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Quantitative evaluation of first-order retardation corrections to the quarkonium spectrum
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We evaluate numerically first-order retardation corrections for some charmonium and bottomonium
masses under the usual assumption of a Bethe-Salpeter purely scalar confinement kernel. The result de-
pends strictly on the use of an additional effective potential to express the corrections (rather than to
resort to Kato perturbation theory) and on an appropriate regularization prescription. The kernel has
been chosen in order to reproduce in the instantaneous approximation a semirelativistic potential sug-
gested by the Wilson loop method. The calculations are performed for two sets of parameters deter-
mined by fits in potential theory. The corrections turn out to be typically of the order of a few hundred
MeV and depend on an additional scale parameter introduced in the regularization. A conjecture exist-
ing in the literature on the origin of the constant term in the potential is also discussed.

PACS number(s): 12.40.Qq, 11.10.St, 14.40.Gx

I. INTRODUCTION

In this paper we want to evaluate quantitatively first-
order corrections to the instantaneous approximation for
a quark-antiquark Bethe-Salpeter (BS) kernel with a pure-
ly scalar confinement part.

As is well known in the positronium case [1,2], very-
high-order corrections to the zero-order instantaneous
approximation have been systematically evaluated. To
our knowledge, no similar result exists in the literature
for a confining kernel. In fact, only very rough order-of-
magnitude estimates are considered in this case [3].

Theoretical analyses of heavy quarkonium are usually
given in terms of an effective relativistic or semirelativis-
tic two-body Hamiltonian:

H=m,+m,+V' m3+p> +V' mi+p:+v
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where the second line is intended as a first-order expan-
sion in 1/m? of the first one, V,, denotes a zero-order
purely static term, Vg and Vyp are 1/m? order spin-
dependent and velocity-dependent terms.

In principle, the potential ¥ should be obtained in the
framework of QCD. In practice, starting from a pioneer-
ing work by Wilson [4], a method has been developed
which works in terms of a 1/m? expansion and gives the
various contributions in the form of functional integrals
in the gauge field only. Explicit analytical expressions
can be obtained in the two limit situations »—0 and
r— oo, admitting the significance of the weak-coupling
expansion in the first case and of the strong-coupling ex-
pansion in the second one and making some additional
plausible assumptions.

Adding simply the two contributions and restricting to
the equal-mass case, one obtains [5S—7], in the center-of-
mass system (p;= —p,=q),

Vauw="", +Ctor, (1.2a)
Vsn=g32r—2(sl+s2)-L f—%m}
+m32Kr}S{, L’;_%ahk sk

+ TS, 8,8,(r) (1.2b)

2mlzrz %*%ar L?, (1.2¢)

where k=2a,, o denotes the string tension, and the
terms in C are perimeter terms which have been essential-
ly introduced to make a smooth connection between the
two asymptotic regions » —0 and r — . More elaborate
contributions could obviously be introduced on phenome-
nological ground to describe better the intermediate re-
gion.

Equation (1.2¢) has been derived in Refs. [6,7]. Notice
that an alternative form which has also been proposed for
Vyp is the so-called Barnes-Ghandour potential 8]

KT 1 1 «kL?
Vvp —253() zqh7qh+——2m2 3
—%qz %z——azthqh . (1.2¢")
m m- r m

This differs from Eq. (1.2¢) for the terms in o and in C; it
has been suggested by considerations on the BS equation
[see discussion following (1.8)] but cannot be derived in
the context of the systematic Wilson loop approach.

By the use of potentials, remarkable successes have
been obtained In understanding the spectrum and many
properties of heavy quarkonia. However, in the context
of QCD, the most appropriate tool for a complete treat-
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46 QUANTITATIVE EVALUATION OF FIRST-ORDER . ..

ment of the problem should be the Bethe-Salpeter equa-
tion. In particular, it becomes necessary to resort to such
an equation in order to extend the analysis to the case of
the light mesons. Actually, a number of attempts have
been made in this direction recently [9].

In this order of ideas, in analogy with the potential, we
can write the BS kernel as the sum of a short-range per-
turbative term, a confinement term, and an intermediate

one:
I =Ipcrt +Iconf+1inter .

The structure of the perturbative part is obvious and in
the Coulomb gauge at the lowest order it is given by

(1),,(2)
L= 34 % _ Yo Yo
3% 2 Q?
_.__[,y(l) _(Y(l)'Q)(Y(Z)'Q)] ]’

(1.3)

where Q denotes the four-dimensional momentum
transfer p; —p, and ¢ stands for Q2. On the contrary, in
the lack of a sufficient understanding of the confinement
mechanism, no general criterion exists to determine I, ¢
and I;,... The only possibility seems to resort to phe-
nomenological expressions and/or to a comparison with
the potential (1.2).

