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We have calculated the distribution dT"/d¢ for the decay K; -7+ 7 e e, where ¢ is the angle be-
tween the vectors normal to the 777~ and e*e™ planes. The result can be written in the form
dT /d¢=T cos’p+ I',sin’+ I';sing cosp, where the last term is CP violating and involves the interfer-
ence of the M1 component of K, —7" 7y with the bremsstrahlung component as well as a possible
direct E1 component. Using data on the radiative decays K, g — 77y, we estimate an asymmetry in

the ¢ distribution of (3.8+1.4)%.

PACS number(s): 13.20.Eb, 11.30.Er, 13.40.Hq

I. INTRODUCTION

Studies of the photon spectrum in the decay
K; —»mt7y have revealed the existence of two com-
ponents in the decay rate [1,2]: (i) a bremsstrahlung com-
ponent associated with the CP-violating decay
K; —mt 7™, with a branching ratio [2]

I'8(K; 7 7 y;E, >20 MeV)

F(KL —>7T+7T_)

=(6.90+0.21)X1073, (1)

and (ii) a direct emission component, presumably of a
CP-conserving magnetic dipole nature, with a branching
ratio [2]

PRk, ——>‘n'+‘n'_‘y;Ey >20 MeV)

DK, >mta)

=(15.0£0.6)X1073. (2)
A similar analysis of the decay Kg— 7+ 7~y has yield-

ed a branching ratio 2]

T(Ks—m*7"y;E, >20 MeV)

[(Kg—mtm™)

=(6.69+0.20)X 1073, (3)

which is slightly lower than, but compatible with, the
theoretically  expected  bremsstrahlung rate of
7.00X1073. A genuine difference in this case could be at-
tributed to a small CP-conserving direct emission of E1
type, which is coherent with the bremsstrahlung ampli-
tude (see the Appendix).

The simultaneous presence of bremsstrahlung and M1
amplitudes in the decay K; —7" 7~y implies that the
final state contains both CP=+1 and — 1 configurations
[3-7]. However, no interference between these com-
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ponents is visible as long as the polarization of the pho-
ton is not observed [8]. As an alternative to measuring
polarization, we consider in this paper the decay
K; —»7t7"e*e resulting from the internal conversion
of the photon into an e *e ™ pair. We will demonstrate
that the angular correlation of the et e and 7 7~
planes contains an explicit CP-violating term which is
sensitive to the interference between the M1 amplitude
and bremsstrahlung (and direct E1) component. The
possibility of CP violation in the decay K, —»7 7 e*e™
was noted long ago by Dolgov and Ponomarev [9]. A
calculation of the decay rate of K L——>7T+‘IT_€ *e”, in-
tegrated over angles, was performed by Majumdar and
Smith [10]. This latter paper has served as a point of
reference for our own calculations.

II. MATRIX ELEMENT FORK; —»7tr ete™

The general matrix element for the radiative decay
+

K, ->7m"7"y, with momenta labeled as K;(?P)
-7 (p ) +7 (p_)+y(k),is
MK L 7T )= Mo+ Mo+ MGE . @)
The bremsstrahlung piece M, ., [Fig. 1(a)] is given by
P+ p-
M = K __TTH
brem efL P+k p_k 6”’ (5)

f1 being the coupling constant for K; —»7t7~. The
remaining pieces [Fig. 1(b)] are direct emission ampli-
tudes for electric- and magnetic-type radiation, which
may be parametrized as

MG =G [(p k)P s —(p s Kp - Je"

. (6)

Mg;?eg&em = GM e;.wpoeuk vp &p z.
Here Gg, are form factors depending on
s,=(p,+p_)* and (p, —p_)-k. The bremsstrahlung

term gives the exact result for the radiative decay as far
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FIG. 1. Diagrams illustrating (a) Bremsstrahlung and (b)
direct M1 or E1 contributions to K; -7 7~ y. Diagram (c)
represents an additional K° charge-radius contribution relevant
forK, »m o ete™.

as terms of order 1/k and k°, where k is the photon ener-
gy. The direct emission terms, by contrast, vanish in the
soft photon limit. Different powers of (p , —p_)-k in the
expansion of G yield [11] electric multipoles

|

E1,E2,E3, ..., where the multipole EJ corresponds to
a final state with quantum numbers CP = —(—1)’ and
P=+1. Similarly, different terms in the expansion of G,
yield magnetic multipoles M1,M2,M3,.., the multipole
MJ corresponding to CP=(—1), P=—1. (Note that
the bremsstrahlung amplitude contains only odd electric
multipoles E1, E3, etc.) In the following we work in the
approximation of retaining only dipole terms in the direct
emission amplitudes, so that G ,, can be treated as con-
stants. [A dependence on s, =(p, +p_)% such as that
given by the p propagator, can be introduced if neces-
sary.]

