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We study static spherically symmetric solutions of Einstein gravity plus an action polynomial in
the Ricci scalar R of arbitrary degree n in an arbitrary dimension D. The global properties of all such
solutions are derived by studying the phase space of field equations in the equivalent theory of gravity
coupled to a scalar field, which is obtained by a field redefinition and conformal transformation. The
following uniqueness theorem is obtained: Provided that the coefficient a, of the R? term in the
Lagrangian polynomial is positive then the only static spherically symmetric asymptotically flat
solution with a regular horizon in these models is the Schwarzschild solution. Other branches of
solutions with regular horizons, which are asymptotically anti—de Sitter, or de Sitter, are also found.
An exact Schwarzschild-de Sitter—type solution is found to exist in the R + aR? theory if D > 4. If
terms of cubic or higher order in R are included in the action, then such solutions also exist in four
dimensions. The general Schwarzschild—de Sitter—type solution for arbitrary D and n is given. The
fact that the Schwarzschild solution in these models does not coincide with the exterior solution of
physical bodies such as stars has important physical implications which we discuss. As a byproduct,
we classify all static spherically symmetric solutions of D-dimensional gravity coupled to a scalar
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field with a potential consisting of a finite sum of exponential terms.

PACS number(s): 04.20.Jb, 04.60.4+n, 97.60.Lf

I. INTRODUCTION

Theories of gravity involving higher powers of the Rie-
mann tensor in the Lagrangian have been proposed in
several different contexts since the first days of general
relativity. They were first introduced by Weyl in his
affine theory, which aimed to unify gravity and elec-
tromagnetism [1]. Such models have become attractive
again in recent years following the demonstration that
the addition to the Einstein-Hilbert Lagrangian of terms
quadratic in the Ricci tensor leads to a renormalizable
theory [2]. Unfortunately a massive spin-2 “ghost” is
present in the linearized spectrum, leading to an insta-
bility of the theory and a loss of unitarity. It has. been
suggested that this problem would disappear in a full
nonperturbative treatment of the model, or even that
the ghost states in the perturbative expansion could be
a gauge artifact [3]. However, a nonperturbative formu-
lation is still a distant goal, while the latter possibility
seems to have been ruled out [4].

The effects of higher-derivative gravity have also
proven to be useful in cosmology, beginning with the
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early work of Starobinsky [5] and Kerner [6] who intro-
duced higher-derivative terms with a view to obtaining
solutions which avoid the initial singularity. Later on it
was realized that such models can lead to inflationary ex-
pansion driven only by gravity [7-9]. Higher-derivative
models have also been studied in the context of quantum
cosmology [10]. In particular, it has been argued that
the introduction of quadratic terms may solve some of
the problems due to the nonpositiveness of the ordinary
Einstein-Hilbert action for Euclidean quantum cosmol-
ogy [11]. It is also interesting to note that quadratic cor-
rections to the action are obtained from quantum worm-
hole effects [12].

Finally, we should mention that higher-order La-
grangians arise naturally in higher-dimensional theories,
such as Kaluza-Klein and string models. In the first
case they are introduced in order to obtain sponta-
neous compactification from purely gravitational higher-
dimensional theories, and in this context the ghost-free
Gauss-Bonnet actions have attracted much interest [13,
14]. In the second case, they are obtained as an effective
low-energy action [15].

While the cosmology of these models has been largely
studied, both in four {5-9,16] and higher dimensions [17,
18], comparatively little is known about black hole so-
lutions. The weak-field limit has been studied to some
extent for the R + aR? theory in four dimensions [19,
20], but the properties of the full solutions in higher-
derivative theories remain largely unexplored. On di-
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mensional grounds, one would expect that the higher-
derivative terms become dominant in the proximity of
the singularity. However, it is still possible that horizons
exist and that, contrary to the assumptions of Refs. [19]
and [20], analogues of the usual uniqueness theorems for
stationary axisymmetric black holes can be derived. In-
deed, such conclusions can be immediately drawn in the
case of the R + aR? theory in four dimensions as a re-
sult of the “no-hair” theorem proved by Whitt [21], as
we show in Appendix A. Thus the question of the nature
of the static spherically symmetric solutions of more gen-
eral higher-derivative models is very interesting from the
point of view of general relativity.

One of the reasons for the lack of attention to the
black hole problem is undoubtedly the difficulty of solving
the higher-order differential equations arising in higher-
derivative models. Some progress can be made, how-
ever, by using the fact that higher-derivative theories are
equivalent, by redefinition of the metric, to ordinary Ein-
stein gravity coupled to a scalar plus a massive spin-2
field. This result was first proven by Higgs [22], and later
rediscovered by Whitt [21], in the case of the R+aR? the-
ory in four dimensions, for which only the scalar field is
present in the effective theory. More recently the equiva-
lence has been extended to the case of actions containing
powers of the Ricci and Riemann tensor [23].! The im-
portance of this equivalence is that one can now use the
formalism of ordinary general relativity to study the more
general higher-derivative theories.

Our analysis in this paper will make use of the equiv-
alence of the general D-dimensional action

p_v—9f(R)
/ d 'z o (1.1)
to Einstein gravity coupled to a scalar field [23]. Here

f is an arbitrary function of the Ricci scalar R, and k2
J

—2Dko
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denotes the gravitational constant in D dimensions. If
we define o by

% =In[ef'(R)], (1.28)
where
1 iff >0,
€= {—1 if f' <0, (1.2b)
and make a conformal transformation
wb = [ef' (R P72 g, (1.3)

then the field equations derived from (1.1) are equivalent
to those derived from the action

/d &/—§ <4 5 — ! 2ga"a,,aaba—vw)>

(1.4a)
where

V=S Ef R @R - ), (1.4b)

with R, f, and f’ defined implicitly in terms of o via
(1.2). For the quadratic theory, for example, with f =
R + aR? we find [18]

__¢ ( 2(D — 4)ko )
16r2a (D-2)vD-1
X [1—aexp( __Dzn—a1>r' (1.5)

Similarly, for the cubic theory with f = R + aR? + bR®
we find [16]

V=t exp((D_2)\/_D___1) (:&:{a2—-3b [l—sexp (%)]}3/2—a3+%ab [1—8exp( 3’”‘11)])

For other actions polynomial in R,

f(R) = R+iapR”, (1.7)

p=2
J

Rap — zgabR + Z

=2

+9as{p(p — VRP°[ROR + (p — 2)R°R;c] — %RP}) =0

!For a different approach to the problem see [24].

(1.6)

-
and f’ can be inverted to give a precise analytic expres-
sion for R in terms of o, and hence for V(o), for a general
polynomial only if n <5.

The general higher-order field equations obtained from
the action (1.1), with f of the form (1.7), are given by

(pRp"lRab —p(p— 1)Rp_3 [RR;ab +(p— Z)R;GR;b]

(1.8)
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Since the arbitrary-dimensional Schwarzschild solution

ds? =— (1 - igi‘g) dt?

-1
+ (1 - @) dr? +d0%_,

D=3 (1.9)
has R = 0 throughout the domain of outer communica-
tions, it is clear that the Schwarzschild solution solves
the equations (1.8) for any choice of the constants a_.

Thus the problem before us is to determine whether the
Schwarzschild solution is the only static spherically sym-
metric asymptotically flat solution with a regular hori-
zon. On account of the equivalence of the higher-order
theory to the theory decribed by the action (1.4) this
uniqueness problem can be regarded as the problem of
establishing a “no-hair theorem” for the latter model.

Whitt established such a theorem in the case of the
R + aR? theory in four dimensions? [21], by demonstrat-
ing that all asymptotically flat stationary axisymmet-
ric solutions to the higher-order vacuum equations must
have R = 0 in the domain of outer communications. If
one adds extra matter fields to the action one still finds
that R = 0 for stationary, axisymmetric, asymptotically
flat solutions provided that the energy-momentum tensor
is traceless and satisfies the matter circularity condition.
For such solutions, therefore, (1.8) becomes equivalent
to the usual Einstein equations, and the usual unique-
ness theorems and no-hair theorems will carry over to
the fourth-order theory. If one considers an arbitrary
polynomial in R of the form (1.7), however, then Whitt’s
argument breaks down, as we demonstrate in Appendix
A. Consequently a different approach is called for.

Our approach here will differ not only from that of
Whitt, but also from other standard approaches to no-
hair theorems [26, 27], in that we will solve the problem
by studying the phase space of the field equations ob-
tained from (1.4). We will take advantage of the fact that
by making a judicious choice of coordinates these equa-
tions may be written in the form of a five-dimensional au-
tonomous system of ordinary first-order differential equa-
tions, so that all the global properties of the solutions can
be derived. Our approach not only has the advantage
that it can be used to establish a black hole uniqueness
theorem for general actions polynomial in R, but it will
also enable us to determine the nature of other solutions
in these models which have regular horizons but which
are not asymptotically flat.

The analysis we will use here is very similar to that
developed in Refs. [28] and [29], where we derived the
global properties of static spherically symmetric solutions
in models of gravity which arise from the dimensional
reduction of certain higher-dimensional gravity theories.
The scalar field in (1.4) then corresponds to the radius

%In fact, a black hole uniqueness theorem for the more re-
stricted case of pure R? theory, without an Einstein-Hilbert
term, was obtained much earlier on by Buchdahl [25].
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of the extra dimensions (the “compacton”), and the po-
tential V(o) contains one or two exponential terms.

The analysis of [28] and [29] is based on the fact that
the appropriate field equations can be reduced to a five-
dimensional autonomous system of first-order ordinary
differential equations. This is possible essentially due to
the fact that the field equations form a system very sim-
ilar to those of a Toda lattice when written in terms of
appropriate coordinates [30] (the Toda lattice being an
integrable system). Since the metric and scalar fields are
related to the functions X, Y, V, Z, and W of the five-
dimensional phase space M, they are necessarily regular
at all points of the integrals curves apart from critical
points. Consequently, in order to determine the global
properties of all solutions, namely, the structure of their
singularities, horizons, and asymptotic regions, it suffices
to study the properties of the solutions at critical points
of M. The determination of which critical points are con-
nected to which other ones by integral curves requires a
careful analysis of the structure of the space M: in par-
ticular of surfaces corresponding to particular subspaces,
which separate integral curves corresponding to space-
times of different causal structures. This method repre-
sents a powerful analytical tool for these (and possibly
other) models for which it is not possible to write down
the general static spherically symmetric solutions in a
closed analytic form.

One should mention that on account of the way in
which the phase-space functions are constructed, the
metric functions (with signature — + +---4) are nec-
essarily positive. Thus for the Schwarzschild solution
the integral curves obtained correspond to the domain
of outer communications only. A similar analysis of the
Reissner-Nordstrém solution yields a phase space with
distinct regions which correspond to (i) integral curves
in the domain of outer communications, and (ii) integral
curves in the region between the singularity and the inner
horizon. (These two regions of the phase space are sep-
arated by a surface which corresponds to the Robinson-
Bertotti solutions.) Thus the method described does not
pick out regions of the spacetimes in which the Killing
vector /8t is spacelike. Such regions can only be ob-
tained by continuation of such solutions as are described
here.

The first step of our analysis here will be to general-
ize the work of [28] and [29] to establish the properties
of solutions to the equations derived from (1.4) with a
potential consisting of a sum of s exponential terms

-1 & —49.k0
Vo) = Z)\iexp( Dg_t2 ) (1.10)
=1

the A, and g,, i = 1,..., s being constants. Of the higher-
derivative theories, only the R+aR? theory has an action
which is precisely of this form. However, for each n there
will be a special choice of the constants a, for which the
potential (1.4b) reduces to this form. This will be so if

the (n — 1)th root of f’ is linear in R. In particular, if
we choose
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_ (2a)P"(n—2)!
T - - )
then

3<p<mn,

2a,R\"!
1.11 " = 2 .
aw = (1e223) (112)
and we find that the potential takes the form
J
2nKo (1.13a)

V=(n—1)2ex ( —2Dko ) e ( ) n 2Kk0 +é”‘1
8nrla, P\(D-2)vD -1 P\m=nvD=1) n1®®\yp=1) Tn-1|

where?

. f1
£=1 -1

We shall call this class of models “special polynomial R
theories.”

Before proceeding further, we note that the definition
of asymptotic flatness in our analysis requires some clar-
ification. On account of the conformal transformation
(1.3) the radial coordinate of the higher-derivative the-
ory, 7, is related to the radial coordinate of the effective
theory, #, by

if 1+ 2a,R/(n—1) >0,

if 1+ 2a,R/(n — 1) < 0. (1.13b)

r= {ef’(R)]—l/(D—2) 7 = exp (%) 7.

(1.14)

Thus solutions which are asymptotically flat in the
higher-derivative theory need not be asymptotically flat
in the effective theory, since it is the dependence on r as
measured by the metric gop which is of physical impor-
tance rather than the dependence on # as measured by
the metric G,p. Moreover, the definition of the asymp-
totic region can vary between the physical and the effec-
tive theories. The definitions of spatial infinity and of
asymptotic flatness will only coincide when ¢ — const
as 7 — 0o. However, since ¢ is not a physical field here
(unlike the Kaluza-Klein case [28,29]), we need place no
requirements on its asymptotic form at spatial infinity in
the effective theory. Thus a discussion of the existence
of static spherically symmetric black holes in the higher-
derivative models requires an examination of all static
spherically symmetric solutions in the effective theory,
and not merely the ones which are asymptotically flat
according to the effective theory.