The usual tool to establish a connection between the
BS equation and the potential formalism is the so-called
instantaneous approximation on the kernel. Introducing
the center-of-mass variables

Pi=—P:=q, Pi=— P9,
Pro=0+1Vs , ply=o'+1Vs , (1.4)
Pp=—0+iVs , pyh=—o'+LVs ,

the BS kernel can be written as I(',q’;®,q;s). Then the

instantaneous approximation consists in setting o =’ =0
in I and in the off-shell amplitude G. If one also replaces
the quark propagator with its free particle expression and
makes a comparison between the BS equation and the
corresponding Lippmann-Schwinger (LS) equation for
the Hamiltonian (1.1), it turns out

1 m: 0,
2 wiQu(g) o (1)
xa(zﬂ(

(q'oi05|V (s)lqoi0,) =

_q/ )I(O)(q"q;s)

Xug ) (Qug)(—q) (1.5)
with
I'q,q;5)=I(0'q", ;5 )| =01 =0 »
=V'm?2+q?*.
For an appropriate choice of the kernel, potential (1.2)
should be obtained from (1.5) by an expansion in 1/m?.

In fact, if we replace the perturbative kernel (1.3) in (1.5)
we obtain the correct terms in «.

1097

Let us pay attention instead to the terms in o and take
into account that
(q |c7r|q)—~——2L4 .
Q
The simplest assumption on I, which reproduces (1.2a)
and (1.2b) turns out to be

(1.6)

—0o 1

t2

I =2m) (1.7)

What suggests the choice of a purely scalar confinement
kernel is the structure of the o-dependent terms in Eq.
(1.2b); alternative possibilities, however, are given in Ref.
[10]. Of course, being infrared divergent, Eq. (1.7) has to
be supplied with an appropriate regularization prescrip-
tion (cf. Sec. II).

We notice now that the form of the o-dependent term
in Vyp which derives from the kernel (1.7) coincides with
Eq. (1.2¢") and not with (1.2c). To obtain formally Eq.
(1.2c) from (1.5), it is necessary to add a 1/m? term to
(1.7) [11]:

3] _o |1 1 | 21, 1u
conf (277)[ 17'2 12 3m2 ?7"‘?}—2
1 v?
+—-— , 1.8

where

u=(py—p,?, v=(p,—p5)p,—p3).

The unsatisfactory aspect of Eq. (1.8) is that it is given in
terms of a 1/m? expansion rather than in a closed form.
For definiteness in this paper we shall assume (1.8). Be-
cause of the approximation involved, however, the results
do not depend critically on such a choice.

Coming to the terms in C occurring in (1.2), we observe
that they should require an expression of the form

1+J—

1133“—(277)3 < 63(Q) (1.9)

for the instantaneous limit of I . It is clear that such a
term cannot be obtained from a function of the variable ¢
alone. Then we are left with various alternatives.

(1) We may notice that in Eq. (1.2) a variation 6C of C
in the term C —(C/2m?)q? can be compensated, to the
order 1/m?, by a variation of the mass 8m =—18C in
the kinetic term. So, we could conjecture that, in a full
relativistic treatment, it can be taken C =0.!

(2) We could replace C everywhere in (1.2) with a more
regular expression, e.g., Ce ~ . In fact, this choice would
correspond to take

Using potential (1.2), the fit of the bb spectrum is practically
unmodified changing C from the usual phenomenological value

= —0.8 GeV to C =0 (cf. Ref. [7]); this is obviously no longer
completely true in the cC case.



1098 N. BRAMBILLA AND G. M. PROSPERI 46

(1.10)

(3) According to a suggestion by Gromes [12], the con-
stant C could arise automatically from I, as a com-
bined effect of the infrared regularization prescription
and the instantaneous approximation. As we shall dis-
cuss later, in our framework this would amount to stating
that C represents a leading contribution to the retarda-
tion corrections.

In practice, we shall assume (1.3) and (1.8) for I, and
I and we shall put I, .. equal to zero or alternatively
take it directly in the instantaneous form (1.9), thinking
of it possibly as the limit of a more elaborate expression.
Then we shall evaluate first-order corrections to the in-
stantaneous form of the term (1.7) alone, while we shall
neglect not only the corrections to (1.9) but also those to
the spin part in (1.3) and to the 1/m? part in (1.8), con-
sidering them as higher-order ones. In this connection
we may observe that the leading term of the vectorial
kernel in Eq. (1.3) is already instantaneous while retarda-
tion effects appear only in the spin-dependent part [13].

Since, even in the direct applications of the BS equa-
tion, only instantaneous confining kernels have been em-
ployed for numerical practicability, it should be interest-
ing to work out retardation corrections in full relativistic
kinematics. Here, however, we restrict ourselves to the
semirelativistic perspectives of potential (1.2). Further-
more, rather then referring to usual Kato perturbation
theory [2], we have found it convenient to work in terms
of an additional effective potential V!!). In this philoso-
phy we think of the mass M, of the meson a as obtained
from

M,=2m+ WO+ w4 wret | (1.11)
where W.% is the eigenvalue obtained by the numerical
resolution of the ordinary Schrodinger equation for the
static potential (1.2a), W equals the expectation value
of —p*/4m’*+Vsn+Vyp on the numerical “unper-
turbed” eigenfunction ®, (and possibly includes the pair
creation effects) and the retardation correction W, is ex-
pressed by
Wiet=(@, Vil |®,) .

ret

(1.12)

Our basic result is an evaluation of (1.12). Actually,
again for numerical practicability, we have replaced in
this equation the numerical ®, with eigenfunctions of the
harmonic-oscillator type and we have restricted ourselves
to a limited number of states. We have considered only
the first three S states both for the bb and the ¢z systems.

