the momentum flux carried
across a distant sphere S, which is centered on the source
is given by

Pk———f (R 4h fpnkdQ . (4.1)

[

If we choose a coordinate system with the orbit in the xy
plane, and use the TT operator Eq. (2.2) and Eq. (2.3),
this formula can be written in terms of the two polariza-
tions “+>’ and “X” (e.g., see Ref. [27]):

'k=1’§—; S[(ﬁ+)2+(ﬁx)2]nkdﬂ, 4.2)
where

h,=h®®=—h®*= g™+ Bh”+Ch>, (4.3a)

hy=h®®=h®®=—D(h>—h”)+Eh™ , (4.3b)

and

=1[cos2®(1+cos’®)—sin’@] , (4.42)

—1[cos2®(1+cos’@)+sin’@] , (4.4b)

C=1sin2®(1+cos’@®) , (4.4c)

D =1sin2® cos® , (4.4d)

E =cos2® cos® . (4.4¢)

Here ® and ® are the azimuth and colatitude of the field
point, and A**, h??, and h*™ are the wave forms computed
using Egs. (3.8). Notice that by choosing the x-y plane to
contain the orbit, z=0 and v*=0; hence, h %, h*}, and h”*
vanish. Also notice that by using Egs. (4.3) we do not
need to apply the transverse-traceless operator in Eq.
(4.2). The TT operator is in effect built into these equa-
tions. Substituting Egs. (4.3) into Eq. (4.2), and using
formulas such as
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2,x,X =§£ 20X, X,y — 2 2\, X, X Y Y —
Jiatnmrda==5 [ Annnd@=0, [ (42+DMnn*n’n’dQ

we find, after considerable manipulation,

87
315 (4.5)

———77]2(m /r)*[vd(—45% *4+93% 2—50)+vlv, (—135% 2+ 131)%p

+0,0(135% = 1188 2—12)+v}(45% 2+ 10)%p +(m /r)[ (128 2—8), +120,59]

+ & ((m /r)*{v, [8(3% 2434)n—12(295% 2—252)]+ 120,35 (27—295)}

+(m /r){v)[8(292% *+425)%P7—2(12301% 2+854)%5 ]

+v,07[12(584% *—101% 2—248)n—6(12301% *—10615% ?—22)]

+vlv,[6(12301% *—9783)%) —48(146% 2—117)%97]

+0[2(12301% *—21252% 24-8163)—4(584% *—1419% 2+729)n]}
+07[12(1843% *—852% 2—140)%P — 12(1036% *—195% 2—62)%97]
+v,0,16(18 430% ©—22 519% *+4534% 2+332)—12(5180% ®—5426% *+437% 24-70)n]

+070][12(10360% *—9394% >+537)%Pn—24(9215% *—9044% >+ 1269)%5 ]
+vv7[12(10360% °— 18 296% *+8255% —249)y

—12(18430% ®—32087% *+14789% 2—1035)]
+ufv, [12(9215% #—13 828% 2+4771)%p — 12(5180% *—8419% 2+ 3349)557]
+03[6(3686% 6—8331% *+5622% 2—925)—24(2% 2—1)(259% *—514% 2+259)3])] ,

P?=P *(exchange x and y) ,
P=0.

(4.6)
4.7
(4.8)

Here X and y represent x /r and y /r. The first two lines of Eq. (4.6) represent the lowest-order term in the momentum

ejected. If a Keplerian orbit is inserted into this portion we obtain the results of Fitchett [4].

[Note the last term in the

first line of Fitchett’s Eq. (2.23) should be 1e3(20cosf+90cos*6)]. The remainder of Eq. (4.6) (i.e., & ( )) is the next

post-Newtonian-order correction to the momentum flux.

Figure 4 shows the relative contribution of both terms to the momentum ejected during the late stages of a coales-
cence. It clearly shows that the correction term is = 180° out of phase until the final plunge has begun. In essence the
correction term reduces the momentum flux. This effect is also evident in Fig. 5 where we plot |dP/dt| with and

without the post-Newtonian correction term included.

The effect can also be seen analytically if we consider the case of circular motion. In order to maintain a circular or-
bit the relative coordinate velocity must be (to the necessary post-Newtonian order)

172

l—é%y-—r:l— ](—sinqS, cosg, 0) .

(4.9)

Here ¢ is the orbital phase angle. Substituting (4.9) into (4.6) we find a drastic simplification

dP _ 8 bm
dt 105 m

This same equation is obtained at the end of the section
by using the decomposed STF multipoles [Egs. (3.6) and
(3.7)] and the momentum formula from Th80. Notice
that the correction term in Eq. (4.10) overtakes the
lowest-order term when the orbit decays through r=10
m. In Fig. 4 the correction overtakes the lowest-order
term at r =7 m. The discrepancy is due to the inclusion

73 (m /r)"V/?[58 — L(5583 4 1827)(m /r)](sing, —cosé, O) .

(4.10)

-
of still higher-order corrections to the motion in the
Damour-Deruelle equations. In particular, the motion
that produced the graph was a decaying, quasicircular or-
bit.

The fact that the rate of momentum ejection is reduced
by the post-Newtonian correction is a curious effect, but
not completely unexpected. A similar effect is seen in
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(dP* /dt)
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— — — correction term
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FIG. 4. Relative contributions to the x component of the
ejected momentum flux plotted against orbital phase angle.
Corresponding orbital separation is marked. Total momentum
flux (solid curve) is the sum of the lowest-order term (dotted
curve) and the next-order correction (dashed curve). Notice
that the total momentum ejection basically follows the lowest-
order contribution until late in the evolution (r =7 m), at which
point it begins to follow the correction term, signifying that the
approximation has broken down.

post-Newtonian calculations of luminosity (i.e., the rate
of energy ejection). The post-Newtonian corrections to
the luminosity formula are negative and therefore they
reduce the rate of energy ejection. In fact for binary sys-
tems at separations less than approximately 9 m the
post-Newtonian terms begin to dominate and eventually

1072
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FIG. 5. Magnitude of ejected momentum flux plotted against
orbital separation. The upper curve is the lowest-order contri-
bution. The lower curve is the sum of the lowest-order term
and the correction term. Compare Fitchett and Detweiler [5]
(Fig. 2).
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the computed luminosity turns negative, signifying that
the approximate calculation is no longer valid [see the
discussion in Lincoln and Will [8] following their Eq.
(4.2)]. Also the “exact” test-mass calculations given by
Fitchett and Detweiler [5] show that the rate of momen-
tum ejection for binaries in circular orbits is actually
somewhat less than the rate predicted by the Newtonian
contribution for r >9 m. In essence their “higher-order”
contributions to the momentum ejection also reduce the
momentum ejection while the binary separation is still
large.