We will begin by deriving the global properties for the
theory with the potential (1.10)—almost all cases are
dealt with in Sec. II. For special values of the param-
eters, which include the cases of the R + aR? theory and
all potentials (1.13), the structure of the phase space is
modified. Such solutions will be discussed in Sec. III. We
will then generalize the analysis to include the potential
(1.6) of the R + aR? + bR? theory in Sec. IV. This gen-

3Note that € = é€"~! with these definitions: for n even € and
€ have the same sign. However, if n is odd then € = +1, and
the sign of € corresponds instead, for example, to the plus or
minus sign multiplying the first term in (1.6).

r

eralization will be found to produce only minor changes
to the results of Secs. II and III. We will further demon-
strate that our results can be extended to the case of the
polynomial of arbitrary degree. Some physical implica-
tions of our work are discussed in Sec. V.

II. THE GENERAL
EXPONENTIAL SUM POTENTIAL

A. The dynamical system

As in [28] and [29] we will begin by choosing coordi-
nates

9apdi®dz® = €2 (—dt® + F*™dE?) + 2 gapdzdz”,
(2.1a)

where m = D — 2, 4 = 4(§), 7 = #(€), and ggp is the
metric on an arbitrary m-dimensional Einstein space:

Rap = (m —1)gas. (2.1b)

Of course we are most interested in the case in which
Jop is the metric on a two-sphere (and A = 1). However,
the structure of the phase space is better revealed by
taking the more general ansatz (2.1b). In order to write
the equations as a first-order system which is everywhere
well defined, we will choose an ordering of the g, such
that

9,>93>94> "> 9g, > gy (2.2)
If we now define the functions? ¢, 1, and x by
(=t+(m—-1)In#, (2.3)
. . 29,Kko0
n=4+mlns# — (2.4)
—G+minf — 29257 (2.5)
x=7%+mln - .

then the field equations become

4These functions correspond, in fact, to the differences of
the Toda lattice coordinates [30].
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(2.6a)

- 1 1 1< X+;
7" =m(m — 1) e + po (m +1-— glz) A€+ — (m+1-g,9,) A e+ po Z (m+1-— g,g,) \e2esX+hm),

=3

(2.6b)

S

- 1 1 1 ; :
X" =m(m—1)xe* + — (m+1-g,9,) A€+ p (m +1- 922) A e + p D (m+1 - g,g,) A el thim,

i=3
(2.6¢c)
with the constraint
Ngom' —g.x) 1+ (m—1)g2? 1 -1 1+ (m—1)g?
(m+1)¢? + 2m¢’(g,m = 9,X) | ( )292 o2 ott (m )glg2 . ( )291 2
9,— 9, (9, — 92) (91— 9,) (91 — 92)
- A A -
+(m —1)Xe* + L&+ 22X + 1 D oA B — o, (2.6d)
m m m —
r
where, for s > 3, 1 i 20 28
_ X == (,\122+,\2W2+ N W2z *)
i=H, i=3""15’ (2.68) m i=3 '
17 92 -
_M, (2.8a)
and m
ﬂizl—ai=;qi———g2, 1=3,...,8. (26f) Y/___—l 2 1 Az2 1 )‘Wz
91— 9 =—( (s2-1) N2+ (019, - 1) A,
s
If s < 3 then the last summation term in (2.6a)—(2.6d) +Z (9,9, - 1) /\iWZ"“Zw‘) - P, (2.8b)
vanishes. Note that on account of (2.2), 0 < a; < 1, i=3
0 < B; <1, and a; = B; only in the special case in which
s=3and g, = (g9, +9,) /2. 1
These equations can be recast in the form of a five- Vi=—| (9,9, - 1)\, Z2%+ (g22 - 1) A, W2
dimensional autonomous system of first-order differential m
equations. If we define variables V, W, X, Y, and Z by s
+> (9,9,— 1) ,\,.W%iz”-') —-P, (280
V=x, W=¢, X=(, Y=r, Z=¢, =
then the constraint (2.6d) can be regarded as a definition 7 _ i1 2.8
of €. Eliminating the e* terms from (2.6a)—(2.6c) we ’ (2:8)
therefore obtain the system® where

mX(gY g V) [L+m =00V’ 204 m-ngglvy  [1+0m-1g7]V?

Pz—m((m+1)X2+

91— 9 (9, — 9,)?

(91 - 92)2 ) '
(2.8f)

(gl - 92)2

5We are using a different normalization here for Z and W compared with that used in [28] and [29)].
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The dynamical system of the Kaluza-Klein models
dealt with in [29], with n. extra dimensions and a higher-
dimensional cosmological constant A, is retrieved by set-
ting s = 2 and

— vm+n -
gl = g2 1= —\/—n_;—e', /\1 = ne(ne —1))\, )\2 = —2A.
(2.9)

In the case of the R + aR? theory, and indeed any
higher-order theory given by the potential (1.13), the
appropriate dynamical system is obtained by taking
Egs. (2.8) and setting s = 3,

. om+2 _ 2n—=1)-m _ 1
"=y mat 2T oo Dvmatr BT Umat
(2.10a)
n—1 1
oy = —, By = - (2.10Db)
and
N = & (n-1) A = —&(n—1)?2 _(n=1
1 2na, T2 2na, ' 20,
(2.10c)

As in the case of the Kaluza-Klein models the phase
space has a great many symmetries which greatly sim-
plify the analysis. Equations (2.8b) and (2.8e) ensure
that trajectories cannot cross either the W = 0 or the
Z = 0 subspaces. These two subspaces correspond phys-
ically to the cases in which A, = 0 and A; = 0, respec-
tively, with A; = 0, ¢ > 3, also in both cases. As we
have written them, Eqgs. (2.8) are valid for W > 0 and
Z > 0. It is possible to make the equations valid for all W
and for all Z by introducing modulus signs in the terms
W2 and Z2P¢ which involve fractional powers of Z and
W. However, this merely introduces a trivial symmetry
between trajectories in the W > 0 and W < 0 portions of
the phase space, and between trajectories in the Z < 0
and Z > 0 portions of the phase space. Thus we may
restrict our attention to Z > 0 and W > 0 without loss
of generality. _

The hyperboloid defined by A =0, or

38
P+ X\Z2+ 0, W24+ ) AWz =,
=3

(2.11)

similarly forms a surface which trajectories cannot cross.
It partitions the phase space into the two physically dis-
tinct regions with A > 0 and A < 0.

If W =0 and g, # 0 then

_ 91(91 - 92)(mX + c1) + [1 + (m — 1)9192] Y
N 1+(m—1)g,2 ’

(2.12)

|%

while if Z = 0 and g, # 0 then
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_ 9,09, — g)(mX +c)) + [1+(m—1)g,0]V
1+ (m—1)g,? ’

(2.13)

Y

where ¢, and c, are arbitrary constants. (If g, = 0 or
g, = 0 we have instead V' =Y +const.) Physically (2.12)
is equivalent to s = 1 (i.e.,, A\, = 0, i > 2), while (2.13)
gives the same system with A, — A, and g; — g,. Thus
in each case a further degree of freedom can be integrated
out, giving rise to a three-dimensional autonomous sys-
tem. The properties of such systems were studied in [28]
and [29]. Further simplifications arise if in addition one
of the constants A or A, (or A, as appropriate) is zero. In
these cases it is in fact possible to integrate the field equa-
tions exactly. For completeness we list these solutions in
Appendix B.

B. The (anti-)de Sitter subspaces

In addition to the W = 0, Z = 0, and X = 0 subspaces,
there is at least one other three-dimensional subspace
which exists for all s > 2, which was not studied in detail
in [29]. These subspaces may be identified by noting that
solutions for which o is constant globally form a special
class. The actual value which this constant takes may
be determined from the field equations. In particular, we
find that if V=Y and W = ~vZ (y > 0), where

]
A9+ A0,7° + Z X977 =0,
i=3

(2.14)

then the field equations (2.8) reduce to the three-
dimensional system

X' = _pz2- M- DP (2.15a)
m

Y' = -AZ? - P, (2.15b)

Z'=Y2Z, (2.15¢)
where

_ —1 2 . 20c;

A=— (/\1 + A7+ ;,\ﬂ @ ) , (2.15d)
and P now simplifies down to

P=mX-Y)[(m+1)X — (m-1)Y]. (2.15¢€)

In the case s = 2, for example, (2.14) is satisfied by any
g, and g, provided that

Y= (_—gl)‘l ) Yz
922
is real. For s > 2, (2.14) may have more than one solu-
tion.

If s = 1 we of course obtain Egs. (2.15) if g, = 0
and X\, = —mA. Consequently, Egs. (2.15) are formally

(2.16)
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equivalent to those of the Schwarzschild-de Sitter solu-
tion in m+ 2 dimensions, and can be integrated explicitly
in terms of the coordinate #. We therefore obtain the so-
lution

Gapd22d3® = —Adt? + A~1dP? + #2g,5dz%dz",

(2.17a)
with
o - —291/(91—9) 22
A=x-_C _M T (2.17b)
Fm-1 m+1
and constant scalar field
e2ro = 7"‘/(91_92), (2.17¢)

C being an arbitrary constant. In the case of the higher-
order theories with potentials (1.13), a conformal trans-
formation back to the original metric yields the solution

ds? = —Adt? + A~1dr? + r2Ga5d3%d3P,  (2.18a)
with

_ -2(n—-1)/n .2
A=d— 2GM _ Ay r
m+1

Y ) (2.18b)

and M = C/(2Gy*m-1(n=1)/(mn)) " [We have rescaled ¢
in obtaining (2.18).] The solutions are asymptotically de
Sitter if A > 0 (or anti-de Sitter if A < 0). In the case of
the R + aR? theory, we have

- 2GM mr?
A=A- T T (m+1)(m+2)(m —2)a’

(2.19)

and consequently solutions of this type exist only for
m > 2, i.e, for D > 4. These solutions are asymp-
totically anti-de Sitter if a > 0. For n > 2 solutions
of the type (2.18) also exist for D = 4. In general, it is
possible to find more than one branch of solutions—some
of which are asymptotically de Sitter, and some of which
are asymptotically anti—de Sitter.

If M = 0 we retrieve cosmological de Sitter solutions,
the existence of which has been discussed previously by
Barrow and Ottewill [8] for an arbitrary f(R) Lagrangian
in four dimensions, and by Madsen and Barrow [31] for
more generalized higher-derivative Lagrangians in arbi-
trary dimensions.

The solutions (2.17) do not exhaust all possible so-
lutions to Eqs. (2.15). In particular, a special class of
solutions for which #(¢) is everywhere constant are also
admitted. These solutions may be determined by direct
integration of (2.15) in the case that Y = X. Since P =0
in this instance we have Y/ = X’ and (2.15) reduces to a
two-dimensional autonomous system. The equations can
be readily integrated using the coordinate Z = e”, and
we find

Gapdi®dzb = 4291/(91-9)

dz?
C—-AZ2

+ ((m—_QZ) §aﬁd§:ad:i'ﬁ], (2.20)

X [—szt2 +

A
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where C' is an arbitrary constant, and Z > 0. (We have
used the freedom of rescaling ¢ to remove an unphysical
constant.) Thus we find a solution with A > 0 provided
that A > 0. In the case of spherical symmetry these solu-
tions are topologically a product of two-dimensional anti—
de Sitter space with an m sphere—a type of Robinson-
Bertotti solution. Solutions with A < 0 and A < 0 simi-
larly include a product of two-dimensional de Sitter space
with m-dimensional hyperbolic space.

To compare these results with our later studies of the
five-dimensional phase space it is useful also to give a
description of the three-dimensional phase space here.

Provided that A # 0 then the only critical points at a
finite distance from the origin are the lines

Z=0, Y=2X, (2.21)

and

Y___(m+1)X.
m-—1

Z =0, (2.22)
These solutions have X = 0 as well as W = Z = 0. So-
lutions lying in the Z = 0 plane, as depicted in Fig. 1,
are Schwarzschild solutions. Equations (2.15) can be in-
tegrated directly in this case since
m
Y=—-—-(X+k), 2.23

(X +F) (2.23)
where k is an arbitrary constant. The critical points in
the first quadrant are found to correspond to the limit
& — —oo, while the critical points in the third quad-
rant correspond to the limit & — oo. We find that
end points of trajectories on the line Y = X corre-
spond to horizons with # — const, while end points of
trajectories on the line Y = (m + 1)X/(m — 1) corre-

FIG. 1. Trajectories in the W =0, Z =0, V = Y plane.
The bold lines Y = X and Y = (m + 1)X/(m — 1) represent
critical points which respectively correspond to the horizons of
the positive-mass Schwarzschild solutions (dashed lines), and
the singularities of the negative-mass Schwarzschild solutions.
The trajectory through the origin is flat space.
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spond to # — O singularities. The Z = 0 trajectories
ending on the line Y = X thus represent positive-mass
Schwarzschild solutions, while those ending on the line
Y = (m+1)X/(m—1) represent negative-mass Schwarz-
schild solutions with naked singularities. The constant k
in (2.23) is related to the Schwarzschild mass: the k& = 0
trajectories represent flat space. Furthermore, if a trajec-
tory which corresponds to a positive-mass Schwarzschild
solution in one quadrant is traced back to the opposite
quadrant, then one obtains the negative-mass Schwarz-
schild solution of the same absolute mass in the X > 0
region.

