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The damping rate to order g T for fermions in the long-wavelength limit of hot gauge theories is
calculated using the recently developed resummation methods in terms of hard thermal loops. Both
a heavy and a massless fermion are considered. AVard identities between the eR'ective propagators
and vertices are used to formally prove the gauge independence of the damping rate to this order in
a wide class of gauges.
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I. INTRODUCTION

The infrared behavior of gauge theories at high temper-
atures generally leads in perturbation theory to a num-
ber of paradoxes [1]. One particular problem that has
attracted much attention recently is the calculation of
the damping constant, as in the one-loop approximation
both the magnitude and the sign of this rate depend on
the choice of gauge. Pisarski in particular has argued
that such a dependence indicates the breakdown of the
loop expansion [2, 3], and would disappear in a consis-
tent expansion incorporating all relevant higher-loop ef-
fects. General formal arguments also exist to support
the conclusion that the poles in the propagator will be
gauge invariant when calculated accurately [4]. For high-
temperature QED and QCD such an expansion in terms
of the "hard thermal loops" studied by I&limov [5], Wel-
don [6], Braaten and Pisarski [7], Taylor and Wong [8],
and Frenkel and Taylor [9] was developed, and subse-

quently used to calculate the lowest-order damping rate
for gluons [10].The purpose of this paper is to use these
resummation techniques to calculate the analogous rate
for fermions.

The reasons for performing this calculation are three-
fold. Firstly, as in the calculation for gluons, the sign and
the order of magnitude of the damping rate should pro-
vide an indication that such techniques give tractable and
reasonable results. Secondly, an approach is employed
that involves intermediate steps different from those that
arise using dispersion relation methods [3, 10], and we

verify that both approaches lead to the same final an-
swer. In light of the dif5culty of such calculations rela-
tive to those of the usual loop expansion, this provides a
useful technical check on the methods. Finally, as is also
found for gluons [7, 10], we show that Ward identities
between the effective propagators and vertices simplify
significantly the fermion calculation, and at an algebraic
level can be used to formally prove the gauge indepen-
dence of the lowest-order damping rate in a wide class of

II. TECHNICAL DETAILS

In this section we give some technical details of the
evaluation of the Matsubara frequency sums and of the
calculation of the imaginary part of the subsequent ana-
lytically continued expressions [12]. Consider first a com-

plex function f(z) defined on the real axis. The inverse

of this function will have an imaginary part related to its
discontinuity across the real axis as

1 1 1 ( 1

*f( ) f( ) 2 f( ') f(z —ie) p
'

(2.1)

Contributions to this imaginary part come from zeros
of the function, giving rise to residue terms, and from
cut terms due to discontinuities of f across the real axis.
A residue contribution for I/f(z) with a simple pole at
z = zo will have the form

1
b(z —zp)—:~RI (zo)b(z —z p).

f'(*o)
(2.2)

gauges.
The paper is organized as follows. In Sec. II we list

some technical details of the evaluation of the Matsubara
frequency sums and the extraction of the imaginary part
of the subsequent analytically continued expressions. In
Sec. III we give the forms of the effective propagators
and vertices that arise in the resummed expressions for
the quark self-energy, as well as the corresponding Ward
identities. In Sec. IV we use these results to calculate the
lowest-order damping rate in the long-wavelength limit
for a heavy fermion (m » T), and in Sec. V we consider
a massless fermion. Both results are gauge independent
in a wide class of gauges, although recently questions
have been raised in this regard concerning the neglect of
some terms in certain gauges, both for the fermion and
the gluon damping rate calculations to lowest order [11].
Section VI contains a brief summary.
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For a cut term, suppose f(z) has a cut for 0 & z & a,
and define in this interval f(z + ie) = f(z) + i fl(z) and

f(z —ie) = f(z) —i f~(z). The contribution of this cut
to Eq. (2.1) will have the form

0(z) g(a —z)—:s.PI (z) 0(z) 0(a —z).&1(z)
f'( z) + fl'(z)

(2.3)

Including both the pole and cut terms, Eq. (2.1) then
becomes

1
Q = RI(zP)b(z —zP) + PI(z) 8(z) 8(a —z).

(2.4)

This formula can readily be generalized to cases with
multiple poles and cuts.

