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The N =1 supergravity in superspace (more precisely the minimal Einstein version of it) is consistent-
ly reformulated as a simultaneous nonlinear realization of two complex finite-dimensional supergroups
generating via their closure the whole infinite-dimensional N =1 supergravity group and having in their
intersection the rigid N =1 Poincaré supergroup chosen as the vacuum-stability subgroup. Thus N =1
supergravity is found to be a kind of nonlinear 0 model describing a partial spontaneous breaking of the
infinite-dimensional supersymmetry down to the rigid N =1 supersymmetry. The only independent
Goldstone superfield accompanying this breaking appears to be an axial-vector superfield H"#(x,9,0)
identified with the N =1 supergravity prepotential. All the other Goldstone superfields are expressed in
terms of H** by imposing appropriate covariant constraints on the corresponding Cartan superforms
(the inverse Higgs effect). Thereby, the 15-year-old result of Borisov and Ogievetsky who interpreted
Einstein gravity as a nonlinear o model is generalized to the N =1 supergravity case. Possible implica-
tions of the proposed formulation are discussed. In particular, the intriguing analogy between N =1 su-
pergravity and the (super) p-brane theories is pointed out.

PACS number(s): 04.65.+e¢, 11.10.Lm, 11.15.Ex, 11.30.Pb

I. INTRODUCTION

It is becoming more and more clear that most of the
theories of current interest such as various
(super)particle, (super)string and (super)membrane
theories can be viewed as generalized nonlinear o models
with appropriate (super)group coset spaces playing the
role of target manifolds (see, e.g., Refs. [1-4]). As any
theory possessing spontaneously broken symmetry, they
can be universally constructed in terms of the corre-
sponding nonlinear realizations [5,6]. This gives new
geometrical insights into these theories and indicates
their profound relations with more customary o models
(associated with spontaneously broken internal symme-
try, e.g., those describing a chiral dynamics of pions [7]).

It is worth mentioning that an analogous interpretation
of the Einstein gravitation theory as well as of the Yang-
Mills theory was given much earlier [8,9]. The basic
feature of these theories consists of the fact that the un-
derlying nonlinearly realized symmetry is infinite-
dimensional, namely it is the group DiffR ' in the Ein-
stein case and the local internal symmetry group in the
Yang-Mills theory. However, the infinite dimensionality
of these symmetry groups does not represent a principal
obstacle since it is possible to formulate the correspond-
ing nonlinear realizations in terms of a finite number of
Goldstone fields that are identified with the graviton and
the Yang-Mills field quanta, respectively. This happens
due to the inverse Higgs effect [10] which allows one to
reduce the number of Goldstone fields to a subset of the
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essential ones by imposing appropriate covariant con-
straints on the corresponding Cartan forms, i.e., which
allows one to express most of the Goldstone fields in
terms of a few, independent, unremovable Goldstone
fields and their derivatives.

The treatment of the gravity theory can be further
simplified by the Ogievetsky theorem [11] according to
which the group DiffR '3 can be obtained as a closure of
two finite-dimensional groups—the 15-parameter con-
formal group and the 20-parameter affine group having
the Poincaré group as a common subgroup. Then, as
proved by Borisov and Ogievetsky in [8], the Einstein
theory appears to be a simultaneous nonlinear realization
of these two groups. Thus, in contrast to the Yang-Mills
case [9], no need to introduce infinite sets of Goldstone
fields arises. The only Goldstone field involved is the one
associated with spontaneously broken affine transforma-
tions and it is identified quite naturally with the gravita-
tional field [12].

The o-model interpretation of Yang-Mills theories has
been extended to the N=1 super Yang-Mills theory by
one of the authors [13]. In contradistinction to the pure-
ly bosonic case, the self-consistent nonlinear-realization
treatment of the N=1 Yang-Mills theory is only possible
if one takes the fundamental symmetry to be a complex
extension G° of the Yang-Mills group G.

For N=1 supergravity, which is very similar to the
N=1 Yang-Mills theory by its intrinsic geometry, no
consistent nonlinear o-model formulation has been con-
structed so far. Only some preliminary steps have been
given in [14,15]. It was shown there that the N=1 super-
gravity infinite-dimensional superspace groups (for both
minimal and nonminimal cases) can be again represented
as closures of two appropriate finite-dimensional super-
groups but in a more complicated way compared to the
gravity case. :
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The purpose of the present paper is to fill this gap, i.e.,
to construct the nonlinear o-model formulation of N=1
supergravity. We demonstrate that the superspace N=1
supergravity can indeed be consistently rederived by the
nonlinear realization techniques. For simplicity and
without losing generality we shall restrict ourselves to the
minimal Einstein N=1 supergravity [16—18] since the
nonminimal versions can be treated analogously.

In Sec. IT we shall briefly review the gauge supergroup
of the N=1 minimal Einstein supergravity and specify its
structure in terms of its two important finite-dimensional
subgroups. Both of them are complex and are realized by
holomorphic transformations in the complex N=1 super-
space C*2={x",04}. The first one consists of arbitrary
0, -dependent translations of x;” whereas the other is the
special linear group of C*/? (consisting of all linear trans-
formations in C*/2 with the Berezinean equal to 1).