If A = 0 then additional critical points exist near the
origin. Furthermore, (2.15) reduces to a two-dimensional
autonomous system for all X, Y, and Z. We will defer
discussion of this special subspace until Sec. III.

Small perturbations about the critical points (2.21)
and (2.22) yield the eigenvalues A = 0,Yp,2Xy in the
three-dimensional subspace [where Yy = X or Yy =
(m+1)Xo/(m—1) as appropriate], and additional eigen-
values A = 0,Y; for perturbations in the extra direc-
tions in the full five-dimensional phase space. The pat-
tern of trajectories is therefore identical to that of the

corresponding trajectories in [28] and [29]. In the three-
|
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dimensional subspace each critical point (Xp, Yp,0) in the
first (third) quadrant repels (attracts) a two-dimensional
set of trajectories which lie approximately in the plane
Y = (mX F Xo)/(m — 1). Since the trajectories are ap-
proximately planar the one zero eigenvalue corresponds
to the degenerate direction perpendicular to this plane.
In the five-dimensional phase space there is an extra de-
generate direction, and the dimension of the set of tra-
jectories repelled (attracted) for first (third) quadrant
trajectories increases by one.

To complete the description of the phase space it is nec-
essary to describe the critical points at infinity. Following
(28] and [29], we introduce spherical polar coordinates

X = psinfcos ¢, Y = psin@sin ¢, Z = pcosb.

(2.24)

The surface at infinity is then brought to a finite distance
from the origin by the transformation

p=p(1-p~' 0<p<1. (2.25)
If we define a coordinate T by dr = p d€ = p(1 — p) ~1dE,
then on the sphere at infinity, i.e., at p = 1, dp/dT =0

identically while

-g—g = cos 9{—1\ cos® 6 (cos ¢ + sin ¢) — sin? 6 [sinq& + P, <mn~z 1 cos ¢ + sin qS)J }, (2.26a)
4 = —1— —A cos? 0 (cos ¢ — sin @) + sin? 6P, m -1 sing —cos ¢ | |, (2.26Db)
dr  sin6
1
where points Ly o (Ls,4) repel (attract) a two-dimensional set
_ 2 . . of trajectories, which are unphysical, however, since they
P =m[(m+1)cos® ¢ —2mcos¢sing + (m — 1)sin® §].  4re confined to the sphere at infinity.

(2.26¢)

Four sets of critical points are found.

(i) First of all we obtain the end points of the lines of
critical points ¥ = X and Y = (m + 1)X/(m — 1), for
which A = W = Z = 0. The points located at

T 57

T

or
X = to0, Y =X,

Z =0, (2.27b)

will be denoted L; and L3. The points located at

™ m+1
0= 3 ¢ = arctan (m — 1) (2.28a)
or
X =400, Y= <m—+l) X, Z=0, (2.28b)
m—1

will be denoted L, and L4. As for points at a finite
distance from the origin, the points L; and L3 correspond
to horizons, and Lo and L4 to # — 0 singularities. The

(ii) Two critical points, which we will denote M; and
M, are located at

6=

mn 1) (2.29a)

, ¢ = arctan (

e

or

m

X =400, Y= (———) X, Z=0, (2.29b)

m—1

in the X > 0 portion of the phase space. These points
correspond to the asymptotic region (7 — o0) of the
Schwarzschild solutions which lie in the Z = 0 plane.
These are the only trajectories which end on these points:
they are found to be saddle points with respect to other
directions in the phase space.

(iii) If A < O then there are two critical points, which
we will denote S and S,, which are located at

5
6 = arctan v/ —2A, = %, —f (2.30a)
or
X=tc0, Y=X, Z= % (2.30b)
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in the X < 0 portion of the phase space. At these points
we find that 7 — const. These points correspond to the
Z — oo region of the Robinson-Bertotti-like solutions
(2.20). An analysis of small perturbations in the three-
dimensional subspace reveals that the point S; (S2) in
the first (third) quadrant is an attractor (repellor) for a
two-dimensional set of trajectories: these are of course
the solutions (2.20) with A < 0 and A < 0, which lie in
the plane Y = X. This clarifies the nature of the corre-
sponding points S1-g in [29], which were not discussed
in detail there.®

If A > 0 (and X > 0) then no Z — oo region is defined
since the maximum value Z can take is (C/A)'/2. Thus
instead of ending on the points S; 2 trajectories move
from one point on the Z = 0, Y = X line to another
point on the same line in the opposite quadrant. This
pattern is made clear by Fig. 2 where we plot the Y = X
plane through the three-dimensional subspace.

(iv) If A < 0 then there are two critical points, which
we will denote T and T3, which are located at

5 — arctan [ —2m2+2m + DA 172
=8 m+1 ’
(2.31a)
¢ = arctan (m+ 1) ,
m
or
B _(m+DX X (m+1)?
X = :i:OO, Y = m y Z = m —A )
(2.31b)

in the portion of the phase space with A = 0. Point T}
(T%) in the first (third) quadrant is found to attract (re-
pel) a three-dimensional set of trajectories in the three-
dimensional subspace. These points of course correspond
to the asymptotic (7 — oo) region of the Schwarzschild-
anti-de Sitter solutions (2. 17) ifX >0 T 2 are end
points for trajectories both in the X > 0 and <o por-
tions of the phase space.

If A > 0 then no asymptotic region is defined. In-
stead the trajectories move from the Y = X or ¥V =
(m+1)X/(m—1) line in one quadrant to one of these two
lines in the opposite quadrant. Trajectories starting and
finishing on the Y = X line with A > 0 correspond to the
region of the positive-mass Schwarzschild—de Sitter solu-
tion between the Schwarzschild and de Sitter horizons.
Trajectories with end points on both the Y = X and

= (m + 1)X/(m — 1) lines represent the region of the
negative-mass Schwarzschild—de Sitter solution between
# = 0 and the de Sitter horizon. Trajectories cannot have
two end points on the Y = (m + 1)X/(m — 1) line since

5Since we are restricting the analysis to W > 0and Z > 0
here, we of course obtain one-half or one-quarter as many
critical points as in (28] and [29] for those points with W # 0
or Z #0.

1483
6=0

(a)
/‘\ .
=1 —7=0 p=1 2
(X = —o0) (X = +o0)
/ | \/ 9="
p=1 p=0 p=1 2
(X = ~00) (X = +o0)

FIG. 2. The plane V =Y = X, W = ~Z, with radial
coordinate g and angular coordinate 6: (a) A > 0, X > 0; (b)
A <0, XA < 0. The solutions are given in (2.20) in terms of
Z = pcosb/(1 - p).

they cannot cross the Y = X plane.

The pattern of trajectories on the hemisphere at in-
finity of the three-dimensional subspace is sketched in
Fig. 3. Although these trajectories are unphysical it is
helpful to sketch them since by continuity arguments they
will determine the behavior of the physical integral curves
which lie within the hemisphere at infinity but near its
surface.

C. The W = 0 and Z = 0 subspaces

These subspaces were discussed in [28] and [29] for par-
ticular values of g, and g,. The properties for general g,
and g, are similar. If A # 0 the only critical points at a
finite distance from the origin in the full five-dimensional
phase space have both W = 0 and Z = 0, and so are com-
mon to both subspaces. The critical points are located
at X = Xo and Y = Y, where

1 1/2

m —

> ——

[Xol 2 (1 +(m— 1)912) 9,1l

and Yp is given by solving the quadratic equation

(m—1)Yy? - 2mXoYo + (m + 1 — g,%) X% + g,%¢

(2.32)

2 _
1 0,
(2.33)
with V given by (2.12) with X = X,.
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FIG. 3. The hemisphere at infinity for the three-dimensional (anti—)de Sitter subspace: (a) A < 0; (b) A > 0.

Consider the W = 0 subspace. If 912 < m+1 then the
pattern of the trajectories is the same as in [28] and [29]
since all critical points lie in the first and third quad-
rants. Points with Yy > 0 (first quadrant) correspond
to the limit £ — —oo, and those with Yy < 0 (third
quadrant) to the limit £ — +o00. Each point in the first
(third) quadrant repels (attracts) a two-dimensional set
of trajectories which lie approximately in the plane

Y= (ET:T) (X £ {[1 + (m —1)g,2)X,?

—(m —1)g,%¢*}*/?).

There is a zero eigenvalue corresponding to the degener-
ate direction perpendicular to this plane. In terms of the
coordinate 7 one finds that # — 0 at all critical points
except those for which ¢; = mk, which correspond to
horizons. These special critical points are of course those
lying in the W = 0, Z = 0, V = Y plane (cf. Sec.
IIB). Figure 1 thus represents the plane which bisects
the W = 0, Z = 0 subspace to pick out the Schwarz-
schild solutions.

If 912 > m+ 1 then points for which |Xo| < X1, where

|g101|
\/1 + (m —1)g,2

X = (2.34)

R

lie in the first and third quadrants, and have the same
properties as for g 2 < m+1. If | Xo| > X1, on the other
hand, then one critical point lies in each quadrant. The
two points in the first and third quadrants have the same
properties as before. At the critical points in the second
and fourth quadrants we find that # — oco. As before
there is one degenerate direction corresponding to a zero
eigenvalue. However, both points are now saddle points
with respect to the remaining two directions. Each criti-
cal point in the second (fourth) quadrant repels (attracts)
one trajectory from the A > 0 region and one trajectory
from the A < 0 region of the phase space: these are the
Z = 0 solutions discussed in Appendix B 1, and depicted
in Fig. 4(b). Each point in the second (fourth) quadrant
similarly attracts (repels) one trajectory for each sign of
A;: these trajectories are in fact the X = 0 solutions dis-
cussed in Appendix B2, and depicted in Fig. 5(c). Their
asymptotic form is given by (B27). Thus trajectories
in the X > 0 and X < O regions of the phase space for
which Z is not identically zero do not have end points in
the second and fourth quadrants. If such solutions have
asymptotic regions, the limit # — 0o must be approached
at critical points at the phase space infinity.

The phase space infinity of the W = 0 subspace can
be studied once again by introducing coordinates (2.24),
(2.25). The following equations are obtained for the an-
gular coordinates on the p = 1 sphere at infinity:

dé _ )‘1 2 2\ .92 . = (m—-1 .

o —cosﬂ{mcos 0 [cosr{)-{~(1—g1 )sm¢] —sin“ 6 sm¢+P2( — cos¢>+s1n¢):l , (2.35a)
dé 1A 2 2 . 2,5 (M1

ok A e § — - - 2.35b
o = Snd [m cos®f[(1 — g,°) cos¢ —sin @] + sin” 6 P, sing —cos¢ | |, (2.35b)
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where
p=—1 [(m +1-g 2) cos? ¢ — 2m cos sin ¢ + (m — 1) sin® ¢] . (2.35¢)
2 14+ (m-1)g,? 1
Y

Four sets of critical points are found.

(i) Once again we obtain the end points of the curves
of critical points with A = W = Z = 0. These points,
which we will denote Ls_g, are located at

m=,/1+g2
— Vv 1 (2.36a)

0
0=§, ¢ = arctan e

A>0 //\<’0
Y
(b) 7
X<0
;;. A>0

>
\%
o

/

FIG. 4. The projection of trajectories in the W =0, Z =
0 subspace onto the X,Y plane, with V' given by (2.12), for
nonzero c,: (a) 912 <m+1; (b) 912 > m+1. The broken line
corresponds to the Schwarzschild solution. The bold lines rep-
resent sections through the cone of critical points A = 0, W =
0, Z = 0. If ¢, = 0 we obtain the section which bisects the
cone, so that instead of being hyperbolas the critical points

fall on the lines ¥ = [1/(m — 1)[{m + [1+ (m — 1)g,2]"/*}.

\

A >0

FIG.5. The projection of trajectories in the W =0, A =0
subspace onto the X,Y plane, with V given by (2.12), for
nonzero c;: (a) 9,> <m+1; (b) 9,2 =m+1; (c) g,° > m+1.
The bold lines represent the same critical points as in Fig. 4.
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or or
m:i:,/1+g12 X =+o0, Y =X,
1/2
(2.36b) Z= m X.

These points have the same properties as those outlined
above for the appropriate cases of the A\ = W = Z = 0
points at finite distances from the origin.

(if) We once again obtain the critical points M; and
M, given by (2.29). As before, these points, correspond-
ing to asymptotically flat solutions, are found to act as
saddles with respect to all trajectories other than the
two-dimensional bunch of W = Z = 0 Schwarzschild so-
lutions.

(i) If A, > 0 and g2 < m+1orif A} < 0 and
g.2 > m + 1 then there are two critical points, which we
will denote N; and N2, which are located at

m+1—g2 12
@ = arctan [/\1 ( — 9 + +;n 2)} ,
m -9,

\ (2.37a)
m+1-—
¢ = arctan (—gl)
m

or

m+1—g?2
X=400, Y= (————91>X,

1/2
m+1—g?2
Z= (-——gl ) X,
mA,
on the X = 0 surface. In the full five-dimensional phase
space these points also have

1_
W =0, VZ(M)X,
m

If g, < 1 then the point Ni (N2) in the first (third)
quadrant attracts (repels) a three-dimensional set of tra-
jectories in the three-dimensional subspace. (N; attracts
all trajectories in the A > 0 region, and some A < 0 tra-
jectories if 912 < 1) If1<g?<m+1 then Ny (Ny)
only attracts (repels) the two-dimensional set of trajec-
tories lying in the A = 0 surface, and acts as a saddle
with respect to other directions. If g2 = m + 1 then
N; and N, are degenerate with the points Ls and L7. If
912 > m + 1 then the point Nj (N3) lying in the fourth
(second) quadrant repels (attracts) a three-dimensional
set of trajectories in the subspace.