Consider now a frequency sum at finite temperature in
the imaginary-time formalism involving a bosonic func-
tion f(ko ——i2xiiT) —the extension of the following to
include fermions is straightforward. We assume f(z) is
analytic everywhere except on the real axis, and evaluate
the frequency sum by [12]

+OO

T ) f(kp ——i2s.nT) = dkc coth f(kp),
4+x c .2T

(2.5)

where the continuation i2xnT ~ ko + ic to real ener-
gies is made and the integration contour C encircles the
imaginary axis counterclockwise. The contour can be de-
formed and split into two pieces: one encircling the real
axis and the other forming a great circle at infinity. Since
1/(e~"'~I+ —1) damps at large (ko), only poles and cuts of
f which appear along the real axis will contribute. We
then have, using Eq. (2.4),

T ) f(ko —i2snT)

1 + kp

2
dkp coth Qi., f(kp)

(2 6)

We apply these considerations to a self-energy contri-
bution involving a single loop integration:

F(pp ——i2s'nT, p) = de f(P, I~) = T) d3k
s f(pc ——i2s.nT, p, kc = i2smT, k),

27r 3 (2.7)

where the notation P„= (po, p) will be used to denote
the 4-momentum. The extension of Eq. (2.6) to include
functions which involve an external energy po

——i2m nT is
straightforward, and after such an evaluation of the fre-
quency sum the analytic continuation i2~nT ~ po+ i~ is
made. This continuation results in the function acquiring
an imaginary part, which can subsequently be extracted
by use of Eqs. (2.1) and (2.4). Such a procedure, with
modifications as necessary to include fermions, shall be
used in the following, and will be seen to lead to the same
final answer as that found by the spectral representation
methods of Refs. [3, 10].

III. EFFECTIVE PROPAGATORS AND
VERTICES

Here we list the forms of the effective propagators and
vertices used for the resummed fermion self-energy, as
well as the corresponding Ward identities which provide
simple relations among them.

D~„l(Ii) = A„, — ~E„X„+c (Ii) I~4 (3 1)

D„(I&)= —~A„, ——2X„X„+c (It) ". " (3.2)
1 1 2 AP Idgg

where &&
—n&+A(K)K& and n& is a fixed vector identi-

fied with the velocity of the heat bath. Here n&
—P»n",

P» —g» K&K„/K, a—nd A» ——P» —h&n„/n2,
which for n&

——6O& is the spatially transverse projection
operator b;& + k;k&/k~. —The gauges used in Eq. (3.1)
are quite general, and include as special cases covariant
gauges [A = 0, c = 1/n) and regulated axial gauges
[13] [A = kck /Kcs, It', c2 = —n(1 —n)K4/K&4, where

Kc ——(1 —n)kc2+ nk ]. We note that as the propagator
is even under I4 -+ —K the gauge parameters A(K) and
c~(K) are odd and even, respectively.

The effective gluon propagator [2, 5, 6]

A. GluoD propagator

We begin with the gluon propagator, and assume its
bare form is given by

is obtained from the bare propagator of Eq. (3.1) by
substituting kq = K2+II& for I~ and k~ = k —II~ for
k, where, with k = ~k(,
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2k2 ( kp2 2k kp —k)
(3 3)

kp (kp+ k
III(ko, k) = —3m~ 1 ——ln

~2k (kp —k

arise from hard thermal loops and m&2 ——g~T2(N+NI/2)/9. In this and the following denotes equality up to hard
thermal loop contributions. The transverse dispersion relation k~2[cuq(k), k] = 0 and the corresponding contributions
to

1
~~ —,= %(ko, k) [b(ko —~~(k)) —b(ko+ ~~(k))] + P~(ko, k)0(k' —kp),

as well as those for the plasmon mode, are discussed in Refs. [2, 6].

