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Massive Schwinger model and four-dimensional QED: The connection
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We state the connection between the fermion determinant in four-dimensional QED (QED,) and the
massive Schwinger model, QED,, for the case of smooth, polynomial-bounded, unidirectional magnetic
fields. Using the diamagnetic bound on the fermion determinant in QED,, we obtain an upper bound on
the fermion determinant in QED, for this class of fields. Using Kato’s inequality, we obtain an upper
bound on the one-loop effective action in scalar QED, for smooth, polynomial-bounded but otherwise

general fields with fast decrease at infinity.

PACS number(s): 12.20.Ds

I. INTRODUCTION

The unrenormalized Euclidean Green’s functions in
QED can be defined by the functional integral
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where S is the fermion two-point function in the external
potential A4,, Sy is the free-fermion propagator,
det,.(1—eSpA) is the fermion determinant defined
below, and

Z = [du(A)det,.,(1—eSp A) .

The Gaussian measure for A4 u is chosen to have mean
zero and covariance:

Jdu4,04,00=D,,

where D, is the free-photon propagator in a gauge
determined by the measure, du( A). The measure may be
chosen to give D, an infrared cutoff mass; a way of in-
troducing an ultraviolet cutoff will be mentioned below.

An open question is the following: how does
det,.,(1 —eSp A) behave for large values of 4,? If the
logarithm of the gauge-invariant fermion determinant
grows more than quadratically in the field strength F,,,,
then there is doubt that det, (1 —eSr 4) can be integrat-
ed for any Gaussian measure: four-dimensional QED
(QED,) would be unstable. Our goal here is to obtain a
gauge-invariant upper bound on the fermion deter-
minant.

As we shall see in Sec. II, we will have to confine our-
selves to smooth, polynomial-bounded, unidirectional
magnetic fields with fast decrease at infinity. For such
fields we are able to link the massive Schwinger model,
QED,, directly to det,,, via Eq. (8) below.

This result immediately places the massive Schwinger
model on an entirely new level: it is no longer a model; it
contains physical information about the four-dimensional

(x —y),
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world. For example, if the fermion determinant of the
massive Schwinger model were known, one could, via Eq.
(8) below, calculate the, at present unknown, effective ac-
tion for QED, for unidirectional, smooth, polynomial-
bounded magnetic fields with rapid decrease at infinity.
We use the diamagnetic bound on the functional deter-
minant in QED, to obtain an upper bound on det ., for
these special field configurations. Our results are summa-
rized in Sec. III.

Let us state straightaway that our special field
configurations are a set of measure zero, and, therefore,
the long-standing problem of how the spinor determinant
det,., behaves for strong general fields remains
unanswered. Nevertheless, our bound, Eq. (15), does
represent progress. Hitherto, explicit strong-field results
for det,, were known only for constant field strength
[1,2] and expansions around constant field strength [3].

An upper bound on det,.,([(P — A)*+m?]/(P*+m?))
for the case of scalar QED, for smooth, polynomial-
bounded but otherwise general fields F,, with fast de-
crease at infinity is obtained in the Appendix with the
help of Kato’s inequality.

II. BOUND ON det,., IN SPINOR QED,

The functional measure du( A) for the free Maxwell
field A, can be realized on §”, the space of tempered dis-
tributions. Our procedure for smoothing these rough
fields will also serve to regulate QED,. Specifically, we
smooth A, by convoluting it with an ultraviolet-cutoff
function &, €S, the functions of rapid decrease; that is,
let AQ= A, xh,. A choice for h, might be a function
whose Fourier transform h, €C{, such as ﬁ,\ (p)=1 for
p2<A% h\(p)=0for p?> (A+mpg)? where my is the re-
normalized fermion mass. Then A4 Q is a polynomial-
bounded C* function. To deal with volume divergences,
multiply 4, by a volume cutoff g €EC{ and replace the
potential in det,.,(1—eSp A) with gA4*; the potentials in
S can be simply replaced with AI’}, as no volume cutoff is
needed here. Note that the photon propagator is now re-
gulated:

Jdu Al(x)42(»=DM(x—y),

where DJ’s Fourier transform D, < |A,|2. Since the
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fermion determinant has lowest-order charge renormal-
ization built into it (see below), the unrenormalized
theory is now free of divergences. Hereafter, the product

gA ;’} will be denoted by A4 o where A4 u is now a smooth,
|

__ 1 °°dt 4 _P2_
Indet  (1—eSpA) ?fo —t—fd xltr(x e Pi—exp

where ap,vz(1/2i)[7/y’7/v]’[7p’7v]+=_28pv? ‘y‘\t'
=—Yw and m is the unrenormalized fermion mass. This
definition makes sense out of the formal expressions

and provides a gauge-invariant representation of the fer-
mion determinant. It includes a second-order charge re-
normalization subtraction to make the proper time in-
tegral well defined for small ¢. This definition yields the
conventional power-series expressions for the one-loop
fermion graphs. For example, the O (e?) expansion of
Eq. (1) gives

(P—ed)i+(e/2)0,F,, +m?
P’ +m?

det’(1—eSp A)=det

1
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XIL,,(x —y) A, () ,

with the Fourier transform of II,, given by the second-
order vacuum-polarization tensor

fi, (k)
—_— ez 1
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Definition (1) also renders the box diagram gauge invari-
J

V
_ _hpedt oo
In det (1= Sp A)=— fo tfd x|

2 —pP% B —m?
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polynomial-bounded potential with fast decrease at
infinity.

We define the fermion determinant,
Schwinger’s proper-time definition [1] as

based on

e
(P—edV+—0,F,, |t

2F? | _
el o

—
ant and respects Furry’s theorem. The point of these ele-
mentary remarks is to emphasize that we are dealing with
QED in its entirety and not some abbreviated version of
1t.

We do not know how det, (1—eSrA) behaves for
strong general fields F,,. But it is a legitimate and well-
posed question to ask how it behaves for strong magnetic
fields. Since we are in Euclidean space, E and B are on
the same footing, and it may be the case that the behavior
of the determinant for large B fields will remain true for
general fields F,,,. This is the case for constant fields. To
reduce notation we will absorb e into 4, and replace
ed, by 4,. Then [1,2]

Indet, (1—SpA4)= LZ(B2+E2—3|E-B|)
247

B’+E’

XIn
m?

+0(F?),

where V is the volume of the space-time box. The deter-
minant is seen to grow more than quadratically for
|E-B|/(B>+E?) < 1.

We still cannot estimate the large-B behavior of
det,,(1—Sgr A) unless B is further restricted to be uni-
directional, thereby reducing the problem to an effective
two-dimensional one. Specifically, we set B=B(x,y)k,
where B (x,y) is a smooth function with fast decrease at
infinity. Then in the chiral representation of the ¥ ma-
trices 01, =( o ° _003), and Eq. (1) reduces to

2
(2)

2 ’

where L (||) refers to the x and y (z and ¢) coordinates, and ¥ is the volume of the zt box. We used

-r} V

i Y
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the factor 2 in Eq. (2) comes from a partial spin sum. Then

d
—2
77-E)mz
_ ALk
=V, Indetg;,(1—=Sp A)+———,
127m

V « dt —_p2
lndetm,=—2lf0 dedle tr{x,|e Plt—exp{—[(Pl— AP —o Bt} |x Ye ™+

VilIBII®

127m?

(3)

where ||B||*= f d?*x B*(x,y). The determinant detg, is defined by

Indetg,(1—Sp A4 )=%fow%tr(e ‘Pzt—exp{ —[(P— A)*—0;B]t} )e ~tm* ,

4)

where the trace is over two-dimensional space-time and spin spaces. That is to say, detg., is nothing but the fermion
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determinant of the massive Schwinger model [4] or, in other words, it is the fermion determinant of QED,. The propa-
gator Sr and the ¥y matrices in the argument of detg,, are now two dimensional. It might be objected that in four di-
mensions B (e) has dimension m? (1) while in two dimensions B and e both have dimension m. But recall that B stands

for the product eB, which has the invariant dimension of m?2.