Then Secs. III and IV contain nonlinear realizations of
these two subgroups (treated as abstract ones) and elim-
inations of various Goldstone superfield by the inverse
Higgs effect. It is shown that the N=1 minimal Einstein
supergravity can be regarded as a simultaneous nonlinear
realization of these two finite-dimensional subgroups of
the complex Ogievetsky-Sokatchev supergroup [16] with
the rigid N=1 Poincaré supergroup as the vacuum-
stability subgroup and the axial superfield H*(x,6,0) as
the only essential Goldstone superfield [the other Gold-
stone superfields are eliminated from the theory by the in-
verse Higgs effect; they are expressed in terms of
H*(x,0,0) and its derivatives]. The corresponding La-
grangian turns out to be the simplest invariant with
respect to both above-mentioned subgroups.

Finally, in Sec. V the derived results are compared
with those of Ogievetsky and Sokatchev [16,17] and the
complete correspondence is found.

Note that a nonlinear realization treatment of N=1 su-
pergravity along similar lines was discussed recently also
by Pletnev [19]. However, it remained incomplete, espe-
cially concerning the role of the supergroup of 6, -
dependent translations.

II. GAUGE SUPERGROUP OF N=1
MINIMAL EINSTEIN SUPERGRAVITY
AND ITS STRUCTURE

The Ogievetsky-Sokatchev formulation [16] of N=1
minimal Einstein supergravity is based on the (4+2)-
dimensional complex superspace

C4/2:C4/4/C0/2= {(xfﬁ,e;i )}
={(x§,0%)}

with (xf?,6%) and (x§°,0% )= (xfP, 6% )f being its left- and
right-handed parametrizations. In superspace C*/? the
infinite-parameter complex gauge supergroup G acts. It
is infinitesimally defined by

5x£p=7kpp(xL,9L ) 5
8564 =N4x;,0,)

2.1

(2.2)

Here, A?? and A* are arbitrary superfunction parameters
satisfying the condition
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ﬂi e 0, (2.3)
oxpP oo

which expresses infinitesimally the preservation of the su-

pervolume in C*? corresponding to the minimal version

of the N=1 supergravity (for details see [16—18,15]).

Using the results of our previous paper [15] the follow-
ing theorem is true.

Theorem. The infinite-parameter gauge superalgebra a
corresponding to transformations (2.2) restricted by (2.3)
can be obtained by taking the closure of two finite-
dimensional subalgebras:

_ .9 . _ ..o .
Q.= z——aeﬁ =—i0,; PLpﬁ_ laxf’i: 8y ;5
Q“ =@ BLPP BE=—-i(6*L‘0,_”)aBB (2.4)
and
an={ Q#;PLpﬁ;Qﬁ,.); R “dBB= —i [xadaBB—%aaBadl;(xa)]
T = %9(#av); Ipﬁ# :prap;
D =—i(x””app+29“au)} . (2.5)
The closure is as follows:
agy
Kpp, Lo Q , QF, R"‘"‘BB, T, I?,, D .

ay

The structure relations (nonzero only) of superalgebras
ay and ayy are given by

ay
(9w Q1 =8P, [QwK =720, 2.6)
ayy -
[Ty Tion) 17160, Tigny T €ar T (gp) T €8, T ()
tenTqp)
[Raps +R 85 1=i(e 5 4R 88 T EBvEaR aass) o
[T(ap) ’vi] —i(80,,, 8y, ) 5
[TaB>Q 1= yQB+€ByQa) >
(T a1 PP =18, I g + g, ,1P)
[R appr Propl = (EaPEapP Lp~ TEapaplLpp) > 2.7
(R pappr @by 1= 1(€0pf Qs — +8apfsp@hs ) »
[RadBB’I# 1=—i(84%, Iu(ad)_%eaﬁsd[?]#pﬁ) ’

[D,Q4,]1=—iQ%,, [D,Q,]1=2iQ, ,
(D,P, ,1=iP, ,, [D,I,°]1=il /",
(Qher 1Py = 2(85,8,PT'H, +28" R,

+18,% fs+ D) .
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The meaning of «; and «y; is rather simple. «; is the su-
peralgebra of all Grassmann vector fields (i.e., each ele-
ment of 2; can be obtained by gauging ordinary four-
translations in purely Grassmann directions) and «y; is
the special linear superalgebra in C*/2,

Remarks

(i) The theorem can be proved by taking into account
the following facts: First, all the generators of superalge-
bras «; and «y; belong to the five types of generators list-
ed in [15] which yield transformations (2.2) satisfying
(2.3). Second, all the lowest-dimensional generators of
superalgebra « can be obtained from the generators of z;
and «p; by using the relations (2.6), (2.7) and relations of
the type [a;,«;]. Finally, the higher-dimensional genera-
tors of @ can be derived step by step from the previous
ones by successively commuting the latter with each oth-
er and using the induction technique.

(i) In [15] the superalgebra « was obtained by taking
the closure of two superalgebras that differ from «; and
ay. The choice of a;, «;; has the advantage for con-
structing nonlinear realizations in the next sections since
ay; (in contradistinction to the superalgebras used in [15])
involves the generators RadBB and I #Pf’ which will be
shown to have as their associate Goldstone superfields
those including the lowest components gauge fields of
graviton and gravitino.