(3 4)

B. Quark propagator

The effective quark propagator S '(P) =P —bE(P) includes the hard thermal loop [3, 14]

bE(P) g CI dI~ D&,&(Ii)p" S~ &(P —I~)p" —mI y„ (3.5)

(3.6)

Here, m&2 ——CIgsT2/8, K" = (1,k = k/~k~), dQ is the angular measure, D&, (P) is the bare gluon propagator of Eq.
(3.1), and S&o)(P) is the bare quark propagator

(p) 1 f'+ m

g —m P2 —m2

Now, P ( = mI from Eq. (3.5) gives ('(P) = [Pp(o —mI ]p'/P, which as shown in Refs. [3, 14] can be used to split
the effective propagator into two modes:

1
( ) —

(P) P D (P)&
=Xo( )to —Xs( ) k

where

1 1= -&+(P)(Vo—k) + -&-(P)(Vo+ k),2 2
(3 7)

Do(P) = po —(o,
pp(p mfD, (P) = p-

p
1"'"=

D.(P) —D.(P)
1~-(') =

D, (P)+ D.(P)

(3.8)

The dispersion relations of these two modes and their contributions to

& (Po P) = &(Po P) [b(Po — (P))+ b(Po+ -(P))]+ P (Po P)0(P' —Po')

(po, ») = R(po-, ») [b(» o —~-(p)) + b(» o+ ~+(p))l+ P (po, P)~(p' —p-o),

are discussed in Refs. [3, 14].

(3.9)

C. Three-point vertex

The effective vertex between a quark pair and a gluon can be written as

'r~(p, q) = ~~ + br~&, &+ br"„& ——&~ + br~(p, q), (3.10)

where P and Q are the incoming and outgoing quark momenta, respectively. The two hard thermal loops are given
by
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6P(,&(P, Q)= —g ~

——CI
~ f dII D„(II)y S (P —II)y"S (Q —I&)y",

bI'(",)(P, Q) = — de 7PS( )(IK)7'D(„)(Ii —P)1"" (P —Q, Ii. —P, Q —IC)D(
p (I& —Q),

2
(3.11)

where I' &&(P, q, Id ) = g P(P —Q)~+ gp~(q —Ix) + g'i (Ii —P)~. Since the terms proportional to N/2 cancel, we
have [7—9]

dQ K" K"
bI'"(P, Q) mg p„ 4s'P KQ K

which, using the effective quark propagator of Eq. (3.5), gives the Ward identity

(Q —P) 'F(P, Q) S (Q) —S (P).

(3.12)

(3.13)

D. Four-point vertex

(3.14)

With the color indices contracted, the efFective four-point vertex between a quark pair and two gluons is given by

'r&"(p q s, T) = br,",')+br,",")+br,",")

= bI'""(P, Q S,T),
where P+ S = Q+ T = R. The three hard thermal loops are decomposed as

bl'(",.)(P, Q; S,T) = g(",.)"(P, Q; S,T) + J(",.)"(P, Q; T, —S)—
for i = 1, 2, 3, where

S&","&(PQ;ST)=g CI/dII &
S& &(Q+Ig}y"S& &(II+Ii}y"S (P+R)y~Dp„&(II),

2

g( )~(sP, Q; S, T) f de' D( p~(IC+ S)7~S(')(Q —S —Ii)7"S( )(P —Ii.)7"

x D(;)(I~.)r». (I'., S, -I'. —S),

J( )(~sP, Q;S, T) g N f dII: D p(K)F"P~( S, II:,S —Ii—)D ) (S —Ic)

x F" ~(T, I4 —S, Q —P —Ii )D ), (Q —I& —P)7"S( )(P + IC)7

Since the second and third terms cancel, we have [7—9]

dQ K"K"KP ( 1 1

4 (P S).K(P —T) K (P K Q K)

(3.15)

(3.16)

(3.17)

which, using the three-point vertex of Eq. (3.12), leads

to the Ward identity
Z(P) = g CI de D„„(I4)7"S( )(Q)y",

soft
(4.1)