We have performed our calculations for two assign-
ments of the parameters coming from phenomenological
fits previously obtained with potential (1.2). In the first
assignment it was taken C =0 [7] and in the second one
C+0 [14]. The value of W}§ depends on a scale parame-
ter u introduced in the regularization prescription. For
©=50 MeV it comes out typically of few hundreds MeV
and so it cannot be said to be small. Because of the
methodological character of the present work and of the

small number of states taken into account, we have made
no attempt to readjust the parameters to fit the data
again. Therefore, more work would be necessary in order
to draw a really definite conclusion about the phenome-
nological consistency of the kernel. However, for the
first choice of the parameters, the results do not seem to
support our simple assumption on the kernel while the
situation becomes better for the second choice. In this
second case for p=~135 MeV, all states considered but
3Sct differ from the data by less than 50 MeV without
any readjustment of the parameters and the agreement
can be improved if m, is reduced by a few tens of MeV.
To test the conjecture of Gromes [12], we have also re-
peated the calculations with the second choice of the pa-
rameters but taking C =0. The results do not seem to
support the conjecture.

As we mentioned, nothing essentially changes if kernel
(1.7) is used instead of (1.8).

It should be stressed that our success in obtaining a
quantitative evaluation of the retardation corrections de-
pends strictly on the particular regularization prescrip-
tion we have adopted and on the use of the effective po-
tential V!,

The plan of paper is the following one. In Sec. II, we
discuss the regularization procedure and Gromes’ conjec-
ture; in Sec. III, we perform the explicit calculation of
Wi for the two choices of parameters and present the
results; in Sec. IV we discuss the results and make some
additional remarks. In the Appendixes we derive the ex-
pression of V!!) and discuss some important analytic
matter.

II. THE REGULARIZATION PROCEDURE

As we mentioned, the right-hand sides of Eqgs.
(1.6)—(1.8) have to be explicitly regularized so that they
correctly define well-behaved distributions, respectively,
in ordinary space and in Minkowski space. An obvious
regularization of 1/Q*is provided by
192 1

C2a Qe
_ 1 4
Q@+ (Q+e)

where the limit € —0 is implied. Equation (2.1) amounts

Q4

reg

(2.1)

simply to consider or as the limit of ore "*". A possible
definition of 1/ consistent with (2.1) is
2 3
1
SR T N ) e
17 e 2|0 @ oe” | t—e*+i0

where p is a constant with the dimension of a mass that,
in practice, we shall treat as an additional fitting parame-
ter. Notice that the second term appearing in (2.2) has
no effect in the instantaneous limit,

—er

€
eln—— =—¢ln—r2

Er

e -0, (2.3)

and it has no counterpart in (2.1). It is, however, essen-
tial to make I, finite in the coordinate space and to
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subtract residual logarithmic divergences otherwise ap-
pearing in (1.12). With definitions (2.1) and (2.2), some of
the integrals occurring in the expression V‘,;t’ can be
analytically performed and the right-hand side of (1.12)
becomes numerically calculable.

For completeness we remark that the term in 1/¢3 ap-
pearing in (1.8) should also be regularized; a possible
choice would be
aS

ae’

1

t3

1

24

a* 1
2 2"

1—3InE%
m

reg

1 , e d° 1
——¢eIn———

27 p et l t —¢?

As we mentioned, however, we neglect the noninstan-
taneous corrections to this term and we do not need to
use explicitly this equation.

To show that the prescription (2.2) is correct, it is
sufficient to check that the kernel in the coordinate repre-
sentation is a locally integrable function in the limit
£—0. Indeed, one has

1099

Equation (2.7) contains correctly only a logarithmic
singularity in x2 and so is of the desired type.

Let us now briefly discuss the conjecture by Gromes
[12,3] in our framework. This author starts from the an-
alytic regularization

1| _9 ¢
2|

de 122
(p being a constant with the dimension of a length) and
obtains the same equation 2.7) with
u=1/p=(1/2p)e? /2 (y=0.577--- being the Euler
constant). Then he rewrites this equation in the form?

(2.8)

reg

22
~ xg—r-—i0
Tx)=Z1n _()T—z_
27 xXo—p
2_ 2 -
x5g—p-—i0
+Zg| 2P 2.9)
2 P

he argues that the second term can be neglected for a
sufficiently large p and takes the instantaneous approxi-
mation on the first one.

