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Spontaneous breaking of flavor symmetry and parity in lattice QCD with Wilson fermions
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By adding a symmetry-breaking source term of the form Hify, r,g to the Wilson fermion action for
two degenerate flavors of quarks, we provide evidence for the existence of a phase at large values of the

hopping parameter ~ in which both parity and flavor symmetries are spontaneously broken and which is

separate from the "high-temperature" phase. This is done by means of numerical simulations of lattice
QCD employing the hybrid Monte Carlo algorithm.

PACS number(s}: 11.15.Ha, 11.30.Qc, 12.38.Gc

INTRODUCTION

The Wilson lattice fermion is defined through the action

S&=+1b'(x)1b'(x)+ g [P'(x)y„U„(x)ttt'(x+p) —g'(x+P)y„U„(x)ttt'(x)]
X, l X, l, P

[g '(x) U„(x)g'(x+p)+ p '(x +p) Ut (x }g'(x) 21' '( )xg—'( )x],
X, l,P

where x„=n„a, g„=a g„and i is a flavor index. The
last term in this equation (the "Wilson term") is of order
0 (a) in the naive continuum limit but nevertheless it has
a pronounced effect on the theory. It gives the fermionic
doublers masses on the order of the momentum-space
cutoff 0( r /a } and also serves to produce the correct
anomaly of the flavor-singlet axial-vector current in the
continuum limit [1]. In accordance with a well-known
theorem [2] chiral symmetry, however, must be broken
for all nonzero values of the lattice spacing a. In the case
at hand this is self-evident since the Wilson term explicit-
ly breaks the symmetry. Nevertheless there seems to be a
rather widespread misconception that one can somehow
tune the mass in Eq. (1) in such a way as to cancel the
effect of the Wilson term even at f'tnite a. While this
might be true for certain amplitudes there will always be
others in which chiral symmetry is broken by terms van-
ishing with the lattice spacing. To illustrate the above
point consider the extreme strong-coupling limit
@=6/g =0 of lattice QCD. This is a theory with an ex-
plicit cutoff which can be given any value (in "physical
units") and has nothing to do with continuum QCD. In
the limit of an infinite number of colors N, the theory can
be solved and one finds the following [3]: Whereas the
pion mass can be made to vanish by tuning M ~M, the
m.m scattering amplitude does not vanish at zero momen-
tum in that limit. Hence while one hallmark of spontane-
ously broken chiral symmetry seems to emerge at strong
coupling another one does not. As we explained above
this is not unexpected. Note that there is no contradic-
tion here with the perturbative analysis of Bochiccio

et al. [4]. In the continuum limit we expect to recover
spontaneously broken chiral symmetry in all its glory. At
finite lattice spacing, however, this leaves us with some-
thing to be explained: Everything that might erroneously
be attributed to the "spontaneous breaking" of chiral
symmetry now calls out for an alternate explanation. In
particular, since chiral symmetry is explicitly broken at
finite a one must explain why the pion becomes massless
at M, without recourse to chiral symmetry. Such an ex-
planation was given by one of us some time ago [5]. It is
the purpose of the present paper to give further evidence
for the correctness of the ideas put forth in Ref. [5], con-
tinuing our previous work on the same subject [6). We
will be concerned with two degenerate flavors of Wilson
fermions. In order to conform with more standard nota-
tion we now set the lattice spacing and r to one, rescale
the fields and introduce the hopping parameter
tc= I /2(m +4)—= 1/2M:

SI=gP'(x)g'(x)
X, l

—tc g [ lb '(x )(1—y„)U„(x)g'(x +P )
X, l, P

+1(j'(x+P)(1+y„}U„(x)1b'(x)].

To understand the main idea of Ref. [5] it is sufftcient
to first consider the case of one-flavor QCD. In this case
we are searching for an explanation of the fact that the
pion, which is created from the vacuum by the operator
ilgy5$, becomes massless as K~K . The explanation of
Ref. [5] is that tc, is a point of a conventional second-