In going from K; —7 "7y to the Dalitz pair process
K, -7 7 eTe” (with the momenta of e and e~ la-
beled as k, and k_ ), we replace € in the radiative am-
plitude by e/k*@(k_)y*v(k,). Such a replacement,
however, is necessarily uncertain by terms of order k2 in
the amplitude of the virtual-photon process
K; —m 7 y*. Such terms include all transitions of the
form K; — (7 77),_,+y*, which are forbidden by an-
gular momentum conservation when k2=0, but are pos-
sible when k0. A specific example is the contribution
of the K charge form factor [Fig. 1(c)], which gives rise
to a pole in the invariant mass of the 77~ pair at the
(unphysical) point s =mp. This particular contribution
was taken into account by Majumdar and Smith [10] (see
also Ref. [13]). For definiteness, we will parametrize our
amplitude for K, —7 7 e'e  in the same way as in
Ref. [10], introducing, in addition to the bremsstrahlung
term, phenomenological parameters denoting direct elec-
tric dipole, direct magnetic dipole, and a K° charge-
radius contribution.

The matrix element then reads [12]

1 8E1

_ _ 8p
MK, > 7 e e )=e ——[k*P,—(P-k)k, )] ————+—[(Pk)p,,—(p, k)P
L T |fSl m[2{[ 1 ,u]kz_zp.k mz[ p+‘L P+ y]
gmi P+u Py e _
— php? + ——— | | S ualk_)ytv(k,) .
+m,‘é e,u.vpakp%-p* &BR p+k p,k kzu( JyHu( +) (7)
f
The parameters appearing in the above expression have ger =N+ fs/|fs] - 9)

the following meaning.
(i) fs is the coupling constant for Kg—7 "7~ defined
by

|fs!?
NKg—7mtr )= /s

= 8
16mmyg ®)

(ii) The parameter ggg is given by

MK, >77r y0>0

NKg—mtr)

min

) Omax d
= 2@ [ do
gbrl - f

Pmin @

=|gBR]2(7.00>< 1073) for w

1+ 32
B

Its phase is ®, _ +§,, where ®, _=arg(n,_) and 9§, is
the 7 scattering phase in the I =J =0 channel at c.m.
energy V's =my (we assume here the validity of the
AI=1 rule in K°—2m). If the bremsstrahlung term
were the only contribution to the decay K; —m "7 v,
the branching ratio would be [14]

1+ B 2w
In —2 = |1——
1-8 ]Bo mg
min=20 MeV , (10)
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where B=[1—4m2/(m}i—2mgw)]'?, By=(1—4m%/
m2)V2, and w,,, =mgB3/2.

(iii) The dimensionless parameter g,,, measures the
strength of the direct M1 radiation in K; -7+ 7" y. The
corresponding decay rate is [14]

™YK, 77 70> Opmin)
F(KS—)7T+7T_)

a “max d @ CL)3 BZ B
=2 (g Ly <2
7 &Ml f °mn mp 6 By

20
mg

1— (11

Identifying this with the direct emission rate given in Eq.
(2), one obtains

lgpi| =0.76 . (12)

Since the direct M1 transition necessarily produces a
77~ pair in the I=1 p-wave state, the phase of 8 18
equal to 8,(s,), the 7 scattering phase in the p-meson
channel at c.m. energy Vs ...