The result is a contribution to the static potential of

T(x)=-—(21r)3 0 d‘Q p—iox | L the form
(217)4 17 e
alr—p), (2.10)
_ —i0-x 1
N SWUD”J. Q27 )4 ¢ 02— +i0 which corresponds to C=—op (Gromes also suggests
p=1/V'o and so C=—2¢ " ""/2V5, a formula which
=—8moD{Ap(xe), (2.4)  is phenomenologically successful). The procedure is
where x =x, —x, and motivated b! the fact that the instantaneous limit defined
as [ 12dx,I(x) is not finite for the whole (2.7). In our
DE= 1 _8_2_ _ 83 ] (2.5) framework, the difficulty does not arise since, in the spirit
€ 2| 9g? g3 ) of the distribution theory, we perform the limit € —0
only after the instantaneous approximation has been tak-
Recalling the explicit expression en. Furthermore, using prescription (2.2) rather than
K, (e\/TiO) (2.8), as we mentioned, we bef:ome able to. evaluate
Ap(x) ___5( 2y 4 2= ie 2.6)  analytically certain integrals which are essential for an
472 Vv —x24j0 actual calculation of the retardation correction. By a
. comparison of the two procedures, it is apparent that, if
(cf. [15]), one obtains the two approximationspin (2.9) were legitimate for some
2 — value of p, the quantity C would correspond to a dom-
EE_EAF(X’E)HIH(E‘/XZ)_FCOH“ ’ inant contribution in such retardation corrections. That
3 { is to say, the correction should turn out approximately
—Ap(x,e)>—, independent of the state.
o¢’ € The above statement becomes particularly clear if we
and, hence, rewrite Eq. (2.9) in momentum space using our regulari-
zation and not taking the limit e—0 in a first moment.
I(x)=o0 In(u*x?) (2.7  We have
|
—47oD* 1 =PDH 1 _53(Q)fd3Q, e—lQp
fQI-Q*—eX+i0  ° | QF—Q*—&+i0 Q3 —Q¥—e?+i0
3 u 3 e ~iQp
+8%Q)D* [d*Q oi—g—aii0 (2.11)

2Actually Gromes used a Euclidean metric.
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In fact, if, in the right-hand side of this equation, we neglect the second term, put Q,=0, and now actually perform the
limit e—0, we obtain again {(q’|o(r —p)|q). Consequently, such a quantity should equal the corresponding one pro-
vided by the whole left-hand side in (2.11), i.e., {q'lor + V! |q), and we should have W '=—gp=C.

III. CORRECTION TO THE INSTANTANEOUS APPROXIMATION

As we mentioned, we have found it convenient to express the corrections to the instantaneous approximation in
terms of additional contributions to the potential. Such contributions can be cbtained by an iterative procedure based
on a comparison between the BS and the LS equations (cf. Appendix A).

To lowest order one finds

2

(q,00yVQ|q,0,0,)=— ———
TN e 1D N2 (27 w(qhw(q’)
dk _m? _qy
XR —u ,(q)a 5 (—q")
S oy w9
. d(dk ,
X lf? Iy(q',k)
y AD(K)AP(—k) T
(0p —Vs /24 w(k)—i0][wg +V5 /2—w(k)+i0] "k
+T1(wk;q’,k)
APEK)AP(—Kk)
X = ; = —1y(k,q)
(o, —V's 24+w(k)—i0][w, +V's /2—w(k)+i0]
a0 A KA o e @@ (=)
o'q, ‘/;_+_2w(k) o'k, q ual qucr2 q) . (31)

Here

I(w;q',q)=1(0,q";0,9)—I,(q',q) ,
(3.2)

I,(0';q',q)=1(',q';0,q)—I,(q’,q) ,

AY and AY are the Dirac spinor positive- and negative-energy projectors and the prescription Re stays properly for the
self-adjoint part of the following matrix element.’
For the kernel and in the approximation discussed in the Introduction, we have

1 1
+
wZ_QZ_EZ Q2+EZ

I,(0';q',q)=—(27)*—D*# : (3.3)

9
-
Then, performing explicitly the integration in w, in (3.1) and neglecting all contributions of order 1/m? (included the
third term containing A_ A _), we end up with

v ) _ 3 o 0 kK 1
<q ’0102“/1‘61iq’0102>—80;0180302Re{fd k 2 2 882 277.2 (qr_k)2+£2

o 1

X —D*# — _—
™ " —Vs +2w(k)+2V (k—q)l+e?—i0

1

X ————————+(q'=2q) (3.4)

(k—qPte? T3 }

(obviously, in the first factor inside the integral D has been replaced by 3°/0¢?). The resulting leading retardation

3As is well known, prescriptions different from w,»’ =0 have been proposed as zero-order approximations in the BS equations.
Such prescriptions, which consist in taking o and o’ as appropriate functions of the momentum (see, e.g., [8]), should amount to tak-
ing into account some part of the retardation effect. The contact with our approach would be made by simply substituting our
current variable w, with the assigned function of k.
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correction to the energy levels can be expressed as [cf. (1.12)]

W;et=<¢a|V(l)|(pa> (35)

ret

after setting s =s, =(2m + W %)%,
Using the Schrodinger equation,

[aq|-Z &« L3, (@=[20k -5, 18,k , (3.6)
27 3e? 27’ | (k—q)*+e? ¢
Eq. (3.5) becomes
~ \/S— o 1
wit=Re [ d’q [ d°k { DX (k) |w(k L | =D — —
/ af 2 J2rt " =5, 2+wk)+V (k—q)P?+e¥—i0
1 ~
X —————®&,(q)+¢(k)=d(q) | . 3.7
(k_q)2+82’ a\q ¢ ‘—¢ q }

This equation can be further simplified if we introduce both the momentum and the coordinate-space wave functions
®,(k)and ®,(r):