45 3845 1992 The American Physical Society



3846 S. AOKI AND A. GOCKSCH 45

order phase transition of the lattice model at which parity
is spontaneously broken. The masslessness of the pion in
lattice units expresses nothing but the fact that there is a
diverging correlation length in the system which is asso-
ciated with the order parameter of the transition,
(igy5$) Note that the pion is not a Goldstone boson in
this picture as the symmetry being broken is a discrete
one. The relation m -m merely expresses the fact that
the transition has mean-field critical exponents (up to
possible logarithmic corrections). At infinite coupling the
existence of the parity-breaking phase for a & x, can be
demonstrated using the strong-coupling expansion. At
intermediate coupling we gave good evidence for its ex-
istence using Monte Carlo simulations in the quenched
approximation [6]. Also, studies of the eigenvalue distri-
bution of the Wilson-Dirac operator suggest that parity is
broken above K, in the quenched approximation [7]. Re-
turning now to the two-flavor case at hand the situation
is slightly more complicated. Here there are two possible
scenarios: Either there is a phase in which (i fy s 1g )%0
and (i' ysr31(j) =0 or vice versa. The second case, which
breaks both parity and flavor symmetries, is clearly the
more attractive one since it has the potential of "solving"
the lattice U(1) problem. The reason is the following: At
K the Ir which is associated with the operator igy513$
becomes massless just as in the one-flavor case on1y. For
K%K this mode is massive since it is associated with the
diverging correlation length only at the critical point.
The m+ and m mesons are massless for ~ & ~,—they are
the Goldstone modes of the spontaneously broken flavor
symmetry. The flavor-singlet g meson, however, which is
associated with the operator igyslg, always stays mas-

sive since according to this scenario the flavor-singlet
symmetry remains unbroken. The strong-coupling ex-
pansion suggests that this is actually what happens [5].
In the present paper we would like to investigate the issue
numerically at intermediate couplings.

Before we come to a discussion of our numerical tech-
niques and the data we would like to discuss one more
point which might be confusing to the reader. There are
proofs by Vafa and Witten that in vectorlike theories
(such as QCD) neither parity [8] nor flavor [9] are spon-
taneously broken. It is easy to see though that in our
case one or more of the assumptions going into these
proofs are violated. The idea of Ref. [8] is to study the
vacuum energy in the presence of the (in Euclidean space)
imaginary source term i A,G for the parity-breaking opera-
tor G. If the measure is positive then the oscillations in-

troduced into the path integral for the vacuum energy by
the source term can only increase the energy and hence
the vacuum expectation value of 6 must vanish. In the
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FIG. 1. The expectation value of i j(jy,~,g on a 4 lattice. The
symbols used in all subsequent figures are shown here and corre-
spond to different magnetic fields used in the extrapolation (see
text).

quenched approximation one cannot define a vacuum en-

ergy so the proof does not apply. In the case of one
flavor it is easy to see that for ~& ~, the fermionic deter-
minant and hence the measure can become negative. For
two flavors adding the operator G=igy5r3$ leads to a
real integrand in the partition function and hence the
proof of Ref. [8] does not apply. The proof of no viola-
tion of flavor in vectorlike theories does not go through
for Wilson fermions because of the modification of the
Dirac operator by the Wilson term. We now turn to a
discussion of our numerical calculation.

SIMULATION
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6 Lattice
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The strong-coupling analysis of Ref. [5] shows that it is
the operator i jTjysr3$ which develops an expectation
value for ~ greater than some critical value ~, . To see if
this result also holds at some intermediate value of the

I
V 0.4—

A note on conventions for Hermitian conjugation in Euclide-
an space at this point: The operator i pyjg is Hermitian in Min-

kowski space. The (Hermitian) y ~ picks up an i under Wick ro-
tation. Nevertheless it is the operator i pyjp with

p 5 p 1 /pe 3/4 with Hermitian (Euclidean) y„which is real in

Euclidean space [10].
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FIG. 2. The expectation value of i jtjyjrjg on a 6 lattice.



SPONTANEOUS BREAKING OF FLAVOR SYMMETRY AND. . . 3847

TABLE I. Compilation of our simulation parameters. The meaning of the parameters is explained

in the text.

0.1

0.1

0.1

0.1

0.1

0.1

0.1

0.1

0.15
0.15
0.15
0.15
0.15
0.15
0.15
0.15

0.16

0.16
0.16
0.16
0.16
0.16
0.16
0.16

0.17
0.17
0.17
0.17
0.17
0.17
0.17
0.17

0.18
0.18
0.18
0.18
0.18
0.18
0.18
0.18

0.19
0.19
0.19
0.19
0.19
0.19
0.19
0.19

0.20
0.20
0.20
0.20
0.20
0.20
0.20
0.20

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.08
0.06
0.08
0.08
0.06
0.08
0.08
0.07