(iii) The superalgebra «;; contains the Lorentz genera-
tors M,z and M ; given by

MHBZR(aﬁ)+T(aB)7 MdﬁzR(dB) ’ (2.8)
where
Riap)= XL ggp Rigp= ~i%("0pp), »

= 1 . . .
RadBB T{R(aﬂ)(am+5aBR(dB)+5dBR(aB)}~

These Lorentz generators form a semidirect sum with su-
peralgebra ;. Thus, without losing generality, they can
be added to «; and included into the intersection in Fig.
1.

(iv) The generators (2.4), (2.5) are essentially complex
and so the corresponding group elements will in general
be defined on the complex parameter manifold. Factori-
zations over one or another real subgroup (i.e., passing to
a coset) will then amount to leaving only imaginary parts
in the corresponding group parameters. For instance,
factorization over physical (real) Lorentz group will mean
that the generators (2.8) enter into the coset elements in
the combination

(Y M g —7 PM ;)
while the combination
P(1PM g +T%M )
specifies an element of the stability subgroup.
In the next two sections we shall show that the N=1

minimal Einstein supergravity is the simultaneous non-
linear realization of the supergroups G; and Gy corre-
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sponding to superalgebras «; and ay;, respectively, with
the stability subgroup H being the physical Lorentz
group generated by M5, M .; defined in (2.8) [recall the
remark (iv)].

III. NONLINEAR REALIZATION OF G,

Let us denote G; the complex supergroup, the su-
peralgebra of which is «; defined in (2.4). In what fol-
lows, we shall not need a specific coordinate realization of
the z; generators and thus we shall treat them as the
abstract ones subjected to Egs. (2.6). Each element g; of
supergroup G; can be parametrized in the following way

convenient for constructing the nonlinear realization of
G
I

817818283 (3.1

where
g1 =exp{i(0°Q,+x,%*P, )},
g2=exp[i(1/:””PQ"pﬂ)} ,

= iq PP
g;=expfia Kpp}.

(3.2)

As has been noted in remark (iii) of Sec. II, group G| can
be extended by including physical Lorentz generators.
Then (3.1) represents the coset of such extended group
over its Lorentz subgroup and G; can be regarded as the
corresponding factor group. Transformation properties
of the group parameters 6%, xL‘m, I/J#Pp, and a” follow
from the group multiplication law

gl g1=g1, 81EG. (3.3)
Assuming g? of the form
gi=1+i(e°Q,+c®P, +BIO* +y™K ) (3.4

we obtain the infinitesimal transformation laws of the
supergroup parameters

86%=¢?,
8x PP=cPP+ib"B, PP+ (6°05)yP
a%pﬁ = Bﬂpﬁ —2i gﬂypﬁ ,

SarPP= ,},Pﬁ .

(3.5)

Now, following the general routines [5,6] we introduce

left-invariance Cartan 1-form %, o, wlyp”, and kA

via
g1 ldgl =i{o"Q,+ “’IBBPLBB—'_ “’I#Pp‘szp + kIBBKBB J -
(3.6)

By a direct computation we obtain
0*=d 6%, (3.7a)
oy PP=dx, PP+ ,-%Bzidgﬂ , (3.7b)
w[ﬂpﬁ:dd,yﬁf’-f—zl'apﬁd 6, (3.7¢)
kPB=da . (3.7d)



4548

We shall use these left-invariant Cartan 1-forms to
eliminate some Goldstone superfields which are associat-
ed with the group generators. More precisely, we shall
identify the group coordinate associated with
PHh=p Hi4 P Fi=Pp M4 (P, M) with the bosonic coor-
dinates xH* of the real superspace, while that for
P Hi=j(P M —Pgtt) with the Goldstone superfield
H"x,0,0). The group parameters @*=0¢ g+
=04 =(o% )" are interpreted as Grassmannian coordi-
nates of the real superspace R*/*. The complex (4+2)-
dimensional superspace (2.1) can be regarded as an
(8+4)-dimensional real superspace {(x,”,x", 04 6% )}.
In this superspace a real physical superspace
{(xpp, 64,0 ’1)} is imbedded as a (4 +4)-dimensional hyper-
surface determined by four equations x;PP—xgP?
=2i{HP?(x,0,0) [16]. The remaining group parameters
1/; PP and a” will be identified with Goldstone superfields

Pp(x 0,6) and A”P(x,0,0) given on R*/* which will be
expressed in terms of HPP(x,0,0) by exploiting the in-
verse Higgs effect [10] and thus eliminated from the
theory.

Keeping in mind that

ada BB aa ad __ J RN aa
VH**=Vx aBBH +d 6D, H* dG“ZJpH"
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¢ﬂaa=¢#aa’ g aaza}L ad  and Xg aaZxLaa (3.8)

so that

xL“d=xad+iH“d, xR"“i=x"‘5‘—iH"“'Z , (3.9)
and using (3.7) we find the following expressions for the

covariant differentials Vx %¢ and VH %%:

aa a— ’ i ad [ aa jn
Vx*“=Rew;* —dx"“—i—;z/zﬂ "d0“+5¢ﬂ do*  (3.10)

and

VH®=Imw, ““=dH"+— ¢,;mde~ ;¢.add§ﬂ.