Expanding Eq. (4) to O (B?) and denoting the remainder by In det;, we get

In detg,(1— S =——f oy k1B f dz—

Restoring F,,,(F\,=B,0,,= —03), by definition

1—z)
l—z)+m

2 +]ndet3(l—‘SFA) . (5)

z(1—2)t e tm
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_ _1 r=at —P%_  —[(P— AP2+o-F/2]t
Indet;(1—Sp A4) 2f0 ; [tr(e e )
t 1 d%k
+— | dzz(1—2)
27 fo (27)
=- 2 —tr(SpA)"
n=3

We recognize Indet; as the sum of all one-loop fermion
graphs in two dimensions, beginning with the box graph,
since definition (6) respects Furry’s theorem. Recall that
these graphs vanish when m=0 [5,6]. By making a simi-
larity transformation [7], Indet; can be interpreted as
det;(1—K), where

J

-2

9 Vi d* 5,00 00 _
3 sIndet,.,= 21rf—(277)2 |B (k)| fo dzz(1—z)

Integrating with respect to m? gives

Vo d% B

In det B(k)|?
nde 41 (27)? (el

ren

Xfoldzz(l—z)ln 2

k*z(1—z)+m? ‘

4
I *® 2 2
+o [ dMIndety(M?) (8)

where we have set lim ,_  det.,=1. This is true graph

by graph; it is true nonperturbatively for the constant
field case, and it is physically reasonable that an infinite-
mass fermion cannot respond to an external magnetic
field. Referring to Eq. (8), we find it somewhat remark-
able that the massive Schwinger model, through det;, has
such a direct bearing on QED,.

Unlike the original Schwinger model with m2=0, the
massive model has not yet been solved. But there are
some important results. One of these is the ‘“diamagnetic
bound” [7,9,10], which states that

detsch <1 , 9)

for m?>0. Referring back to the definition of dets,, Eq.
(4), it is evident that Eq. (9) is rather an expression of the
paramagnetic property of fermions; it is also a statement
of the positivity of the effective interaction Lagrangian of
QED,. From Egq. (5), Eq. (9) implies

=(—A+m?2) 4 ig+m) A(—A+m>)V/* .
Then K is a compact operator on L%(R?)® L2(R?); it also
belongs to the trace ideal C, for g >2 [7-9], i.e,,

tr(K*K)?? < 0 .
Substituting Eq. (5) in Eq. (3) gives

1 1

— ——5————— |+V,Indet, .

m?  k*%z(1—z)+m?

1 d’k 4 1 z(1—2z)
Indet; < B dz——"——
) )21 | fo kz(1—z)+m?
(10
Inserting (10) in (8) and choosing |B||>=m?, we get
In det,,, < Zf 2|B(k)|2f dzz(1—z)
47 (27)
2 _ 2
xin | K220=2)1BI ‘
m
® dM*In dety(M?) . (11)
2 1812 ’

Equation (11) gives a bound on det,,, for strong magnetic
fields. Indeed, letting 4, —A 4, we get
AV |IB|?
> In
241
X f;;l 2AMIn dety(h 4, M) +O(X) .

?»ZHBIIZ
m

”
27

Indet,, =
A>>1

l'CIl

(12)

From Eq. (6), the dominant contribution to det; in Eq.
(12) for large mass will come from the small-f region of its
proper time representation. In QED, we have the heat-
kernel expansion [11]
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The second term in Eq. (6) is specifically designed to cancel all terms of O (F?). Thus, when (13) is substituted in Eq. (6)

we get
1 rdt t? —im?
1 = — = 2 v F2 2+ t4 tm
ndety=— [ " [dx | 2 —(FP+0(") |e
[ a*x(F2y [ d* F*F, V?F,, [dx(F?
= —+0 - ,
360mm m m
Ja* B* Jd* B*v’B [ d’x BS
= s tO 8 ’ 10
90mm m m
Then
. . Jax B 1
dMdet;(A A, M?)=—— = |
I T 1807||B||* A2
(14)

and hence the strong magnetic field bound

A2V, ||B|? 2112
Indet < ”“ I In A7)B]]
A>>1 2472 m?