On the other hand, Fitchett and Detweiler [5] also
showed that for r <9 m the opposite occurs: the
Newtonian contribution to the momentum ejection un-
derestimates the ‘“‘exact” test-mass momentum ejection.
They use this fact to estimate very large recoil velocities
for black holes near coalescence. Unfortunately, at these
very late states of a black-hole coalescence (i.e., separa-
tions =<5 m) our approximation has broken down, and it
is not possible to make reliable predictions of the recoil
velocities. However, in support of conclusions drawn
from test mass calculations, we note the very weak
depende¢nce on the mass ratio in the post-Newtonian
correction term in Eq. (4.10). The mass ratio enters
through the variable 7 which has a maximum value of
0.25 when m;=m,. This results in less than a 1%
change in the post-Newtonian correction in Eq. (4.10).

To obtain the resulting trajectory of the center of mass
(c.m.) of the system we integrate Newton’s second law:
(4.11)

_—dt—z em =mXe
In order to perform the integration we numerically
evolve the orbit of the binary system with the Damour-
Deruelle equations Egs. (3.4) and (3.5). We supply Egs.
(4.6) and (4.7) with the relative position x and v from the
solutions of the Damour-Deruelle equations. We then
numerically integrate Eq. (4.11) to find the position and
velocity of the center of mass. As the binary orbit decays
to separations much below 9 m we have very little
confidence in our post-Newtonian expression for the
momentum ejection; however, at separations greater than
9 m the lowest-order contribution should give a realistic
upper bound on the rate of momentum ejection.

Figure 6 shows the speed of the recoiling center of
mass as a function of orbital separation for two coalesc-
ing neutron stars. Recall that for neutron stars the
momentum ejection, and hence the recoil velocity, is
suppressed by the factor &m /m <0.05. Notice that at a
separation just prior to the point where the neutron stars
“touch” and hydrodynamic processes control the dynam-
ics, (i.e., r =9 m), the recoil velocity is only =1 km s~ L
Numerical hydrodynamic evolutions of neutron-star
coalescences show wave forms and luminosity that de-
crease very rapidly as hydrodynamic processes proceed
[28]. The momentum ejection must also rapidly attenu-
ate as the stars coalesce. Thus, the estimation of a 1-
km s~ ! recoil velocity is probably a realistic upper bound
for a neutron-star—neutron-star coalescence. Using test
mass calculations, Fitchett and Detweiler [5] have es-
timated recoil velocities on the order of 100 kms™! for
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FIG. 6. Center of mass recoil velocity plotted against orbital
separation.

coalescing black holes at separations of r =5 m. Unfor-
tunately, we have little confidence in our approximation
at such small separations, and therefore we are unable to
make a reliable estimate for the recoil velocity for black
holes near coalescence.

Figure 7 shows the trajectory of the binary system’s
center of mass as the orbital separation shrinks. Qualita-
tively, it has the form expected; as the binary constituents
spiral inward due to the radiation reaction force, the
center of mass spirals outward, reflecting the increasing
rate of momentum ejection and the shrinking orbital
period.

As a final check of our momentum calculation, we now
demonstrate the use of the general momentum ejection
formula of Th80. With the STF multipoles of the radia-
tion we can now use the formula in Th80 to write down
expressions for the linear momentum carried off by the
radiation [Th80, Eq. (4.20")]:

dP' _ 10 4y ik 3)pjks 112 ik(3)5j103) pki

=  =__ I’] IJ + — 1 I] J

dt 315 5°¢
VS sypijmi@rpjmiy LS _ijk4)yjim(4) pkim
= Il] IJ + - ) I] J
18 315 2315°

+ 20 @jiykigiky ...

315
The presuperscript on each multipole denotes the order
of time differentiation. The ellipsis denotes that we have
truncated the series of multipole products. We have re-

tained enough terms to give the lowest-order term for the
]

(4.12)
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FIG. 7. Center of mass trajectory during a coalescence show-
ing the center of mass spiraling outward as the orbit spirals in-
ward. The three marks denote the orbital separation when the
center of mass is at the marked position. Notice the center of
mass only moves a small fraction of the orbital separation even
during the late stages of the coalescence. The small offset of the
center of the spiral is due to the initial conditions.

momentum ejection [the first two terms in Eq. (4.12)],
and the first correction term [the last three terms in Eq.
(4.12) and the post-Newtonian corrections to the first two
terms]. The first correction term is of O(g?) relative to
the lowest-order term. Notice that a correction of Oo(g*)
in IV or I (i.e., the tail corrections discussed above)
would produce a correction of O(e?) beyond the lowest-
order term in the momentum formula. In this momen-
tum calculation we have only been keeping terms of
O(e?) beyond the lowest order, and therefore we may
neglect the contribution to the momentum ejection from
the heredity terms.

Substituting the STF multipoles into Eq. (4.12), and us-
ing the post-Newtonian equation of motion to eliminate
the higher-order derivatives, and restricting the motion
to a circular orbit in the x-y plane, we find, for the x com-
ponent of the first two terms in Eq. (4.12),

10 (4 pxjk psik g 112 xjhe ) pjt(3) phi— 8 om , v 58_46031_19576!1!11_ sin 4.13)
315 1T s 105 m T m/T 63 , |sine
Similarly for the last three terms in Eq. (4.12),
U S (sypmjrtarpciy LS xjk@)ypjim @) pkim 20 (4)yijk3) yjk— _8 _8m 112 | 6950 m | .
. T + 2 @ik ) k= _2_OM OO0 (13 |sing .
18315 L IMHyEseT T 105 m T m/T) 63 )7, |siné
(4.14)

The two pieces combined, together with similar results for the y component, give a total momentum ejection of

1172

dP _ 8 om ,|m
dt 105 m r

58— 5583_;182 L:l— (sing, —cos¢, 0) .

