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Chiral perturbation theory for hadrons containing a heavy quark

Mark B. Wise
California Institute of TechnologyP, asadena, California 9/ I 25

(Received 10 January 1992)

An effective Lagrangian that describes the low-momentum interactions of mesons containing a heavy

quark with the pseudo Goldstone bosons x, K, and g is constructed. It is invariant under both heavy-

quark spin symmetry and chiral SU(3)t &&SU(3)tt symmetry. Implications for semileptonic 8 and D

decays are discussed.

PACS number(s): 14.40.Jz, 11.30.Rd, 13.20.Fc, 13.20.Jf

The interactions of a heavy quark Q (i.e., mg»AQ( o)
are simplified by going over to an effective theory where
the heavy-quark mass goes to infinity with its four-velocity
fixed [I—13]. The effective theory has new symmetries
that are not manifest in the full theory of QCD [1,2]. For
N heavy quarks the effective theory has an SU(2N) spin-
flavor symmetry because the interactions of heavy quarks
are independent of their mass and spin. Heavy-quark
symmetry has been used to predict many properties of
hadrons containing a single heavy quark. For example, it
implies that all the form factors for B Dev, , and
B D*ev,, can be expressed in terms of a single universal
function [I] and that the value of this function at zero
recoil (where in the rest frame of the B the D and D* are
at rest) is known [1,10,11]. These results are expected to
play an important role in determining the value of the
Cabibbo-Kobayashi-Maskawa matrix element V,.b.

The strong interactions have an approximate SU(3)L
xSU(3)tt chiral symmetry that is spontaneously broken

X, =exp 2iM (I a)

where

to the vector SU(3) t subgroup. This symmetry arises be-
cause the light u, d, and s quarks have masses that are
small compared with the QCD scale AQco. Associated
with the spontaneous breaking of the approximate chiral
symmetry are the light pseudoscalar mesons x, K, and g.
The interactions of these pseudo Goldstone bosons, at low

momentum, are described by an effective Lagrangian that
contains the most general couplings consistent with chiral
symmetry. Much of the predictive power arises because
at low momentum terms with the fewest number of
derivatives and insertions of the (3t., 3tt)+(3t, 3tr) sym-
metry-breaking light-quark mass matrix dominate.

The pseudo Goldstone bosons are incorporated in a 3 x 3
unitary matrix

r

K

K'

( 2 ) I/2

Under a chiral SU(3)t x SU(3)tt transformation,

L(Ut =U(Rt,

(3)

(4)

where in general the special unitary matrix U is a compli-
cated nonlinear function of L, R and the pseudo-Gold-
stone-boson fields. [However, for an unbroken SU(3)t
transformation, V =L =R, the matrix U is equal to V.]

In this paper the low-momentum interactions of the x,

Here f is the pseudoscalar pion (or kaon) decay constant,

f=135 MeV. Under a chiral SU(3)t. xSU(3)tr transfor-
mation

(2)

where L C SU(3)t and R 6 SU(3)R. It is convenient
when discussing the interactions of the z, K, g with other
fields to introduce

I

K, and tI, with the ground-state heavy mesons with Qq'
IIavor quantum numbers are studied. (Here a =1,2, 3 and
q'=u, q =d, q =s.) These heavy mesons have st"

, for the spin-parity of the light degrees of freedom.
Combining the spin of the light degrees of freedom with
the spin of the heavy quark gives (in the m(t ~ limit)
three degenerate doublets consisting of an SU(3) t anti-
triplet of spin-zero mesons that are denoted by P, and an
SU(3) t antitriplet of spin-one mesons that are denoted by
P„* In the case g =c. these are the spin-zero D, D+, D,
mesons and the spin-one D*, D*+, D,* mesons. It is im-
portant that the effective Lagrangian that describes the
low-momentum interactions of the heavy P, and P*
mesons with the pseudo Goldstone bosons be invariant un-

der heavy-quark symmetry. For example, even if one is
interested in processes involving only a real D meson (e.g. ,

D semileptonic decay) the D* meson will occur as a virtu-
al particle in pole-type Feynman diagrams. The heavy-
quark spin symmetry relates the couplings of the D* to
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those of the D.
It is convenient to combine the P, and P,*„meson fields

into a 4 X 4 matrix H„given by [14,15]

agators that follow from (12) are i b,b/2v k and
i—b,b(g„„—v„v„)/2v k, respectively. In the case Q e

the D Dz decay width is determined by g:

H, = (P,*„y"—P, yg) .1+8 r(D*+- D'~+) = 1

6x

2

, Ip I'. (i 3)