+0(A% . (15

The bound in Eq. (15) is in accord with the expectations
of the authors in Ref. [12].

There remains the question of whether the logarithm
term in Eq. (15) can be removed by a better estimate. If
one goes back to the definition of det,, for a unidirec-
tional magng:tic field, Eq. (2), and breaks the ¢ integral up
into [}121" ang [ 7s| then the charge renormaliza-

tion term in det_, gives the contribution

H“B”z w dt .2
= n at,
2472 1/|B|* ¢t
VilIB|? I|B]?
_ 0
= n +O(||B||") ,
24m? 2 Y Bl

where y is Euler’s constant. This is the logarithm term
in Eq. (15). Any hope of canceling it would have to come
from the term

V d
__bfr= atr _ _ 2_ —tm?
o fl/“BHthtr(exp[ [(P,— A)*—o;B]t})e
This integral is sensitive to the eigenvectors of

H=(P,— A)’—0,B with eigenvalues at and near zero.
Defining the flux ¢ of B by f d’x B(x), the Aharonov-
Casher theorem [13] states that H has exactly [¢/27]
eigenvectors with eigenvalue 0, all with 0;=1 (3= —1)
if 20 (#=<0). Here [x] denotes the largest integer
strictly less than x, and [0]=0. Thus the zero modes of H
for large B fields with rapid decrease at infinity are highly
degenerate. Further progress along these lines might
shed some light on the question we have raised [14].

III. SUMMARY

The massive Schwinger model has been shown to be of
direct physical relevance. Essentially, Eq. (8) says calcu-
late detg,, and integrate over the fermion mass to get
det,., and the effective action for spinor QED, for
smooth, polynomial-bounded, unidirectional magnetic
fields with fast decrease at infinity. If one wants to calcu-
late classical trajectories, A, itself may be assumed
smooth with rapid falloff at infinity so that the regulators
g and h, may be removed. This effective action would be
relevant to the interior of pulsars, where trapped and
more or less unidirectional magnetic fields near the elec-
trodynamical critical field B =m?/e =(4.41)(10'%) G are
believed to exist.

Since detg, is not yet known, we have resorted to the
diamagnetic bound, Eq. (9), to bound det,,, for a class of
strong unidirectional magnetic fields. It is indeed rare
when a two-dimensional result from constructive field
theory has a direct bearing on physics in four dimensions.
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APPENDIX

For scalar QED, we can proceed as above and ob-
tain a relation between the scalar determinant,
det([(P— 4>+ m?*]/(P*+m?)), and a determinant in
scalar QED, analogous to Eq. (8) for the case of a uni-
directional magnetic field. If one simply wishes to get an
upper bound on the effective action for strong general
fields F,,,, then there is a more direct way to proceed as
we will now show.

We define the determinant of scalar QED, as

In det

ren

(P—AP+m?
P*+m?

’

19272

2
o dt _p2 (P — 4)2 F 2
_.f dt[tr(e P —(P—AY) | ] e~ tm
0

(A1)
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which contains a second-order charge renormalization
subtraction. ~The dimensionless quantity ||F||?
= f d*x F>. We are continuing to regard A p as a

smooth, polynomial-bounded potential with fast decrease
at inﬁznity. Now break the ¢ integral in Eq. (Al) into
f (1) /mANFI and f f/mzn 2 and use Kato’s inequality [15] in
the form

_ — 2 _p2
tre P At<qre Pt (A2)

which expresses the universal diamagnetic tendency of
spinless bosons in an external gauge field. Then