T„r "(p,q;s, T) = r"(p T, q) 'r"(p-, q+T-)
(3.18)

IV. HEAVY QUARK

Employing dispersion relation methods, Pisarski has
used the effective expansion to calculate the lowest-order
damping rate of a heavy quark of mass m &) T in the
long-wavelength limit [3]. We reconsider this calcula-
tion as a simple check on the methods of Sec. II. With
m && T only the bare gluon propagator has to be re-
placed by its effective form, which leads to consideration
of the resummed self-energy [3]

where Q = P —I& and the integration is carried out only
for soft momenta.

The considerations of Sec. II to evaluate the frequency
sum and then find the imaginary part of Eq. (4.1) after
analytic continuation are simplified by the presence of
the bare quark propagator. In the long-wavelength limit
~p~ ~ 0 the mass-shell condition p()

—m imposed on
b(po+ ko —Qd(q)) implies that qo m and ko k j2m.
The other b functions that arise have no support in this
region of interest. As will be seen in the next section,
Ward identities can be used to show that the gauge-
dependent contributions to Eq. (4.1) are proportional to
the mass-shell condition, and apart from some concerns
to be discussed shortly that arise in certain gauges [ll],
such terms will not contribute to this order. One then
finds the discontinuity of the self-energy of Eq. (4.1) in
this limit is given by the gauge-independent result
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rn 'TC
Im E()=-

27r

(4.2)

The first term with the infrared cutoff contributes to wave-function renormalization, while the second term shifts
the pole. The solution ~ = m —ig2TCI/8z to the dispersion relation thus has an imaginary part, which leads to a
damping rate [3].

V. MASSLESS QUARK

For a massless quark in the long-wavelength limit, the one-loop approximation to the fermion self-energy generally
leads to a gauge-dependent damping constant, as happens for pure gluons [1]. The use of the effective propagators
and vertices in the calculation will be seen to formally give a gauge-independent answer, but is significantly more
involved in the massless case because all must be included [2, 3, 7].

A. The quark self-energy

The resummed quark self-energy

~(P) = ~(i)(P) + ~(2)(P)

consists of two distinct terms [3, 7]: one from the quark-gluon loop,

(5.1)

Z( )(P) = g CI dE"I'"(P, Q)S(Q)'I'"(Q, P)D„„(IC'),
soft

where Q = P —I&, and the other from the single-gluon loop,

(5.2)

z(,)(P) = —,'g'CJ de D„„(Ii)' 1' "(P,P; I~, It ). (5.3)

We first examine the gauge-dependent terms. The term linearly proportional to the gauge parameter A(I&) of Eq.
(3.2) is given by

g2Q
z A(I~)(n„I~, + n„I~„)['1'"(P,Q)S(Q)'1"(Q, P) + -''1'""(P, P; J&, jy)]

2C A(I' ) „["1'"(P,Q)S(Q)S '(P) + 8 '(P)S(Q)'I'"(Q, P)], (5.4)

where the Ward identities of Eqs. (3.13) and (3.18) have been used. The remaining gauge-dependent terms, again
using Eqs. (3.13) and (3.18), can be written as

Cf de — K„K„'I'"P, 9 *r',P —,
'*r"' P, P; I~, K

t

=g'CZ dI~ ., —, S-' P S -' P —S-' P
l

Thus, both gauge-dependent terms of Eqs. (5.4) and (5.5) are proportional to S (P), and will vanish when the
mass —shell condition is imposed if the associated integrals are not singular in this limit. Recently these integrals have
been examined in detail, and questions were raised concerning the neglect of such terms in certain gauges, particularly
the usual covariant gauges, in both the fermion and gluon damping rate calculations to lowest order [11].This problem
was subsequently shown to be related to the introduction of an infrared cutoff and the resulting question of when
such a cutoff should be taken to zero as the mass —shell limit is approached [15]. We do not discuss this point further
but rather assume that, if this problem cannot be resolved, we work in those classes of gauges where these singular
integrals do not arise.