0.08
0.05
0.08
0.06
0.06
0.08
0.07
0.06

0.08

0.05
0.08
0.06
0.05
0.08
0.07
0.06

0.08
0.05
0.08
0.06
0.05
0.08
0.07
0.06

0.07
0.05
0.07
0.06
0.05
0.08
0.07
0.06

0.06
0.05
0.07
0.06
0.05
0.07
0.06
0.05

0.06
0.04
0.07
0.05
0.05
0.07
0.06
0.05

nMD

10
13
10

8
10
10
10
9

10
16
10
11
11
10
10
10

10

15
10
11
12
10
10
14

10
14
10
11
13
10
9

13

8
15
9

11
14
9
9

13

12
14
9

11
12
9

11
14

12
15
9

13
13
9

11
12

44

64

44

4'x 6'
64

44

4'x 6'
64

44

64

44

4'x6'
64

44

4'x6'
64

44

64

44

4'x6'
64

44

4'x6'
64

44

64

44

4'x6'
64

44

4'x6'
64

44

64

44

4'x 6'
64

44

4'x6'
64

44

64

44

4'x 6'
64

44

4'x 6'
64

44

64

44

4'x 6'
64

44

4'x 6'
64

8

8
10

8

8

8
8

8
8

12
8

8

8

8

8

Acc

0.72
0.66
0.68
0.62
0.65
0.72
0.61
0.52

0.68
0.70
0.66
0.69
0.60
0.71
0.62
0.58

0.64

0.64
0.66
0.71
0.68
0.68
0.63
0.59

0.62
0.64
0.62
0.65
0.69
0.69
0.62
0.59

0.60
0.59
0.63
0.63
0.68
0.66
0.55
0.57

0.68
0.50
0.63
0.62
0.59
0.69
0.67
0.69

0.66
0.62
0.65
0.68
0.61
0.63
0.72
0.63
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TABLE I. (Continued}.

0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25

0.30
0.30
0.30
0.30
0.30
0.30
0.30
0.30

0.1

0.1

0.2
0.2
0.2
0.3
0.3
0.3

0.1

0. 1

0.2
0.2
0.2
0.3
0.3
0.3

0.06
0.04
0.06
0.05
0.05
0.07
0.06
0.05

0.06
0.04
0.06
0.05
0.04
0.07
0.06
0.04

12
16
12
13
13
9

11
12

12
15
12
13
15
10
11
15

44

64

44

4'x 6'
64

44

4'x 6'
64

44

64

44

4'x 6'
64

44

64

&conf

8

8

8
12
8

12
8
8

8

8

12
8
8

12
8

8

0.59
0.61
0.65
0.65
0.51
0.64
0.61
0.59

0.53
0.55
0.60
0.58
0.61
0.56
0.54
0.62

coupling we have performed hybrid Monte Carlo simula-
tions [11,12] on small lattices at P=5.0 with two Ilavors
of dynamical Wilson fermions. The essential trick in our
simulation is to add, just as we did earlier in our
quenched simulations [6], a symmetry-breaking term

Higy5r3$ to Sf. Note that it is easy to show [6] that in

the absence of the magnetic field H, (igy&r3$) =0 even
without averaging over the gauge fields. Hence in order
to see whether or not symmetry breaking occurs we must
add H and then extrapolate to zero field. In practice, de-
pending on the volume there will be a minimum value of
H from which meaningful results can be obtained. Note

TABLE II. (i Py~r3$) for three values of the external field.

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

44

44

44

44

44

44

44

44

44

64

64

64

64

64

64

6
64

64

4 X6
4&X 62

42X62
42X62
4'x 6'
4&X62
4~X6&

4 X6
4~X62

H =0.3

0.7485(2)
1.2923(23)
1.4181(31)
l.5445(29)
1.6602(77)
l.7547{74)
1.8416{86)
2.0516{210)
2.1030(260)

0.7483(0.2)
1.2914(12)
1.4133(19)
1 ~ 5372(24)
1.6538(33)
1.7737(64)
1.8704(68)
2.0613(173)
2.1505(232)

0.7484(2)
1.2939(16)
1.4139{16)
1.5400(26)
1.6464(73)
1.7696(101)
1.8627(85)
2.0458(238)
2.1222(153}

0=0.2

0.5374(2)
0.9921(18)
1.1043(27)
1.2262(70)
1.3430(60)
1.4059{121)
1.5403(166)
1.5776(272)
1.5873(145)

0.5373(0. 1)
0.9917(5)
1.1048(11)
1.2272(3 1)
1.3434(36)
1.4290(70)
1.4967(89)
1.5979(69)
1.6382(275)

