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This article is an investigation of the physics which underlies Hawking radiation from rotating black
holes. It is shown that a global scalar field theory which is compatible with the equivalence principle
demands that a rotating black hole in isolation experience thermal evaporation. The main goal of this
paper is to attain a physical understanding of the phenomenon with a particular emphasis on computing
the renormalized stress-energy tensor in the asymptotic zones, near the event horizon and at stationary
infinity. This tensor is shown to be a measure of the change in the zero-point oscillations of the local
field theory which is formulated by inertial observers during free fall, as compared to a global standard.
An external onlooker sees the zero-point energy in a freely falling coordinate patch decrease as it ap-
proaches the horizon. This translates to a negative energy density of the field, near the horizon, in the
components of the renormalized stress-energy tensor. The external onlooker interprets the zero-point
energy lost during free fall as an outgoing stream of particle-antiparticle pairs.

PACS number(s): 97.60.Lf, 04.20.Cv, 04.60.+n

1. INTRODUCTION

This article is a derivation of the asymptotic form of
the dynamic components of the renormalized stress-
energy tensor of a scalar field, near the event horizon of a
rotating black hole and at asymptotic infinity, as a conse-
quence of the equivalence principle. The analysis paral-
lels the treatment of Ref. [1], which is a similar calcula-
tion for Schwarzschild black holes.

The Kerr geometry is far more complicated than the
nonrotating case, requiring additional calculational
machinery. More in-depth physical explanations appear
in Ref. [1], and many steps are omitted here from calcula-
tions which are similar in the two cases. However,
enough details are included so that this article can stand
on its own.

There is not nearly as much published research con-
cerning Hawking radiation from rotating black holes as
there is from Schwarschild holes. The energy and angu-
lar momentum fluxes at asymptotic infinity have been in-
ferred for scalar fields from partial calculations and plau-
sibility arguments in Refs. [2,3]. In Ref. [4], Unruh’s an-
satz for particle creation is used by Iyer and Kumar to
find the fluxes at asymptotic infinity. The ansatz imposes
a boundary condition at the horizon which essentially
puts the particle creation in the normalization amplitudes
of the wave functions [5]. Some information on the re-
normalized stress-energy tensor is found in Ref. [6]
through a plausibility argument based on analogies to ac-
celerated observers in flat spacetime. In theory, point-
separated bitensor regularization of the stress-energy ten-
sor can be used as it has been for the Schwarzschild hole
in Refs. [7-9]. Some of the preliminary steps can be
found in Refs. [10,11]. In Ref. [12], a calculation exists
for the renormalized stress-energy tensor of a massive
scalar field in the Hartle-Hawking vacuum based on the
renormalized effective action generated by a point-
separated method [3]. This calculation is valid for Comp-
ton wavelengths that are much less than the radius of
curvature of spacetime near the horizon. Thus, by (6.12)
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of this article there is very little radiation in this case and
it is essentially a pure vacuum polarization phenomenon.
There are also some heuristic results for the renormalized
stress-energy tensor for electromagnetic fields in Ref.
[13].

By contrast, one of the strengths of this article is that
the results are derived from first principles—the
equivalence principle. The mathematics of point-
separated bitensors in Kerr geometry generates some
algebra of astronomical proportions. In this formalism,
the mathematics is much more tractible. As in Ref. [1],
an in-depth expose of the underlying quantum physics
which governs this problem is presented, as opposed to
the pure calculational treatments based on point-
separated bitensors. This analysis shows the utility of the
method developed in Ref. [1], to study the Schwarzschild
case, for understanding more complicated problems in-
volving field theories in curved spacetimes. It should be
noted that the following is valid for both massless and
massive fields.

The main premise of this effort is that freely falling ob-
servers can formulate their version of quantum field
theory so that it looks just like special relativistic field
theory in their local neighborhood. As viewed globally,
these locally formulated field theories differ from point to
point of spacetime and, in particular, between those ob-
servers near the horizon and those near asymptotic
infinity. This article compares the stress energy of the
zero-point oscillations as measured by inertial observers
near the horizon with the same as measured by stationary
observers at asymptotic infinity. It is shown, when com-
pared to a global standard, that the energy of the zero-
point oscillations decreases during free fall and this is the
essence of Hawking radiation. One advantage of this
analysis is that, by considering the vacuum state of the
freely falling observers near the horizon, one is forced to
acknowledge that the “Unruh” vacuum approximates the
only vacuum state of physical relevance for a black hole
in isolation (as opposed to Hawking-Hartle- or
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Boulware-type vacua).

The article is organized as follows. First, to be able to
piece together the local inertial analyses in order to ob-
tain a covariant global field theory, one needs a space-
filling family of freely falling observers whose four-
velocities are hypersurface orthogonal. Unfortunately, in
the Kerr spacetime the tetrads carried by such observers
can never be a coordinate frame. Thus, one is forced to
calculate in an anholonomic basis throughout the article.
This creates its biggest problem in Sec. III, where the
wave equation for a scalar field in a freely falling frame is
derived and solved, locally, near the horizon. In Sec. IV,
the solutions of the wave equation as formulated by ob-
servers at stationary infinity, the so-called “global” solu-
tions, are reviewed. The Fourier decomposition of the
“global” solutions in terms of the “local” solutions
defined in Sec. III is accomplished near the horizon. An
inverse relation is found, as well as the Bogoliubov trans-
formation relating the particle creation and annihilation
operators in the two different formulations of field theory
(local and global). In Sec. V, the renormalized stress-
energy tensor of the local vacuum is found. Since this
vacuum is tied to the motion of each of the freely falling
observers, it is straightforward to find the renormalized
stress-energy tensor of spacetime. This is deduced in Sec.
VI by using the foliation of spacetime described in Sec. II
to piece together the local results. Like the
Schwarzschild case, it has a thermal component, but now
there is a contribution in the superradiant modes as was
found in Ref. [4]. The Hawking radiation is clearly
shown to be the result of negative energy and angular
momentum of the local vacuum (as viewed from station-
ary infinity), which is tied to each freely falling observer,
flowing towards the hole along the congruence of
observer’s world lines.

II. THE FOLIATION OF SPACETIME

In this section a foliation of spacetime outside of the
horizon by the world lines of a family of freely falling ob-
servers is described. This will provide the fundamental
mathematical machinery necessary to elucidate the phys-
ics of black-hole evaporation.

A. Classical trajectories in the Kerr spacetime

To define an appropriate family of freely falling ob-
servers, one needs to classify the timelike geodesics out-
side of the horizon through Carter’s equations [14].

The Kerr metric in Boyer-Lindquist coordinates is
given in terms of the mass of the hole, M, and its angular
momentum per unit mass, a:

2Mr
pe

ds’=—|1—

2
}dr2+p2d92+ PA—er

+ sin%0 d ¢*

2
(r*+a?®)+ 2Iw%sinZB
p

~ M 29dgar
p

(2.1)
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where p?=r2+a’%cos’0 and A=r>—2Mr+a?>. There are
two event horizons which are given by the roots of the
equation A=0:

(2.2a)
(2.2b)

A=(r—r )Nr—r_),
roa=M+VM?—a?,

where 7, and r_ are the outer and inner event horizons,
respectively.

The redshifted energy of a particle (the energy as seen
as asymptotic infinity in the stationary frames), o, is
given in terms of the four-momentum in the stationary
frames, P,,, by

(2.3)

—P=o0.