(3.11)

Now we shal} decompose VH % in the covariant
differentials Vx“*, d6", d0* and calculate spinor covari-
ant derivatives of H, i.e., i)#H %% and fDﬂH %4 (following

the general procedure described in [6]). We get

3 ad aa pay? aad 1 ’ ] w aa 1 .5 : Y v aa
=dxPP3,,H*+d6"3, H* +d0"3 H - dOy, At S d0ny, B H O Sd Gyttt —d 0y, Y H

so that

ad — ad_i R%2% a__; aa
D H =3, H "~ —,7(3,73,*— i, H )

aa__ 1 v aa
=0,H 2 v, 4, (3.13)
and
7Y ad — ada __ 1 v, an a aa
fZ)ﬂH = aﬂH 5 1/}}1 (9,79,%+id, H*™)
— ad __ l w4  aa
= =8, H™— VA (3.14)

Equating spinor covariant derivatives O, H @@ and :@ﬂH ad

to zero
D,H**=D H*=0 (3.15)

which is the operation covariant with respect to the left
action of G, we obtain

W — 1y BB — v
Y, 2(47) BBaMH 2V, H
and

¢’dv1’z: —2
where the matrix 4 pr is defined in Eq. (3.13).

Analogously, we can define covariant derivatives of

(3.16)

4 *l)v*ﬂﬁaﬂHﬁézzvﬂHW (3.17)

(3.12)

f

Y, PP by expanding the 1-form a)‘j"’ in the covariant
dlﬁ'erentlals Vx% do*, dB*, namely

@ P =VxT7d P +d0PDg P —d8PD gy P
=Vx"3 Y, +d 0PV, +2ie,pa"]

—do’v ., (3.18)
Vp=08p+i(A™1)" 3pHMD =3p+iVHM,
(3 19)
Vy=—8+i(A4 71" BHM) = —3,—iVHMY

; . i “1yp7 BB
Vx""=dx""+i( A4 )WﬁBB#H do*

— (4 Y7 .3 HPBBIGH
i(A )wﬂﬁaﬂH do+ , (3.20)

VHWZVxPﬁappHW (3.21)

[we have substituted expressions (3.16), (3.19) into Egs.
(3.10), 3.1D)].

Equating to zero .@“W’ ie.,
—4ig”=0 one finds

@uwﬂpﬁ = Vu,p“pf)

1

afh=— LYY= (VR HP . (3.22)

Note that V| Bz/;#)”f’ is also covariant, but it vanishes iden-
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tically after substituting (3.16), (3.17) and using the prop-
erty {V#,Vv} =Vvv,,=0.

Thus the nonlinear realization of G| can be entirely
formulated in terms of the superfield H Ph(x,0,0), all the
other superfield supergroup parameters are covariantly
eliminated by the inverse Higgs effect in terms of H?.

The remaining G| covariants are

BB . : ; — 5
) mzH , V4V, H? (and conjugated—V BV!.‘H PP)
(3.23)

and their aw., Vg, Vﬂ derivatives.

To summarize, we have shown that the basic building
blocks of the Ogievetsky-Sokatchev formulation of
minimal N=1 supergravity [H"*(x,6,0), VoH"", V ;H"]
naturally emerge already at the rigid-supersymmetry lev-
el in the framework of a nonlinear realization of the
supergroup G;. The problem now is to select those of the
G covariants (3.23) which are simultaneously covariant
with respect to the supergroup Gy;. Then the minimal
action constructed out of these covariants can be expect-
ed to coincide with the minimal N=1 supergravity ac-
tion. But before, we need to implement a nonlinear reali-
zation of Gy; on the same objects x#, 6*, 9%, H""(x,0,0).

IV. NONLINEAR REALIZATION OF Gy;

Analogously to the previous case, Gy denotes a com-
plex supergroup the superalgebra of which is « defined
in (2.6). Each element gy; of supergroup Gy can be
parametrized as

gu=8ul , (4.1)

where g;; denotes the element of the coset space Gy /L
with L being the Lorentz group

L =exp[ilaBMaB}exp[il_dBMd-}, TeB=(]B) .

4.2)
Here M .5 and M ,; are defined in (2.8) and / is an element
of the Lorentz group L.

The element g;; of the coset space Gy /L can be
parametrized in the following way:

8u=818283848s » 4.3)
where g, and g, are defined in (3.2) and

g3=exp{ikﬁﬁlﬂpp} R

g4=expfi WadBBR adBB} , 4.4)

gs=exp{igD} .

Actually one could start with the general element of
Gy, adding to (4.3) the one more factor, namely
exp{i‘n-"‘ﬁT(aB)} and requiring the right gauge invariance
under L. But one may completely fix this right gauge
freedom by putting 7*?=0 and arrive eventually at g I as
a Gy /L coset representative. One might equally choose
a different gauge condition that would amount to a
different form of gy;. The choice #*=0 is most con-
venient for our purposes.
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The Cartan 1-forms are defined once again according
to the general rules of [5,6] by

g 1 'dgu=i{ofiQ, t 0P Laa"'wuyaaQﬁd +‘Q’ﬁpl ,;pﬁ
F g PR s+ 0P T (g +wpD) . @45
By comparing both sides of (4.5) we obtain
ofi=(d6%+ir% 0, )e?
wﬁ‘f1=(dx£p+i¢#P”d9“)B“d ppe‘P:a)"L”IBadppe"’
a)IIM””’Zdz/J#MB .pﬁe—w
= i, VYL 144 —1)B P
Qpp (d 7» st A B}” Ay, 77 )(B 1) pe » (4.6)
wRa(zBﬂ= —)»Y.dlll v( _l)ppadBBﬁv17+ _l)adﬁdBBBri- ,
1 (a
4}”7;) ye
CL)D“d¢—z}\-Zpd¢ >
where B is defined by
—1pad —(p—lyad ;
8s R*ps85=(B™") +(B)gs"? o0 4.7)

and is a function of the Goldstone superfields associated
with R %%,

All these 1-forms, except those related to M wp M ap
which are hidden in wz and @y, undergo the induced
Lorentz transformation with respect to their spinor in-
dices when G acts on gy by left shifts

gn&u=guL™, (4.8)
where
Lin=~1+i8h(x,0,0)M ,5+i8h “(x,0,0)M 4.9)
and

g =1+i(e°Q,+c P, +BPQH +0 PR,

+vPT g +p* 1,79 +cD) . (4.10)