0.5374(2)
0.9905(16)
1.1064(16)
1.2259(25)
1.3436{74}
1.4373(116)
1.4955(127)
1.5776(100)
1.6152(129)

0.2823(1)
0.5555(14)
0.6447(20)
0.7318(35)
0.8333(101)
0.8021{93)
0.8059(81)
0.8808{396)
0.8541(144)

0.2822(0. 3)
0.5590(3)
0.6466(9)
0.7482(21)
0.8517(42)
0.8775(89)
0.08486(118)
0.9024(82)
0.9245(100)
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that if we write the action for one liavor Sf =PD(H)g in-

tegrating out the fermions leads to the determinant
detD(H)detD ( H—) which is real because

I I I
)

I

6 4 Lattice

D(H) =ysD( H—)ys . (3)

The simulations were done on lattices of size 4, 4 X6,
and 6 for values of ~ ranging between 0.1 and 0.3. The
magnetic field H took on the values 0.1, 0.2, and 0.3. In
Table I we summarize our simulation parameters. In the
tables e denotes the step size, nMD the number of
molecular-dynamics steps used before refreshing the mo-
menta and n„„f is the number of configurations used for
averaging. The Monte Carlo acceptance rate is denoted
by "Acc" in the tables. We allowed 400 trajectories for
ther malization and separated configurations used for
measurements by 50 trajectories. The stopping condition
on the conjugate-gradient inversion was r =4X10 in
the update and r =10 in the fermionic measurement.
For the measurement of the fermionic observations we
used two source points and averaged over all color and
spinor components.

DATA

Apart from (igysr3$) we also monitored (PP), the
Wilson line Re(L ), and the average plaquette (Sg).
The gluonic operators were measured in order to be able
to differentiate between the flavor- and parity-breaking

V

0.2—

0
0

I I I I I I I I I I I I I I I I I I

0.2 0.3 0.4

FIG. 3. The expectation value of i fy5r, f on a 6' &&4' lattice.

transition and the finite-temperature transition on our
small lattice. The fact that it is diScult to approach ~, in
the "confining" phase was first pointed out by Fukugita,
Ohta, and Ukawa [13]. Before I~, is reached from below
the system switches into the "would be" chirally sym-
metric phase [14]. It now appears that for lattices of size
12 at P=5.4 the two transitions approach each other

TABLE III. (1(1() for three values of the external field.

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

44

44

44

44

44

44

44

44

44

64

64

64

64

64

64

64

64

64

4 X6
4 X6
4 X6
4 X6
4 X6
4 X6
4 X6
4 X6
4 X6

H =0.3

2.1266(5)
2.9323(52)
3.0327(62)
3.1148(48)
3.1727(103)
3.1966(111)
3.1827(74)
3.0658(112)
2.8464(140)

2.1263(3)
2.9232(29)
3.0259(50)
3.1043(51)
3.1631(49)
3.2073(104)
3.2186(113)
3.0358(113)
2.8227(154)

2.1261(4)
2.9316(39)
3.0325(40)
3.1129(61)
3.1603(92)
3.2100(133)
3.2300(95)
3.0524(177)
2.8463(108)

H =0.2

2.2614(6)
3.1890(61)
3.3040(83)
3.3893(139)
3.4633(117)
3.4269(150)
3.4895(189)
3.2280(130)
2.9503(135)

2.2610(5)
3.1889(27)
3.2960(53)
3.3876(89)
3.4512(88)
3.4304(141)
3.4254(102)
3.2226(74)
2.9482(198)

2.2618(6)
3.1842(51)
3.3030(69)
3.3944(93)
3.4582(106)
3.4720(132)
3.4439(127)
3.2449(135)
2.9954(240)

H =0.1

2.3554(7)
3.3840(55)
3.5553(89)
3.6440(95)
3.6890(258)
3.5782(135)
3.5478(187)
3.3723(212)
3.0361(193)

2.3550(4)
3.3935(49)
3.5421(96)
3.6670(93)
3.6874(145)
3.6334(166)
3.5430(122)
3.3560(172)
3.0476(150)
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4 I I I
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I I I I
(
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I I I I
i

I I I I
[
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V
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FIG. 4. The expectation value of Pg on a 4 lattice. FIG. 5. The expectation value of gg on a 6 lattice.