(iv) If A; > O then there are two critical points, which
we will denote P; and P, which are located at

(2.37¢)

2, 1) 2 m 5w
G—arctan(ﬁ[l-f-(m—l)gl ]) , ¢—Z,—4—

(2.38a)

AL+ (m - 1)g,7]

In the full five-dimensional phase space these points also
have

2
mg “ — g,9, +1
W=0 V=(—=1 2" |x 2.
(1+(m—1)912 (2.38¢)

If g2 < 1 these points lie in the A < 0 portion of the
phase space, while if g 2 > 1 they have X > 0. If g, = 1
they are degenerate with points N1 and No.

If g2 < 1 the point Py (P2) in the first (third) quadrant
attracts (repels) a two-dimensional set of A < 0 trajecto-
ries, acting as a saddle with respect to other directions.
The two-dimensional separatrix separates A < 0 trajecto-
ries with an end point on N; (NV2) from trajectories with
two end points on the A = W = Z = 0 curve. If 912 >1
then P, (P2) attracts (repels) a three-dimensional set of
trajectories: all X > 0 solutions apart from those lying in
the Z = 0 plane.

In Figs. 6 and 7 we sketch trajectories on the hemi-
sphere at infinity of the W = 0 subspace for the various
cases which give distinct behaviors.

The properties of the Z = 0 subspace follow by sym-
metry upon making the substitutions Y < V, Z & W,
A; — A, and g; < g, in the above discussion. To set
our notation, the critical points on the sphere at infinity
located at

m+1—g2
X =400, V= <—i> X,
m

o\ 1/2
W = M X
m, ’

Zoo v~ (L"ﬁ_l—_glgﬁ) X,

(2.39)

m

will be denoted R; and Ry. The points located at
X = +o0, V=X,
1/2

W= m X,

M 1+ (m—1)g7)

mg,? — +1
Z =0, Y = _g2_glgz__2 X,
1+(m-1)g,

(2.40)

will be denoted Q1 and Q5.
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D. Global properties of solutions

We turn now to the global properties of the solutions as
deduced from the nature of trajectories in the full five-
dimensional phase space with A # 0. The behavior of
the trajectories may be pieced together in a relatively
straightforward manner from the properties of trajecto-
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parameter family of critical points which coincide with
the intersection of the A = 0, Z = 0, W = 0 surface
and the sphere at infinity. We shall denote the whole set

{L(y)}, where
m— /14 (m—1)g? cy< m+,/1+(m—1)912'

Y

ries in the subspaces already discussed, since if A # 0 m-1 m—1
the only critical points at infinity other than those al- (2.41)
ready found are the extension of points L;_g to the one-  The points L(y) are located at
0= Olr """"""""""""""""""""""""""""""""""""""""""""""""" 1
! (a) :
i A<0 i
R s
1 P, A H
: /// //)ﬂ // A<0 ;
0= % . \ Z< A<0 Y\ ;
_ Ly \ ML L \ M, Lg _
¢=0 A0 3>0 o=2r

6= M, Lg L:

M, L -
2 Lg L\)O= o

FIG. 6. The hemisphere at infinity for the three-dimensional W = 0 subspace with A\; > 0: (a) g,%> < 1; (b) g,> = 1; (c)

1<g?<m+1;(d)g*>2m+1.
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(2.42)

mgy (9, = 9,) + [L+(m— 1), 0]y £ | [2my — (m — 1)y + g2 —m —1

X.

14 (m—1)g,2

Generically, apart from a few exceptions’ trajectories
which are not confined to the sphere at infinity have at

least one critical point on the A = W = Z = 0 curve.
Provided that 912 <m+1and g,> < m+1, then all such

critical points take values Xg, Yo, and V; which are ei-
ther all positive, or all negative. They respectively either
repel or attract a three-dimensional set of integral curves
in the five-dimensional phase space, the remaining two
directions being degenerate. The points all correspond
to # = 0O singularities with the exception of the points
with Yy = V4 which correspond to horizons.

If g2 >m+1org?>m+1 then in addition to

the critical points for which Xg, Yy, and Vj are all of the
same sign, critical points of mixed signs also exist. These
critical points are saddle points with respect to most tra-
jectories in the phase space. The W = Z = 0 solutions

"The W =0, A =0, 912 > 1 solutions given by Egs. (B29)-
(B35) in Appendix B have end points on N1 and N2 on the
sphere at infinity, and have no asymptotic region. A sim-
ilar class of solutions exists for Z = 0. Also, in the case of
the Robinson-Bertotti-type solutions (2.20), some trajectories
join the points S; and S, [cf. Fig. 2(b)].

r

form one separatrix of trajectories with end points at the
saddle points; for these solutions we still have # — 0
as the critical points are approached. Other separatri-
ces are formed by the A = W = 0 solutions, or the
A = Z = 0 solutions, as appropriate. For these solu-
tions 7 — oo as the saddle points are approached, as is
discussed in Appendix B. For most trajectories, however,
including the A > 0 ones which are of prime interest to
us, it is necessary to examine the behavior of the solu-
tions at the phase space infinity in order to determine
the asymptotic (# — 00) behavior of solutions for which
an asymptotic region exists. Apart from such solutions
there are also many trajectories with two end points on
the A = W = Z = 0 curve which have no asymptotic re-
gion. Generally, they connect two points at which 7 — 0.
However, a subset with two end points in the V =Y,
W = vZ subspace describes Schwarzschild—de Sitter-like
solutions, as was discussed in Sec. II B.

All critical points at infinity other than the points L(y)
and S 2 are found to correspond to # — co provided that
0<gl2 <m+1and0<g22<m+1. If g, = 0 then
the points Pj o correspond to # — const (indicating the
presence of Robinson-Bertotti-like solutions), while the
points Nj 2 still correspond to # — co. The same is true
for the points Q1,2 and Rj,2, respectively, if g, = 0. If
9,2 > m+1 then points Ny2 correspond to # — 0, while
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TABLE L.
from within the sphere at infinity.

Asymptotic form of solutions for trajectories approaching critical points at infinity

Values of constants g2t e?® i
M2 x>0 const const2 const
N1z g2<m+1, 1 >0, X=0 72 P29, Py
- 2 n
P2 g9, #0, A, >0, sgn X = sgn (9,2 — 1) 729, const m/9,
- 2 n
Q1,2 9, #0, A, >0, sgn A =sgn (g,° — 1) 729, const2 m/g,
Ri» g,2<m+1,3,>0, X=0 72 729770 92
Ti,2 A<0, A=0 72 772 const
ifg, 2 > m+1 then the points R; » similarly correspond to and
7 — 0. To discuss the as totic form of the solutions
- ymp 1> 85> B> > fBee1 > fs > 0. (2.45)

it is perhaps more convenient to examine the behavior
of the metric functions of the more usual Schwarzschild-
type coordinates

e dt? + 2 d7? + 72g,5dz% dT°,

Gabdd®dz® = — (2.43)

rather than (2.1a). In Table I we display the asymptotic
form of the metric functions (2.43), and of the scalar
field, for integral curves from regions of the phase space
at a finite distance from the origin which approach each
of the critical points on the sphere at infinity for which
F — 00.8

In order to classify the various solutions we must first
of all determine the nature of the various critical points
at infinity. It is straightforward but laborious to evaluate
the eigenvalue spectrum for small perturbations about
the points. In Table II we summarize the results for such
an analysis. We display the eigenvalues for the points
with X > 0. For the corresponding points with X < 0
the sign of the eigenvalues is simply reversed.

The qualitative behavior of the trajectories is largely
dependent on the values of g, and g,, apart from the
case of points Mj 2. These points, the only ones which
correspond to solutions asymptotically flat in terms of #,
are end points for a three-dimensional set of solutions for
all values of g, and g,. These solutions are just those
lying in the W = Z = 0 subspace, which is physically
equivalent to A, = A, =--- = A, = 0. Thus models with
nonzero A, possess no solutions which are asymptotically
flat in terms of # if A # 0.

The eigenvalues for small perturbations near the points
Ni2, P12, Q1,2, and R, are essentially independent of
the constants g,, i > 3. The only exception is one eigen-
value at each point in the case that at least one of the
a; or (3; is less than one-half. On account of the ordering
(2.2) we also have

O<ag<ayg<:--

<ag_1<a,<1, (2.44)

°If g > m+ 1 or g,> > m + 1 then we will also have
# — oo for X = 0 trajectories which approach points L(y)
with y < 0. However, such trajectories are confined to the
sphere at infinity and thus do not represent physical integral
curves, and so we omit them.

Thus either Qg or Bs has the smallest value of the o; and
Bi—this value being important in defining coordinates
at the phase space infinity which lead to a well-defined
spectrum of linearized perturbations. If we define

_J95 ifay <,
9o = { g, otherwise, (2.46)
and
_Jg, ifBs< oy,
9p = { g; otherwise, (2.47)

then we find that one of the eigenvalues at the points
Ny 2, P12 depends on the factor ( 9, — 9,), while one of
the elgenva.lues at the points Q1,2, Rz depends on the
factor (g; — g,). However, since both these factors are
positive for each choice of & and 3 there is no qualitative
difference between the alternatives.

In Table III we summarize the nature of the set of
solutions with end points at Ny 2 and P 5. The corre-
sponding results for R; 2 and Q1 2, respectively, may be
obtained by substituting g, — g,, W — Z. We display
the dimension, d 4, of the maximal set, A, of trajecto-
ries with end points at each point—for 912 < m+1 this
means the dimension of the set of trajectories attracted
to (repelled from) the point N; (N;), and vice versa if
9 2 > m+1. In the case of the point P, (P,) it means the
dlmensmn of the set of trajectories attracted (repelled).
Each point with d4 < 5 will also be the end point for a
(5 — d 4)-dimensional separatrix of saddle-point trajecto-
ries. Of most interest are the points which are end points
for a five-dimensional set of trajectories, as they repre-
sent solutions with the most typical behavior. Ifg, >0
then such points (NV,2) exist only when g 2 > m+1 and
A; < 0. Such points exist for all g, < O0if /\ > 0: for
912 < 1 they are the points Ny, and for g2 > 1 the
points P ,. For the hlgher-derlvat;lve theorles, however,
g, >0 and g < m + 1 and thus the points N; o or
P, 5 are end pomts for at most a four-dimensional set of
solutions.

The nature of the set of solutions with end points at
S1,2 and T3 2 is dependent on both the constants g; and
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TABLE II. Eigenvalues of critical points at infinity. The eigenvalues for small perturbations
which are degenerate have the degeneracy listed in parentheses. The values of y and v listed are
defined by (2.41) and V = vX in (2.42).
Eigenvalues (with degeneracies)
L(y) 0, (2); 2; y; v.
M -1 ; 2).
1 17 (3): m — 1’ ( ) 0 v
- 2 2
M F(m'{"l_gl)’(S);E(gl _1);R1(91_9a)'
— 9 —9)g.2 -
P, 1) (e, (2 m =92 ) g (91-92)
2 14+ (m—1)g,2 1+ (m—1)g,?
- 9+ (m —9)g,2 - -
o) -1, (2); -1 1+ (m )92 : 9, (gg 92) .
2 1+ (m—1)g,? 1+ (m—1)g,?
-1 2 2 2 —3.
Ry F(m+1—92),(3)§;n‘(92“1);?2(95—92)~
8 —g,)A
S —2; —1; 1;_1_ _m:t\/mz_i(gl__ﬁ_?_)__g )
2m A
Ty :(m_+1)_, (2); :_g;
m m
1 ) 8(m +1)(g;, — 9,)Ag
the constants A.. However, the three eigenvalues corre-

. L AR . . 1 2(m+1 —g,)A
sponding to directions which lie within the anti-de Sitter )\T2 + (Tj—> Ar+ ( )(‘Zk %)M =0,
subspace V =Y, W = vZ are independent of the g, and m m
A;, and so any differences are determined by the remain- (2.48b)
ing two el.genvalues, which are given by the solutions of for the points T} 2, where
the equations

8

2 20
2(g, — 9)A Ag=2397" + Z Ai9;0,7
2 1 2)dg
/\s + A, + — =0, (2.48a) i=3
8
_ _ 2a;
for the points S 2, and =-\9 z;)‘z‘giﬁﬂ . (2.48¢)
i=
TABLE III. Nature of trajectories that approach points N1 and P; 3.

N1 da Nature of solutions {A}
0<g <1 4 W=0,A>0; W=0, <0
-1<g, <0 5 XA>0; A<0 )
g, =1 4 W =0, A>0; 3-dim. W =0, A <0 separatrix
g, =-1 5 A 2> 0; 4-dim. X < O separatrix
9,>0,1<g*<m+1 3 W=0,A=0
9,<0,1<g*<m+1 4 A=0
9,>0, g°>m+1 5 A>0; A<0
9, <0, g*>m+1 4 W=0,A>0; W=0, A<0
Py, da Nature of solutions {.A}
0<g, <1 3 W =0, X < 0 separatrix
-1<g, <0 4 A < 0 separatrix
g9, >1 4 W=0,1>0
g, <-1 5 A>0
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For all choices we find only two possibilities: the dimen-
sion of the maximal set of trajectories with end points
at S1,2 is either three or four; while the dimension of the
maximal set of trajectories with end points at T, is ei-
ther four or five. The latter was true in the case of the
Kaluza-Klein models studied in [29].