Tildes will be used to denote quantities evaluated in the
stationary frames at asymptotic infinity throughout the
remainder of the article. The component of angular
momentum of a particle along the symmetry axis of the
hole, —m, as seen in the stationary frames at asymptotic
infinity, is defined by

F¢E_m . (2.4)

For geodesic motion, both w, m, as well as the mass of
the particle, m,, are conserved. In Kerr geometry there
is a fourth constant of motion K, Carter’s fourth constant
of motion, which can be given in positive-definite form:
2

+m2a’cos’d ,

K=P3+ 2.5)

. m
wa sinf@+ ——
S

in@

where P, is the momentum conjugate to 3/36. A general
nongeodesic trajectory can be parametrized by w, m, and
K, but they are no longer constants [15].

Carter’s equations of geodesic motion are defined for
trajectories in Boyer-Lindquist coordinates in terms of
these parameters [16]:

B 24 .2
p?P'=—a(wasin9+m)+ 1% p | (2.62)
p*P'=+VR , (2.6b)

— Pa
2Pé=— |pa+—1— |+22 2.6
i sin?0 | A ¥
where
P=w(r’+a?)+ma , (2.6d)
R=P>—A(m2r*+K) . (2.6¢)

Taking a cue from Ref. [1], the most convenient choice
for a foliation of spacetime is a set of freely falling ob-
servers defined by frames released from rest at asymptotic
infinity with no angular momentum, in the distant past:

wy=m, , (2.7a)
my=0, (2.7b)
Ko=co2a2 . (2.7¢)

Then Carter’s equations (2.6) and (2.7) give the four-
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velocity of this set of observers:

0

_ d Vri+a®VoMr 3
18'.,;4,5; E.pz&;

p2 ar ’

1
0,=—
' Asin%0

(2.8)

where g, is the metric in Boyer-Lindquist coordinates,
(2.1).

B. The global frame field

One can define a global frame field which is carried by
these freely falling observers that is denoted as the pre-
ferred freely falling (PFF) frames:

- 84 d )
Eyj=ua,=—*— | —+Q—
0=¥u" AsinZo |0t | 3¢
N S vy
- YritaVaMr 8 (2.92)
p ar
(r’+a®)(2Mr) | 9
E=—r—" 2 40—
1 Ap2 at 8¢
VI ra VoM
y YrraYaMr 9 (2.9b)
P ar
3
E,=— :
@ a¢ ) (2.9¢)
E9=5%+?(r)azsin29El , (2.9d)
where
Qz—gi‘”— (2.10)
84
and
r dr
Plr)= —_—— (2.11)
f’+ V4oV 2Mr
The basis covectors are
ST Wty
w°=dz+ﬁi%l/—2ﬂdr , (2.122)
r2+02]3/2
w‘=dt+l—-——dr—d(a2‘Psin29) , (2.12b)
AV 2IMr
o?=d¢—Qdt , (2.12¢)
0?=do . (2.12d)

Since dw® Aw®=0, E, is a hypersurface orthogonal vec-
tor field and the world lines of the PFF observers foliate
spacetime.

The metric in this frame is given by

go="1, (2.13a)
2

g =120 _(prp oy (2.13b)
&oo

g10=801 =(V")*Pa’sin20 , (2.13c)

goo=p*+[V'Pa%in26]*, (2.13d)
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840 =8¢ - (2.13¢)

All of the other components of g, are zero. The deter-
minant of the metric, g, is

g=— (V") g 4lp*+Pa’a*sin’0] , (2.14)
where a is the lapse function [6]
)
@?=A800 (2.15)
)
Asymptotically (denoted by the symbol “~"),
g ~ —[r*+a?)%in%0 . (2.16)
P‘—vl‘+
The inverse metric is
g¥=-1, (2.17a)
gli= 1 p*+(V")*P%a*sin*26
(VN p?+Pla’a’sin’6
JUNNS N PO (V")*P%a*sin*20 (2.17b)
rer, ( Vr)Z p2 ’
16— 61 —( V’)Z?’a 28i1’l29
—gfl— , (2.17¢)
& ¢ p*+P2a’a’sin’g
00_ —(V")? 1 (
= ~ =, 2.17d)
& V' p*+Pratatsin®0] r—r, p?
gt=——, (2.17¢)
)

all other g#"’s are zero.
C. Global coordinates

The PFF frame of (2.9) is not a coordinate frame. This
is demonstrated with the commutator algebra which can
be represented by the structure constants of the Lie alge-
bra, cfjv:

[EE ]=c E, , (2.18a)
Cpv="Cyy - (2.18b)
One finds, from (2.9) and (2.18a),
3ai 20; V24t a2V IMr
oty = 2Mra s4m29+ Pa “sin20 r2+a 2Mr i(ﬂ)’
Ap P ar
(2.19a)
o =— (r’*+a®)(2Mr) 3 | Q
o A 30 | p2
3
~ M e, (2.19b)
r—r, Ap
P ey
ofy= Yt VaMr +a2\/2Mr S, (2.19¢)
p ar
where the asymptotic form of () was used in (2.19b):
a Ap?
~ - (2.20)
r—r, | r*4a? (r2+a?)?
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Carter’s equations in (2.6) can be used to show that
there is no family of freely falling frames which can be a
coordinate frame for all 6 and ¢ even when restricted to a
small neighborhood of the horizon. This is a significant
difference from the Schwarzschild case that will add com-
plications to the analysis in Kerr geometry. The root of
the problem is a lack of symmetry in the 6 direction
(there is no longer spherical symmetry as in the nonrotat-
ing case) and nonvanishing contributions from 3/36 will
occur in commutators between basis vector fields.

The frame in (2.9) is chosen to come as close to a coor-
dinate basis as possible with E,=, [see Eq. (3.6)]. The
dual covectors o°, !, and w? are all exact differentials, so
their integrals (coordinate functions) are well defined.
The problem is with w?, since Q is a function of r and 6.
Thus, the following coordinates (x%x',x%,x%) are intro-
duced:

dx°=0° , (2.21a)
dx'=o', (2.21b)
dx®=d¢—Qydt , 2.21c)
dx°=de, 2.21d)

where Q4 is the angular velocity of the horizon as viewed
from asymptotic infinity,

a

Qp=——— . (2.21e)
B p2 g2
These covectors are useful near the horizon since
2r.a
o ~ dp—Qudi+ |Qy+———— 1d(x"—x")
rory (ry—r_)p
+0(a?)dx°+0(a?)db . (2.22)

In order to approximately integrate (2.22), a useful rela-
tion is derived from (2.21a) and (2.21b):

a? ~ ux'—x°-C], (2.23)
r—>r+
where
ryo—r_
- (2.24)

K:————
2(r% +a?)

is the surface gravity of the hole and C is a constant.
Thus, (2.23) and (2.22) imply that

Jo? ~ x*+0(a))=¢—Qy1+0(a?) .
r—=ry

—r

(2.25)

D. Local momentum

There are two classes of nonspacelike trajectories
which will be differentiated in this article. Those that are
“globally outgoing,” 7 ">0, and those that are “globally
ingoing,” ¥ "<0, as viewed from asymptotic infinity:

X

~

pr=

= - (2.26)

One can use (2.12) and (2.6) to express the momentum of
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a particle as viewed by a PFF observer near the horizon:

P° ~ 227 0+Qym], V>0, (2.27a)
r—>r+

P’ ~ o, Pr<o0, (2.27b)
r—>r+

P! ~ 2a” Yo+Qym], V>0, (2.27¢)
r—>r+

P! ~ &, Vr<o0. (2.274)
r—>r+

If one considers modes defined by observers at asymp-
totic infinity which are characterized by » and m con-
stant, then the globally outgoing modes have local mo-
menta with huge gradients in blueshift, near the horizon,
by (2.27a), and (2.27¢c). These are the modes which result
in Hawking emission. The physics of this relationship be-
tween differential blueshifts and particle creation is dis-
cussed in detail in Ref. [1], particularly Sec. IV.