We thus drop the gauge-dependent terms of Eqs. (5.4) and (5.5) on mass shell, and consider only the gauge-
independent contributions to Eq. (5.1). Two such terms arise. One, from the transverse gluons, is found in the
long-wavelength limit to be
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—g Cy 2 &„,["I'"(P,Q)S(Q)'I'"(Q, P) —,'*I'""(P,P;Ii, Ii)]I,' ""

- 2t'

dIq: my qo 1 ( q~~ ( 1 qo2= g Capo s & 2&o(qo k) 1 —
2

—
I

I ——
~ Ik(qo k) + —

2 1 ——
2 (o(qo k) t, (5.6)

kts 2k2po 2po ( k~p p2o

where only terms relevant to the imaginary part are retained. The other gauge-independent contribution, from the
plasmon mode, is in the long-wavelength limit

-g'C, ", -„-„'r (P, Q)S(Q)"r (Q, P)+ ,'r "-(P, P;I~, I')

= —g Cryo ~ ~—,+ I
2 ——

I xo(qo, k) ——
I

2 ——
I x.(qo, k) (57)

po ( po) po ( po)

The total contribution to the imaginary part of the quark self-energy then becomes

1 1
qoq'Cg qrooo f diq

I
—. . .[(qqoo —ko+ k)'(ko + k)'ok+(qo, k) + (qqoo

—ko —k)'(ko —k)'6-(qo, k)]

1 ( q2'(
+ I

1 ——1(o(qo, k)2p' (, k2)

6+(qo, k)(2po —ko —k) + A-(qo, k)(2po —ko + k)
~~0

(5.8)

B. The damping constant

The frequency sum and the extraction of the imaginary part after analytic continuation of Eq. (5.8) can be
performed using the considerations of Sec. II. In this case, in addition to the contributions from the poles, there are
terms arising from the cuts. On mass shell in the high-temperature, long-wavelength limit, we find, for Eq. (5.8)

g2TCf
Im Z(po —mg, p= 0) = yo

I k2dk
2X 0

dko (k —ko+ 2m')2(k+ ko)2 1

k 4 2k20 mf
Qg —29pE+ qo, k

t

(k+ ko —2m')s(k —ko) 1
+

4mf t

(k+ ko —2m')s 1

2m 2 k
I 2 P + Qo)

mf

(k —ko+ 2m')' 1

mf 1

(k —q, ) Qi —0(k —qo)
1.2 2 1 2 2

4k3 k2t
(5.9)

One can verify that the same result of Eq. (5.9) is obtained using the dispersion relation methods of Refs. [3, 10].
Since in Eq. (5.9) 9~[1/k, ]/ko is positive definite while Q~[l/k(2]/ko, Q&A+, and Q&A are all negative definite,
Im Z(po ——my, p = 0) is negative definite, which leads to a positive-definite damping constant.

It is convenient in Eq. (5.9) to rescale ko ~ myko and k ~ myk. If a tilde symbol above a function denotes its
form after such a rescaling, then with the damping constant defined as

1 g2TCf
y(p = 0) = ——Tr [TolmpZ(po = my, p = 0) ]

—= a(N, Ny)
8 " ' ' 4x

one obtains

(5.10)
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~, {a)-~+{k)= i

ur((k) —cu (k)=i

~I (k) —Cu+(k) =1

~, (k) —~ {x)=i

[k+~ (k)] [k — (k)+2] R ( (k), k)R( +(k), k)
4~) (k) ~~', (k) —~+ (k) (

[k —~g(k)]'[k+ ~g(k) —2]'Rg(~g(k), k)R(~ (k), k)
4~~(k)l~l(k) —~' (k)I

k [k —~t(k) + 2] R((u)t(k), k)R(~y(k), k)
2ur((k) ~~,'(k) —~l+(k)