This completes our classification of the solutions for
Einstein gravity coupled to a scalar field with potential
(1.10) for which the constant A, defined by (2.14) and
(2.15d), is nonzero. For nonzero A, solutions which are
asymptotically flat in terms of # do not exist. This is not
the case if A = 0, however, as we shall see in the next
section.

III. SOLUTIONS WITH A
SCHWARZSCHILD SUBSPACE
(SPECIAL POLYNOMIAL R THEORIES)

If there exist solutions v of (2.14) such that the con-
stant A defined by (2.15d) vanishes, then the structure of
the phase space is significantly altered. No such solutions
exist if s = 2. However, if s > 3, which applies in the
case of the R + aR? theory and other higher-derivative
models with potential (1.13), then such solutions are pos-
sible. We see from (2.17) that if A = 0 we immediately
obtain the Schwarzschild solution—thus all solutions ly-
ing in the three-dimensional subspace V =Y, W = ~vZ
(for appropriate v), and not just those in the Z = 0
plane, are Schwarzschild solutions. This may be verified
by direct integration since Egs. (2.15) are now equivalent
to the equations which lead to the solutions of Appendix
B1, with the added restriction that ¢; = mk.

If we compare the phase-space structure with that of
the subspace of Sec. II B, we observe that the points S 2
and 73,2 do not exist in the Schwarzschild subspace. In-
stead, we have an additional one-parameter family of crit-
ical points at a finite distance from the origin. These
may be parametrized in terms of their arbitrary value of
Z = Zy > 0, and are located at

X=Y=V=0, Z=2, W=+Z. (31)

We shall denote these points O(Z,), and the point at
infinity (Zo — oo) will be denoted O;. These are the
only additional critical points.

Small perturbations about the points O(Zg) yield three
zero eigenvalues, indicating a high degree of degeneracy.
However, their properties with regard to the structure
of the phase space may be ascertained from the following
observations. Firstly, ifY = X or Y = (m+1)X/(m—1),
then P =0, X’ = 0, and Y’ = 0, so that the motion of the
trajectories is entirely in the Z direction, as is depicted
in Fig. 8. Furthermore, since (2.23) is now true for all
solutions we may foliate the three-dimensional subspace
by a stack of planes Y = m(X + k)/(m — 1) to which
trajectories are confined. Each plane is described by a
two-dimensional autonomous system

X' = X? —m?k?, (3.2a)

Z' = m—"j-—l (X +k) Z, (3.2b)

with solution

Z = Co|X + mk|Y? | X — mk|(mFD/2(m=1)] (3.32)
ifk #0, or
Z = CoX™/ (m-1), (3.3b)

if k = 0, where Cj is an arbitrary constant in both cases.
The pattern of these trajectories is depicted in Fig. 9.
The critical points at +mk are of course those that lie on
the A = W = Z = 0 curve, and as expected they either
attract or repel a two-dimensional bunch of solutions in
the subspace. From Figs. 8 and 9 we can see that for
finite Zy the points O(Zp) neither attract nor repel any
trajectories, and so there are no solutions for which they
are end points. Clearly, however, all trajectories which
reach infinity other than those in the planes depicted in
Fig. 8 approach the point O;. This is borne out by the
plot of the hemisphere at infinity with coordinates 6 and
¢ defined by (2.24), which is shown in Fig. 10(a).

The fact that O, appears to be an end point for many
solutions is in fact something of a misnomer, which arises
from the fact that Z ~ X™/(m=1) a5 X — oo for all so-
lutions with an asymptotic region, so that Z grows more
rapidly than either X or Y. Thus although the solutions
(3.3) do not have X =0 or Y =0 as Z — oo, they are
nonetheless projected onto the north pole, Oy, if coordi-
nates (2.24) are used. This degeneracy can be lifted if
instead of (2.24) we use coordinates (p, 8, ¢) defined by

X = psinfcos¢, Y = psinfsing,

(3.4)
Zm=1/m — pcos8,

and perform the same analysis as before. This yields the
plot Fig. 10(b) for the sphere at infinity. In these coor-
dinates we obtain a line of critical points on the sphere
at infinity with arbitrary angle 6:

>
—
>
>

X

FIG. 8. Theplane Y = X or Y = (m + 1)X/(m — 1)
in the Schwarzschild subspace. Both axes are one-parameter
families of critical points. The solution in the Y = X plane
corresponds to the X = 0, A = 0 limit of (2.20), while the
solution in the Y = (m + 1)X/(m — 1) plane corresponds
to the limit g, = 0, A1 = 0 of the solutions (B13)-(B21) in
Appendix B.
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FIG.9. TheplanesY = m(X+k)/(m—1) in the Schwarz-
schild subspace: (a) k = 0; (b) k < 0. The dashed trajectories
are positive-mass Schwarzschild solutions. If k£ > 0 these tra-
jectories are located in the X < —m/|k| region.
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7r
0<0<—2‘,

m

¢ = arctan (m — 1) . (3.5)
Perturbations about these critical points still yield one
zero eigenvalue, corresponding to the degenerate direc-
tion 6, but each point in the first (third) quadrant is
found to attract (repel) a two-dimensional set of solu-
tions from regions of the phase space at a finite distance
from the origin.

The crucial question now is: do any trajectories which
lie outside the Schwarzschild subspace have an end point
at 017 If such trajectories do exist, and if any of them
curve back to another end point in the Schwarzschild sub-
space corresponding to a horizon, then we would have
solutions with nontrivial scalar fields which violate the
no-hair theorems. The corresponding Schwarzschild so-
lution in any equivalent higher-derivative theory would
be nonunique. The answer is that the eigenvalues for
perturbations in the two extra directions are given by

-2
)‘02 = ?(91 - gz)Agv (3-6)

where A, is given by (2.48c). Provided that Ay > 0 then
O; will be a “center” with respect to the extra direc-
tions, and the only solutions with an end point there will
indeed be just the Schwarzschild solutions. If A; < 0,
however, then O; will be a saddle point with respect to
the extra two directions, and a four-dimensional separa-
trix of solutions will have an end point at O; within the
full five-dimensional phase space. Unfortunately, it is not

@ =0r-------— g m e m e m e ("~~~ "~ """ T TT- oo oo-mo-oe

‘ A<0 :

e

1

>0 .

A<0 E

i

9:% — ;
o) : o =27

0(9)

0=0r-~---------- ot B [ b 1

: A<0 !

U '

1

' .

- ) '

>0 \ :

- 1

A<0 |

1 1

! |

e ) 1

=3 i3 T J
$=0 ! 1L Ly M2 Ly =27

FIG. 10. The hemisphere at infinity for the three-dimensional Schwarzschild subspace: (a) with 6, ¢ defined by (2.24); (b)

with 6, ¢ defined by (3.4).
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immediately obvious whether the solutions with an end
point at Oy which lie outside the Schwarzschild subspace
have a second end point on the A = W = Z = 0 curve
at a point corresponding to a horizon or to a singular-
ity. Thus we cannot extend the no-hair theorem, or the
corresponding uniqueness theorem for higher-derivative
theories, to the case in which Ay < 0.

For the R + aR? theory, or indeed for any action (1.7)
with coefficients (1.11), which gives rise to an equivalent
potential (1.13), we find that a Schwarzschild subspace

is obtained only for £ = 1 and v = 1. Consequently,
Ag =m(n —1)/(4na/m +1) and
2 _ -m
Ao = da(m+1)’ (3.7)

so that O; is an end point for Schwarzschild solutions
only provided a > 0. This is of course the same condition
required for Whitt’s proof in the case of the R + aR?
theory (cf. Appendix A).

To complete our proof of the uniqueness theorem for
higher-derivative black holes it is still necessary to check
the asymptotic behavior of the metric functions near the
critical points at infinity for which €27 is not asymptoti-
cally constant in terms of the physical radial coordinate r
instead of the coordinate # used in Table I. The results for
higher-derivative actions with equivalent potential (1.13)
are listed in Table IV, in terms of metric functions for
the physical metric in Schwarzschild-type coordinates:

—4Kko

e (T

= —e®dt? + e dr? + r2g,pdzdzP. (3.8)

) Gapd2®dzb

(Near the points T3 2 the solutions are of course still
asymptotically anti—de Sitter in terms of the coordinate
r as well as 7#.) It is evident that, as required, none of
these solutions are asymptotically flat.

From Table III, we see that for the higher-derivative
theories points Ny are end points for the three-
dimensional set of W = 0, A = 0 solutions, while points
P, ; are end points for the four-dimensional set of W = 0,
A > 0 solutions. The constant g, can take either sign
depending on the relative values of m and n, and its ab-
solute value is only restricted by g22 < m + 1. Thus
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the dimension of the maximal set of solutions with end
points at R; 2 and Q2 is three, four, or five depending
on the particular values of m and n. For m = 2 (i.e,
the four-dimensional theory) and n > 3, points R;; are
end points for a five-dimensional set of solutions of either
sign of A, while points Q1,2 are similarly end points for
a four-dimensional separatrix. If m = 2 and n = 2, the
dimension of these sets is reduced by one with the ad-
ditional restriction that Z = 0. In this case, or for any
m and n such that m = 2(n — 1), the points R corre-
spond to asymptotically anti—de Sitter solutions. These
solutions appear to form a special class unrelated to those
of Sec. IIB.

The points S; 2 and T exist provided that m # 2(n—
1), v being given by roots of the polynomial (2.14):

2(n —1) —m)] (Ey”")n —2n (572/”)n—1 +m+2=0,

(3.9)

for which é&y%/™ # 1 (and v > 0). If we factor out the
Schwarzschild root (3.9) reduces to the polynomial

[2(n —1) — m] (572/")"'1 —(m+2) n}f (572/")j =0.
§=0

(3.10)

For the R + aR? theory (n = 2), for example, the only
solution (with v > 0) is

- m + 2
= — = | —— >
é 1, 07 (m— 2) , m > 2, (3.11)
which gives
Y P LA .
7’ m+2)m=2)a’ (3.12)

as is appropriate for the exact solution (2.19). Thus the
points Sy,3 and T 3 exist only for a < 0, m > 2. We find
that

Ao_—m (m+2
9 8aym+1\m—2

and consequently a four-dimensional set of trajectories

(3.13)

TABLE IV. Asymptotic form of the higher-derivative theory metric for polynomial R actions
(1.7) with coefficients (1.11) in terms of the physical radial coordinate r, for the critical points at

infinity at which r is not proportional to 7.

Values of constants et e??
Ei

Ny - <0, A=0 r? rm
i

P, <0, A>0 rd/(m+2) const

Q1,2 m# 2(n—1), S <0, rd(n=1)(2n-1)/[m-2(n-1)] const

sgn X = sgn [m — 4n(n — 1)]
Ry -Z-<O,z_\=0 r?

plm—an(n=1)/[(n=1)(@n-1)]
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have end points at S; 2, and a five-dimensional set of
trajectories have end points at the points T} o, with anti-
de Sitter asymptotics. If a > 0, the structure of the phase
space is completely different: the points S; 2 and T} 2 do
not exist. Instead we find a class of solutions with two
end points lying in the V =Y, W = (m + 2)Z/(m —
2) subspace—these are asymptotically de Sitter. In the
case of four dimensions (m = 2) no subspaces of purely
Schwarzschild-(anti-)de Sitter solutions exist in the R +
aR? theory. However, the points Ry,2 (which are end
points for a four-dimensional set of solutions) nonetheless
have anti—de Sitter asymptotics.

IV. GENERAL POLYNOMIAL R THEORIES

The analysis of the previous two sections applies ex-
actly only to those polynomial R theories with coeffi-
cients (1.11). For Lagrangians of degree n > 3 in R

J
-1 —4g,Kko
V:m{)\lexp( "1 >+)\2exp<

_ —(m—4) 1
m+ 1 9277 m+1’ 93

2ae (5, 9
A1=—2-m<a —§b>, A2=

and € is now defined by

. {1 if 1 + 3bR/a >0,
g = -1

—2¢eéa

3v/3 |al[b]1/2’

—4g,Kk0 A —8(9, — 9,)K0 3/2
222 [+ st (FE2)]| e
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we shall see, however, that in the general case the field
equations become equivalent to those given by one ex-
ponential sum potential or another near all the critical
points. Consequently, the global properties of all theories
polynomial in R can be obtained from the results of Secs.
II and III. As an independent check on this argument in
one case, however, we shall first treat the general cubic
theory in detail.