A phenomenon unique to the Kerr case occurs when
0o+mQy <0, ©>0. These are well-defined globally out-
going modes, but by (2.27a) they have a local negative en-
ergy. Such modes are referred to as superradiant [17].
These global states “dive” into the negative energy con-
tinuum of the PFF observers (a Klein paradox) [18].

III. THE LOCAL WAVE EQUATION

In order to compare the field theory formulated by
freely falling observers with the field theory defined by
observers at asymptotic infinity, it is essential that the
wave equation in the PFF basis be solved. Since (2.9) is
an anholonomic basis, the scalar wave equation is far
more complicated than it is in the Schwarzschild case.
The connection coefficients I' 5 are tabulated in the Ap-
pendix.

paB

A. The scalar wave equation

The wave equation in covariant form is

P~ mlp=0, 3.1)
where a semicolon represents covariant differentiation.
This can be expanded out in terms of partial derivatives

(3.2)

"58PP, a—mip=0.
For this analysis, it is of interest to solve (3.2) only when
the PFF observer is near the horizon. If (x°x') are
coordinates of the observer, then, by (2.23),

g% <p’a’B+g"B’ﬁ<p,a+F

x!l-x0 ~ C.
r—>r+

(3.3)

One can define, according to special relativity and the
equivalence principle, local energy eigenfunctions defined
by

i—@ =P s (3.4)
ax°" |zox1) 0% 1)
where the identification
d
¢ x“
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has been made. One should note that balance the 3%/ ax02¢7 term in (3.7a) unless
Exx'=8,, i=0,1,6, (3.62) "
o e Proe ~ expli(Pox®+Px!)]~eP*" (3.7b)
E\x'=8'y, i=0,1,6, (3.6b) =
Egxi=8',, i=0,1,0, (3.6c)  This is what one expects since the equivalence principle
- implies that the local solutions should look like plane
E¢x’=5’¢ , i=0,1,0,¢ . (3.6d) waves near (X °,x !). The form of the solution in (3.7b) is

L alid t V defined b
This signifies how close the frame in (2.9) is to being a valid on any open se cnea ™y

coordinate frame.

(0 1 0 6|0 _502_ S I TR
Our main interest is with the globally outgoing modes V=00 xOx A0 =20 g (=X D <<t

which by (2.27a) are characterized by P°>>1/r,. By (3.8a)
(3.4), the wave equation in an order of magnitude scaling . o . .
is On this set P”=const. Normally, it will not be of interest

to know the slow variation of P® on V. However, its ex-
istence is acknowledged in (3.11c).

It will be of more interest to look at generic sets V.,
which are restrictions of YV to the region outside of the
It follows from (3.4) and (2.27c) that there is no term to  horizon:

PO

£ L
ry

—EyEyp+g''E\E,9p+0 =
+

=0. (3.7a)

|

Vo ={x%x x%x?||(x°—x P —g (x'—x )| <r,,x'—x°>C} . (3.8b)
Since the coordinate x ¢ does not appear in (3.2), the equation separates and relation (3.7b) can be modified:

~ expli(Pyx®+Px1)]e™¢F(x%x",0), (3.9)
.

—r

Ploc
r

where F(x%x1,0) is a slowly varying function of x° and x ' as well as 6 near the horizon and m is an integer.

B. The angular functions

The angular dependence of the local wave functions is much more complicated than it is for their Schwarzschild
counterparts which are simply spherical harmonics. For the present purpose, it need not be determined explicitly, but
it will be shown that the angular dependence separates to a good approximation near the horizon and the angular func-
tions which result from a complete orthonormal set.

To define the angular functions, an angular equation is generated near the horizon by substituting (3.9) into (3.2) and
evaluating all of the terms at the horizon, i.e., x! =x°=C or r=r . This leaves a second-order ordinary differential
equation (ODE) with variable coefficients in the variable 6 only. Since, physically, one is only interested in the dom-
inant variation of ¢, near the horizon, the exponential in (3.7b), the asymptotic expression (3.9), can be written ap-
proximately for the globally outgoing modes as

Broe ~ expli(Pox®+Px")]e™ exp[ —iA(T,,,(r,0)/2(r—M *)IF(x%x",0)| , (3.10a)
rery

—r XO:C >
where T, (r,0) is an arbitrary function to be chosen later to simplify the angular equation. It depends on the parame-
ters m and w(P*), which is a function of the local momentum via the inverse to (2.9) or (2.27). The angular function
R (8) is defined by (the arrows signify the globally outgoing condition)

R(O)=F(x%x"0) ,_ o

x0=c ° (3.10b)

To demonstrate the flavor of the calculation, some typical algebraic steps which are used to transform (3.2) into the
angular equation for R(8) are given. Firstly,

>
~

0w 0 3 1 d

3 2Aot+tmQy)
3x? ax° dx! dx!

P§—Pi+a’Pj—
¢! ° pr—m)

(r*+a?)a’sin’0T +ikP, |@ (3.11a)

r—r,

~ {#(m—*—mQH P(p*—a’sin’0)+m2r’+K +2p’m Qylo+mQy)
r—r,

20+mQy)(ri+a?)
p*r—M)

a’sin’0T +ikP, (@ . (3.11b)
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In deriving (3.11a), one needs to note the slow variation of P%and P! on Y,

d d
Y —Pyt+— ! —P,
which follows from (2.9) and (2.27).
Then, after some more similar algebra and choosing

=Py ,

a21P0+P1‘PaZ

r,,6,r)=— or

a2
2 cos20+ —Zsin229
2p
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(3.11¢)

%ﬂe(w-l-mﬂy (4r —2ka’sin’6) (3.11d)
p?

in order to eliminate the imaginary terms in the equation, one gets, after multiplying through with p?, the desired equa-

tion
1
<ind 30 sinf aeka(a) ;0) | +flow,m, me,O)RKm(co 0)+Kka(w 0)= (3.12a)
where
_ . 4a%sin%0(r2+a?) p*m?
flo,m,m;0)=[0+mQy[p?—a’sin’0]— (ry—r_ o5 —mZa*cos’0+2p’m Qyw+mQy ]+ 2+ a2 Psin’0

20w+mQy)

o —) (r2+a2)azsin20[P1?’
phr—

The angular equation (3.12) is an eigenvalue equation
where the eigenvalues K are restricted by the regularity
of R, (w;0) at 6= and §=0. The subscript k was add-
ed to the angular function to reflect this.

According to Sturm-Liouville theory, since sin6 >0 on
the domain 0 < 6 <, the functions R, form a complete
set which are chosen to be orthonormal for each pair
o(P*) and m [19]:

fﬁkm(w(P“);B)ﬁ im(@(P*);0)sin0d0=258,,. . (3.13a)
The appropriate angular measure used in (3.13a) follows
from (2.16).