<I)nlm(r):qsnl(r)Ylm(/’}) ’ q)nlm k)= ¢nl k)Ylm ) ’

use the nonrelativistic approximation for w(k), and perform the trivial angular integration. Restricting to the S-wave
case, we are left with

© o © ~ 2 Wy(IO)
W’ef—zﬁpgfo dkkfo dppfo dr §,5(k) | £—— 25 sin(kr )sin(pr)d s (r)
1 1

P - (3.8)
—WQ/2+k?/2m +Vpi+e? pP+e’
where now P stays for the principal value prescription.
In order to carry on the analytical calculation as far as possible, getting rid of some integrals, we replace ¢, with the
radial eigenfunction of the harmonic tridimensional oscillator

1/2
— 1 2(” _1)| 172 r —72/2}»%5
bis= 37 | Tengiey | B |5 , (3.9a)
172
RN 2,2
8, (k) =232 —F%‘/)—z) L2 (R2gk2)e < s’ (3.9b)

where the standard notation for the Laguerre polynomials has been used and the parameters A, have been determined
variationally by minimizing the expectation value of the zero-order Hamiltonian. Inserting (3.9) in Eq. (3.8), we can
perform analytically the integration in r and are left with the double integral

k2 W
2m 2

ret — “As [ —AZgp?/2
wist= 2C,,sf dk k Sfo dppe " "g,s(p,k)

1 1

X D# — =2C,sD?I (),
: 9/2+k%/2m +Vpi e pier T
(3.10)
f

where C,s and g,5(p,k) are a coefficient and a function = Appendix B and Table 1.
that depend on the particular n. For n =1 we have Because of the delicate interference between the princi-
N pal part and the regularization prescriptions, a direct nu-
. g ical evaluation of the integral in the second member

_k)=sinh 2 —av3 T Ms merical e . ' g

815(p, k) =sinh(kpdis) , C,s=4V2 ) of (3.10) is possible only if W, is negative. In the general

case, however, we can obtain the same result drawing the
The analogous expressions for n =2 and 3 are reported in  simpler quantity I, vs € and taking advantage of the ex-
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TABLE I. Analytical expression of the constant C,s and of the coefficients 475, BS, 425 for the first three S states. Here

z=2—mW. and ¢(x)=(2/V7) [rdte .

State C,s A B?S A1
_ 372 ‘/_ _

1S 4V 2oM/7 - ﬂéx —mAT”Reu—vwzezz[l—@(z)]} )
_ 372 vV _

28 8V 204 /(3n) 3;;}» mASTRe(Vre [1-0(2))( — 32 =32 —2*) 23,

+34327424
3s 15 A __2773/2 —mAVARe( Ve 1—®(z)]| —z—8z3—108,5_32,7__ 16 ,9 — 1325
2‘”31/50 157 mAV aRe{V e’ | @ —z—32'—Fz°—Fz' —3552"] T

15ttt izt 2120+ 18 28

225 225 225

pansion (Appendix C)
I(e)= Ag+ A+ A,e2+ 4,¢°

+ - +(Bye+Buet+ - )Ins . (3.11)
u

In fact, replacing (3.11) in (3.10) and taking explicitly the

limit € —0, one obtains

Wi =C,s(2435+3B%5) . (3.12)

Notice that, from (3.11), the need of the logarithmic term
in D# is again apparent.

The coefficients 4, A;,... and B, in (3.11) can be ob-
tained in a closed form and are reported in Table I; 4
coincides with I (0); the remaining coefficients have to be
determined by a fit of the numerical I(g) for some
definite value pu of u. Notice that, since I(€) does not de-
pend on u, we must have

Az(#):Az(No)"’lenL
Ho

and so, for an arbitrary u,
Wi ()= W (u)+ C,s B2SIn - (3.13)
Ko
In practice, we have performed the calculation for the
states 1S, 25, and 3S of the bb and c¢ systems for the
three assignments of the parameters reported in Table II.
Here CH1 coincides with choice II of Ref. [7], CH2 with
column 2 of Table III of Ref. [14], CH3 is considered to
test Gromes’ conjecture and it coincides with CH2 but
with I; ... set equal to 0. In the CH3 case, the value of C
in CH2 should be supplied by a dominant contribution in
the retardation correction; i.e., we should find
Wit~ —0.7. In the cases CH2 and CH3, even the pair-
creation effects have been added to W'§! in Eq. (1.11).
In the fits we have put p;=0.05 GeV, fixed 4,, 4;,

and B, on their “analytical” values and treated 4, or
A,, A,, and B, as free parameters; all other coefficients
have been neglected. An example is illustrated in Fig. 1,
while the value obtained for A4, are reported for CH1 in
Table III together with the variational values of A g, the
corresponding “‘analytical” values of B,, 4, 43, and the
“numerical” value of A4,, obtained treating also this
quantity as a free parameter. The difference between 4,
and A ["" tests the reliability of the calculation and it is
of the order of a few percent in all the cases with the ex-
ception of 3Sbb. For this last state the discrepancy is
about 30% for CH1, and even 300% for CH2, making
meaningless the evaluation along this way in this second
case [however, Wg%)(bl; ) <0 and so the calculation can be
performed by direct evaluation of the integral in (3.10)].