A. The R+ aR? 4 bR3 theory

The general cubic theory with f = R + aR? 4 bR3
is described by a potential which contains terms
nonpolynomial in exp[ke/+/D —1]. The potential (1.6)

may be conveniently written as
—4g,K0
m b

(4.1a)
(4.1b)
= BEb-’ A4 = ';\—z‘ (a2 - 3b) ) (41C)
(4.1d)

if 14+ 3bR/a < 0.
As before, ¢ is defined by (1.2b). The quantities g,, g,, and g, are still identical to those given by (2.10a) for n = 3.
However, the coefficients A, now differ in general from those given by (2.10c)—the new coefficients A, reduce to the
values (2.10c), with A\, = 0, in the special case a? = 3b, when the potential is an exponential sum. Our new definition
for & also reduces to the former definition (1.13b) if a? = 3b. The Einstein-scalar field equations with the potential
(4.1) are given by

3/2
= (m —1)2XeX + X, e*" + A, e** LZE‘ 2 eZ("‘X)] + A2 T/3) (4.2a)
. 1 1 be A 3/2
"_ _ 2 2 _ g2 27 L 24 2(0-%)
7’ = m(m —1))e +m(m+1 gl))\le +m(m+1 9,9,) A,e%% [lbl /\ ]
1 _ 2n+20)/3 _ 910, _ 2n+x/3 [ b6 M 20 4.9b
+m(m+ 1 9193)A3e m(gl 92))‘46 Ib5| /\ ( . )
. 1 1 be A 3/2
X" = m(m —1)xe* + — (m+1-g,9,) A€+ - (m +1- g22) A e [u;[ + Zhe20n- x)]
1 g be A 1/2
+'7; (m+1~g,95) /\362(n+2x)/3 - Ez(.‘h - 92))\462(2n+x)/3 [|b | Sie?tn- X)] ) (4.2¢)
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with the constraint

2m¢’ (g’ — gyx') | 1+ (m - g, 2 1+ (m-1)g* ,

1+(m-1)g,9, ,,
m+1)¢? + —2———2yly
(m+1) “-9 YL (5 — %) (0= 5"
2 2X 3/2
+(m—1)AeX + A + Age™ ax [ be. + ’\_462(11—X) + 1\232(n+2x)/3 =0, (4.2d)
m m lbel ~ A, m ’

where the variables ¢, 7, and x are defined as before by (2.3)-(2.5). If we now define the variables X, Y, Z, V, and
W by (2.7) once again, and use the constraint (4.2d) to eliminate the e** terms from (4.2a)—(4.2c) we obtain the

first-order system
_(m-1)P

r_ L1y 2 2 4/372/3y _ \M — )7 4.3

X' = — (7, 2%+ 2, + AW 2% ——, (4.3a)
-1

Y = — [(912 — 1A, Z% + (9,9, — DAT? + (9,95 — DA,WH32%/3 + g, (g, - 92)A4Z4/3P2/3] - P, (4.3b)

V= fn— [(glg2 — DA Z% + (9, = DAT? + (9,95 — DAW32% + gy (9, — 9,)0, 2% v/ 3] - P, (4.3c)

Z'=Y7Z, (4.3d)

W =VW, (4.3¢)

[
where b>0, a2>3, é=-1, (a®—4b)ea>0.
3/4

r= b was g Xz (4.3f) (4.5)

|be| Ay ’

and P is still given by (2.8f).

The differences between Egs. (4.3) and (2.8) do not
give rise to any significant changes to the analysis of Secs.
II and III. The position of all critical points W = 0 and
Z =0, and in particular the A = W = Z = 0 surface, is
unchanged, as are the eigenvalues for small perturbations
about them. The number of critical points at infinity
with Z # 0 or W # 0 is also the same, and their location
is more or less the same. For points R; 2 and Q; 2 the
definitions (2.39) and (2.40) are the same, if we now use
A, as defined in (4.2c). These points now exist if ££/a <

0. In the case of points N1 2 and P; 2, we must make the
replacement A, — A, + A, [)\4/>\2] /2 in the definitions
(2.37) and (2.38), with A;, A,, and ), given by (4.2c).
These points now exist if
b>0, a’>3h, é=+1, ea<0, (4.4)
or if

|

In the case of points Sy2, T1,2, and O;, our previous
definitions are once again valid if we replace Egs. (2.14)
and (2.15d), which respectively define v and A, by

A4 4/3 3/2 4/3
A9+ 29, [;;iv /] + Ag957"

A 1/2
+2,(9; — 95) [/\—4 + 74/3] =0, (4.6)
2

and

-1 A 3/2
A=—{A + ), [—4 + 74/3} + 7438 (4.7)
m A,

Here the plus (minus) sign corresponds to be > 0 (be <
0). The eigenvalues about the various critical points are
unchanged from those given in Table II, if A, is defined
by

4/3 )‘4 4/3 2 2 1 A Tz
Ag=7 / A29; [3‘; £ ] + 5')‘3 93+ 5)‘4(91 = 9,) l:/\_; i’)’4/3]

=) 1,\ 4/3 Ay 4/3 AR b 4/3 Ay
==A1g — gAY — | £ §(2yl+92)7 + 29,

2
instead of (2.48c¢).

. (4.8)

A Schwarzschild subspace (A = 0) is obtained only for £ = +1 and & = +1, the appropriate solution then being
given by v = 1. Eigenvalues for small perturbations within the subspace give the same results as previously, and
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furthermore we find that for perturbations in the additional two directions the eigenvalues are once again

—-m
A2 = e
O  da(m+1) (4.9)
Thus just as in the special case of polynomial actions with coefficients (1.11), the black hole uniqueness theorem
applies to solutions with a > 0. Most significantly, this result applies independently of the coefficient b of the R3
term.
With regard to the (anti-)de Sitter subspaces, we find that (4.6) has the solution

(m+2) [(m —2)a? — 4(m — 4)b £ ay/(m — 2)2a? — dm(m — 4)b] fm 2
if m # 4,

443 = 2(m — 4)2be (4.10)
3 (4b —a?)
a2e

ifm=4,

where the sign of ¢ is taken so as to make the right-hand side (RHS) positive. Consequently,

—(m—=2)aF /(m—2)2a2 —4m(m —4)b .
§YBp = 2(m + 2)(m — 4)b ifm #4, (4.11)

% if m=4.

Thus exact Schwarzschild—de Sitter-type solutions of the form (2.18) are also obtained for m = 2, in contrast with the
R+ aR? theory. Furthermore, although in the case of the R 4+ aR? theory only anti-de Sitter solutions are admissable
if @ > 0, for the present theory both de Sitter and anti—de Sitter solutions are obtained for a > 0 if m # 4 (for either
sign of b).

B. Theories of arbitrary degree

At the next order with f = R+ aR? + bR3 + cR* the polynomial giving R in terms of f’ has three branches, giving
rise to potentials such as

€ —2Dko b 3 3 . .
= _ _ _ » 2 2 .
Y 4K203exp<(D_2) ,-_——D_l){256+acq 2SS, 6cq[ ++2_]+3c [2++2_] , (4.12a)
where
1 (8 o,
- 3%~ 4.12b
1= Tpc2 (3“ b ) (4.12b)
_ 1 3 9 2K0
Zozac—s{4abc—b —8c {1—eexp( D—l)]}’ (4.12¢)

and

5= (S £/ + 202)2/3. (4.12d)

Such a potential would lead once again to equations similar to (4.3), if the g, of (2.10a) with n = 4 are used, but
now with a further level of nesting of terms involving irrational roots. In the special case that 3b? = 8ac (i.e., ¢ = 0),
¥, =2%; and £_ =0, so that the potential (4.12) and the resulting differential equations become almost identical
to those of the R +aR? + bR3 theory, the only differences being the values of the A, and the factors o, and 3, [which
appear implicitly in (4.3) in the fractional powers].

We will not study the theory generated by the potential (4.12) in detail, but remark that it should not lead to any
differences from our former analysis any more substantial than, say, the differences between the cubic and quadratic
theories. In particular, the uniqueness of the Schwarzschild solutions should still apply to theories with a > 0.

We will now show that the uniqueness theorem does indeed apply to theories with a polynomial R action of arbitrary
degree n, if a, > 0. We note, first of all, that the Einstein-scalar field equations with a general potential V), derived
from the action (1.4a), are given by

- 2 -
¢" = (m—1)%2e® — 4k*Vexp [(g#x;gz-n—)] , (4.13a)
17 92
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- 2 2 -
’]7” = m(m — l)Aezc —_ [M + n dv] exp [M] s (4.13b)
m 14 9 — 9
- 2 2 -
X" = m(m —1)xe* — [_________(m + DAY + kg dV} exp [————-———(glx 9277)] , (4.13¢)
m 24 91— 9

with the constraint

om¢’(gon’ — g,x') 1+ (m—1)g? 1 -1
m¢'(gpn' — 1x) | ( )9, 2,1+ (m )ylggn,x,

m+1)¢? + n
( X 9, — 9 (9, — 95)? (9, — 95)?

1+ (m—1)g,? < 2 2(g,x —
(m —1)g, X + (m— 1)Re¥ — 4f:nv exp[ (9% — 9,m)

(91 -9 2)2 g1 - gz
where we have used the coordinates (2.1), and functions ¢, 7, and x defined by (2.3)-(2.5) with g, and g, as yet

undetermined (apart from the assumption that g, # g,). In (4.13) o is assumed to be defined implicitly by the inverse
relation to (2.4) and (2.5), viz.,

] =0, (4.13d)

m{x—n
KO=—|———]). 4.14
2 (91 - 92) ( )
For a general polynomial R action (1.1), (1.7) this implicit definition becomes
260\ _ 2n-D(x-n\ _, . v -1
eexp(m) = gexp (T ._1+pz:=2papRp , (4.15)
on account of (1.2), while
€ 49,k0
V=ga o ( ) > (p—1)a R, (4.16)
p=2
and
av e —4g, Ko »
T = e €XP (T) [ -g3)R+ Z — Pgs) a,R (4.17)

if we take g;, g,, and g, to be given by (2.10a) as before. Thus if we define variables X, Y, Z, V and W, by (2.7) we
obtain the five-dimensional autonomous system of first-order differential equations

<z — > (p—DapRP - (m-1P (4.18a)

p=2 m

Y = "fnZz {gl(g1 ~g;)R+ i [(9,2- 1) = p (9,9 — 1)] %R”} -P
p=2

—e72 n
- 4(—7:{3 {(m +2)R+ ;::2 [m + 2p] apR”} - P, (4.18b)

X' =

V= —;Zz {92(91 ~ )R+ (919, 1) (9,95 - 1)) a,,R”} -

p=2

—e72 n
“in- 1&;(Zm ) {[2(" ) -mE+ ; [~(2n + m) +2(2n — 1)p] a,,R”} - P, (4.18¢)

7' =YZ, (4.18d)

W' =VW, (4.18¢)
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where R is now defined implicitly in terms of W and Z
by

w 2(n—-1)/n n
w _ -1
6(2) —l+z:2papRp ,
p:

and P is still defined by (2.8f).

The properties of the phase space defined by (4.18)
differ little in their essentials from the examples studied
earlier. We first note that an (anti-)de Sitter subspace
is defined by the (constant) values of R given by roots of
the polynomial

(4.18f)

m+i[m—2(p— 1)]a,RP~! =0. (4.19)

p=2

The three-dimensional subspace is given by V' = Y and
W = ~Z, where, by (4.18f),

n
ey?m /M =14 " pa RPY, (4.20)

p=2

R being a solution of (4.19). The field equations of the
subspace are once again given by (2.15) with A now de-
fined by

e n
- = _ P
A ~ p2=2(p 1)a,RP. (4.21)

Our earlier results concerning the (anti-)de Sitter sub-
space follow through. In particular, we are lead to the
Schwarzschild—de Sitter-type solutions (2.18), which in
terms of the original physical metric are given by

ds® = —Adt? + A71dr? + r%5,5d3%dz°,  (4.22a)
with
_ 2GM [EZ=2(P - UapRp] r?
A=X- -
rm—l

m(m +1) [1 + E:zzpapRP‘l} ’
(4.22b)

R being a solution of (4.19). Furthermore, we once again
obtain Robinson-Bertotti solutions of the form (2.20) for
our new definitions of v and A.

Let us now consider the critical points of the system
(4.18). It can be readily seen from (4.18a)—(4.18¢c) that
the only critical points at finite valuesof X, Y, V, Z, and
W must all have P = 0, and also either (i) W = Z = 0;°
or (i) R+ Y., _o,pa,RP = 0 and R+ 3_7_,a RP = 0.
The only value of R which simultaneously satisfies both

®Ostensibly it would seem that we can simply take Z = 0
here. However, since R is defined implicity in terms of W/Z
the summation terms in (4.18a)—(4.18¢) will not vanish simply
if the overall factor of Z? vanishes. The leading order R™
term within the summations is of order W2Z~2, and so for
consistency one must also require that W = 0 when setting
Z =0.

of the conditions (ii) is R = 0. We therefore retrieve the
same critical points as were found in Secs. II and III, viz.,
(i) the familiar W = 0, Z = 0, X = 0 surface discussed
inSec. I (i) X =Y =V=0W=2Z=2, (R=0).
These are the points O(Z,) which lie in the Schwarzschild
subspace, discussed in Sec. III.

The phase space at infinity may be studied either by
a direct analysis of the four-sphere at infinity, using an
approach similar to that described in Secs. II B and Sec.
IIC, or by the computationally more simple method of
defining new variables 6, y, v, z, and w by

+1 +y *v
X=——" Y::— = e—
5’ 5§’ v 5’
(4.23)
+z +w
Z=% W=

and classifying the 6 = 0 critical points of the resulting
field equations

ds 6
- =— [2f, + (m - 1)R], (4.24a)
L. 1)22 2f +B 1
= = -D22f, - 9,2 f, + Bl(m — 1y ~m]},
(4.24b)
dU _ 1 2 2 P
i-d_'r = E {(’U— l)z fl — 932 f2+ 5[(m_" l)v—m]},
(4.24¢)
dz z
ig; = [my + ,z2f1 +(m— 1)P6] , (4.24d)
dw w
j:—(;r— = ;1— [mv + z2f1 + (m — 1)P6] R (4.24e)
where dr = §~'d¢, F, = 6*°P, and
fi=eY (p—1)a,RP, (4.24f)
p=2
fo=e [(gl - 93)R + Z (91 - pg3) apRp ) (4.24g)
p=2

with R now defined implicity in terms of w and z. This
method picks out all critical points at infinity apart from
those with X = 0. To obtain all critical points we must
repeat the calculation with each of the phase-space coor-
dinates in turn defined as +1/6.