~

k [k+ ~t(k) —2]~Rt(~t(k), k)R(~ (k), k)
2~t(k) ~~,'(k) —ir' (k) ~

1

4

dk

~g(k)
R( (~g (I;), k) 0[k —(~,(k) —1

~ ]

x [k+ ~, (k)] [k —~, (k) + 2] P+(1 —~, (k), k) + [k —~, (k)] [k+ ~, (k) —2] P (1 — ~(k), k)

——[k —(1 —~,(k)) ]
1 2 2

I k2dk-
+ — - R&(~&(k) k) 0[k —l~&(k) —1~ ]

2 ~((k)
x ([k + ~~(k) —2]'P+ (I —~~(k) & k) p [k —~~(k) + 2]'P (1 —~i(k), k) j

R(u+(k), k)&[k+ ~+(k) + 1]'[k —~+(k) + I]'P, (I —~+(k), k)
4 p 1 —~+(k)

—2k [k —ca+ (k) —1] P( (1 —~+ (k), k) }
R(~ (k), k)([k —~ (k) —1] [k+~ (k) —1] Pg(1 —~ (k), k)

4 p I-~ (k)
—2k [k+~ (k) y I]'P((1 —~ (k), k))

k

Pg(ko, k) [k+ ko]'[k —kp + 2]'P+(1 —kp, k),. kp

+[k —ko] [k+ ko—

—2k Pt(ko, k) [(k+ ko —2) P+(I —ko, k)+ (k —ko+2) P (1 —kp, k)] . (5.11)

Here,

I

where r = m& /my ——(I)(N + Ny/2)/Cg, and

3nw k~ —~~

Dol(k) = —,Dl(~, k) =

37CN

2k
'

R(cu, k) =—w2 —k

(5.12) II~(~, k) = —3 1

(k'
Ecu~ p 2k

(k+~)
2k t, k —~j

(5.13)
t'k+ ~l

1n
I

gk —
cup

~rr'1 II,
(kg „II,)~ + („III)~ '

1 DI DI
P+ ~, k

~ (D D )2 + (DI DI)2

P (~, k) = P+ (—~, k),

1 k+~5
Dp(ur, k) = ~ ——1n

2k k —cu)
'

I'+ ~
D, (ur, k) = k —— —1n —1

k 2k I- —~

with the rescaled dispersion relations which determine
~&, u~, ~+, and ~ given by
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3r~2 ( kz) i)t (~t+ k
t

~,' —k' — ' 1 — 1 ——, —ln
2k~ & ~~z) 2k t, ~g —kP

k +3r 1 ——ln~
~

=0,t ut+k t

q~s —k

4)+ id+ + k

1 1r'
~- = —k+ — —1+ —

I
1+

k 2( k) (~ —k)

(5.14)

The first four terms in Eq. (5.11) are pole —pole contri-
butions, the fifth to eighth are pole —cut terms, and the
last is the cut —cut term. The expressions in Eq. (5.11)
were evaluated numerically with the following results.
For SU(3) with Ny = 2 no pole —pole terms contribute
and a(N, Ng) = 1.399. For SU(2) with Ny = 2, one
pole —pole term from the transverse-gluon and negative
fermion mode contributes and a(N, Ny) = 1.451. For
SU(2) with Ng = 4, all four pole —pole terms contribute
and a(N, Ny) = 1.573.

VI. SUMMARY

We have examined the calculation of the lowest-order
damping rate of heavy and massless fermions in hot gauge

theories in the long-wavelength limit using the resumma-
tion techniques developed recently in terms of hard ther-
mal loops. An approach was used to evaluate the Mat-
subara frequency sum and extract the imaginary part
of the resulting analytically continued expressions which
gave the same final results as those found by dispersion
relation methods [3, 10]. Apart from questions raised re-
cently concerning the neglect in some gauges of certain
terms proportional to the mass-shell condition [11,15],
gauge-i. ndependent results for this rate were obtained in
a wide class of gauges. Ward identities between the ef-
fective propagators and vertices simplified significantly
the calculations, and the answers obtained, both in mag-
nitude and in sign, indicate that these techniques give
tractable and reasonable results.
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