The error reported for A,has been estimated as a com-
bination of two different quantities, 8, 4, and 8, 4,, relat-
ed mainly to the numerical error in the absolute value of
I(e) and to the uncertainty in the fit, respectively. The
first quantity 8, 4, is defined as | 4,|-| 4, — A7"™| /| 4,];
the second one §, 4, is set equal to the difference between
the values obtained for A4, including or not including
terms in B, and A4, in the fit.

The final expressions for W)§' are reported in Table IV
as function of £=Inu /u,; in parentheses there are also re-
ported the values of W[5'(u,) obtained by direct calcula-
tion of the integral (3.10) where available. A comparison
between the results obtained by the two methods shows
that they are essentially consistent. This was not obvious
a priori because of the complexity of the calculations.
The discrepancies could suggest, however, that the errors
reported in Table IV have been underestimated for some
states.

A plot of the resulting masses M, is shown in Figs.
2-5 together with the error bands as resulting from
Table III. In Figs. 2-5, wider error bands are also re-
ported for the 1S states related to the use of the varia-

TABLE II. The three assignments of the parameters CH1, CH2, CH3 as explained in the text. The

energy is expressed in GeV.

a o C m, m,
CHI1 0.5 0.189 0 1.357 4.770
CH2 0.587 0.146 —0.707 1.913 5.268
CH3 0.587 0.146 0 1.913 5.268
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TABLE III. Values of A,s (in GeV~") and 4,, 4,, B,, 45, as an example for the first three bb and c¢
S states for choice CH1 of the parameters. The coefficients 4,, 43, B, are calculated according to
Table I, 4, is obtained from the fit. 47"™ denotes the values obtained for 4, leaving even this quantity
as a free parameter in the fit for a comparison with the exact value. The errors reported for 4, are es-

timated as described in the text (energy in GeV).

A 4, Ape 4, B, 4;
1S bb 0.9 —0.773 —0.779 3.440.08 —1.501 —0.157
28 bb 1.4 0.746 0.727 —2.40+0.06 —0.697 0.853
38 bb 1.6 —0.464 —0.603 —2.82+0.84 0.800 —1.080
1S c& 1.8 —0.387 —0.369 0.60+0.10 0.567 —0.313
28 @ 23 0.454 0.450 0.39+0.08 —0.597 1400
38 ¢ 2.6 —0.285 —0.238 0.2430.07 0.270 —1.770

tional wave function. Again, this additional error is es-
timated by the formula

83W§?= W‘iif[( W(lg‘))var_( W(l(.)S’))num]/( W(z(.)s*)'_ W(I?S‘)) .

Notice that (W) — (W), um turns out to be a few
MeV for the states 2S and 3S, while it is larger for 1S.
For instance, in the CH1 case, it amounts to 17 MeV for
1Scc and to 47 MeV for 1Sbb. This corresponds to an es-
timated error on W% of about 5% for ¢¢ and 7% for bb.

IV. CONCLUSIONS

Let us make some final remarks and try to draw some
conclusions. First of all, we stress again that the success
of our calculation depends strictly on the use of the
effective potential (3.1) and on the possibility of obtaining
a simple result such as Eq. (3.10). Had we applied the
usual Kato perturbation theory for the BS equation [2], it

T T T T T T T T T I T T T
0.0
mo
-0.02 L
- .
s i ]
[ -0.04 | 3s |
- 23 _
-0.06 [ N
-0.08 | N
Y Y T Y T S DO N N N SN SO S ]
0.0 0.1 0.2

FIG. 1. Fit of I,5 vs € for the first three cc S states and pa-
rameter assignment CH1 as an example. Solid lines represent
the values of I(e) as obtained by numerical integration; dotted
lines represent the same quantity obtained by interpolation by
Eq. (3.11) at small €. The coefficients 4,, 4, and B, are calcu-
lated according to Table I, 4,, A4, B, are introduced as free
parameters in the fit. The energy is expressed in GeV.

would have been impossible to obtain a simplified equa-
tion of the form (3.7) involving only two three-
dimensional integrals. We also notice that, as it is ap-
parent from Table 1V, the magnitude of the retardation
corrections depends linearly on the value of § and it turns
out typically of the order of few hundreds MeV. It is evi-
dent that, as an effect of the regularization, the naive esti-
mate Q,/|Q| =g /m is not correct. For certain values of
&, the corrections to the bb states can even exceed the c¢
ones.

Furthermore, as we already mentioned, no attempt has
been made in this paper to fit again the experimental data
by readjusting the quark masses and the potential param-
eters after the inclusion of the retardation corrections.
Such an attempt would have not been significant because
of the small number of the states which we have been
able to handle. We can, however, gain some indications
by trying to reconcile the results with the data by adjust-
ing the scale parameter p alone.

In the CHI1 case, as it is apparent from Figs. 2 and 3,
all the c¢ curves cut the data nearly £~ —2.15. For such
value of £, however, all values of the bb masses and sepa-
rations differ from the data by more than 200 MeV. It
does not seem possible, therefore, to restore the con-

TABLE IV. Values of the retardation corrections W;§ as ob-
tained by Eq. (3.12) as a function of £=Inu/u, (po=50 MeV)
for the three different assignments of parameters considered. In
parentheses are reported the values of W}§ for £=0 obtained by
direct calculation of (3.10) where available. The result reported
for the 3Shb state in the CH2 case is obtained only by the
second method. In this case energy is expressed in MeV.