It is convenient to divide the critical points at infinity
arising from this analysis into three classes according to
the behavior of the scalar curvature R at the points: (i)
R =0; (ii) R = const # 0; or (iii) R — oo.

(i) Critical points with R = 0 have f, = 0 and f, =
0. Consequently the only possibilities admitted by the
equations (4.24) are the points L(y), defined by (2.41),
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(2.42), and the points M; 3, defined by (2.29) (with V =
Y and W = 0 also). If we repeat the above analysis for
the system of equations defined by putting Z = 1/6, with
the other variables proportional to Z, then for R = 0 we
also obtain the point O; defined by the Zy — oo limit of
(3.1).

(ii) If R = const # 0 then we must have z # 0 and
w # 0 on account of (4.18f). Equations (4.24) then imply
that v = y and f, = 0. This latter condition is equivalent
to (4.19) for R # 0. Thus such critical points must lie
in the anti—de Sitter subspace, which as we have already
discussed is well defined. By the analysis of Sec. IIB,
these critical points are therefore Sy 2 and T} 2, where the
~ and A of the defining relation (2.30b) and (2.31b) are
now taken to be given by (4.20) and (4.21), respectively.

(iii) Obviously points at which R — oo cannot corre-
spond to regular solutions. However, it is nevertheless
interesting to check whether the structure of the phase
space is preserved when compared to our earlier exam-
ples. If R — oo, then, on account of (4.15),

1/(n-1)
Retd L [cexp (=250 _) —1 . (4.25)
na, m+1

In the limit R — oo the field equations are therefore
equivalent to those derived from an exponential sum po-
tential (1.10) consisting of a n + 1 term, with g,, g,, and
g5 given by (2.10a) and

_2(n—1)+m(j —3)
I 2n—-1)vm+1

, 4<j<n+1l. (4.26)
We could also derive the values of the appropriate co-
efficients \;; however, they are not of much concern to
us here. We merely note that since the field equations
are equivalent to those of an exponential sum potential,
the only critical points at which R — oo are precisely
the points Ny 2, P2, Q1,2, and Ry (with appropriate
A, in the definitions). The asymptotic form of the so-
lutions is therefore given by Table I, or in terms of the
physical metric, by Table IV. In particular, all of these
critical points correspond to asymptotic regions in which
the physical metric is not asymptotically flat.

Thus the only integral curves which join a critical point
corresponding to a horizon to a critical point correspond-
ing to an asymptotically flat region must be the trajec-
tories with one end point on the curve formed by the
intersection of the W =0, Z = 0, A = 0 surface with the
Schwarzschild subspace, and with a second end point at
Mj o or O;. It therefore only remains to determine the
dimension of the set of such solutions. As before, this
may be found by a linearized analysis of small perturba-
tions about the points. This analysis will be unchanged
from that of Secs. II and III since by (4.15) we have, to
leading order in R,

|

—(D 2)R + Za {( - g) RP + (D —1)p(p—1)RP~3ROR+ (p— 2)R;CR;C]} = 2x°T.

p=2

) =1+ 2aR+ O(R?). (4.27)

cex ( 2ko
P vm+1

Consequently, the linearized perturbation equations will
be identical to those obtained in the R + aR? theory. In
particular, if a, > 0 then no trajectories in directions
orthogonal to the Schwarzschild subspace will have end
points at Mj 2 or O;. This completes our proof of the
uniqueness theorem. We have of course assumed that
a, # 0 throughout. If a, = 0 then it seems likely that
the properties of the asymptotically flat solutions will be
essentially determined by the value of a, where p is the
least value such that a, # 0.

V. DISCUSSION

To conclude, we have shown that in theories with an
action polynomial in the Ricci scalar, the only static
spherically symmetric solution with a regular horizon is
the Schwarzschild solution, provided that the coefficient
a, = a of the quadratic term is positive. In fact, if we
drop the condition of regularity on the horizon then the
only asymptotically flat solutions are still the positive-
and negative-mass Schwarzschild solutions. The gener-
alised scalar potential model of Sec. II does possess non-
Schwarzschild W = 0, Z = 0, A > 0 solutions with
naked singularities which approach flat space asymptot-
ically near the points M 2. However, these solutions
correspond physically to )\ = A, =2, =0, a
possibility which is not admltted 1n the hlgher-derlvatlve
theories. We have not considered the theories for which
the quadratic terms vanish but which have nonzero terms
at higher order. In such cases the condition a, > 0 pre-
sumably translates into a condition on the coefficients
of higher terms in the series. The question of solutions
with a, < 0 is also not fully clear, and could perhaps be
resolved by a numerical study.

The fact that we have been able to prove a unique-
ness theorem for static spherically symmetric black holes
in the case that a, > 0 has immediate important physi-
cal implications when considered in conjunction with the
earlier work of Pechlaner and Sexl [19] and Michel [20].
These authors observed that in the case of the R + aR?
theory in four dimensions the solutions with R = 0 are
not the solutions which correspond to the weak-field limit
about any physical body such as a star or point particle.
This is also the case for the general theory with a poly-
nomial R action which we are considering here. Suppose,
for example, that we wish to match our solutions onto a
star with energy-momentum tensor Ty, in its interior. If
we add such a term to (1.8) and trace the result we find
that

(5.1)
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Thus if we set T' = 0 at the surface of the star we cannot
conclude, as in the case of the Schwarzschild solution,
that R = 0. Our results show, however, that if a, > 0 and
R # 0 anywhere in the domain of outer communications,
then the solutions are not asymptotically flat.

Pechlaner and Sexl, on the contrary, assumed the exis-
tence of non-Schwarzschild solutions which are asymptot-
ically flat. Our full nonlinear analysis seems to invalidate
this assumption in the a, > 0 case. Consequently, their
weak-field analysis of the R 4+ aR? theory in four dimen-
sions, in which they derived experimental bounds on the
parameter a from resulting fifth-force-type effects, needs
to be reexamined with appropriately changed boundary
conditions.

If the Schwarzschild solutions are not the solutions of
physical interest in these models, it would seem that the
large class of asymptotically anti-de Sitter and de Sit-
ter solutions hold more promise. These include both
the exact solutions (2.18) [with A given, for example, by
(3.12) and (4.11) in the quadratic and cubic order theo-
ries, respectively], and also other solutions asymptotic to
them at infinity, or at the de Sitter cosmological horizon.
Asymptotically (anti-)de Sitter solutions have also been
found in a number of models in D > 4 dimensions which
incorporate a Gauss-Bonnet term [32-34] and other di-
mensionally continued Euler densities [35], and thus ap-
pear to be a generic feature of higher-derivative theories.
In fact, maximally symmetric solutions have been found
to exist in a much wider class of higher-derivative models
[31], so presumably such models also possess asymptoti-
cally (anti-)de Sitter black hole solutions.

Returning to the models with dimensionally continued
Euler densities, we note that similarly to the solutions
found here, only asymptotically anti—de Sitter solutions
are found if the coefficient of the Gauss-Bonnet term is
positive in the quadratic theory, while a de Sitter branch
can be obtained at higher order [34]. One important
difference between our solutions and those of Boulware
and Deser [32], for example, is that the asymptotically
anti—de Sitter branch of the Boulware-Deser solutions has
a negative gravitational mass, giving rise to an instability.
Our solutions have a positive gravitational mass, and so
the question of their stability is still an open problem.
The issue of the weak-field limit has not been addressed
in Refs. [32-34], since of course it is really only relevant
in compactified models.

If the de Sitter sector is to be treated as a serious
physical model it is clear that the effective cosmological
term must be small to be consistent with observation. It
is interesting to note that recent astronomical evidence
actually favors a small'® positive cosmological constant
[36]. If higher-order terms in R are obtained from the
dimensional reduction of an action corresponding to the
low-energy limit of a higher-dimensional string theory,
then the status of the effective cosmological term is at
best uncertain. If we ignore the values of the dilaton

10The “best-fit” value favored in Ref. [36] is A = 3.1 x 10752
m™2 or A =8.1x 10~'?2 in dimensionless Planck units.
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and compacton and assume that the compactification
scale is approximately of order v/o/ (in units in which
¢ = h =1, as used throughout this paper), where o’ is
the Regge slope parameter, then the coefficients a p» are

of order (£ py,. . )2®~Y, and A is of order (£, )72, to
within a few orders of magnitude. Such a colossally large
effective cosmological term would of course spell disaster
for these models. However, no definite statements can be
made without some knowledge of the expectation values
of the dilaton and compacton fields, both of which couple
nontrivially to the higher-order curvature terms in four
dimensions. In fact, these scalar fields should really be
treated dynamically, which would necessitate a complete
reexamination of the model. In the D > 4 uncompact-
ified quadratic order theory with a Gauss-Bonnet term
the dilaton has the effect of removing the anti—de Sitter
branch [34], but it is not clear how the dilaton would
affect compactified models.

In view of these problems it would also be interesting,
especially in the quadratic order case in four dimensions,
to consider the addition to the Lagrangian of a term com-
prising the square of the Ricci tensor. In that case the
effective theory contains a massive spin-2 field with a
nontrivial coupling to gravity in addition to the scalar
field. The effective energy-momentum tensor of the ex-
tra excitations does not satisfy criteria usually required in
the proof of the no-hair theorems, and thus it seems plau-
sible that the no-hair theorems could be circumvented in
such a model. However, the dynamical system arising
from a static spherically symmetric ansatz for the met-
ric and the other fields is considerably more complicated
than in the models we have studied in this paper, and it
is not clear to us whether it can be reduced to a tractable
form.

We remark parenthetically that the results of this pa-
per seem to hold up some hope for the problem of finding
black hole solutions in dimensionally reduced theories in
which the internal space is non-Ricci flat, since such mod-
els can also be treated by the formalism of Secs. I and
II1. In [28] and [29] the potential corresponding to (1.10)
was limited to two terms at most. However, we have seen
that at least three exponential terms are required in the
potential in order to obtain a Schwarzschild subspace,
and thus no asymptotically flat solutions were found in
[28] and [29] for internal spaces of nonzero curvature.
More complicated models with s > 3 (or some equivalent
condition if more than one scalar field is present) may
yield more interesting results.
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APPENDIX A

In the case of the quadratic action R + aR? in four
dimensions with a > 0, Whitt [21] has shown that, pro-
vided the energy momentum of any additional matter
fields satisfies certain conditions, then the usual no-hair
theorem for stationary, axisymmetric, asymptotically flat
black holes [37] is still valid. He was able to obtain this
result by proving that the curvature scalar for such so-
lutions vanishes in the domain of outer communications,
and therefore the effective theory coincides with the usual
Einstein-Hilbert theory. Unfortunately his proof cannot
be generalized to more general polynomial actions of the
form (1.7). For completeness we will present an account
of his proof here, in order to show why the theorem can-
not be directly extended to more general polynomial R
actions, and also to correct some errors present in the
original paper.

Whitt’s proof is based on a study of the four-
dimensional Killing bivector [38]:

Pab = 2m5ky), (A1)

where m® is the spacelike Killing vector with period 27
and k° is the timelike Killing vector normalized to unity
at infinity. These vector fields commute [39]:

kbm?, — m°k?, = 0. (A2)
We will take I® to denote either of the Killing vectors k®
and m®. Making use of (A2) and the identity

(l[a;blc]);c = %lcRc[alb} ) (A3)
which is valid for any Killing vector [40], we find
(ljapkemq))? = =31 Rajakemy. (A4)

We can now use the vacuum field equations of the higher-
derivative theory to evaluate the right-hand side of this
expression. For the R 4+ aR? case one finds

—al4R, g kymyg

d
(l[a;bkcmd]) = 1+ 2aR ) (A5a)
or in the general case, with field equations (1.8),
(X7 ,a ldR;d[ kymy)
(l[a;bkcmd]);d = ( p=2 Pp . c) . (A5b)

2 (1 + Eﬁ:z appRP‘l)

Using the orthogonality of the Killing vectors to R,, and
the antisymmetry of the derivatives of the Killing vectors,
these expressions become, respectively,

—aR;dl[d;akbmc]

id _
(Haspkema) 1+ 2R

(A6a)

and

- E;:z app(Rp_l);dl[d;akbmc]
2 (1 + -2 appR?"l)

The solution of Eqs. (A6) is given, respectively, by

(l[a;bkcmd]);d =

(A6b)
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Uapkema = C(1 + 2aR) ™ 2e4p0a (ATa)
and
n —-1/2
Uaphema) = C (1 +Y apRP —1) €abed 5 (AT7Db)
p=2

where C is an arbitrary constant. Now we know that
the left-hand side of (A7) vanishes on the axis of rota-
tion since m® = 0 there. On account of the asymptotic
flatness of the solutions R cannot be singular everywhere
on the axis, and hence C must vanish giving

(A8)

k[a;bpcd] =0, Ma;bPcd] = 0,

throughout the domain of outer communications.

From (A8) it follows [40] that if the domain of outer
communications is simply connected and admits no
closed timelike curves, then p,; is timelike throughout
the domain of outer communications, becoming null on
its inner boundary, which is a null hypersurface.