[15]. Hence on somewhat bigger lattices one hopefully
will be able to approach ~, before the system changes
over into the deconfined phase. Our lattice size and cor-
responding value of P is of course very different from the
numbers mentioned above. Our raw (not extrapolated)
data can be found in Tables II—V. We give all the data
so that the interested reader can see for himself whether
our extrapolations, to be shown in the figures later on, are
meaningful. The error quoted in the tables is always the

"naive" error —the standard deviation of the mean.
As was mentioned above, (igy5r3$) vanishes in the

limit 0~0. Hence in order to extract an estimate of the
infinite value of this quantity we must extrapolate. Ideal-
ly this should be done for various values of the volume.
Depending on the volume there will be a minimum value
of the field that can be used. Because of our limited
resources we could only study three different lattice sizes.
Going from the 4 to the 6 X4 lattice increases the spa-

TABLE IV. The average plaquette (Sg ) for three values of the external field.

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

44

44

44

44
44.

44

44

44

44

64

64

64

64

64

64

64

64

64

4'X 6'
4 X6
4&x6&
42X62
42 X 62

4&X62
4'x 6'
4'x 6'
4 X6

H=0. 3

0.3996(1)
0.4101(16)
0.4178(15)
0.4245(15)
0.4333(25)
0.4470(32)
0.4553(26)
0.5363(23)
0.5668(6}

0.4035(6)
0.4138(10)
0.4205(9)
0.4243(7)
0.4345(8)
O.4414(6)
0.4527(8)
0.5228(13)
0.5616(5)

0.4015(5)
0.4124(8)
0.4182(12)
0.4244{18)
0.4314(17)
0.4384(12)
0.4513(16}
0.5354(9)
0.5624(9)

H =0.2

0.4026(9)
0.4116(24)
0.4192(22)
0.4334{18)
0.4433(19)
0.4619(34)
0.4780(55)
0.5612{8)
0.5826{6)

0.4041{6)
0.4167(8)
0.4238(5)
0.4319(10)
0.4453(12)
0.4610(13)
0.4806(18)
o.ss?o(s)
o.s sos(2)

0.4022(12)
0.4136(8)
0.4210(12)
0.4265(16)
0.4397(14)
0.4532(15)
0.4785(26)
0.5588(?)
0.5805(7)

H=0. 1

0.4005(14)
0.4137(12)
0.4209(14)
0.4392(15)
0.4592(40)
0.5239(23)
0.5429(12)
0.5779(8)
0.5959{9)

0.4038(7)
0.4176(7)
0.4249(8)
0.4380(7)
0.4567(10)
0.4979(10}
0.5288(8)
0.5?47(5)
0.5950(3)
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FIG. 6. The expectation value of fP on a 62 X 4' lattice. FIG. 7. The expectation value of (minus) the Wilson line on a
4 lattice.

tial volume by a factor of 2.25 while keeping n„ the num-
ber of time slices, constant. On the other hand, our big-
gest, the 6 lattice, also increases n„effectively decreasing
the temperature. Rather than giving tables we show our
extrapolated results in the figures. In the case of
(i Py 5r3$) we used a linear extrapolation; in all other ob-

servables a quadratic extrapolation was employed. Actu-
ally there is not much of a difference between linear and
quadratic extrapolation here. Nevertheless our choice is
based on theoretical prejudice coming from the strong
coupling expansion [6]. In the figures the symbols used

TABLE V. The Wilson line (L ) for three values of the external field.

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
Q. 19

0.20
0.25
0.30

0.10
0.15
0.16
0.17
0.18
0.19
0.20
0.25
0.30

44

44

44

44

44

44

44

44

44

64

64

64

64

64

64

64

64

64

4'x6'
4'x6'
4'x 6'
4'x 6'
4'x 6'
4'x 6'
42x62
4'x 6'
4'x 6'

H =0.3
—0.0029(24)
—0.0090(23)
—0.0066(31)
—0.0112(21)
—0.0190(37)
—0.0197(54)
—0.0164(41)
—0.0779(37)
—0.1141(52)

—0.0009(17)
+0.0002(10)
—o.oo25(13)
+o.oo18(7)
—0.0014(10)
—0.0004(16)
—0.0030(19)
—0.0028(45)
+0.0715(35)

—0.0037(23)
—0.0068(19)
—0.0113(23)
—o.0074(20)
—0.0105(28)
—0.0141(21)
—0.0167(22)
—o.1oo4(34)
—0.1224(47)