CH1 CH2 CH3
1S 74+5—93¢ 51+8—17¢ 60+4—37¢
(80) (44)
bb 2S5 —222+4—45¢ —68+6-+33& —23+12+81&
(—90)
3§ —168+87+83¢ 57—75¢
1S 180+12+70& 62+6—27¢ 274+36—47¢
(79)
cc 2§ —53+£9—-63¢ —33+8+129¢ —73+4—67¢
(—40)
3S 109+12+45¢ 161+16+5¢& 4218+ 54¢
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FIG. 2. Masses (in GeV) of the ¢c S states as obtained by Eq.
(1.11) and the value of W} reported in Table IV for choice CH1
of the parameters. The solid horizontal straight lines represent
the experimental data; the dashed lines represent the error
bands as given in the text.

sistency with the data by a small readjustment of the po-
tential parameters.

In the CH2 case, on the contrary, for £=1 (u=136
MeV) all states differ from the data by less than 50 MeV
except the 3S cC state, which differs by about 150 MeV.
As is apparent from Fig. 4, the disagreement of this last
state can be reduced to less than 80 MeV without disturb-
ing the agreement of the other five states by diminishing
the mass of the quark c¢ of about 30—40 MeV. Taking
into account that the retardation correction to the ¢ 3S
mass is presumably less accurate than those for the other
states (cf. Fig. 1), the situation seems satisfactory
enough.
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FIG. 3. Masses (in GeV) of the bb states as above for choice
CH]1 of the parameters.

FIG. 4. Masses (in GeV) of cc S states as above for choice
CH?2 of the parameters.

Finally, in the CH3 case, on the basis of Gromes’ con-
jecture, we should expect W[ to turn out close to —700
MeV for every nl. In fact, such a result would restore the
consistency with the data which was destroyed by setting
C =0 at the potential level. However, a look at Table IV
shows that this is not the case. Indeed, the best agree-
ment among the various W' occurs nearby £=0 and for
such a £ they do not exceed 100 MeV in modulus but for
one state and they occur with opposite signs.

We notice that the above results do not change essen-
tially if we use kernel (1.7) rather than (1.8). As a matter
of fact, for choice CH1 with C =0, the differences in W'
turn out to be of few MeV.

We also notice that, having chosen the intermediate
kernel directly in the instantaneous form (1.9), rather
than, e.g., in the form (1.10), we have actually neglected

C O[T T T TTTT T T

W0.0 < T T LI I B B B B T‘l—:ll
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10.4 [ T~ 1
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FIG. 5. Masses (in GeV) of the bb S states as above for
choice CH2 of the parameters.
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the corresponding retardation corrections. However, be-
cause of the less singular character of that term, such
corrections are generally expected to be small. In fact,
for CH2 assignment, taking, e.g., n=0.1 GeV, they turn
out typically of about 20 MeV. A more detailed analysis
does not seem appropriate in the present context.
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APPENDIX A

In an abbreviated form, the BS equation for the off-
shell amplitude § can be written (9 equals the connected
and amputated four-point function multiplied by i)

S(O)(wk)zL m?

1105

Q(w,w’)=.7(a),w')—fdwkj(w,wk )S(w; )@y, 0")
=J(@,0")— [ do,9(w,0,)S ()T (0,0') .

(A1)

We use free one-particle propagators and set

Ston )= — v o +(172)Vs ]—yV-k+m
T o +(172Vs P—K—m2+i0
Y&l =, +(1/2)Vs J+yPk+m
[—w, +(1/2)Vs P—k*—m?+i0

(A1)

The instantaneous approximation consists in replacing
J(w,0") by 7= 7(0,0) and S (w; ) by S P(w, ),

9(0)27(0)_ fdwkj(O)S(O)(mk )9(0)

7%(0)2 fda)kSO(a)k )= -

w(k)?

In order to obtain corrections to this approximation we can write

Jw,0)=T+IVNw)+ TN+ I w,e') ,
S(w,)=SYw)+SNwy) ,

having defined

INw)=(@,0)— 7(0,0), T(w)=J(0,0)—F(0,0),

INw,0")=(w,0')—I(@,0)— I(0,0')+ J(0,0) .
Then, by setting
Uw)=9%w,0)=89+ M)+ - --

and taking into account

do,SD =R = m
f ;S () Y

one finds

g(l)(o)__. _ fdwk[y(l)(wk )S(O)(wk )7(0)+j(0)s(0)(wk )j(l)(wk )]—7(0)_7{(1)7(0)