A similar analysis can be performed for the globally in-
going modes @. Another complete set of orthonormal

functions is obtained:

[ Rip(@(P#);0)R },,((P*);0)sin0 d0=8,;. .  (3.13b)

C. The solution space

The restriction of the local wave function to the gener-
ic open set ¥V, of (3.8b) is denoted by &, (x%x',6,x%)
for the globally outgoing modes:

_ o imxtm
(‘ploc)nmk|‘\/+_une’mx ka(wn;e)

Eanmk(xoyx 116,x¢) ) (314&)

!

= . DO 0__1
VZTV—Z—FS’\/rZ—FazeXP[l(P ), (x°—=xhH1,

(3.14b)

where the fact that P°~ P! for globally outgoing quanta
near the horizon [see Eq. (2.27)] was used in the exponent

a?
2 cos20+ —zsin229
2p

+ 95500, 1[4r —2asin]

(3.12b)

of (3.14b).
Similarly, the local solutions which are globally ingo-
ing near the horizon are of the form

. -
{Fnmk(xoyxlye”xl_xozcelmx }

(El_)loc)nmk ~
r—r
X (exp{i[(Py),x°+(P}),x"]
X[1+0(aH]})

Py,P, ~ const+0(a?),

r—r,

(3.15a)
(3.15b)

where ank(xo,xl,e) is a slowly varying function of x°
and x! near the horizon (i.e., varying on distance scales
on the order of ;). Rearranging (3.15a), using (2.21) and
(2.27),

(Zﬁ]oc)nmk ~ Nnmkeimx¢ﬁkm((‘)n;0)
r->r+
i(P°—

P,
5 L (x4 xH[14+0(a?)]

Xexp
(3.16)

where N,,, is a normalization constant.
and (2.27) again, (3.16) is

Using (2.21)

(Eloc)nmkI‘V+2§neimx¢ﬁkm(wn;0)zanmk ’ (3.17a)
7 = 1 1
\/2771/2(1)0 Vri+q?
Xexpli[w(P*),+mQy v}, (3.17b)
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where v is the advanced coordinate:

U=t+r* ’ (3183)

r2+a?
re=[—ar. (3.18b)

The advantage of the normalization constant imple-
mented in (3.14b) and (3.17b) will be made apparent in
the next section. For more details on the validity and the
mathematical rigor of the approximations used, as well as
more physical insight, see Sec. III of Ref. [1].

o, +tmQg)u

5,,,(",9,(#,1) -~ —
it r=rs V2V o,mQyV'ri+a

(o, +mQy

Pami(1,60,8,8) ~ ——
: r=ri V21V 0, +mQuVrita

The coordinate u is the retarded coordinate

4.2)

u=t—r, .

The functions S}, (w,;6) are spheroidal harmonics which
form a complete set for each value of w,,:

[ 81 (0,008, (,,;0)5in0 6=, . 4.3)
The quantum number / is intimately related to Carter’s
constant K. In fact, the angular equation defined by
these observers can be written as an eigenvalue equation
in K as was done in (3.12) [20]. A complete set of eigen-
functions exists for this equation as well, but they are not
well-studied functions like spheroidal harmonics.

These solutions are characterized by » and m equal to
a constant. The following restrictions to a generic open
set V', are implied:

im(¢—Q g1

= = )

@)umil oy, =8ne Sim(©,30) =P (4.4a)

= 1 1 1 i@, +mQyu

U= "= e " ,  (4.4b)
Vam Vo,+mQy Vrt+a?

= = im(¢—Qpyt) -

(a))"MIIw+:ﬁ"elm ¢ 't Slm(wn;e)za)nml > (4.4¢)

5: 1 1 1 i(m"+mﬂH)v . (44d)

Using (2.12), (2.21), and (2.23), a very useful expression
for the global outgoing modes can be derived in terms of
local coordinates:

im(¢—Q . t)
=S (@, 00!

2S,m(w,,;ﬂ)e
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IV. THE LOCAL FOURIER DECOMPOSITION
OF THE STATIONARY FRAME
WAVE FUNCTIONS

In this section, the wave functions, as formulated by
stationary observers at asymptotic infinity, are decom-
posed as generalized sums of the local wave functions dis-
cussed is the last section. An inverse relation is derived,
as well as the Bogoliubov transformation between the two
sets of particle creation and annihilation operators.

A. The global wave functions

The global wave functions @,,.,,.;(r,0,¢,t) defined by
the stationary observers at asymptotic infinity have a
well-known asymptotic form near the horizon [20]:

purely outgoing as r —r, , (4.1a)
eyt purely ingoing as r —r, . (4.1b)
[
mx @
B "™ Sim(w,;0)
Prml ~ T —
", V2rvie, +mQyVri+a?
l((l)n+mQH) xl—xo—c
Xexp | — In : ,
K D
(4.5a)

where D is a constant. Another useful representation,
near the horizon, is a WKB-type solutions [21];

e @
mx
e Slm(m";e)

Bomi ~ =
"t V2V 0, +mQyVr Fa?

X exp [—if(PdeO—P'dxl) . (4.5b)
where P° and P! are functions when o is a constant [see
(2.27), for example].

B. Transformation between sets of angular functions

There will be no need to find the explicit transforma-
tion between the two sets of angular functions Sy, and
R,,,- However, the unitarity properties of the transfor-
mation will be exploited and these are explored in this
section. First, the transformation is defined using the
completeness proved in Sec. III B:

Spm(w":;9)=2§,'k(m,wn',Pn )Ekm(w(Pn ),0) ) (463')
k

Spm(@,30)=6,1(m,@,, P, )Ry (0P, );0) . (4.6b)
k



46 EVAPORATION OF ROTATING BLACK HOLES AND THE.. ..

Substituting (3.13b) and (4.6) into (4.3) yields

304 (m,0,,P,)0 1 (m,0,,P,)=8 , (4.7a)
k
30,(m,@,,P,)0 1 (m,0,,P,)=8 . (4.7b)
k
By unitarity,
(4.8a)

Rin(@(P,);0)=3021(m,0,,P,)S) (0,30 ,
-

Pumi (1,0, 1)y =3, zfo‘”dww,, )8(a(P,)— ')
k m

where

Orm'km =0r18mm: - (4.9b)

The globally outgoing solutions are physically more in-
teresting. The global solutions are characterized by
o+mQy equal to a sum of constants. By (2.27), this
means that the local momentum of the “global” wave
varies greatly and has many oscillations in a small neigh-
borhood of a PFF observer, near the horizon. Thus, un-
like the globally ingoing case, the outgoing ‘“‘global” wave
functions can only be represented by a packet of local
wave functions. For a discussion of the relationship of
this large differential blueshift to particle creation, see
Sec. IV B of Ref. [1].

Dropping the arrows to streamline the notation, one
expects an expansion of the general form

ﬁ,,'l«v+=f0 (Apthy +Bptt)oy dP . (4.10)

Using the same Fourier techniques employed in Ref. [1],
one finds

. (ﬂ/ZIr)[a)n,+mQH] .
_ ie _‘[”’n’+’"QH]/“eiPnC

Apy=— D
21V P (0, +mQy)

XPn—i[m".+mQH]/x

0y TmQy

1+

K

(4.11a)
J

— (0 1
M={x%x10,x%— 0 <x%< 0, — <x'<ow,—w<xb<w, 0=6=w} .