Applying the general formula (4.8) we get the transfor-
mation properties of the coset parameters 6%, x{°, Y Y,
N‘ h?, h %, and B_.°? under gy;:

SOF =gl +20% F—20¢c —zx"‘"p"
SxfP=cPP+iO"B Pf’—x}:?a .F’p—xff’c ,
8, =g w_.2¢ 774 =1, BBy w
+, W/C“H/’ BB(¢V pBB
Skﬂpp-—p" —c}J‘ +207. v“+N‘ 7 ﬁ"’"’

ppY

+ }‘gp’pﬁwpﬁd - }\'ﬁﬁlbv Pp,; ’ (4.11)
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BhPY=vP"+ LylPTTpY)

5Epv=vpv_%¢(ﬁyf/pi')yy ,

8B_.°°=2B_.7P8h {+2B_F78h]
T T p T P

(o ST =417 i+)Byyad :

Now we are prepared to eliminate extra Goldstone
superfields and single out the covariants of G; which are
simultaneously covariant with respect to Gj.

Looking at Egs. (4.6) and (4.7) we see that ©§; is co-
variant also under Gy since R and D can be added to G;
as extra automorphism generators, and thus G; does not
transform the superfields B and ¢ at all.

Next, one should decompose w$$; into the covariant
differentials of x * and H“* (Ax“® and AH**) once again
and then extract covariant derivatives of H“® from
AH®*, Tt turns out that conditions (3.15) for elimination
of d/#’”" in the nonlinear realization of Gy are simultane-
ously covariant under Gy so that ¥,** given by Egs.
(3.16) and (3.17) possesses correct transformation proper-
ties with respect to both G; and Gy (for the proof see
[9]).

The proof goes as follows. First, we define the Gy;-
covariant differentials of x ** and H**:

Ax = — (0 T of) =VxPb +VHP ™

2
(4.12)
AH ™= (offi—ofi) =VH?b ¢, —VxPc™,, .
(4.13)

Here Vx and VH are defined in Eqgs. (3.10) and (3.11) and

bad .5—1 (B9 %+ B4 ¢®),
P 2 P PP
(4.14)

. i . _ .
c® =—(B%* e¥—B% e%).
- ) P PP

Further, using the representation (3.12)
5 Bﬁ . . _ pu— .
VHFPP=Vx"0,HPP +d6"D H”—d6 “ﬂppr
and expressing

ad — pP(H —lyaa __ PP YY(p —lyaa
Vx AxPP(b™") o VH Cop (b™") i
and, also, expressing vee, do " via the covariant
differentials wf}, @ {; one finds AH*? in the following gen-
eric form

s A YIPIP  —  PE Myt p —2
AHP=Ax"TPP —B# D H  offe 2

+B#;D,H 5 e %, (4.15)
where for our purposes, there is no need to know the ex-
plicit structure of matrices P, B. The main point is that B
is not singular (its starts with the Kronecker symbols and
so the G;-covariant spinor derivatives of H PP differ from
the G-covariant ones fD“H A fsz A only by nonsingu-
lar matrix factors). So Eqgs. (3.15) are also Gy; covariant
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and we have proven the proposition given above.

After eliminating ybu"‘i, ¢ﬂ“d by Egs. (3.16), (3.17) the
covariant differentials of x®® and H%, AH%¢ and Ax %9,
respectively acquire the forms

AxPP=VxUb P +3, H"c P)=Vx* M7,
(4.16)

o i - i o N .
AHPP= Vx”(cw”” awH b,;”)=Vx*N PP
4.17)

with bad""’ and cad”p given in (4.14).

Their structure is completely specified by expressing
the remaining Goldstone superfields A, 7 (or B), and ¢ in
terms of HM*.

We begin with B_.°°. By inspecting the structure of
the Cartan forms (4.6), we conclude that Bﬁ"d can be
eliminated by imposing appropriate constraints on one of
the spinor covariant derivatives of the Goldstone field
1/;#f’d. These are defined as the coefficients in front of wf},
@ 11 in the Gyj-covariant Cartan form oy, *

Rp,=AxMA 9, 0fA U, — B EBYP (4.18)

where

Aalljupﬁ: Va‘/JuM Bn”pe —3e, o)
R 4 PP=T o Mp. ppp—0—20 ‘
A=V Y MB, PP
vati 6 A — AL
The derivative A,y,° involves V.¢,"*=2V,V H
which is not G| covariant. On the other hand,
\7&¢#*A=2vdv#H * belongs to the set of the Gy covari-
ants (3.23) and so A dwyp" is covariant both under G; and
Gy (and hence under the whole infinite-dimensional N=1
supergravity group). Thus, A ¥, can be used for imple-
menting the sought after covariant constraint. It is
meaningless to equate A,/ to zero because it would
contradict the flat-superspace limit
@=0, kvpzo, B;;;”’:SA%A‘[): H#ﬂ:%gugﬂ ,
o (4.20)
Y =2V, HM =51 8" .
Thus, one should equate A.¥,* to a proper Lorentz-

covariant constant matrix. The only such constraint con-
sistent with the flat limit (4.20) is the following:

R, =—5 8, (4.21)
or
V.V HPB Mh=—1515 et . (4.22)
From here
BY7 = —1e¥ (@ )T 4.23)
where
AN L (4.24)

Taking into account the detB=1, one also finds
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e2=(2)"23(dete) " /5(det?)'? ,

e2¢_7=(2)—2/3(det/’>)—1/6(det6)1/3 i (4.25)

where #=—(2)=VVH. Comparing (4.24), (4.25) with
the set (3.23), we see that B"7g; and @, @ are indeed G,
scalars.

The objects e ~2%, e ~2? can be identified with the quan-
tities F, F playing a crucial role in the Ogievetsky-
Sokatchev approach [17].

(Pl =P, tPs Q7=0,+0%, 0F=

where P 5 " 07,0 7’: form the real Poincaré superalgebra
(08,87 =P,, (0F0f)~

114
anc.1 Q vy’
written as
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Note that the constraint (4.21) can be given a more fa-
miliar meaning as the vanishing of a covariant derivative
(which is generic for the inverse Higgs phenomenon) [9]
after passing to a real basis in the superalgebra «y; and
singling out an ordinary real Poincaré subsuperalgebra.
Namely, the subset of z;; generators

‘-(PLML) pr pra Q/u Q =( ;1)}

can be rearranged as

{ Ly

(4.26)

6 ;‘;y are traceless, Q0 ﬁy.=0. Then the relevant piece of the «-valued Cartan form (in the real basis) can be

i[fofn+ 130510, +il38 kut ton,”10 [+idx P, —AHMP

IIp

M1
+ilgoly—

4 _ 1S AL C o~ ‘_ = .
wupp”]Q +i [ lwilttll_%wllppﬂ]Q i +lwll(y7)yQ ¢y+lwn(ﬂ7)yQ ‘;y .

4.27)

Now Eq. (4.21) is easily recognized as the condition that the covariant 8 projections of the Cartan form before the gen-

erators Qj, Q;f’ o ‘;y.,

5 ‘;y vanish. It is worth mentioning here that in the flat limit (4.20) the expression (4.27) goes

over to the familiar Cartan forms of N=1 Poincaré supersymmetry [taking account of Eqgs. (3.16), (3.17), (4.18), and

(4.19)]

[Eq. (4.21)]=—id*Q[ +id0 Q[ +i dx“"‘+é(6"d§"‘+§ﬂd9") P

Let us now explain how to eliminate the Goldstone
superfield X“ . The corresponding constraints arise from
the requlrement that in the d@ projections of forms be-
fore the generators R, D, and T, only the inhomogeneous-
ly transformed components associated with the Lorentz
generators M g, MaB survive. The resulting equations
are again manifestly Gy; and G, covariant. They are of
the form

(69 (o Agh) gy pep —1y(A(Ar7 )6)  —
8YAVIVIHP + (B MY B =0, (4.28)
AV, VPH = — %(B TIOTVBP L +ePV o . (4.29)

The first equation originates from the Cartan form
standing before the generator R while the second from

the forms associated with the D and T°. From Eq.
(4.29) one gets
v o— *—l VOTT v —1yy
}‘Bﬁ_ [+(B7Y) VyBTTPw+8 v, ple )”PB,.).
(4.30)

Note that Eq. 14.28) is satisfied automatically by substi-
tuting (4.20) into it and that }\;ﬁ turns out to be construct-

ed from the G| invariants.

The Lorentz connections are just the surviving
pieces of the d@ projections of the form
e i (@B — i (pp)
R, 07 =IOy, M qp —iw, M ), namely
(pV)—= __ 1 (5 \(poTi A —1yw) —2p
o, F(@)VPTV (@ T e )
(pv) 1 (pri 1 V) “.31)
—_ A AT v
(l)y T{(e) V,}/(e )7'7"(0

+268,°V7 (20 +2p)}e ~%?

and their conjugates. They coincide with the connections
found by Ogievetsky and Sokatchev in [17].

To bring the second expression into the form given in
[17], one must use the identity

eV (9 +2p)+e, Vi (9+29)

— l T A — v S 7 >
== 1@,V @ @), Ve T, Y]
Then one gets
a)y.(p"')= Syﬁv "’<73+8y"'V P (4.32)

that coincides (up to the factor 2) with the expression in
[17].
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Thus we have shown that all the Goldstone superfields
of nonlinear realization of supergroup Gy, except
H"¥x,0,8), can be eliminated in a manifestly covariant
way with respect to both G; and Gy, hence to the whole
N=1 supergravity group. We are eventually left with a
single Goldstone superfield H Mi(x 0,0) which alone sup-
plies nonlinear realizations of G; and Gy;. This confirms,
from another point of view than in [16-18], its role as the
fundamental geometric object of the minimal N=1 super-
gravity.

It remains to see how the minimal N=1 supergravity
action reappears within the present framework.