(iv) The dimensionless parameter g, defines a CP-even
E1 component in the K; —7" 7~y amplitude, not relat-
ed to the bremsstrahlung term. Such a term could be in-
duced by a possible direct E1 amplitude in K, »>7" 77y
through the € impurity of the K; wave function. From
the remarks following Eq. (3), we estimate that
|g£1/81] <0.05 (see the Appendix); the phase of g, in
this case is related to that of g, by
arg(gg,/8y1) =P.~P, _. On the other hand, a direct
E1 amplitude in K; 7" 77y could also result from in-
trinsic CP violation in K,—7" 7"y, in which case the
E1 and M1 amplitudes are necessarily out of phase [3],
i.e., arg(gg/8y1)=m/2. As a consequence, this latter
type of E1 amplitude does not contribute to the CP-
violating observable calculated in the next section. For
our subsequent discussion, we consider only a possible e-

induced E'1 component, with
J

K, 7 r"ete™) o?

_ f(l-—Z[.L)z
D(Kg—mtr) 167 2(1,u2, u?) ¥ 42

where we have introduced the notation

2 2

2 Ma 2 Me

=" V=75
mg mg

and F(x,y,9) is given by (neglecting the electron mass)
|2 8E18F
—1

|
F(x,y,¢)=% 80 L Re

(x —1)?
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8E1

8m1

8E1

<0.05, arg
8m1

=P, _ . (13)

(v) Finally, the dimensionless parameter g is related to
the K ° charge radius by

gr=—R*)m}=0.15, (14)

where (R?)~—0.07 fm® The phase of g, is 8(s), the
I=0 s-wave phase shift for 7 scattering at energy /s ..

ITII. DIFFERENTIAL DECAY RATE

From the matrix element given in Eq. (7), we have cal-
culated the differential decay rate of K, 7 7 e e~ in
the following three variables: () x =(p,. +p_)*/m}
(normalized  invariant mass of pions); (il
y=(k, +k_)*/m} (normalized invariant mass of elec-
trons); (iii) ¢= angle between normals to the e Te ™ and
77~ planes. The last of these variables is determined in
the following way: In the rest frame of the decaying K,
let (p +p_) be parallel to the positive z direction. The
unit vectors

n,=(pyXp_)/|psXp_| (15a)
and

n,=(k; Xk_)/k, Xk_]| (15b)
then lie in the xy plane and have components

n,=(cos¢_,sing_,0) ,

n; =(cos¢,,sing,;,0) ,

where ¢_ and @, lie between O and 27. The angle ¢ is
then defined as

¢=¢,.—¢,mod(2m)

and ranges from O to 2.
Our result for the differential decay rate is

M2y, vV pa=vR o, wdg
dy yZ f4#2 dx}\’ (l’x’y)fo 217_ F(x7y5¢) ’ (16)

(17)

%)\( 1,%,0)AY2(x, w2, u?)

+ % lga1 IZ—I;M L,x, ) 2(x,pu%, p*)[1(1+2 cos?s)]
X

+1—18|gm|2§k“2<x,u2,u2>i [ACL,x,p)+6p]Mx, 1%, uP) [ H(1+2sin’¢) ] +2p A(1,x,p)(x —p?)}

L8

—xy+2u*(1—x +y

Re(ggigir) M2 (x,u2u?)+

3

)ln(L)

AY2(1,x,p)
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_ 16&1/2(x,#2’#2)x‘u/2

4(x —2u?)

8
+§|gBR|2

1—x —y ul

xHx +y — 12— A1, x,9)A(x,u? u?)

1—x —y)?+yAlx,pu?u?)

In(L)[1(1+42sin’
(x 4y — DA AL x,p) a1 2800 ‘M}

8
+§Re(gM18§R) “ZH

A‘/Z(l,x,y)

(x +y —DAY2(1,x,y)

In(L)+AY%(x,u2,1?) |[sing cos ]

1
+§Re(gM1g1}', )x—lzlyz(x,uz,,uz)k“z( 1,x,y)(1—x +y)[sing cosp ]+ A(x,y)[1(1—2 sin$)] . (18)

Here we have used the abbreviations

(x +y = D)x +AY21,x, ) A2 x, 42, 4?)
(x +y —Ux —AY21,x,p) A 2 x,u2,u?)

Mx,y,2)=x2+y*+22—2xy +yz +zx) .