The region outside of the horizon M , is given by
M, ={x%x10,x%x'">x°+C,050<7m —w<x?<w}.
(4.13b)

The ambiguities of analytic continuation arguments (such
as the future and past histories of the PFF observers and

1319

Ry (0(P,);0)=38%(m,0,,P,)Sp,(0,;0) .  (4.8b)
<

C. The local Fourier decomposition

The main mathematical step used in deriving the re-
normalized stress-energy tensor is the expression of the
“global” wave functions of (4.4) as a Fourier integral with
respect to the locally defined wave functions, near the
horizon. The Fourier decomposition of the globally ingo-
ing case is trivial by (4.6b), (4.1b), and (3.17):

0 172
(PO), L
w,tm'Qy (@roc)nmi Ormkm (M@, Py ) (4.92)
—
. (/260 [0, +mQy ] . )
- 1e —l[wn.+m.QH]/xe—1P"C
" 20VP (w0, +mQy)
—ilw.. {w,+mQ;)
XP, ilw, +mﬂH]/xr 1+ n H 4.11b)

One can obtain an expression analogous to (4.10) for the
complete wave function @,,.,,., from (4.11) and (4.6a):

—

@n’m'l"‘\ﬁk

=§ 2 fO dP'(l)[ Ann’mm’kl'ﬁnml +Bnn’mm’k1’¢1ml”‘v+
m

(4.12a)

where
Akt = AunOmiom (@ Py ) 5 (4.12b)
Brmm k=B Pt (@01, P, (4.12¢)

D. Inverting the Fourier decomposition

The expressions (4.10)-(4.12) contain certain informa-
tion on the inverse transformation to (4.12) for ¢,,, as
well as the Bogoliubov transformation relating creation
and annihilation operators. In order to obtain a rigorous-
ly derived result, one must introduce some mathematical
abstraction as in Sec. IV C of Ref. [1].

First, an extended manifold M is introduced:

(4.13a)

=
the hole) are avoided by saying that the manifold M is
merely a mathematical construct of convenience. There
may or may not be any physical significance to the space
M —M . To see the ambiguity of analytic continuation
arguments, compare the results of Refs. [5,22] to Refs.
[23,24] in the Schwarzschild case. The metric on M is
given by the asymptotic forms in (2.17) and the volume
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measure is given by (2.16) everywhere. Physically only
the subset of M, V| is of interest.
Consider the function ¢,,,, defined on M

Ekm(wn;e)
V2ry 2P0V 1 g2
Xexp{i[(P?),(x%—x")]}e™*

¢nmk =

‘. (4.14)
The inner product associated with the Klein-Gordon
operator on the hypersurface orthogonal to 3/3x° is

-

— a 53 71 6
(a,b)——tfxo:consta*aab\/g dx 'dx%dx (4.15)
from (2.16),

Vig®=(r+a?)siné . (4.16)

Thus, the functions in (4.14) are normalized on these hy-
persurfaces:

(¢nmk’¢jih )=8(Pr?—PJQ)8mi5kh >
(Olmidlin ) =—8(PO—P)5,,:8,, .

&,k 18 not a solution of the free particle equation on M,
(3.2). It is merely a mathematical construct. By (4.14)
and (3.14) for any € >0, there exists an open set V| such
that

(4.17a)
(4.17b)

}¢nmk—¢nmk|‘\/+<€ . (4.18)

So one can say that ¢,,, is a good approximation to
Bumi ON Vo1 @, is the restriction of ¢, to V.

Recall that the expression for @, in (4.4a) is valid
only near the horizon and on V. One extends @, to
all of as M as ¢, by using (4.11), (4.12), and (4.14):

an’m’l’:—:z 2‘[0 dPl?[ Ann’mm’k1’¢nmk +Bnn’mm'k1’¢lmk] .
k m

(4.19)

Direct substitution of (4.19) into (4.15) gives the normali-
zation condition on x °=const hypersurfaces in M:

(BnminGjin) =8(@yr— )8 B »
(¢ :'m'z"‘Z}i'h' )=—8w, — @), i By

(4.20a)
(4.20b)

Since the ¢,,,,’s have a 8-function normalization on
spacelike hypersurfaces in M, the expansion (4.19) can be
written as

&n'm’l’zg 2 foder?[‘bnmk((pnmk’an’m'l'>

—¢ka<¢:mkr$n'm’]'>] ) (421)
where the inner products are taken on x°=const hyper-

surfaces. Using (4.19), one can make the identifications
<¢nmk 7$n'm'l' > = Ann'mm’kl‘ ’ (4223)
<¢Imk’$n'm’l') = ~Bnn'mm’k/’ . (422b)

From the symmetry of the inner product in (4.15) and
(4.22), one finds

<$1’m'l" d’nmk ) = < d"rrzmk’an'm'l’ ) =Bnn’mm’k1’ > (4.23a)
<$ I'm’l"¢nmk > = ( ¢ka?$n'm'1’>
= Ann'mm'kl' . (423b)

One can use (4.20) and (4.23) to find an inverse relation
to (4.19). Since the ¢’s have a §-function normalization
on spacelike hypersurfaces in M, there exists an expan-
sion analogous to (4.21):

¢nmk ZZ %fowdwn'[[ﬁn'm’l'( $n'm’1”¢nmk )

—$I'm'1'< $I'm'1”¢nmk Y] . (4.24a)

Then, using (4.23a), this can be expressed as

o —_~
¢nmk=2 2,[0 dwn'[A:n’mm’kl'd’n'm'l'
m' I

Tt
—Bnn'mm’kl'¢ n'm’[’] .

Finally, one can get the inverse to (4.12) by restricting
the expression (4.24b) to the subset V  :

(4.24b)

—

‘ﬁnml"\@_z 2 Efo dwn’[ A:n’mm’kl"én’m’l'_Bnn’mm’kl’Ef' h'm’l’]"\/ . (4.25)
' m

+

This is the desired result and there is no further need to use the abstract manifold M in the remainder of the text.

E. The Bogoliubov transformation

The local and global representations of the field are compared on %V in order to determine the Bogoliubov transfor-
mation which relates particle creation and annihilation operators between the two formulations of the field theory. The
stationary observers at asymptotic infinity expand the field ® in the “global”” modes:

-

a~)=12 2, f_wwdﬁ ;"/_g {[a’n'm'l'a-n’m’l’+(¢n'm'l')T(5n'm'I')T ]®( r/ :1’)+ [én'm'l'avn'm’l’+(%n’m'l’)1‘(an'm'1')T]e( - 17 :xl)} >

(4.26)
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where the “radial” momentum P, is determined in (2.6)
through the quantum numbers /, m, and w,.. Step func-
tions were introduced to segregate the globally outgoing
modes from the globally ingoing modes for later conveni-
ence. At this point a difference from the Schwarzschild
case arises, the sign of ¥ is not necessarily the same as
P’. For the superradiant modes discussed in relation to
(2.27), w+mQg <0, and P " is of the opposite sign to ¥ ".