(4.15)
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This agrees exactly with Eq. (4.10) above. Notice that the
correction due to the higher-order multipoles Eq. (4.14)
[i.e., the last three terms in Eq. (4.12)] actually adds to
the momentum ejection, but the post-Newtonian correc-
tions to lower multipoles [i.e., the post-Newtonian
corrections in Eq. (4.13)] actually subtract from the
momentum ejection. Thus it is not the inclusion of
higher-Newtonian multipoles in the momentum formula
that reduces the momentum ejection. It is the higher-
order corrections to the lower-order multipoles which
causes the reduction.

V. CONCLUDING REMARKS

Using the formalism of Blanchet, Damour and Iyer
[10-14], we have derived gravitational wave forms accu-
rate to (post)’/2-Newtonian order beyond the usual quad-
rupole wave forms (modulo the hereditary corrections).
With these higher-order wave forms we have obtained a
post-Newtonian correction to the rate of momentum ejec-
tion from a coalescing binary system. The higher-order
momentum calculation has allowed us to estimate an
upper bound of |V, |=1 kms™! for the recoil velocity
of a coalescing neutron-star system. We have noted that
the higher-order correction term in the momentum ejec-
tion formula has only a weak dependence on the mass ra-
tio of the objects in the binary [see Eq. (4.10)]. This sug-
gests that previous test mass calculations may in fact be
quite accurate. We have also noted that the higher order
correction to the momentum ejection actually reduces the
net rate of momentum ejection, in effect stabilizing the
center-of-mass motion of the system.

To improve these results would require extending the
wave-form calculation to the (post)’’?-Newtonian order
and including the tail terms that we have omitted. This
calculation would be quite tedious, and the still higher-
order corrections to the wave form would probably not
be discernible for even the most sensitive gravitational-
wave detectors, nevertheless, it would allow the calcula-
tion of (post)’>-Newtonian corrections to the luminosity
formula and the rate of momentum ejection.

At the higher order we expect not only an improve-
ment in the formal accuracy of the expressions for lumi-
nosity and momentum ejection, but also a qualitative im-
provement in their behavior as the binary separation
shrinks, i.e., we would expect them to behave in the test
mass limit more like the exact test-mass calculations
given by Fitchett and Detweiler [5]. At the end of Sec.
IV we showed that in the case of circular motion it is not
the inclusion of higher multipoles that causes the higher-
order correction to subtract from the momentum ejec-
tion, but rather the post-Newtonian corrections to the
lower multipoles. The fact that these terms are so nega-
tive is in large part due to the use of the (post)!-
Newtonian circular velocity formula Eq. (4.9). In the re-
gime of interest r =5-10 m this formula drastically un-
derestimates the speed required to hold a circular orbit
compared to speed predicted either by the more accurate
(post)>-Newtonian equation of motion or, in the test mass
limit, the exact Schwarzschild equation of motion. The
post-Newtonian formula for the luminosity shows similar

1529

behavior to our post-Newtonian momentum formula;
that is, it turns over and goes negative as the binary sepa-
ration decays through »=9 m. This again is caused by
the omission of higher terms in the calculation. This
problem might clear up at the next order where we can
consistently use a more accurate (higher-order) equation
of motion.

We also point out that we have neglected effects due to
the spin of the bodies. Inclusion of spin will affect the
momentum ejection calculation through both the motion
of the system and the wave form. For a counter-rotating
test mass the innermost stable circular orbit can be as
large as =9 m (in Boyer-Lindquist coordinates), inside
which the orbit decays rapidly (see Ref. [25], p. 911).
This rapid, nondissipative decay of the orbit will enter
the momentum ejection calculation through the equation
of motion. Also, the wave form for spinning bodies will
contain A%, h*), h”’ components resulting from com-
ponents of spin not orthogonal to the orbital x-y plane
[see the discussion following Eq. (4.4)]. This could result
in secular ejection of momentum out of the orbital plane.
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APPENDIX A: POST-NEWTONIAN
GRAVITATIONAL RADIATION:
THE EPSTEIN-WAGONER FORMALISM

1. Foundations

In this appendix we give an alternative derivation of
the wave form Eq. (3.8). Although this approach lacks
the “rigor” of the derivation outlined in Secs. II and III,
it is self-contained and substantially simpler.

In this first subsection we present general formulas for
the far-zone gravitational radiation of a fluid source.
Most of the results presented here can be found in Th80,
but the development is closely patterned after Sec. II of
Epstein and Wagoner [15] (EW). However, unlike EW,
we work strictly in the de Donder gauge. The only as-
sumption we make here is that the field is weak enough
that space-time can be covered by a coordinate system
that satisfied the de Donder gauge condition,

R =0, (A1)
where &  is the potential defined by
hP=—(—g)" g +nf (A2)

In this gauge the exact Einstein field equations take the
form [Th80]
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Oh B= — 16778 (A3)

where [0=(—092/3t*+V?) is the flat-space wave opera-
tor. The “effective” stress-energy pseudotensor 7% is
given by

P=(—g)(TP+1)

+(1/16m) [k BB —h AT, (A4)

and t{% is the Landau-Lifshitz pseudotensor (Ref. [25],
Eq. (20.22)), and T°P is the stress-energy of the matter.
Although Eq. (A3) above has exactly the same structure
as EW Eq. (9), we do not assert that the effective stress-
energy pseudotensor 7% that appears in Eq. (A3) is the
same as the one that appears in the EW calculation. The
reason is that EW define their potential by
0y =hy, — 30,0, where b, =g, —7,,, and then impose
the gauge condition 6*¥ =0. To first order in 6" this
agrees with Egs. (A1) and (A2), but not to higher order.
In Appendix A 3 we construct a (post)*’2-Newtonian ex-
pression for 7% in de Donder gauge, and show how it is
related to the (post)’/2-Newtonian expression for 7% that
appears in EW.