The field operator P, destroys a P, meson of four-velocity
v. Pair creation does not occur in the effective theory
(where mg —~) so these field operators do not create the
corresponding antiparticles. Under SU(3)L x SU (3)g
chiral symmetry,

H, HI Ub, , (7)

where the repeated index b is summed over 1, 2, 3. Here

U is the 3x3 matrix introduced in Eq. (4). Under the

heavy-quark spin symmetry group [i.e., SU(2),.],

H, SH, ,

Here P,*„ is the field operator that destroys a P,* meson of
four-velocity v. It satisfies the constraint

Up p 0

Unfortunately, because of the small value of the pion
three-momentum, Ip, I

=40 MeV, the D* lifetime is so
long that it is very hard to measure. [At present there is
an experimental limit I (D + D rr+) (0.6 MeV,
which gives the bound g (3.] The coupling g is indepen-
dent of the heavy-quark mass.

The light-quark mass terms in the QCD Lagrangian
transform as (31., 3g ) + (31., 3g ) under chiral SU(3)L

&SU(3)g. To incorporate the leading effects of explicit
chiral-symmetry breaking from light-quark masses,

bX '
A, iTrHbH, (gmq(+(tmv(t), b

+~I TrH, H, (m„&+& m, )bb+ ' ' ' (14)

is added to the Lagrangian density in Eq. (12). In Eq.
(14) the ellipsis denotes terms with derivatives and

H, D(A) H„D(A) (9)

where S C SU(2), , (recall that [2] [YS] 0). Finally,
under Lorentz transformations,

m~ 0 md 0
0 0 m,,

(is)

H, =y Hty .

Explicitly,

(io)

H, = (P,„y"+P, y5) (i i)

For H, the transformation laws corresponding to those in

Eqs. (7), (8), and (9), respectively, become H, U,bHb,
H, H, S ', and H, D(A)H, D(A)

The strong interactions of the pseudo Goldstone bosons
with the heavy mesons are described by the effective La-
grangian density

X = —i TrH, v„j"H,+ —.
' i TrH, Hbv"(g 8„(+(8„$)b,

+ —.
' ig TrH, Hby, y5(gt8 "(—(tl "gt)b, + . , (12)

where the ellipsis denotes terms with more derivatives and
the repeated indices a, b are summed over 1, 2, 3. Deriva-
tives on the heavy-meson fields give factors of the small
residual momentum [2]. The Lagrangian density in Eq.
(12) is the most general one that is invariant under
SU(3)1 xSU(3)R chiral symmetry, Lorentz transforma-
tions, SU(2),, heavy-quark spin symmetry and parity.
[Note that TrH, Hb y5v„((t8'( —(8"(t)b, vanishes. ) Fac-
tors of jmp and Qmz. have been absorbed into the P,
and P*„fields so that the Lagrangian is independent of the
heavy-quark mass. Consequently, the heavy-meson fields
have dimension & .

Expanding ( in powers of the meson fields and taking
the traces yields Feynman rules for the interactions of the
x, K, and g with the heavy mesons. The P and P* prop-

where D(A) is an element of the 4x4 matrix representa-
tion of the Lorentz group. It is convenient to introduce
the matrix

is the light-quark mass matrix. It is also possible to in-

clude deviations from the mg~ ~ limit that violate
heavy-quark spin symmetry. At order A~0/mg the
heavy-quark spin symmetry is broken by the color-
magnetic-moment operator [6]. To include its effects,

bJ = TrH, rJ""H,er„„+
~2 (i6)

mg

is added to the Lagrangian density in Eq. (12). (Note
that ii, ~ and 1L, i are dimensionless but X2 has dimension 2.
The coupling constants A,

~
and XI are independent of the

heavy-quark mass, while A, 2 has a calculable logarithmic
dependence on the heavy-quark mass [6] from perturba-
tive QCD. ) In Eq. (16) the ellipsis denotes terms with
derivatives. Tbe leading term in Eq. (16) does not involve
the pseudo Goldstone bosons. Its only effect is to change,
respectively, tbe P, and P, propagators [16] to ib,b/
2(v k+ —d, ) and ib,b(g „—v v„)—/2(v k ——'6), where

m~e —mp. (In terms of the coupling constant 11,2,—2k2/mg. ) Now in the rest frame v=(1,0), an on-
shell P, meson has the residual energy —

4 h, and an on-
shell P, meson has the residual energy 4 h.. It is con-
venient when dealing with situations involving a real P,
meson and a virtual P,* meson to redefine the heavy
meson fields by exp(i 4 hv. x) so that the P, and P,* prop-
agators become ib b/2v kand .ih, b(g„, v—„v„)/—
2(v k —5), respectively. For g c and Q=b, the mass
difference h, is of the order of the pion mass and so in

power counting it is considered to be as important as one
derivative.