The volume measure V' —g is
V' —g =p%ind . 4.27)
Near the horizon, by (2.6),
_ _ 24 2
Pl ~ sgn(V [, +mQ,]~ ta (4.282)
r—r, P

Thus, when integrating inside of a sum over quantum
J

numbers m for each term in the sum, one can make the
following useful substitution in the integrand of the
asymptotic expressions:

V —gdP . —(r*+a)sinfdo, . (4.28b)
The operators (5,,',,,,1,)T and (5":,,,'1')T create modes from
the vacuum defined by the stationary observers at asymp-
totic infinity, |0_ ), that are outgoing with quantum num-
bers I', m’, and w,. and ingoing with quantum numbers
I', m’, and w,, respectively. Similarly, @, and @,
annihilate the stationary vacuum:

B0, )=0, (4.292)

Tymr|0, ) =0 . (4.29b)

Analogously, the PFF observers describe the same field
in terms of local modes:

(I)loc:% Ef_wwv__gdpg{[gnmkanmk+6Imka:mk ]®[_(PO+P1)(PI_PO)]

+ [Pk Bk + & k@ foi 1O[(Po+ P, )(P2—PO)]} ,

where (3.9) and (2.12) were used to produce step func-
tions which segregate the solutions into globally outgoing
and globally ingoing subsets in terms of locally evaluated
momenta. The operators @ I,mk and @ ka creates parti-
cles out of the local vacuum of the PFF observers, IOI(,C ),
with quantum number K, m, and P? which are globally
outgoing and ingoing, respectively. Also, one has

a’nmk |Oloc ) =0 s

Enmk roloc ) =0.

(4.31a)
(4.31b)
Both representations of the field must agree on V  :

®,00|w+=&>|q,+ . (4.32)

By (3.17), (4.1), and (4.8),
172

S(w(PH)—w,)

0
n

@, +tm'Qy

= — ® 0
an'm'l'_zf dPn
km™ 0

o -
X6 I'm'km (Pn ’wn’)anmk

, (4.33)

where w(P}) is a constant by (3.15b) on YV, defined via
the inverse to (2.9):

r—>r+

(4.34)

If one replaces @,,,, by the approximation on Vv,
(4.25), and inserts this expression into (4.30) and solves
(4.32), it will be found that
Tomr =3 3 [ “dPU A mm it Grmic — Bl mm it @ i

n'm'l ~Jo n nn'mm’'kl"“nmk nn'mm'kl'@ nmk | »
m

(4.35a)

(4.30)

—
(‘:{n'm'l’)fzz Efo dPr?[_Bnn’mm'kl’anmk
m k

+ Ann’mm’kl"_i lmk ] . (4.35b)

Similarly, if one substitutes the expansion for @ ., of
(4.12) into (4.26) and collects terms in (4.32),

- ® =
Amk —2 2 fO dwn’[ Ann'mm'kl'an'm'l'
m' I

—

+Btmmia @), (4.362)
ﬁzmk=22f0 dwn’[Bnn'mm'kl’gn'm'I'
m'
+ A;n'mm’kl'(gn’m'l')T] . (436b)

V. THE STRESS-ENERGY TENSOR
OF THE FREELY FALLING VACUUM

In this section, the dynamic components of the stress-
energy tensor of the freely falling vacuum state are evalu-
ated, near the horizon, by different observers. One is
then led naturally to the concept of the renormalized
stress-energy tensor of the vacuum state transported by a
PFF observer. .

A. The vacuum stress-energy tensor:
A local evaluation

The globally interesting coordinates for analyzing the
stress-energy tensor are the Boyer-Lindquist coordinates.
In particular, the dynamic components of Hawking radi-
ation are T,,, T,,, T, T4,, T4, and T,,. On the other
hand, computations in the local vacuum states are most
naturally accomplished in the PFF frames. Thus, the fol-
lowing transformations are useful:
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(Olocl Trr 'Oloc > = < Oloc| TOOIOloc ) —ZQ( Oloc|T¢Ololoc ) +QZ( OIOC‘T¢¢|OIOC>

+2( 0y, | T1o|010c ) —20( Oloc|T¢1 |Oloc )+< OloclTll *Oloc ), (5.1a)
(0166| T 10166 ) =010 | T o 010 ) = Q016 T 441010 ) +{ 010 | T3 101 ) (5.1b)
+ ri+a?
<Olocthrloloc >’~: { [< Oloc‘T00|Oloc) +2< Oloc|T10 |Oloc ) + < Oloc | Tll |Oloc ) ]
—Q[<Oloc|T¢0‘OIOC>+<Oloc|T¢lloloc>” ’ (5.1¢)
= 24a?
<0]oc|T¢r'Oloc>r ~ 2 A [(OloclT¢0|010c>+<0106|T¢1|010c)] ’ (5.1d)
—,r+
<Oloc|T¢¢|Oloc>=(Oloc|T¢¢‘Oloc> ) (5.1e)
= (r’*+a?y?
<Oloc | Trr|oloc >r: T[<Oloc| T00|Oloc ) +2< Oloc | TOI loloc )+ ( Oloc|Tll |Oloc ) ] (5.19
T+
The stress-energy tensor of a scalar field ® in curved spacetime is
Ty =@.,P.5— 18, [8°D. D, +mID?] . (5.2)
The stress-energy tensor evaluated by a PFF observer is computed using local wave functions and is denoted by
(T hoe =T (@, ) (5.3)

To find {0, | T, (@, )

3337+

km U'm' jog o

(01| T 101N |y = W

X[(Pg)?+(P,)?*+2P,P, +Q’m?—2(Py+P,)Qm]} .

From (2.6), (2.12), and (4.28a),

dP! _ P’ dP’
PO r—r, r2+az w+mQH

dlo+mQy)

=+ . .
o+mQy (5.3)

The plus (minus) sign corresponds to the globally outgo-
ing (ingoing) case. Applying (5.5), (5.1b), and (4.7a) to
(5.4) and collecting terms yields

< Oloc\Ttt((p’(p)‘oloc )‘V+
-2
a 20 r
=_— Sim(@,30)] ——dP
411'2(r2+a 2 f [ !
(5.6
To interpret (5.6), note that the total redshifted energy
E_, in a volume element V (defined at a particular value
of global 7) is given by [6]
Ew=—fy7‘,’\/_——§drd6d¢. (5.7)
Look at the volume element dV transported by a PFF ob-
server:

dV=Vg®dxdx dx? (5.82)

Asymptotically, by (2.12a), a global observer would see a
=const slice of the volume element:

AV, ons ~ @ p’sin0drd6d¢ .

—rg

(5.8b)

kl mm (P @y )0

|O)oc ?, One can substitute the expansion for ®,,, (4.30), and for R;,, in (4.8) into (5.2) and (5.1a).

A Py @ IS @0,50)8,, .(w,;6)

kl"m

(5.4)

Thus, (5.6) and (5.8b) imply that the amount of redshifted
energy of the zero-point oscillations of the local field in a
freely falling volume element at any value of global time ¢
is

dv,_

dE _ t=const
r—r, 43(r*+a?) £

S [ (Sim(w,;0)P 5 dP
(5.9)

It is not a coincidence that one has the same result for the
stationary observers at infinity in their vacuum state:

dE, ~ —dV,co0ne 0. T, @,@)0,)

r— o

dv,- w p
t =const zf [Slm(wn;e)]z—;ldpr . (5.10)

B 47X (r*+a?) 4

In (5.10), the notation T,,(®,®) signifies that the stress-
energy tensor evaluated by the stationary observers at
asymptotic infinity is obtained by using the ‘“global”
wave functions. The computation is accomplished by in-
serting the expression (4.26) for ® into (5.1a) and (5.2).
The quality of (5.9) and (5.10) is a consequence of the
equivalence principle. The physical relationship of this
result to Hawking radiation is explained in Sec. V of Ref.