L=

(19)

The function A(x,y) is given in the Appendix. Since this
term is proportional to (1—2sin%¢), it contributes neither
to the ¢-integrated decay rate nor to the asymmetry un-
der ¢ —7— ¢ discussed below. If one wants to study the
effect of the p propagator on the direct E1 and M1 con-
tributions, the couplings gg; and g,,, have to be multi-
plied by Dp(x)=02/(02—x), ozzmg/m}p

X107
—~20
1 +
L8 F(g) ------ Bremsstrahlung contribution only /]
] /
16 - - Direct M1 contribution only |
E 14
/;\
12 -
10+
m 8 L
6 —
4 -
2 | -
A T - S ARt N |
%.55 0.6 065 07 075 08 085 09 095 1
invariant mass of pions VX!
X 107°
—~ 16
o [(b) o |
o Tt Bremsstranhlung contribution only |
o 14 N T
/ Vo Direct M1 contribution only i
RPN
e 7 / \ __ Sum ‘
1o ‘
| |
:{/ 8 - i
m
6 —
1 i
sElo |
2 | F B |
0 L | [ S S ST TS S NS Soatil
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FIG. 2. Differential spectrum dT' /dV'x and dI'/dV'y for
K, —m*7 e e, where V'x and V'y are the invariant masses
of 7*7~ and e *e ~, normalized to my.

I
The following general observations may be made on
the above formula.
(i) The dependence on the variable ¢ is of the general
form

% =T",cos’p+T,sin’p+ I';sind cos¢ . (20)

The last term changes sign under ¢ —7—¢ and produces
an asymmetry in the distribution of the angle ¢ between
the normal vectors of the 77~ and e "e ~ planes.

(ii) The fact that the term sing cos¢ is CP violating may
be judged from the fact that it may be written in the form

sing cosp=(n; Xn_,)-Z(n;'n_) , 21

where Z=(p, +p_)/|p,+p_|. Noting that, under C,
k,—k; pi—ps and that, under P, k,— —k,,
p+— — P+, we see that the quantity in Eq. (21) changes
sign under CP.

(iii) The coefficient of the asymmetric term sing cos¢
involves the coupling constant combinations Re(g,, g gr )
and Re(g, 8%, ), which represent interferences of ampli-
tudes with opposite CP values and are thus manifestly CP
violating.

(iv) The pure M1 contribution proportional to |g,|?
has a ¢ dependence

(142 cos’p)=(sin’p+3 cos’e) .

This agrees with the result obtained in the paper of Chew
[11]; the rate for this contribution was calculated in Refs.
[15] and [16].

(v) The differential cross section dI' /dx dy obtained
after integration over ¢ agrees with the result of Majum-
dar and Smith [10] after certain typographical errors are
corrected in their result [17]. The distribution in the x
and y variables is depicted in Fig. 2. The total branching
ratio, neglecting the small effect of g, is

B(K, »>m m ete™)
=(1.3X1077)gg +(1.8 X107 7),,,+(0.04 X107 7), .

If a cut Vy >30 MeV is imposed on the invariant mass
of the e te ™ pair, the branching ratios for bremsstrah-
lung, direct M1, and pole contributions become
0.80X107%,3.7X 107 % and 0.4 X 108, respectively.

IV. CP-VIOLATING ASYMMETRY

From the differential cross section dI' /dx dy d¢, we
derive a CP-violating asymmetry
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[ d¢dr/dxdyd ©,=arg(g, 84 ) =P, _ +8,—5modr ,
A (x,p)=— , (22) _ . (24)
fsdqsdr/dx dydé ©,=arg(g, g% ) =P, _modr
where (here 8, denotes an average phase in the 77 p-wave I=1
channel). The functions A4, ,(y) are plotted in Fig. 3(a)
and are quite substantial over the whole range of y. The
f d¢ [ f dé ] = [ f 2 f /2 ] analogous asymmetry in the cross section integrated over
D S 0 T y is
—(4) (f”/2+ 32”/2] dé J ¢ [dydT sdx dyds
T T =
d¢ | dydT'/dxdyd
f (4¢ f y xdydé
The asymmetry in the cross section integrated over the 851
717~ invariant mass is = A;(x)cosO;+ A4 ,(x)cosO, o | (25)
M1

J,d¢[dxdr/dxdydg
* [.d¢ [axdr /dx dydg

8E1

=A,(y)cosO,+ 4,(y)cosO, , (23)