V. THE INVARIANT ACTION

After employing the inverse-Higgs-effect constraints,
the remaining simultaneous G| and G; covariants are re-
duced to the following set:

(i) The covariant differentials of the N=1 superspace
coordinates:

Ax = 1( ot + ki)
AG* =k, AGF=FE=(wl)
(ii) The covariant differential of H**(x,0,0):

5.1

s— 1 ,2e+7) 4 MA—l i [p Vg4 00
Pp=_ L p2ptP i

N . 4 e (e M[emz A4, +?,4
The expression within the square brackets equals zero:

[/e\'uﬂvifAv{/ad +?u‘dv1’lz m}ad]z { VB’ VB}HGd'_

where we have used the relation [17]
[VB’V }
Thus we have

—i [VB’ ]Hwa

(5.6)

Note that the vanishing of the covariant differential AH??
has an analogue in the case of pure gravity [8] where the
covariant derivative of the symmetric Goldstone field
(corresponding to spontaneously broken affine transfor-
mations) is also zero.

Finally, we are left with the covariant differentials
Ax* AG*, AG*. An obvious simplest invariant is the su-
pervolume of N=1 superspace (x*,6* 8") constructed
as an integral of the Berezinean of the corresponding viel-
beins over d*x d260 d?6:

Az¥=(AxP, A6 8 6%) =dzMEY,,

=dx“E}y, +d6'E\]+d§ E] . (5.7

w5y 71 4 —1
m AV\'JUU](A )0'0

i[VVglHY3 H =0,

E. A. IVANOV AND J. NIEDERLE 45

AHM-= %(w’i’h — o) (5.2)
(iii) The B-covariant derivative of the Goldstone field
N‘ (the projection of the Cartan form Q“. onto the co-
varlant differential AG#):
w#)‘gp_ AMAEB+}‘ BN;VA#II’W) s ppe(P '

The 6 projections of the rest of the Cartan forms are ei-
ther zero by the inverse Higgs effect or are the com-
ponents of the inhomogeneously transforming Lorentz
connection [see Egs. (4.31)]. Concerning the G; covari-
ant 6 projections, they, as was already mentioned, essen-
tially involve a Gj-noncovariant quantity Vplﬁ#” and so
are not tensors with respect to the N=1 supergravity
group. Thus the objects (5.1)—~(5.3) are the only obvious
building blocks for constructing the mutual invariants of
G and Gy.

In fact, only the covariant differentials (5.1) actually
matter after substitution of the inverse-Higgs-effect ex-
pressions (3.16), (3.17), (4.23), (4 25) (4.27) for the Gold-
stone superfields ¥, PP, B” 5 @, As The expression (5.3)
gives rise to a higher-derlvatlve invariant (it is propor-
tional to one of the basic supertensors of minimal N=1
supergravity, the superfield R [3]), while AH? (5.2) iden-
tically vanishes. Indeed, after some algebra the matrix
N ad”ﬁ in Eq. (4.19) can be represented as

(5.3)

TR,

—

We are led to find explicit expressions for EV,,. This can
be done by substituting the expressions of Goldstone
superfields into the explicit formulas for Ax?°, A%, AG#,
Egs. (4.6), (4.17), (4.19), and (3.20). One gets

E}=8,7e*—iV HPE ", El =id PNy

(5.8)
=V 5 Y Y=(EY
E} lele’f’Emj , EV=(E]),
Y = Y Y= EY) .
E (EL), Ej (EY);
a — —4/3( 4 —1 vV
E°¢ 27%(A44) T( )y
Xe,,7%® 1) ,%det(e?) (5.9

E,*=—iV HPE ¢ E “=(E, ),

where
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1—1
¢ M=1[V

) VIHM=1[(7)—(8)] .

P p

Now one might immediately calculate BerE”,,. Howev-
er, it is more instructive to find first the components of
the inverse vielbein E My. These are introduced most
directly through the differential of some Lorentz-scalar

N=1 superfield ¢
dp=dzMdy ¢=AzMDyd=AzVE M3, , 5.10)
Dy=ExMay, Epu EM=8,M . '

One gets
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tn

= -2 F b= L, —2p F h=F b=
H=B,te 2, F p=8 e %, Ep=Fr=0,

t

a“"‘=ie _2¢PVQHM1, Edpﬁzie—lﬁﬁdgpﬁ ,
Egézie—2(¢+¢)[COB(¢‘M)SB¢_8H‘VB¢'] ’

oy o .
EBBPP_(E )BB"P+1E gBV#HPP-HE gﬁ-VﬂH”p ,

(5.11)

where (E ~') 4 is the inverse of E *,
(E—1)6BPp=e"2(‘P+¢)’c\Bﬁpp . (512)

Now, using the standard definitions and Egs. (4.25), we
have

BerE"Yy =Ber 'E yM=det "'[E#+E E " E4+E PE ") E s]detE tdetE

=det [(E) PPle ~Hot®

BB
=2"8/3(dete 7)3det " 1o

=278/3(dete) " 1/5(det?) " /det! 2 4 det!? 4 ,

which coincides, up to a renormalization factor, with the
minimal Einstein N=1 supergravity superspace Lagrang-
ian in the form given by Ogievetsky and Sokatchev [17].
The expressions for the inverse vielbeins (5.11) are also in
one-to-one correspondence with those presented in [17].
Thus we have constructed, following the standard non-
linear realization prescriptions, the minimal invariant ac-
tion for the nonlinear realization of &y, in the coset Gy; /L
and have demonstrated that it is just the action of
minimal N=1 supergravity:

1
s =—K—2fd4x d*0BerE) . (5.14)

VI. CONCLUDING REMARKS

We finish by listing the basic peculiarities of the non-
linear realization treatment of N=1 supergravity, dis-
cussing its analogies with the p-brane—type theories, and
indicating some possible directions in which it could be
further elaborated.