[1].
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B. The stress-energy tensor of the local vacuum
evaluated in the stationary frames

The stress-energy tensor of the local vacuum transport-
ed by the PFF observers as measured in the stationary
frames at asymptotic infinity, {Oy,.|T,,(3,9)10.), is
calculated near the horizon. This computation requires
using the field representation ® of (4.26) in (5.2). Howev-
er, this must be modified so that the creation and annihi-
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lation operators can act on states belonging to the local
number representation of the field. Thus, the Bogoliubov
transformation, (4.35a), and (4.35b), must be used to reex-
press these operators for the globally outgoing states.
The globally ingoing states are trivial by (4.33). To utilize
(5.1), the calculation is performed in the local basis. The
algebraic manipulations are facilitated by using the gen-
eral form of @ given in (4.5b):

dP’
_ 2
(01| Too (8,801 ) ~ m)‘. S [Sim(2;0)7] [f ol Pol@m, k)] prry
T 2 dFr
+f7’>ocoth —(0+mQy) [[Pol@,m,k)] P
(5.11a)
_ dP’
<Oloc|TO¢(¢"P)IOloc 87T2[r2+(12] 2 2 Slm(w 6)] {f [ ]a)+mﬂ,H
T dP’
+f’7'>ocoth K(co+m9.,,) [Pom]a)+mQH
(5.11b)
(010 Ty @,9)104,) ~ -—————zz[s (@01 [ (PoPy]—22
loc!+ 01V loc rory 877 [2+ 2] im 7r<o 041 w+mﬂH
T dP’
+fl_,’>ocoth (o+mQy) [POP,]w+mQH
(5.11¢)
_ dP’
(O T14(@,9)] 0y ) ~+8[—2+:—2 S [Sim(@;0)]? f O[le]m
T dP’
th | T(w+ =
+fr”>ocoh Clo+mQy) [P‘m]w+ma,, i1
o _ , dP’
(0100|T1¢¢(¢’¢)|010C>r—>r+ 87 2+a 2 2 S]m((t) 6 {fr”wm _m+m_QH_
s 2 dP’
+f‘_/r>0coth K(w+mQH) m otmQ, ] (5.11e)
<0] IT11(¢,¢)IO] ) ~ '—‘——_—-_2 2 S, (&) 9) f [P ]2——1}}:“—"
o°  ror, 87 [r2+a?] 4 ” <o M o+mQy
us 2, dP’
+f7,>0coth @TmAy) | [P Pt e (5.11f)

The local momentum P,,, in the integrands of (5.11) is derived from the momentum which is measured by the observers
at stationary infinity [as indicated in the notation of (5.11a)], using (2.9) and remembering that  is a constant for global
modes. Also notice that the modal contributions are segregated as to whether they are global ingoing or outgoing, not

by the sign of P .
Combining (5.1a) and (5.11),



1324 BRIAN PUNSLY 46
T U & - = 2 ipr mw Dr
(O T(@,8)1 00 ) |y, = 2[ 3 2 z[s,m 0021 [ o @dP T+ frﬂ>0co coth |- (0+mQy) |dP
(5.12)
Similar expressions can be found for the other components of {0y, |7 ,,(®,8)|0),. ).
C. The renormalized stress-energy tensor
The renormalized stress-energy tensor of the freely falling vacuum was shown in Ref. [1] to be
<010c|Tyvloloc>renE<OloclTuv(q)’¢)|Oloc <OloclTI ¢ ?p)'oloc) (5.13)
The physical significance of this quantity is discussed in Secs. V and VI of Ref. [1].
Using (5.5), (5.6), (5.12), (4.28), and (5.13),
~ o do
(01| T 1016¢ Yeen ~ —5—5= Spm(@;0) “ :
toc! T+ O1c N, . 4 [ri+a?] %f"’e[ im (0;6)] expl 27 /K@ +mQy)]— (5.14)

In combining the terms to arrive at (5.14), one must keep
close track of the appropriate limits of integration due to
the existence of superradiant modes. It is interesting that
the superradiant modes are not segregated in (5.14), yet
they are in all of the intermediate stages. For local
modes p0> m,, which, from (2.6) and (2.12), implies that
o+mQy >0 for all modes. Therefore, the allowed limits
on integrals over P’ for quantities derived from local
fields, such as (5.4), become, with the aid of (5.5),

§f7r>0dﬁr i

r—r,

w r24q?
zfo p2 dlo+mQy), (5.15a)

2+a

>/, 4P~ zf dlo+mQy) ,

r—r

(5.15b)

For “global” modes w > m,, but o+ mQy can be nega-
tive. These are superradiant modes which have P’<0
and P°<0. The allowed limits of integration for quanti-

J

r24a? ?n:fV<0 o 2 f

r=rs m  HQym<0

where the term

—m,—mQ

" —do+mQy)

m,+Qym<0 0

r

ties derived from “global” fields, such as (5.11), for glo-
bally outgoing modes are

2+a %fV >0

~ > * dlo+mQy)
r—=ry m,+Qpm<0 fme+9.Hm A
+ 3 [Tde+tmay, (5.162)
m, +Q m>0
where the contribution
0
dlo+m(Qy) (5.16b)
2 fme+QHm H

m,+Qum<0

corresponds to the superradiant globally outgoing modes.
For the globally ingoing modes, quantities involving in-
tegrands which are functions of global fields have the fol-
lowing allowed values of P " in the integration:

—de+mQy) (5.16¢)

s I

m,+Qym>0

(5.16d)

is the contribution from the globally ingoing superradiant modes.

Returning to the result (5.14), by (5.7) the redshifted energy of the freely falling vacuum is negative as viewed from
stationary infinity. Since this vacuum is tied to the PFF observers as viewed from infinity, the motion of the PFF vacu-
um gives rise to an energy flux. From (4.28), (5.5), (5.1), (5.11), (5.13), (5.15), and (5.16) one finds, in analogy with (5.14),

wdw

( Olocl Ttr| Oloc >renr

~ ——_1 e N 2
—ry 47r2p2%fme[sl’"(w’9)] expl27/k)N0+mQy)]—1 °

(5.17)
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Similar expressions hold for the angular momentum
density and flux. However, the physically relevant quan-
tity is the renormalized stress-energy tensor of spacetime.
Thus, these expressions will be introduced in the more
important discussion of the next section.