Equation (A3) is just the standard wave equation, and
we can immediately write down a formal solution for an
outgoing wave, which is valid at any field x:

hB(x,t) d*x’

Bix',t")8(¢t' —t+|x—x'])
4f [x—x'|

ret 3 ,
=4 f |x . ‘ x', (A5)
where ¢, =t —|x—x’|. Unfortunately, this is an integral
equation for & % since h °? is itself embedded in 7 [see
Eq. (A4)]. In the next section we use an iterative process
to solve for k %5,

In the Introduction we mentioned that we neglect con-
tributions to the radiation from the tail of the gravita-
tional waves. Generally these tail contributions are
thought of as arising from the radiation scattering off the
background curvature of space-time. Therefore, one
might conclude that the use of the flat-space Green’s
function (the Dirac delta function) in Eq. (AS) to write
the formal solution to the field equations signifies the om-
ission of the tail contributions. However, this is not the
case. The flat-space Green’s function in Eq. (AS5) arises
solely because we have chosen to write the field equations
with a flat-space wave operator [see Eq. (A3)]. Crowley
and Thorne [18] have shown that when the field equa-
tions are formulated in terms of a flat-space wave opera-
tor (as we have done here), the tail terms arise from the
last term in the effective stress-energy pseudotensor [i.e.,
the term & ¥ | h ¥ in Eq. (A4)]. Therefore, our omission
of the tail contributions can be summarized as the omis-
sion of contributions to the effective stress-energy pseu-
dotensor from the term A "B’W}T k¥ For a full discussion
of tail contributions in the flat-space formulation of the
field equations see Crowley and Thorne [18] [particularly
the discussion surrounding their Eq. (39)]. In Appendix
B we show that the tail of the radiation does not enter the
wave form until the (post)” 2_Newtonian order, and we
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show it does not contribute to the momentum ejection at
the order we are considering.

2. Slow-motion sources and a multipole expansion

Just as in our previous development, the gravitational
radiation far from the material source is given by the
“transverse-traceless” projection of the spatial portion of
the metric perturbation

hap=8ap™ Map - (A6)

In the far zone, where |k *Y| <<1, h *’ reduces to the
“trace-reversed” metric perturbation, i.e.,
h af — hoB—

Lhyf (far zome) . (A7)

We also follow the convention of EW and let the sub-

script TT denote that the quantity is not only contracted

with the projection operator Eq. (2.4), but also is to be
evaluated in the far zone (large R).

Using Eq. (A7) and expanding Eq. (AS5), we obtain, to
lowest order in |x’| /R,

I —pnh i — 4 (<! ’ 3
h{T—h{T—Eva/(x,t—R-Hn-x )dxir (A8)
In order to find a multipole expansion of the radiation we

now restrict the discussion to slow motion sources. This
allows us to expand Eq. (A8) in the series

hir=h;

4 21 ; S\m g3
-y 2:0’"' at"’ fTJX t—R)(n-x")"d*x}p .

(A9)
As a consequence of the conservation law [Th80]
8 =0, (A10)
7 satisfies the identifies
=11 %% ixJ) g0+ (THx I+ hix ) | — LM% ixd) )
(Alla)
Tx k= 1% Ix 4 70x i k— 7Ok ix )
+ i ix K rix k=1 ix ) | (A11b)

Using these identifies in the series equation Eq. (A9) gen-
erates the multipole expansion

2 d2 >, ijky -k

h%zﬂ%_idﬁ 2 “m Igw  "(t=R)rp,
(A12)

where
= [ xixidx (A13a)
I{{w=f(TOixjxk+Tofx’x"—T°kx'x Nd3x ,  (A13b)
I = fT”x kxld3x (A13c)
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1im = f xkxxmdx . (A13d)
The last two formulas in Eqs. (A 13) are obtained from the
general formula

m — 2 dm—2 T
=]

ijky -k

j i x‘mddx (m=2).

(A13e)

In Egs. (A13a) and (A13b) we have assumed that surface
terms produced by the integration by parts of the diver-
gences in Eq. (Alla) and (A11b) vanish. This assumption
was verified (albeit not rigorously) by EW; since the
verification they gave is not gauge dependent, it suffices
for our discussion. Throughout the remainder of this pa-
per we neglect surface terms after integrating by parts.
The subscript “EW” denotes that the “multipoles” in
Eqgs. (A13) are defined in a way unique to EW and this
paper; they are different from the symmetric-trace-free
(STF) multipole expansion we used in Secs. II and III. In
Appendix A 5 we carefully show how these quantities are
related to the standard mass and current multipoles
presented in Sec. II1.

3. The effective stress-energy tensor

The previous subsection shows that the radiation prob-
lem is essentially reduced to finding expressions for the
effective stress-energy tensor 7% and its time evolution.
In this section we employ a weak-field approximation and
a perfect fluid model for the matter to obtain approxi-

mate expressions for the 7*°. The approximate expres-
]

(—g)=1—;7+1[;72—1?a8;7aﬂ]+0(ﬁ3) ,
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sions are sufficiently accurate to give radiation formulas
which are accurate to the (post)’’?-Newtonian order
beyond the usual quadrupole term.

Turning first to T°F the stress-energy of the matter, we
assume that the matter is an isentropic perfect fluid de-
scribed by

T®=[py(1+ 1) +plu®uP+pg , (A14)
where p, is the baryon rest-mass density, p is the pres-
sure, II is the specific internal energy, and u* is the fluid
four-velocity. Through the necessary order, T2 can be

written [29]

T®=py(1+TT+v2+2U)+0(pse?) , (A15a)
To%=py(1+M+v2+2U 0w +pv'+0(pee’) , (A15b)
Ti=py(1+M+v2+2U v’
+p[viv/+(1—20)87]+ 0(pye®) (A15¢c)
where
polx',t)d x’ _
U= [ ———— 0 Use="4mp0, (A16)
and
dx' _u’
l:————:——
v a0 (A17)
We now turn our attention to t { and (—g), which are

both constituents of 7. Thorne and Kovacs [30] have
carried out expansions of t¢8 and (—g) in terms of the
potential i %: j.e.,

(A18)

o8 =(16m) " (An Py h M H P PR BB — (T B R P Y R )

+1 (27]“‘113" —n“

Using these results we can see from Eq. (A4), that, to
lowest order,

0=py+0(pse?) , (A20a)
i=pwi+0(pye?) , (A20b)
TI=0(pye?) . (A20c)

Substituting these into Eq. (AS5) we obtain the potentials

h®=4U+0(c*) , (A21a)
hY=4V+0(&%) , (AZ1b)
hi=0(e*) . (A21c)

Here V' is the standard post-Newtonian potential [31]
given by

fpo(x tvd3 !

Vie=
lx Xl ’ kk

—4mpgv’ . (A22)

}‘”)(z’ﬂvp"?or npanvr)h v h pa }+0(E3) .