First of all, the nonlinear realization approach allows
an algorithmic construction of N=1 supergravity based
on the universal method of Cartan forms augmented with
the inverse Higgs phenomenon. The N=1 supergravity
prepotential H**(x,6,0) appears from the beginning as a
Goldstone superfield describing the simultaneous spon-
taneous breaking of G; and Gy; supersymmetries. Many
objects and relations introduced by hand” or postulated
in the Ogievetsky-Sokatchev approach acquire a clear
group-theoretical meaning. For instance, the objects F
and F playing the crucial role in the Ogievetsky-
Sokatchev formulation [16,17] turn out to be related to
the Goldstone superfield associated with the spontane-
ously broken generator Dy; of the supergroup Gy. The

(5.13)

-

relations (4.25) postulated in [17] prove to be a particular
case of the inverse Higgs effect. It is worth mentioning
that the inverse-Higgs-effect constraints are purely alge-
braic, in contradistinction to the standard N=1 super-
gravity constraints which are reduced to certain
differential equations (vanishing of some components of
the torsion), the prepotential being a solution of the
latter. In the present formulation these latter constraints
are secondary, they can be shown to be a consequence of
the Maurer-Cartan structure equations for Gy and Gy;.

It is interesting to see how the complex geometry of
N=1 supergravity [16] (the preservation of chirality)
reappears in the framework of the nonlinear realization
description. Primarily, it manifests itself in that one
deals with the complex supergroups Gy and Gy; in a holo-
morphic parametrization (cf. the N=1 super Yang-Mills
theory which can be interpreted as a nonlinear realization
of complex extension of local internal symmetry [13]).
The C*’? coordinates x{#,6* naturally arise as the param-
eters of the relevant complex coset spaces. The con-
straints of the inverse Higgs effects in the present case
can also be interpreted as a kind of covariant chirality
conditions starting the absence of the d8 projections in
the corresponding Cartan forms.

Let us stress the defining role of the nonlinear realiza-
tion of linear supergroup Gy;. The structure of the basic
building blocks of N=1 supergravity, the covariant
differentials Ax**, A6", A" is completely specified by
this nonlinear realization (together with the inverse Higgs
effect). The role of Gy is in a sense subsidiary: it provides
very simple criteria for determining in what cases the
G-covariant quantities and relations are covariant under
the whole N=1 supergravity group. This concerns, e.g.,
the equations of the inverse Higgs effect. Recall that in
the case of Einstein gravity treated as a nonlinear realiza-
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tion [8] the role of the conformal group (which is the
analogues of G) is more essential: Conformal invariance
alone picks out the Einstein Lagrangian among several
appropriate invariants of the nonlinearly realized affine
symmetry.

The construction of N=1 supergravity as a nonlinear
realization of the complex supergroup Gy; in the coset su-
permanifold Gy, /L, with N=1 superspace (x Mt Ot GH1) ag
a real subspace and the N=1 supergravity action as a
Gy-invariant supervolume of this subspace suggests an
interesting analogy of N=1 supergravity with the
(super)p-branes (strings, membranes, etc.) in the treat-
ment of Refs. [2]. Actually, the minimal N=1 supergrav-
ity is recognized as a kind of ‘‘spinning” super p-brane of
dimension (4/4) moving in the complex coset Gy /L as
the target space. The Goldstone superfields eliminated
by the inverse Higgs effect are direct analogues of the
Goldstone field which parametrize in ordinary p branes
the cosets of the relevant Lorentz groups and are ex-
pressed there in terms of the translation Goldstone fields
by the same procedure [2]. This similarity raises some in-
teresting questions, in particular, whether N=1 super-
gravity can be reproduced as an effective “low-energy”
limit of some higher-dimensional superfield supersym-
metric theories, by analogy with condensation of
(super)p-branches in a field theory [20].

Closely related to the latter remark is the problem of
existence of theories with a “linearity realized” N=1 su-
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pergravity group. Such theories could be related to the
nonlinear realization formulation of N=1 supergravity
much like linear ¢ models with associated internal sym-
metries related to the corresponding nonlinear o models,
via appearance of nonzero vacuum expectation values of
some fields. Our constructions give a hint that these
linear realizations should operate with linear representa-
tions of supergroup Gp. An analogous problem for the
Einstein gravity has been settled in [8]. As was suggested
by Witten [21], the linear o model of this kind describes
the phases with unbroken local symmetries in gauge
theories and can be presumably understood as topological
field theories.

Finally, we note that the nonlinear realization treat-
ment of the nonminimal N=1 supergravity theories can
seemingly be constructed in an analogous way; however,
owing to technical complications such a construction
does not seem too enlightening. It is a much more ambi-
tious problem to find a general principle allowing us to
construct higher-N supergravities by the nonlinear reali-
zation techniques. One might hope to obtain in this way
the geometric prepotential formulations of supergravities
with N 2 3 which are unknown at present.
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