Emi1

where

b A,

T

o b b e Lo ben e b e e b b by
0.05 0.1 0.15 02 025 05 035 0.4
vy

invariant mass of leptons

P - -
0.9 0.95

[P B I IO BRI
06 065 0.7 0.75 0.8 0.85

invariant mass of pions

FIG. 3. (a) Functions A4;,(y) defining CP-violating asym-
metry as function of y [see Eq. (23)]. (b) Functions A;4(x)
defining CP-violating asymmetry as function of x [see Eq. (25)].

where the functions 4 4(x) are shown in Fig. 3(b). Fi-
nally, the asymmetry in the cross section integrated over
the whole domain of x and y is

&E1

(A4)=15% cos©,+38% cosO, (26)

&mi

Inserting @, _=43°, §,=40°, §, ~10° (assuming an aver-
age 7w mass of approximately 0.4 GeV), and
|g£1/8111=0.05, we have cos ©,~+0.29, cos®,~ +0.73,
implying an integrated asymmetry of the order of
(4)]=3.8£1.4%.

The branching ratio of K; -7 7 e*e ™ predicted by
the model is 3.1X1077. The current round of experi-
ments (e.g., E799 at Fermilab) expects to gather 25-50
events of this decay [2]. These statistics will be increased
by a factor of 20 in the next phase of this experiment.
Still higher statistics may be expected from a dedicated
K-meson factory. There is a reasonable prospect that the
CP-violating asymmetry calculated in this paper will be

+

X 107°

pure bremsstrahlung

N
~

bremsstrahlung + E1
(10% deficit)

N
@]

—
[o9] N

M (Ks—> i) dM(Ks —> 7'my) /dw-
N )

20 40 60 80 100 120 140 160
photon energy in MeV @

FIG. 4. Photon energy spectrum in the reaction
Ks—7*m"y, normalized to I'(Ks—7*7"), according to Eq.
(A3). Here it was assumed that the bremsstrahlung amplitude
interferes destructively with the direct E1 amplitudes; the
dashed curve shows the spectrum for a deficit of 10%.
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APPENDIX

(1) The function A(x,y) appearing in the expression for dT" /dx dy d ¢ [Eq. (18)] is given by
1 1
Alx,p)=—=lgg P52 2(x, 1% 1%)2y
18 x

U=xP=p? gy X2 HALxy)

AL, x,p) A1, x,p)

AV (x, u?, u?) In(L)

8
+§RC(8E18§R)

20017205 12 1,2 2
16x "y A *(x,u%,u”) _ 8xy In(L)

(A1)
MLx,p)[x%x +y — 12— A1Lx, p)Ax,u%u?)]  (x+y —DAY%(1,x,)

8 2
+_
3|gBR|

(2) We give here an estimate of the direct E1 coupling g, defined in Eq. (7), based on the discrepancy between the
measured rate of Kg— 7" 7 ¥ and the pure bremsstrahlung expectation [see remarks after Eq. (3)]. Defining the decay

amplitude of Kg—7 17"y by
Py Py, 8Es
./I/L - # * "k - -k ’ 2
s=egps TR e+e ;é(p+ €p —p_-€ep, k) (A2)

the decay rate can be written as

D=7 7) _a | pomdo |B41, |146 | 5| B [, 0
r(KS—>‘IT+7TA) T Omin - @ B 1-B Bo mg
g wmax 2—
+Re |2ES | frmedoo \F 1) (1451 B |, @
8ps | ¥ “min mj B 1-8 Bo mg
g wmax 3 2
4 | 8es d“’j" B | B |—2 @
ngv Dmin meg 6 BO mg
g ges |’
=7.00X1073 | 1+Re |22 |5.4x1073+ |22 | 1.9x1075 | , (A3)
8Bs 8Bs

have the same definition as in Eq. (10) and a minimum photon energy of 20 MeV was required.

where B, By, and o,
7y, we obtain

Assuming a discrepancy (deficit) of (414)% in the decay rate of Ky —

g
Re | 255
&Bs

=—(8£8) .

This fixes also the ratio gz, /ggr of the constants in Eq. (7), i.e.,

&E1

&BR

8Es

&8s

Re =—(8%£8) . (A4)

This result, together with Egs. (9) and (12), is the basis of the estimate of |gg, /gy | given in Eq. (13). (As may be seen
from Fig. 4, even a deficit of 10% does not appreciably affect the shape of the photon energy spectrum.)
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