1/m?||F|? dt _p2 (P 42
m=|| Il_t_ tr(e ~P—e—(P— 471

Indet_, =
_ F|? —tm?
19272
. Jalk foo ﬂe—tmz
19272 ¢ i/mYF|? t

(A3)

The first integral in Eq. (A3) is dominated by its small-
behavior for || F|| >>1. Using the expansion [16]

45
tr(e—Pzt_e—(P—A}zt)
_ 1 4 | Q- t 2
= —F+—L_F vF
1672 Ja* | 5+ Tog FuVFun
37¢2 4
—F F
+ 1680 wV Fy
t? 712 2y2 3
+ FF)*—1(F +0(t ,
14_40[( —=T1(F*)*1+0(t°)
(A4)
we get
2
Indet,., > —M”—(anHF”Z—-y)+const . (AS)

19272

The one-loop contribution to the Euclidean effective ac-
tion is, for ||F||>>1,

'Y= —Indet

ren

2
< JlEIJ-Z—(lnHF”z—yH—const .
1927
Of course, this result may have no direct bearing on the
stability of scalar QED, because the ¢*2¢? interaction,
necessary to make the theory perturbatively renormaliz-
able, has not been included.

(A6)

[1] J. Schwinger, Phys. Rev. 82, 664 (1951).

[2] W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1936); V.
Weisskopf, K. Dan. Vidensk. Selsk. Mat.-Fys. Medd. 14
(6) (1936).

[3] Z. Haba, Phys. Rev. D 29, 1718 (1984).

[4]S. Coleman, R. Jackiw, and L. Susskind, Ann. Phys.
(N.Y.) 93, 267 (1975); S. Coleman, ibid. 101, 239 (1976); J.
Frohlich and E. Seiler, Helv. Phys. Acta 49, 889 (1976).

[5]1J. Schwinger, Phys. Rev. 128, 2425 (1962).

[6] H. Georgi and J. Rawls, Phys. Rev. D 3, 874 (1970); E.
Seiler, ibid. 22, 242 (1980).

[71 E. Seiler, in Gauge Theories: Fundamental Interactions
and Rigorous Results, Proceedings of the International
Summer School of Theoretical Physics, Poiana Brasov,
Romania, 1981, edited by P. Dita, V. Georgescu, and R.
Purice, Progress in Physics Vol. 5 (Birkhéduser, Boston,
1982), p. 263.

[8] E. Seiler and B. Simon, Commun. Math. Phys. 45, 99
(1975).

[9] E. Seiler, Gauge Theories as a Problem of Constructive
Quantum Field Theory and Statistical Mechanics,
Lecture Notes in Physics Vol. 159 (Springer,

Berlin/Heidelberg/New York, 1982).

[10] D. Brydges, J. Frohlich, and E. Seiler, Ann. Phys. (N.Y.)
121, 227 (1979).

[11] This is an easy consequence of the QED, result, after
correcting for the difference in spin sums and omitting the
invariant FF. See P. Amsterdamski and D. O’Connor,
Nucl. Phys. B298, 429 (1988).

[12] R. Balian, C. Itzykson, J. B. Zuber, and G. Parisi, Phys.
Rev. D 17, 1041 (1978).

[13] Y. Aharonov and A. Casher, Phys. Rev. A 19, 2461 (1979).

[14] For a review of results on Schrddinger operators with
magnetic fields, see H. L. Cycon, R. G. Froese, W. Kirsch,
and B. Simon, Schrodinger Operators (Springer,
Berlin/Heidelberg/New York, 1987).

[15] T. Kato, Israel J. Math. 13, 135 (1972); H. Hess, R.
Schrader, and D. A. Ulenbrock, Duke Math. J. 44, 893
(1977); B. Simon, J. Funct. Anal. 32, 97 (1979); C. Vafa
and E. Witten, Commun. Math. Phys. 95, 257 (1984).

[16] This expansion is easily obtained from the second-order
graph for Indet,.,; the fourth-order terms may be inferred
from Schwinger’s constant field result for scalar QED, in
Ref. [1].