VI. THE RENORMALIZED
STRESS-ENERGY TENSOR OF SPACETIME

The energy flux associated with the infall of the freely
falling vacuum, (5.17), was interpreted spectrally as out-
going radiation of particle-antiparticle pairs in Sec. VI A
of Ref. [1]. Using this insight, the previous calculation of
(010c T,y |016¢ ) en Of the freely falling vacuum can be
synthesized with the foliation of spacetime by PFF
frames to find the renormalized stress-energy tensor of
spacetime, (T, ) ren-

These pairs are generated during free fall, but the
predominant effect occurs as a—0, near the horizon.
The pairs have an amplitude to reflect from and be
transmitted through the curvature potential of spacetime.
The reflection coefficient is designated as 4 (/,m,w) and
the transmission coefficient is B(/,m,w). One has the re-
lationship [17]

o+m)
1—|A(l,m,0)*= LB(,m,e)*. (6.1
The superradiance condition is
lA(Lm,o)|*>1, olo+mQy)>0. (6.1b)

Thus, near the horizon, there are two components of the
radial momentum flux: one results from the bulk motion
of the negative energy density of the freely falling vacu-
um, (5.17), the other is the ingoing flux of the reflected
pairs. Denote the stress-energy tensor of the radiated

(Ttr>ren ~

—r,

__1 b . 0Y12[ 1 — 2
417'2p2§ %fme[S,m(w,())] (1=l4(,m,0) ]exp[(Zﬂ/K)(a)+mQH)]—l ’
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stream of Hawking radiation which has scattered off of
the curvature potential by (T, )4 The renormalized
stress energy of spacetime can be defined in the asymptot-
ic zones

< Tuv >ren= < Oloc ‘ Tuvloloc >ren+ < T )rad . (6.2)

A. The asymptotic zone near the horizon

To analyze the propagation of the pairs, it is con-
venient to introduce the conserved, integrated radial
component of the redshifted energy flux, S”: [6]

— [T,V —gd6ds . (6.3)
By conservation of energy and the physical origin of the

pairs, (5.17), (6.1), and (6.3) imply that the energy flux of
the reflected pairs, { 7,") ., satisfies

1

(Tt ~ —
t 7 r fr"r+ 41sz2
X33 [ 1Sm(@;0) 7 4,m,0)2
I m e
x odo
exp[ (27 /KN @+mQy)]—1
(6.4
By (6.2), the renormalized stress-energy tensor of
spacetime near the horizon is
llm < T )ren= ( Olocl T#v|oloc ) + ( Tyv )ref . (6.5)
r—>r+
Inserting (5.17) and (6.4) into (6.5) yields
wdw (6.6)

The reflected pairs form a highly relativistic stream by (2.27). So, by evaluating (5.1) and (5.2) near the horizon, one

finds that
lim (T,) = ——f’T lim (T,) .. 6.7)
r—r, (r )r—ry
Thus, (6.4), (6.7), and (5.14) inserted into (6.5) produces the desired result
- do
T, T S 1—| 4 = : :
(T ren ~ 472[,2+a 3 3 Sm@0 U= 4t mo) ) e (6.82)
Similarly, one can compute from (5.1), (5.11), (5.13), and (6.5),
~ 1 © mdo
For ~ —— .0)12[1 — 2
T, % = Gmn S S S @O P Alm, )] e (6.8b)
-2
Tt a _ mdo ]
T = o 2 Lo S @RIl 4lm o) e dtme s (6.8¢)
~ r2 +Qymld
(T LS S [ ISm @0l 4Gl ot Qumldo (680

r—r, 417' p

exp[ 27 /KN 0+mQy)]—1
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Qpa™?
(T8, ~ ——— ® V2 — 2 mdo
o fren . 417'2(r2+az)2 2 f"'e[SI'"(w’e)] (1=l4m o) ]exp[(27r/K)(w+mQH)]—l ’ (6.82)
_ +Q,mdQ
(T, Yen ~ (S, (@;0)P[1— 41, [0+ Oy
417-2A2 3 [, Sm(@O 1= me) ) expl (27 /k) 0+ m Q)] —1 (6.80
~ a”Q [o+Qym]ldo
(T, e ~ ——— (S (@0;0) [ 1—| A1, m,0)[? d
o . Tara 22 [ Sm(@i0) (1= 4U,m )] xpl27 /KNt m Q)] —1 (6-8g)
(T,%) en~ —ﬂ’ﬂz S [P S0 P1—| AU, m,0)]?] @do (6.8h)
T 42 (24 g2) G L m I T exp[ 27 /k)0+mQy)]— ’

B. The asymptotic form near stationary infinity

To compute ( T, ) ren N€AT stationary infinity from (6.5),
first note that (5.13) implies

< Oloc I T,uv|oloc )renr ~0 (6.9)
and, therefore, by (6.2),
< Tpv >renr<joo < T;.Lv )trans ’ (6 10)

where ( T, ) trans 18 the stress-energy tensor of the radiat-
ed pairs which have been transmitted through the curva-
ture potential. To find (T}, };ns One can use (6.6), (6.8),
and energy conservation through r =const, t =const sur-
faces in each asymptotic zone. In analogy to (6.13), one
must also introduce the conserved, integrated radial red-
shifted angular momentum flux L™

L'= [T,V —gdod¢ . (6.11)
Combining these facts, a straightforward calculation of

the stress-energy tensor of a stream of radiated particles
yields [16]

<T,uv>ren
-2 —o m 0
v’ V "r%sin0
1) —oV’ 2_"; 0
L r“sin“0
~ ——o0
r—w 4q2r? _m —m m? 0 ’
784 oV 'r’sin%0
0 0 0 0
(6.12a)
where L is the spectral luminosity
o [Sim(@;0)P[1—]AU,m,0)|*]
LEEZI’" do 2r/klo+mQy)
I m e e —1
(6.12b)

and the composition symbol “c”’ in (6.12a) means that the
matrix is to be considered inside of the generalized sum
in (6.12b).

From (2.6),

f

P~

r— 0

2Mm? 2
2 .2 e
o°—m;+ +0

1
=1, (613

M

P'~ I+==1+0
r-—

r

1
- ] : (6.13b)

Thus, for massless quanta (these modes carry off most of
the black-hole energy, except possibly for microblack
holes), ¥ "—1 in (6.12). This constraint on ¥ "is a conse-
quence of angular momentum conservation. Since m and
K are constant in each modal contribution to (6.12) all of
the way from the horizon to asymptotic infinity, and the
effective lever arm increases without bound, the norm of
the linear momenta in the plane orthogonal to €, must go
to zero as 1 /r in the radiated stream.

APPENDIX: THE CONNECTION IN THE PFF BASIS

Since the PFF frame in (2.9) is anholonomic and is not
orthonormal, there is no expected symmetry in the con-
nection coefficients I'5,. To find the connection, the
general equation is implemented [16]:

(A1)

Csy=38upy T8uy.8 88y TCupy Cuyp—Cpyu) -

The metric is found in (2.13) and the structure constants
in (2.19). The nonzero connection coefficients are listed:

—Ton=T10=T110=3(811)o (A2)
Fo1s=Fop1= ~T150=Tg10= —T10s= 3¢014 » (A3)
—Tos6 =T 0= Tpos =386 )0 » (A4)
—Log1=2T 901 =(gp1),0 (AS)
Lo0s= ~T406= ~Te0s= ~Tos0=T 900=3C08g » (A6)
—Top6=Te0o=T 900=3(806),0 » (A7)
Fi=48u) (A8)
Tie=Tia=3(8&1)e (A9)
| P Fy16=Tg01= —To14=3C104 » (A10)
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T109=(816),6— 3(860),1 > (A11)
Cy16=Tos1=3(844),1 5 (A12)
T4s0=TC0s= ~Togs=7(84)0 » (A13)

Con=(8a) > (A14)
rew:rom:%(goe),l ’ (A15)
Tooo=3(g60).6 - (A16)
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