(A19)

[
By virtue of the gauge condition & “B, =0 we see that

Uy+V",=0. (A23)
Using these expressions for the potentials in Eq. (A19)
we obtain
19 =(—7/8mU U, +O0(pse?) , (A24a)
19 =(—1/m)U V'  +(1/m)U , V*,

+(3/4m)U (U ; +0(pee’) , (A24b)
tf =(1/47)U ;U ;— 189U , U ;) +O0(pee®) . (A24c)

Substituting Eqgs. (A24), (A21), (A15), and (A18) into Eq.
(A4) we finally obtain the effective stress-energy pseu-
dotensor

0=py(1+T+v2+6U)+(—7/8m)U ; U ; +O(pe*) ,
(A25a)



1532

O'=po(1+M+v>+6U ) +pv'—(1/m)U , V',
+(1/mU , V¥, +(3/4m)U U ;+0(pe®) , (A25b)
Tij=p0vivj+(1/47T)U,,-U’j+8ij[p —(1/8m)U , U ;]
+O0(pye*) . (A25c¢)

We have freely raised and lowered the spatial indices
with the 8. We have also neglected contributions from
the term & "‘B’ uv in Eq. (A4). We argued earlier that these
contributions are the source of the hereditary part of the
radiation, which we are neglecting in this discussion.

Before proceeding to the multipole calculation, we
make one final comment about Eq. (A25a)-(A25c).
These expressions for 7% are not the same as the expres-
sions obtained by EW [see the remarks following Eq.
(5.33) in Th80]. However, after some manipulation it can
be seen that

7O0=70 +(—1/4m)(U?) 4 , (A262)
=W+ (12U V), —(UV) ], (A26b)
=1y +(1/4m)[U? ;=85 U?) 4, ] . (A26c)

The quantities 725, in Egs. (A26) denote the expressions
given by EW [EW, Egs. (37)] for the effective stress-
energy pseudotensor. When the radiation multipoles are
computed using Eq. (A13), the additional terms in Egs.
(A26) all produce terms with vanishing transverse-
traceless part; therefore, they will not contribute to the
radiation to the post-Newtonian order considered. It is
possible that this is representative of a more general
property of the effective stress-energy pseudotensor when
written with different definitions of the potentials (e.g.,
our & as opposed to EW’s 6"*). See the discussion in
Popova and Petrov [32]. For the remainder of this paper
we use Egs. (A25) for our effective stress-energy pseu-
dotensor, although these remarks show that had we used
EW’s effective stress-energy pseudotensor there would be
no observable change in the resultant radiation mul-
tipoles.

Lincoln and Will [8] have used the Wagoner-Will [16]
wave forms, which were derived using the gauge of
Epstein-Wagoner, along with the Damour-Deruelle equa-
tions of motion, which are derived using de Donder
gauge, to study the nature of the radiation from a
coalescing binary system. The discussion above shows
that there is no formal inconsistency due to the different
gauges.

4. Compact object approximation

In Secs. A 1-A 3 we found expressions for the radia-
tion multipoles in terms of integrals of the effective
stress-energy tensor of a perfect fluid source. Our only
assumption about the configuration of the material
source was that it had finite extent. Now, in order to
evaluate the multipole integrals explicitly [Eq. (A25)
with Eq. (A13)], we further assume that the matter con-
sists of N static, spherically symmetric, perfect fluid
“point” masses. We will later set N =2 to work out the
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radiation of a binary system.

Wagoner and Will [16] have carried out a similar
point-mass calculation, but they terminated the approxi-
mation of 7% at O(pye?). As we move to a higher-order
approximation, more care must be taken to avoid diver-
gent integrals and other meaningless quantities in the cal-
culation. In particular, this calculation includes terms of
O(pye’), and consequently the internal pressure will ex-
plicitly appear in the integrand of I”* [see Egs. (A25b)
and (A13b)]. From this it appears that the radiation
could depend on the internal equation of state of each
body, and not just on the “mass” of each body. Further-
more, examining Eq. (A13) and Eq. (A25) shows that
post-Newtonian corrections in 7% will produce terms of
the form poU d*x in the multipole integrals (4

represents integration over the Ath body). These in-
tegrals can lead to an infinite self-interaction in the
point-mass limit, and thus require careful mass renormal-
ization. In fact, it is not immediately clear that these in-
tegrals are well defined at all. Although our treatment is
not as mathematically rigorous as Damour’s derivation of
the equation of motion for point masses [7], we do care-
fully specify our point-mass approximation, and use virial
relations to eliminate the pressure from the integrand. In
the end, the wave form depends only on the “mass” of
objects.

In broad strokes, our “point-mass’ approximation is as
follows: We first assume that the separation between bo-
dies is large compared to the dimensions of the individual
bodies, but we do not assume that the bodies are
mathematical “points”’; i.e., we never define the particles
as Dirac delta functions. This means that we ignore tidal
interactions between the bodies; as a consequence we can
treat the body as static and spherical, as seen in a suitable
comoving reference frame. This allows us to integrate
over the material source in the usual way. This, in turn,
allows us to use well-defined integral virial relations to re-
move the pressure, and the post-Newtonian definition of
the mass absorbs the self-interaction terms. Only after
we have integrated over the material source do we for-
mally shrink the body dimensions to negligible size to
perform the integrations over the external fields. In the
end, the final expressions for the radiation multipoles de-
pend only on the “mass” of the objects; all the depen-
dence on the internal structure having been either elim-
inated or absorbed in the definition of the mass.

We begin our formal treatment of the point-mass limit
by defining the conserved effective mass, center-of-mass
world line, and the velocity of the Ath body. Following
Will (Ref. [31], p. 146), and assuming static structure, we
can write

mAzpr*(H-H—%UA )d3x (A27)
_ 1
xA:;l—A—pr*(H—II—%UA )xd3x | (A28)
dx 4
VaT TV (A29)
where
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po(X',t) .
U = ——-—d ! , A30
4 fA |x—x'| x (A30)
and p* is the “conserved” energy density, given by
p* =po(1+1v24+3U)+0(pee*) . (A31)

Equation (A29) shows that by assuming static structure
the fluid velocity is constant over the body. This allows
us to pull the velocity out of the integrand.