At this point Whitt [21] considers the trace of the
field equations in the absence of matter, which for the
quadratic theory yield

—6aR"“, + R =0. (A9)
One can now multiply by R and integrate over the do-
main of outer communications to obtain

6a / RR,d%° = 6a / R°R.,\/—gdiz+ / R%/=gd*z.
(A10)

The left-hand side vanishes because R, is orthogonal to
the inner boundary and is zero on the outer boundary due
to asymptotic flatness. Moreover, the right-hand side is
positive definite, provided a > 0, since R,, cannot be
timelike anywhere in the domain of outer communica-
tions by virtue of being orthogonal to p,;. Hence R must
be identically zero there.

The conformally rescaled theory coincides, therefore,
with the usual Einstein theory since the scalar field o is
clearly zero if R vanishes and it follows that the unique-
ness theorem for stationary, axisymmetric, asymptoti-
cally flat solutions still holds. Moreover, it is easy to
see that the result remains valid when additional mat-
ter fields are included in the action, provided that the
energy-momentum tensor is traceless, 7% = 0, and sat-
isfies the matter circularity condition [40] Ty(.kym.) = 0.
In such cases the usual no-hair theorems are still valid.
These conditions are always satisfied, in particular, by
a stationary, axisymmetric electromagnetic field. Unfor-
tunately, however, Whitt’s result cannot be extended to
the general polynomial R action since in that case the
argument for R being zero in the domain of outer com-
munications breaks down. Specifically, the trace of the
field equation now becomes

n
—R+) a,[(p—2)RP +3p(RP~1),] =0
p=2

(A11)
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and therefore, integrating by parts and discarding the
boundary term as before we find

—/Rz\/:ﬁd‘l:c-f—Xn:(p—2)ap/R”+1\/'—_§d4z

p=2

=" 3p(p-1)a, / RP2R,R°/—gdtz. (A12)

p=2

The integrals in the sum on the left-hand side do not have
a definite sign for even p, while the integrals in the sum
on the right-hand side do not have a definite sign for odd
p. Thus it is impossible to conclude from this relation
that R must vanish in the general case, or indeed in any
special case other than n = 2, a, > 0.

CA 1
¢ — 1
e = ) exp[ (m 1)06] s

m
n= ;nTI(C + k&) + const,

e = Age %%,

9 (m —1)CA; exp [3(m — 1)C¢]

APPENDIX B

We list here the exact solutions obtained in the cases (i)
V=0,ie, A =A,=---= ), appropriate to the W =0,
Z = 0 subspace, and (ii) s = 1, X = 0, appropriate to
the A = 0 surface in the W = 0 subspace. Corresponding
solutions for the A\ = 0 surface in the Z = 0 subspace
may be obtained by substituting g, — g,, A\; = A,.

1. Solutions with W =0and Z =0

The one-parameter family of solutions was derived in
[28]. In that case solutions were parametrized in terms of
the number n. of extra dimensions in the Kaluza-Klein
model. Here a parametrization in terms of g, (or g,) is
more natural. We will use the former parametrization.
We find

(B1)

(B2)

(B3)

CA 1
pm—1 _ Z1 — —
i = TA. exp [(ao + 2(m 1)C> 5] ,

2g,k0 _ (m— 1)g,%(c, —mk)
m 14 (m-—1)g?

-+ const,

where
Ar=x— A exp|(m—1)C(], (B7)

while k, Ag, and A; are arbitrary constants, C' is a
nonzero constant given by

im-1)? [1 + (m— 1)912] C? =m?k? 4+ (m — l)clzgl2,
(B8)
and the constant a, is defined by

mk + (m — 1)g,%¢c,

= B9
%o 1+(m-1)g2 ~’ (B9)

and lies in the range —1(m —1)|C| < a;, < 3(m—1)|C|.
Solutions have an asymptotic (7 — oo) region only if
A>0.

As & — —oo we find 7 — 0, giving rise to a singularity
except in the special case ¢, = mk = ay = —i(m-1)|C],
when # — const, suggesting the possible presence of a

~(m-— 1)CA2exp[(m —1)C{ + [a; + 3(m — 1)C] Ay’

(B4)

This can be immediately verified to be true
11

horizon.
since (B5) can be inverted. If we choose

_ X_Ao/l—)_\l, C >0,
A= {MI/Ao, c<o, (B10)
we find
; o< c
el =e 2 =) (1 - |le"[r-1) , (B11)

which correspond to the domain of outer communications
of the positive-mass Schwarzschild solution for A > 0.
Similarly, as £ — 400 we find # — 0, giving rise to a
singularity, unless ¢, = mk = a; = 3(m — 1)|C|. In that

1 Equations (B10)-(B12) correct a sign discrepancy in (28]
for the XA < 0 and ¢ — 400 cases.
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case we once again obtain (B11) if we choose

. { ~Xl/40, C>0,

_3Mo/P3l, C<o. (B12)

1503

2. Solutions with W =0and A =0

These solutions may be derived as in [28]. If 912 <
m + 1 we find

el = B exp [%C’{] ) (B13)
m(n + k€)
e¢ = By exp . 912 , (B14)
= 1/(m+1-g %)
et = BomB2(m_1) {%& Xp [(—C’ +mk — (m — l)bo) 5] } ' ) (B15)
2
1—g.? _ o 1/(m+1-g %)
(m +1-— g12) By <A2 1 {CByexp|(3C + k)ﬁ]}m)
o — _ _ — , (B16)
CBy%exp [CE] + (3C +by) Az
~ 1/(m+1-g %)
1 CB 1_ 1
pe ¢ 1 =C+b , B17
" BoBz{ As exp[<2c+ 0)5]} (B17)
- 9.%/(m+1-g ?)
2g. ko 1 |CB 1_ 1 - ! !
exp (—grlT) = B {A—; exp [(56' + F(mk + bo)) 5} } , (B18)
1
I
where m+lp m A
B B cC>0
- _ B; =430 2y p ’ B23
Ap=A) - 312 exp [CE] , (B19a) ! { A, /(By™'B,™), C <0, (B23)
with then we find the solution
= 1 2 22X 142, 2002140 o, ;]
Als—(m+1—g12))\1, (B19b) ds® = —F*A dt* + 771 T—l—rgaﬁdz dz”,
m
while By, By, Bs, and k are arbitrary constants, C is a (B24a)

nonzero constant given by

i1+ (m —1)g%C* = m*k* + (m +1- glz) 9,%¢?,
(B20)

and the constant b, is defined by

(9,2 —1)mk + (m +1-— 912) 9,%¢,

bo = 1+(m—1)g12

(B21)

and lies in the range —%|C| < b, < 1|C|.

We now find that the limit £ — —oo corresponds to
7 — 0 except in the special instances when mk/ (912 -
1) = ¢, = by = —3}|C|, for which # — const, suggesting
the possible presence of a horizon. This indeed the case:
(B17) can be inverted and if we make the choice

2_1 1

9.2 _ g
B.’l B1 —
0 =2 m+1—g2%

(B22)

where
A=}, [1-—C |, (B2ab)
By | (m+1-g.2) 7m0

while the scalar field is given by

2

29, K0 791
e = .
P m m+1— 91'2

(B24c)

Similarly the limit £ — +o0 also corresponds to # — 0

except for the special cases when mk/(g,> — 1) = ¢, =

b, = 3|C| which # — const. Equation (B17) can once
again be inverted, and we retrieve the solution (2.18) if
we now make the choice (B22) and!?

2There are some sign discrepancies in [28] and [29] for the
expressions corresponding to (B23), (B24b), and (B25).
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_A m+1 m ~
Bl={ A,/(By"t1B,™), € >0, (B25)

-B,™*'B,m, ¢ <o.

The spacetimes thus have naked singularities except in
the special cases above.

An asymptotic region is defined only for AL > O
# — oo when C¢ = In |1_\1 /B%|. This limit is approached
at the points V12 at infinity [cf. (2.37)]. All A, > 0 solu-
tions have one end point at N7 or Ny, and another end
point on the A; = 0 curve of critical points. The A\, <0
solutions have one end point on the A, = 0 curve in
the first quadrant, and another end point on the A\; =0
curve in the third quadrant. The asymptotic form of all
the A, > 0 solutions (B15)—(B18) is given by

2k0 FMY;

20N7A.2(!I12—1) e
b

e“t ~ 72, e (B26)

Thus none of the solutions is asymptotically flat. The
general solution holds for C # 0. If one sets C' = 0 while
integrating the differential equations one finds a solution
which corresponds to the C = 0 limit of (B24).

If 912 > m + 1 then the solutions given by expressions
(B13)—(B21) are still valid but b, now lies in the range
b, < —3|C|, b, = %|C|. Furthermore, the behavior of
the solutions and the direction of trajectories near the
critical points is greatly changed in some instances. We
now find that the limit £ — —oo corresponds to 7 — 0
as before if by < —2|C|. However, if b, > 1|C| we find
that 7 — oo. Similarly, the limit £ — 400 corresponds
to? — 0if by > 3|C|, and 7 — oo if by < —3|C|. Critical
points in the first and third quadrants have # — 0, while
those in the fourth and second quadrants have # — oo.
Since each solution has a different end point in the 7 — oo
regime, the asymptotic behaviors vary. We find
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where

LA =
i = +3|C| +mk — (m — 1)b,

- Y , B27b

. _m(kE+3|C)

’UO = —m, (B27C)
40|+ gy (mh +b,) .

00 - bo + %IC—" ) ( 7d)

and the upper (lower) sign refers to £ — —oo (£ — +00).
For the limiting case solutions with b, = 1|C|, if £ —
—00, or by = —% |C|, if ¢ — +00 we obtain the asymptotic
behavior appropriate to (B24), viz.,

26 a9 2-m+1 2% g

2
e?t ~7 % , e ~p 9y Tl

1 e2no ~F™Iy

(B28)

The limit C¢ = In|A,/B;?| for the A, < 0 solutions,
which is reached at the points Nj 2, now corresponds to
# — 0. The A, < 0 solutions given by (B13)-(B21)
all have one end point at N; or Ny and another end
point on the A\; = 0 curve. If this second end point is
in the fourth or second quadrant the solutions have an
asymptotic region; otherwise they do not. The A, > 0
solutions, on the other hand, all have asymptotic regions:
they now describe trajectories with one end point on the
X = 0 curve in the first (or third) quadrant, and a second
end point on the same curve in the fourth (or second)
quadrant.

N N N . 2
e2 ~ 2o e?0 ~ 72%, exp ( glrw) ~ 729 In addition to the above solutions, a second group of
m solutions also exist if > > m + 1 and A\; < 0. These
(B27a)  solutions are given by
J
S — €] , (B29)
K% cos [Ce - )]
¢ _ —m(n + k) B30
e* = By exp [——————glz_m__l ) (B30)
a mp (m-1) (7 1/25-1 = £ V(g,*=m=1)
et = By"B, (A1 1G]~ cos [o(g - go)} exp { [(m — 1)b, — mk] g}) , (B31)
2
. —\g-m-1)Bo . _ . _ ym/(g,2-m-1)
¢ = (} . ) {R M8 cos [C(e — &) exn(-Re)} T (B32)
by + C'tan [C(g _ go)]
R U U 1/(g,? ~m—1)
= — — B33
P = gogn 1ALMIC1 cos [O(€ — &) exn(-by8) } : (B33)
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R 1/(g,?~m-1)
exp (207) = L ({51017 cos 016 - )]} exp [ ) ,
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(B34)

where 1-\1 and b, are defined as before, &;, Bo, B2, and k are arbitrary constants, and € is a nonzero constant given

by

[1+ (m —1)g,%1C% = (9, — m — 1)g,%¢* - m?k%.

(B35)

These solutions have no asymptotic region, and correspond to trajectories with one end point at N; and a second end
point at Na. These end points are reached when £ = £, + (25 + 1)/ (27| C)), for integer j.

If g1 = m + 1 we find the solutions

el = 3162605/2 )

e$ = By exp (I—cﬁ + AlBleéf) ,

1/m
4 =B, B("‘ 1)(exp{ —(m—l)b]€+/\Bleé€})

~ mBy exp (Eﬁ + )\lBleés)

k+ by + A, By CeCt

(o[ e 78"

1 1 mC
— —_— |y - =
B2(exp{{k+ +1< ) )

where By, B;, and B, are arbitrary constants,

1 (¢
b0=7—n- (-2—+(m+1)01>,

k is a constant which lies in the range |k|] >
vm? —1]c,|/m, and C is a nonzero constant given by

(B42)

¢ = (E’%) [ml‘c +/m2k2 — (m2 — 1)c12] . (B43)

and has the same sign as k. We now find that for & > 0
as £ —» —oo 7 — 0 except in the case that k = - =
—by = = C/2, when # — const. The same is true for k& < 0
in the limit £ — +o00. On the other hand, if £ < 0
and £ — —oo, or if £ > 0 and £ — 400, then # — oo.
All solutions have an asymptotic region. In terms of the

)\ (m+1)/m
f + )\lBleCE} ) 3

(B36)

(B37)

(B38)

(B39)

(B40)

(B41)

-
phase space, all trajectories approach the points N; 2 at
infinity which coincide with points Ls 7. In the case that
k=—c = —by = = C/2 we can invert (B40), and if we
make the ch01ce

By =B

2C

B, = B,™!, (B44)
we obtain the solution
F2m a2

A T
ds? = —#2CIn+ dt? + — + 7#2§opdz*dzP,
r

(B45a)
with scalar field
2
exp ( g::") = Byt (B45b)
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