There are many applications of chiral perturbation
theory for hadrons containing a single heavy quark. For
weak semileptonic B decay to noncharmed final states
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with low momentum, matrix elements of the operator
L; =q'y'(I —ys)Q are needed (with Q=b and a =1).
This operator transforms under chiral SU(3)t. xSU(3)tt
as (3t, I tt) and its hadronic matrix elements are given by
those of

L,"= —Tr y'( I —yg) Mt, (t„+ (i 7)

fy f = gf—orna—/[f—(v p +5)], (20)

for the form factors f~ at small v. p„. Experimentally,
A=ma. —ma=50 MeV. Note that f+ f is enha—nced—

where the ellipsis denotes terms with derivatives, factors
of the light quark mass matrix m„, or factors of I/mg.
The constant a is related to the 8-meson-decay constant
which defined by (O~uy'y5b(8 (v)) =ifaptt, where pa
=mav. Taking the 8 vacuum matrix element of the
left-handed current in Eq. (17) and noting that the vector
part does not contribute (because of parity invariance of
the strong interactions) gives a =f8+ma. The parameter
a has logarithmic dependence on the heavy-quark mass
from perturbative QCD [7,8]. For 8 tr+ev, . the need-
ed matrix element is

(tr+(p, )iuy'(I —ys)biB (t)) =f+(pa+p )"

+f (pa p.)'--
In chiral perturbation theory this matrix element of L~
follows from the Feynman diagrams in Fig. l. They yield

f++f = —(fa/f—)[1 —gv p./(v p +A)] (19)

and

FIG. 1. Feynman diagrams for the matrix element in Fq.
(18). The solid square denotes the left-handed current and the
solid circle is the BB*zcoupling that follows from the term pro-
portional to g in Eq. (12).

[17] by (m8/f) over f++f , so f—+= f a—nd—

f+ = gfam—a/[2f(v p, +a)] . (2i)

This is the same result as Ref. [18] which previously con-
sidered the inAuence of the 8* pole on 8 tv,„and
found that it dominates f~ for small v p„. Of course,
with the methods developed here, multipion final states
can also be considered. Equations (19) and (20) hold for
D trev, , if the substitutions fa f», ma m», and
d =m». —m» are made. In principle they can also be ap-
plied to D Kev, In that case A=mD* —mg. However,
it is important to remember that the kaon mass is not very
small so in the D Kev,, case significant corrections to
Eqs. (19) and (20) are expected from terms in Eq. (17)
with one derivative.

Semileptonic decays 8 DXev, , and 8 D*Xev„,
where X is a low-momentum state of one or more pseudo
Goldstone bosons, can also be studied using chiral pertur-
bation theory. Hadronic matrix elements of cy„(1 —yp)b
are needed for these decays. This operator is a singlet un-
der SU(3)t &SU(3)tt and in chiral perturbation theory,
its hadronic matrix elements are given by those of

vy„(1 —
y&) b = —p(v v') TrH, ' (v') y„(l —y5) H,( ) (v) + (22)

where the ellipsis denotes terms with derivatives, factors
of m„, or factors of I/m(t. From the 8 D (or D ) tran-
sition it follows that p(v v') is the universal function
relevant for semileptonic 8 Dev,. and 8 D*ev,. decay
[1]. It has a logarithmic dependence on the heavy quark
masses from perturbative QCD [7-9]. The leading term
in Eq. (22) is independent of the tr, K, and ri fields. Con-
sequently, in chiral perturbation theory, it is pole-type di-
agrams that dominate the amplitudes for semileptonic
b c transitions that have low-momentum pseudo Gold-
stone bosons in the final state. These pole-type diagrams
are determined by the function P(v v') and the coupling
g. An interesting aspect of the application of chiral per-
turbation theory to these decays is that its validity is not
restricted to v v' very near unity. For example, if X=n,

then chiral perturbation theory is valid for v p, and v' p„
small. This can occur when v v' is not particularly close to
one.

A more complete discussion of the application of the
methods developed in this paper to semileptonic 8 and D
decays will be presented in a further publication.

Note added. After completion of this work I received a

paper by A. Burdman and J. Donoghue [Report No.
UMHEP-365 (unpublished)]. It contains similar work to
that presented here.
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40050.
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