H =0.2
—0.0026(17)
—0.0127(38)
—0.0140(29)
—0.0129(31)
—0.0113(37)
—0.0310(57)
—0.0337(65)
—0.0934(108)
—0.1077(71)

—0.0015(17)
+0.0013(10)
—0.0019(13)
—0.0018(7)
—0.0032(10)
—0.0013(16)
—0.0011(19)
—0.0188(45)
—0.0663(35)

+0.0022(27)
—0.0113(23)
—0.0122(20)
—0.0122(21)
—0.0170(33)
—0.0235(29)
—0.0307(31)
—0.1207(39)
—0.1251(82)

H =0. 1

—0.0008(35)
—0.0147(33)
—0.0157(24)
—0.0252(33)
—0.0336(60)
—0.0761(63)
—0.0955(65)
—0.1375(62)
—0.1566(51)

+0.0000(17)
—0.0011(11)
—o.oo15(17)
—0.0028(18)
—0.0024(13)
—Q.QQ20(14)
—0.0175(19)
—0.0476(45)
—0.0484(55)
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FIG. 8. The expectation value of (minus) the Wilson line on a
6 lattice.

FIG. 10. The expectation value of the plaquette on a 4 lat-
tice.

always denote the same mode of extrapolation: All three
values of the field included (C'), H =0.2 and H =0. 1 only
(e) and H =0.3 and H =0.2 only (CI).

DISCUSSION

Looking first at Fig. 1 we clearly see the rapid rise of
(igy5r3$) If the. scenario advocated in the Introduc-
tion were correct, then this quantity would be the order
parameter of a second-order phase transition in the
infinite-volume limit. As such we expect it to have a
characteristic behavior near the transition point
parametrized by a critical exponent P. At strong cou-
pling one finds [5] the mean-field behavior
(iP) &r3$) —(a —a, )' . At large values of v we observe
a drop in the order parameter which is probably due to
the finite-size (or -temperature) effect of our lattice. This
is supported by the fact that on the bigger lattice (Fig. 2)
the drop is much less pronounced. We believe that the
data in Figs. 1 —3 support the picture advocated in the In-

troduction. We cannot, however, make a definite claim
based on our data because of the obvious extrapolation
dependence of the result. In order to make a definite con-
clusion, we will have to do a finite size scaling study of
this order parameter, which is planned to be done in the
near future. It is probably true that H=0. 1 is already
too small a field on our lattices. This is consistent with
the fact that increasing the volume seems to improve the
situation somewhat. In any case, no matter how the ex-
trapolation is performed we obtain a finite value for the
order parameter. Note that in Ref. [15] no evidence for
parity breaking was claimed in the case of one Wilson-
flavor QCD. We would like to point out here that their
claim was based on the quantity (Py&P) which is purely
imaginary (see the footnote).

In Figs. 4—6 we show the behavior of ( gg). The peak
in this quantity is actually anticipated [5,6] and we use it
to determine an approximate value for ~, . A rough esti-
mate is a., -0.180(5). Ukawa [16] finds a., =0.187(1).
Note that the value of a, determined by (gg) is almost

~ 15 I I I I
[

I I I I
[ I I I I

)
I I I I0

2 8
~ 7 I I I I

[
I I I I

f
I I I I

(
I I I I0.
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0

I I I I I I I I I I I I I I I I

0.1 0.2 0.3 0.4
0.3

0

I I I I I I I I I I I I I I i I I I

0.1 0.2 0.3 0.4

FIG. 9. The expectation value of (minus) the Wilson line on a
6 X4' lattice.

FIG. 11. The expectation value of the plaquette on a 6 lat-
tice.
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FIG. 12. The expectation value of the plaquette on a 6 X4
lattice.

is extremely ambiguous to try to read off a value from a
plot such as Fig. 7. On the n, =6 lattice (Fig. 8) the tran-
sition shifts to a higher value, KT 0.25, so it seems that
the flavor and parity breaking occurs at smaller value of K

than that of the finite-temperature transition on a large
enough lattice. The average plaquette shown in Figs.
10—12 follows the Wilson line quite closely. Again
KT 0. 19 on the 4 lattice and KT ~ 0.25 on the 6 lattice
appear hkely.

To summarize, we have studied two-flavor QCD with
Wilson fermions and have provided evidence that there is
a phase of the theory which breaks both flavor and parity
symmetries and that this phase transition can be separat-
ed from the finite-size (or -temperature) transition. Clear-
ly, only time will tell if this result survives further scru-
tiny. Clearly simulations on larger lattices with better
statistics are called for.
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