=j(0)—j(°)7{(0)9(0) , (A2)
being
APK)AP(—k)
27 w(k)? [0 +V's /2—w(k)+i0)(o, —[Vs /2—w(k)]—i0) ’
m? APEXAP(—k)
Vs —2w(k)
(A3)
2 AY(—Kk)AP(k)
Vs +2w(k)
9M@)=9"Nw)~ [ dor{[T@)+ T (0,)18 V0, )90 + TS V(w99 + TOS V0, )9 w0, )} - (A4)
Iterating such an equation, taking =0, and using (A2), one obtains finally, after suitable rearrangements,
+ [fd(‘)k['?“)(wk )S(O)(mk )j(0)+j(0)s(0)(wk )7“’((0k )]+j(0)ﬁ(l),7(0) 7?‘0’9(0)—7‘0)7{‘0)91(0) i (A5)

Comparing the Lippmann-Schwinger equation
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1

T=V—VROT |RO=—————
2w(k)—V's

with (A2), one obtains the potential defined in (1.5). Setting, however,
V:V(0)+V(l)+ SR
T:T(0)+T(l)+ .
one has
T =p 1) _ (R Q0 _ (0) p (0 (1) (A6)

which, compared with (A5), provides the expression (3.1) for s <4m?2. Notice that, for s >4m?2, one must have
Im$(w,®’)—0 for e —0 under the assumption of confinement. The Re prescription in (3.1) anticipates this fact. Such a

prescription is essential to make the use of the free propagator [Eq. (A1’ )] consistent with confinement. Above, Re and
Im stay properly for the self-adjoint and anti-self-adjoint parts.

APPENDIX B

The explicit expressions for the functions g,¢,835 in Eq. (3.10) are
€25 =[3+AMs(2p2+ k) — A3k (k?+p?)Isinh(kpAJs)+[ —3A3skp +2k3pAlg Jcosh(kpA3g) ,
83s = {3+ 3k A s — £k s —2A 55 (K2 +p ) — 4+ kA s — J2k*A%s)
(& — 2k 3g+ 2 kA3 [3—6A35(k2+p?)+Afs(p*+6k*p>+k*)]}sinh(kpAis)

+{(&— 223+ 2 kM) [12A55kp —4A35(kp*+kp)]

225

+4M3gkp(— 4+ 8k 2A3g — 18k *Alg)jcosh(kpAss) - (B1)

APPENDIX C

As an example we derive expansion (3.11) in detail and obtain 4,, 4;, B, for the state 1S. To this aim we shall in-
troduce the quantity

k? 22 k% poo —22p202 1 1
——Wle " dp pe """ “sinh(kpAi)) — (C1)
2m ) fo PP PR W k2 am +Vp it e pite?

to be studied as an analytical function in W. The quantity I,¢(e) is afterwards obtained as

Je,w)= [ “dk k

I =R W . (C2)
1s(€) eJ(e )|W=W(1%)
We choose a u >0 and write
T(e, W)= wdk[ “ap+ [ *d ]---=J W)+ (e, W) .
(s)fo fopfup ole, W) e, W)
Then we notice that J (g, W) is a regular function of £? and can be expanded as
4
J (e, W)=AF +e2 A5 +32—A:;°+--- (C3)
and gives contribution only to the coefficient 4y, 4,, A4,. . ..

To study J,(g, W), let us make the position o, =k?/2m — W /2, take ReW < —4u, € <p, and expand the integrand
in p:
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£k, p):=pe P"*Zsinh(kpA2) L1
a, +Vp2+e? pPte
1 [ W —kA* KRS | pt
- pite?  aVpite 2 6 |p2+e?

+k}»222 klz 2‘/ Tyt k7\4_k37¥6 p* + 3}‘6L+...

2 p 2 6 V o2+ g2 6 2 .

ay ak a,Vpte ajy

We have
2 2,2 2,4 4 s 2,3 4 4
[Pap fikpy= | KM _ 00 RNt (RN KR 0 kR
0 k Zai 4(12 Zak a 3 3ak 8ak

— 22 2 2 4 3,6 42

b | k2 | KA LKA\ o EN 25T DTSN Gl R W 7 ST
a 2 ap 2 al 8 a 2ap  6ay ai
+emn | E 1= kA? 1ol |- kA* | KPAS | m
5 2a3 2a, 6a; |2
2 2 2 4 376 4
BT D7 S T YGRS .7 SO N7 .l B W A 750 <
3apu’ 16 aip? 32 af 2a,  6a; |p 32 243

By integrating in k the terms proportional to €, €, and €%In(e/u), we arrive at the expressions reported in Table I for

the state 15:

3/2
A =—T22 [ "dk kPexp(— A%k =—T— ,
1 5 fo exp( ) an
® _ k?
BIS=—mA? [ “dk A2k2
i [ dke K= W Om
=-—m}»ﬁRe 1——1\/ 1rmW(°) - AZW(‘%)'")

k24 kA
=t
2 6

a¥=7["dke ¥ ‘—

32
where ®(x)=2/V'r [dt e "’

— 22y (0)
( AWlSm

,\/ —_—
B)S= —mk—z—r[1+ik\/7rW(1%)me

Notice also that the coefficients of the terms in 1,g2,¢?,

77_3/2)\‘

—o(AV —w%m)1}, (C5)

’

. Notice that, in the case W% >0, one can write explicitly

7»\/ W(&)m

. cannot be obtained in a closed form. Of course, a similar

method with a little bit more technique can be applied to the states 25, 3S; the second and the third line of Table I are

obtained in this way.
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