Assuming the bodies are small compared to the separa-
tion distance also simplifies our expression for the poten-
tial

,t)
U= fp°x d3x’ (A32)

|x XI

Since p, vanishes outside the bodies we can write the po-
tential

U= UA+2f

B#4

Polx’

(A33)
Ix—xT |

N
x'=U,+ > Up,
B+ 4

where we have singled out a generic body A. Assuming
the separation is large compared to the dimensions of
body A, the second term in Eq. (A33) can be approxi-
mated for field points within A4 by its value at the center
of 4,1i.e.,

m
U(x)=U ,(x)+ 2 —£ (xe4), (A34)
B4 T4B
where
rABEII'ABl and tABzxA_XB . (A35)

By looking at the definition of the mass Eq. (A27), it is
clear that irrelevant terms of O(e*) have been omitted
from Eq. (A34).

Using Eq. (A29) and the same arguments as above we
can also find similar expressions for the post-Newtonian
potential V'’

N .
=0, U+ I vpUp . (A36)

B#4

If the field point is inside the body A4, Eq. (A36) can be
written

i(x)=v! S pi B
Vix)=v, U, (x)+ 3 vp (xE4).
B4 T4B

(A37)

Using the formulas above, we now explicitly carry out
the multipole integrations. Substituting Eq. (A25a) into
Eq. (A13a), we now write

(Iw)rr= [ [po(1++02+6U)
—(7/8m)U U, ,, +0(poe*) Ix x/d*x 11 .
(A38)

Integrating by parts and then using Eq. (A31) and Eq.
(A16) and neglecting terms with vanishing transverse-
traceless part we obtain
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Iy )n=fp*[1+H+% 21U+ 0(pee") Ixxd*x 11 -
(A39)

The region of integration extends over all space, but the
integrand vanishes except on the interior of the bodies.
This allows us to rewrite Eq. (A38) as

(Iwirr=3 [ [p*(1+TI—10 ) +1p*’
A

—1p*(U—U ) +0(pee*) 1x x/d’x 1 .
(A40)

The term (U—U ) is just the potential at body A pro-
duced by the other bodies. Assuming that body 4 is
small compared to the separation we approximate this by

q. (A34). Using spherical symmetry and Eq. (Bl), the
product x'x7 slips out of the integrand as x,x/,. Finally,
using Eq. (A27) and Eq. (A29) we have

i . 1, 1 X 4
(Iéw)n"‘zmA 1+_UA_— 2 (mB/rAB)+O(8)
4 2 2 p74
X(x4yxd)rr - (A41)

This result has been obtained by Wagoner and Will [16].
Later in this section we specialize this result to the two-
body case.

We now turn to the more formidable three-index mul-
tipole I4%, Eq. (A13b):

ixIx*+70x ix k—r%xixNd3xpp . (A42)

(If)r= [ (2°

Wagoner and Will [16] evaluated this term only to lowest
post-Newtonian order, obtaining the P,,, contribution
the wave form in Eq. (1.1); here we carry the computa-
tion to the next order, to obtain part of the P, contribu-
tion to the wave form. In Eq. (A42) the transverse-
traceless operator (TT) contracts only with the indices i
and j; i.e., it will always be understood that there is a
contraction of the index k with the unit-vector com-
ponents n*. To eliminate unnecessary manipulation of
unwieldy expressions, we only work with one of the three
permutations of ijk in Eq. (A42), i.e.,

(T )r= fTOixjx kd3x 11 (A43)
After we find (T ¥§,)11 we will permute the indices and
reassemble Eq. (A42). The three relationships in Eq. (2.4)
are sufficient to show that if a term has vanishing
transverse-traceless part and is dropped in this permuta-
tion, then it will also have vanishing transverse-traceless
part in the other two permutations of ijk that make up
Eq. (A42).

Substituting Eq. (A25b) for 7, integrating by parts, us-
ing Eq. (A31) for p*, and dropping terms with vanishing
transverse-traceless part and terms of O(pye’) we have
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(T & )rr= [{Ip* I+ + 102+ Ui+ po
—2p*V'—(1/4m)U ,,, V" Ix’x*
+(3/4m)U (Vix*+Vix))dx 1y .
(A44)

In accordance with our point-mass approximation we
separate the region of integration into two regions: the
material source (MS), and the free space (FS) outside the
material source. The terms proportional to p* will not
contribute to the free space integral. We write Eq. (A44)
as

(I gy )rr = )+ )rr (A45)
where
|

N _ N _ N
EfA U,m-V"xekd3xTT=E vf,fA UAym»UAx/xkd*zx-F >
A A
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3 N o
(T¥shr=3 fA{[p*(1+H+§v2+ U)+ploixixk
A
—[2p* VxIx )= [(1/4m)U ;¥ "x'x ]
+[(3/4mU ,(Vix* +V x)}d x1r ,
(A46)

and
(T frr= [ ([~ 1/4mU ;¥ "x/x "]
+[(3/4m)U (Vix*+ V) [} d x

(A47)

The first two set of square brackets in Eq. (A46) can be
treated using the same techniques that were used in the
1Y calculation. The third [ ] is more subtle. Using Egs.
(A34) and (A37) we expand

vg(mpg /7 4p )f U, uxix*d®x
B+ A 4

N
+'3 v;;(mc/rACy,,,.fAUAxf'xkd3x

C+ 4

N N

+ 3 3 oflmp/rap)me/rae) [ xtdx

B+ A4 C+ 4

(A48)
TT

The third and the fourth integral in Eq. (A48) vanish as the volume of body A shrinks (point mass limit). By spherical

symmetry of body 4 we can write

— no i -1 ni___ n i
Ugni=—4mponyny+r Uy, (8"=3njn),

(A49)

where n’, and r ; are a unit vector and the distance from the center of body 4 to a point in body 4. Only the first term
in Eq. (A49) survives in the first and second integrals in Eq. (A48) and the result is similar to ones treated in the Iy,
case. The fourth [ ]in Eq. (A46) is easily shown to vanish in the point-mass limit, by splitting up the potential, as in
Eq. (A48). We now collect the result

. N ) ; N
(TIT{'IkS)TT: 2 mAUIAXAJxﬁ 1+ll)/24 + 2 (mb/rAB)
A 2 B# 4
N o S 1
#% > m qupxtyxk(mg /r )+l xd xh —ngp*UAd3x+prd3x (A50)
B+ A TT
Note that the integrals in the last term exactly cancel by the virial theorem (see Ref. [31], pp. 148 and 245).
Using Eqs. (A34) and (A37) we split up the free-space portion of the integral
(T4%) Ié L v"f U, U,x'x*d*+ 2\' v"f U, . Upx/x*d>x
S/TT < 41 A ES A,ni ™~ A =, B ES A,ni ¥ B
3 vff U, Ux*dx+ i vif U, Ugx*d’x
47 |V Ui a =, B Y aiVB
3Nk [ U Upddx+ 3, of [ UL Upld's || (AS1)
47 VA Ui a =, BJ YaiYs o

All of the A4-combined-with- 4 terms vanish by spherical symmetry and transverse-traceless arguments. The remaining
integrals are treated in Appendix B. Assembling / ¥ from the results above we have
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(TZQI)TI‘=(TW(S)TT+(T¥§)TT
- j 1 B 5 i
=3 |mvixhx} 1+EUA+ 2 (m®/7 4p) 3 S mavpxhxli(mg/rp)
A B# A B# A
~L S o+ L S hols+uois) (A52)
4 524 v 4r B# A B T '

where the Q’s are defined in Appendix B. Shortly we will give a more explicit formula, where we have specialized to the
binary case.

The evaluation of the other multipoles 1% and I/X™ [Eqgs. (A13c) and (A13d)] is tedious, but routine. Both are at
least of order €2, and therefore the post-Newtonian self-interaction that plagued Iy and I%, will not affect these
terms. The messy details are carried out in Appendix B. After contraction with the normal vectors the results are

(I]'éw)-r'r ZmAxAxA 1+%UA__2‘ 2 mB/rAB N (A53a)
B# A TT
(n 1k Ve =(n *T %, +n * 1%, —n*T 811 » (A53b)
N N o N N rigr (rm)?  6(x,-n)?
(nkn’I’é(‘,&)TTZZmAvgvﬂ(n-xA)z—iz S mamy AR 1~ Al; '; , (A53c)
A 12 5% 4 B raB o T
k1 mypijkimy 1 d 3
(n“n'n"I{y )TT—?E ZmAuAvA(n X,)
1 N N rigris | 2(xn)*—3(x-n)Xr 5-n)+2(x ,-n)r 5-n)?

_22 2 mymp , 3 +(x,-n) .

A B+ A AB T'4B TT

(A53d)

5. Two-body EW multipoles

These multipole expressions can be reduced to the two-body case in exactly the same way the STF multipoles in Sec.
II were handled:

(Tdw)rr=p {1+ 1_23’7u2— 1_22’7 % ](xixj)TT, (AS54a)
(n*krik, )Tr=#§m”n‘ [—[(n-r)(vixf+vjxi)—(n-v)xixf]+ ~ 1_257102— 12116+7 N (ner)(vixd+pix)
| |15,y 2T m 16 m (nr) | i , (A54b)
2 6 r 6 ror T
k, Iyijkly  — 2 1 (nr)? | ;
(n*n'ITgw )rr=p {(1=3n)n-t)vv/—— 1+2(1=3n)—— |x'x/ , (A54c)
6 r r2 T
(n*nlnmpidklm) = 8—”’1[ —[(1=29)(n-1)vv] +— [ |1+ —27 )(n r)? 2 hrxixi ]
m dt r’ r TT
_ om 2 iy 1 (n- r) m i il
=p— {—(1=2n)n-r)(n-vIo'v/+— [ 1+5(1 —27)—— | —(n-t)(v')x/+v/x’)
m 12 r
— [1+3(1—29 )(nr (n-v)— 25 p | Dxixi b (A54d)
12 r r T

In Eq. (A54d) we have explicitly carried out the time differentiation, and used the Newtonian equation of motion to
eliminate the accelerations.

These expressions for the multipoles can now be substituted into Eq. (A12). When the time derivatives produce an
acceleration, we substitute the DD equations of motion to the necessary order. The result checks with the wave form
given by Eq. (3.8).
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As another check of the considerable manipulation that went into constructing the wave form (in either formalism),
we can use the projection integrals given in Th80 [Th80, Egs. (4.11a) and (4.11b)]. If the wave form is known [i.e., we
substitute the EW multipoles Eqs. (A54) into Eq. (A12)], time derivatives of the radiation mass multipoles can be pro-
jected out by integrating over the sphere:

STF
dm e, m(im—1)2m+1)! R 2. 43 a4,
drm Pl 2m+1)(m+2) fhn n"dQ (A55a)
Similarly for the radiation current multipoles,
STF
d™ ea, | (m—1)2m+1) R ok jpkay ay a,
ar” Wmt2) ard e n"dQ (A55b)

Performing these projections gives Eqgs. (3.6) and Egs. (3.7). Notice that the time derivatives on the left-hand side of the
projection equations, Eqgs. (A55), are not present in the results Eqs. (3.6) and Egs. (3.7). Some of the time derivatives
“canceled” with time derivatives inherent in the expression of the wave form [see Eqgs. (A12) and (A13)]. The remaining
time derivatives can be eliminated by simple time integrations. Although Blanchet and Damour [12] showed that the
Epstein-Wagoner formalism is equivalent (in a nonrigorous sense), the fact that the wave form can be derived by the

two different techniques gives us theoretical and clerical confidence in Egs. (3.8).

APPENDIX B: EVALUATION OF FIELD INTEGRALS

In this appendix we present some of the mathematical
details involved in doing the field integrals in Appendix
A.

Variations of the following simple trick are useful
when we encounter integrals of the form

(A7) f flr oxixid3x™™

Here, the region of the integration is the spherically sym-
metric body 4, and r, is the radial distance from the
center of body A4 at x , to the field point within body 4.
Using x'=x', +r!,, we have

(Aij)TTz x'x',{i fAf(rA)d3rA+xf4fAf(rA)r{idsrA

+x{; fAf(rA)r;d3rA

+fAf(rA)rilr{4d3rA

The second and third integrals vanish by spherical sym-
metry. Also by spherical symmetry, the fourth integral is
proportional to §;;, and thus has vanishing transverse-
traceless part [see Eq. (2.4)]. We are left with

(ANr=xlxdnr [ flrdr, . (B1)

In essence the spherical symmetry of A4 and the
transverse-traceless operator allow us to slip x‘x/ out of
the integral. This trick is easily generalized to more in-
dices. It also works when the region of integration is out-
side the spherically symmetric body 4.

Also in Appendix A we encountered integrals of the

form
QA= [U 4 o Upx‘xdx , (B2)

where

Uy=—2, Uyp=—20n4nb—5%) (B3)
Ty 2
and
m m
Up=—2=—T2 . (B4)
Tp Ity —rp4l

The region of integration is the entire exterior of the ma-
terial source. Recall that x is the position of the field
point relative to the origin, x 4 is the position of body A4
relative to the origin, r , is the position of the field point
relative body A4, and rp, is the vector from body 4 to
body B; n, is formed in the usual way, n =r, /[rA [,
likewise for ng, and n. Equation (B2) can be expanded
using x=x 4 +r1 4. Thatis

jlgd:fUA,abUBr,c«{rid3rA +x,l«11fUA,abUBr,c4d3rA
x5 [ U Uprddr y+x5x4 [U 40y Ugd®r, .
(B5)

Because the individual pieces of Eq. (B5) are useful by
themselves, we give each its own identification by

QU =Fi + x4 F e +x F+x4x4F% . (B6)

The identification of each F in Eq. (B6) with the corre-
sponding integral in Eq. (B5) is clear.

There are several techniques for performing the in-
tegrations in Eq. (B5). Using a spherical-harmonic ex-
pansion of the potentials is one way. A simpler technique
is to write down the general form of the result and solve
for the coefficients. For example, the integral F4} has
only two indices and is symmetric; therefore, it must take
the form



an’pnby,+p8% . B7)

Choosing a particular coordinate system (allowing ng 4 to

determine the z axis is the simplest choice), and explicitly
J
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carrying out the integral for two distinct choices of the
indices (a,b) gives the coefficients a and 8. For the other
F’s, which have more indices, the ansatz corresponding
to Eq. (B7) is a bit more complicated, but the technique is
the same. After considerable manipulation we find

™Tm, m régriaréprd regrd
Fabed 4 Br[2 4B AB4AB 4B psab risris 45 ABzAB
3 r r? r
b d b d a .c
450 T ABT 4B 4 50d ABrAB sbcrABZAB derAB;AB ]
r? r? r r
m™m m m™™m  m
+ M1 BR B+ —— S (1 -3R ()58 +55) , (B8a)
™, m répriprs rs ré r
Fabe = AMB | TABTABTAB | jcapTAB.  3sacTAB  yoheT4B ’ (B8b)
3 r3 r r r
p _ TMmp | a8’ ap b
Fi= —16 —28% 1. (B8c)
3 r r2

In Egs. (B8) r denotes 7 45 =|r 45|. Fortunately, when us-
ing these results most of the terms involving Kronecker
deltas have vanishing transverse-traceless part [see Eq.
(2.4)]. The quantity R{" that appears in Eq. (B8a)
represents a divergent integral
w P
—r_fo fdr,,, r, =max{r,,rp} . (B9)
This quantity has no physical relevance because it always
appears in terms that have vanishing transverse-traceless
part. The results Eqs. (B8a)—(B8c) can easily be reassem-
bled using Eq. (B5) to find Q%°.
In computing the moment 7™
the form treated above appears:

abcde — c,d e 33
Fis _fUA,abUBrarArAd rq -

a five-index integral of

(B10)

The terms in the ansatz solution will have only odd num-
bers of unit vector components in them, i.e.,

abede — a b c d e a b c de e
Fig“=anggn gnygnignip+Bnjpgnpn;pd* +

(B11)
The fact that n ;= —np, immediately gives the only
property of F%% that is needed in the calculation. That
is
3 3 Fig%=0 for all abcde .
A B+ A

The final integral we examine appears in the debris of
the integration by parts in Appendix A in Eq. (A51). The
integration can be done by the technique outlined above.
The result is

Q;%EfUA,aUBrfidarA

T™Tm Mmp

(B12)

a b __.,a b
(2r8px3—ripx3)

TaB
m™Tm  mpg

+
3

(1—4R )8 . (B13)

I

Here again the region of integration is the exterior of the
material source. The quantity R{ represents the same
infinite quantity as above, and once again it only appears
in quantities that have vanishing transverse-traceless
part.

There is one other property of Q%, which is useful.
Using the fact that r ;3 =x , —xp it is easy to show that
the first term in Eq. (B13) sums to zero when summed
over the body labels. That is

M 4Mp a b a b
—r———(ZrABxA —rypx4)=0 for all ab .
AB

(B14)

Using the field iptegral above we now briefly outline
the evaluation of I [Egs. (A13c) and (A25¢)], and I 4k
[Egs. (A13d) and (A25d)]:

I{{’V“’,Eff"jxkxldz =fpovivjxkx1d3x
1
+EfU,,~U,jxkxld3x

+[TT=0] . (B15)

The notation [TT=0] represents terms with vanishing
transverse-traceless part that have been omitted. This
term is already O(e?); and therefore, post-Newtonian
subtleties in the definition of the mass, which plagued the
calculation of Iy and I¥,, are irrelevant. This makes
the first integral in Eq. (B15) trivial. After integrating the
second term by parts, the self-interaction terms are elim-
inated by arguments similar to those used in Appendix A.
The debris from the integration by parts is easily shown
to have vanishing transverse-traceless part. We are left
with



1538 ALAN G. WISEMAN 46

Gkl —
Iy =3 m ivixhx)—

y i
1
= EmAUAUﬁxAxA—TE 2
A A A#B

tkl ijk ijl k1 pij
K4 x L FiIk +xk Pl +xXx! Fp)

S 3 [U,;Ux*xd* +[TT=0]
A A+

+[TT=0] . (B16)

In the second step we have used Egs. (B2), (B5), and (B6). Explicit expressions for the F ’s are given in Egs. (B8c).

Finally we examine I %™ [Egs. (A13d) and (A25d)],

y 1d
I'klmE—— s K m3
=5 [ff‘xx d*x
1d
= J I, m _ m_ g3 —
3dtlfpvvxxx d3x fUUxx d°x +[TT=0] (B17)
Using the same arguments as in the I case we have
nglm—li EmAvAvgxﬁxgx ———~2 > fU Ux*x'x™d3x +[TT=0]
3 dt dr < &
1d y y
=§E[2m/‘vf,v,‘xﬁx xA——E > (Fikim 4 xmpikl x| pikm 4 x KFilm 4 xmxl Fijk
4 B+ 4
+xmx kPl +x ! x K Fim+xmx ! xKFi} +[TT=0] | . (B18)

The term F”%™ sums to zero by Eq. (B12). In the second step of Eq. (B18) we have used Egs. (B2), (BS), and (B6). Ex-

plicit expressions for the F’s are given in Egs. (B8).
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