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Measurement of TeV muon energy loss in iron
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We measure the energy loss of high-energy muons (up to 1 TeV) from cosmic-ray muons incident on

the iron-scintillator calorimeter of the Chicago-Columbia-Fermilab-Rochester Collaboration (Lab E)
neutrino detector at Fermilab. Measurements of the differential energy loss spectra in Fe and the aver-

age dE/dx energy loss in Fe are presented as functions of muon energy and are compared against calcu-

lations. There is reasonable agreement between the measurements and calculations except in the region

of small energy losses (under a few GeV) for 1-TeV muons, where the measurement is about 30% lower

than the calculation. This level of agreement with theory implies that reliable simulations of the perfor-

mance of muon detectors for future TeV colliders can be done.

PACS number(s): 34.50.Bw, 25.30.Mr

I. INTRODUCTION

The processes by which a muon loses energy as it
passes through matter are ionization, bremsstrahlung,
direct e e pair production, and photonuclear interac-
tions. The numerous ionization collisions with very small
energy transfers produce a localized trail of ionization
that is used by charged-particle detectors to obtain the
muon's "track." In Landau's theory of energy loss by
ionization [1], these numerous, small energy transfer col-
lisions correspond to energy losses about the most prob-
able value of the Landau distribution. The high-energy
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tail of the Landau distribution corresponds to stochastic
collisions with large energy transfers (knock-on elec-
trons). These higher-energy knock-on electrons produce
electromagnetic shower cascades.

Cross sections for the production of knock-on electrons
and for radiative and photonuclear interactions on atom-
ic targets have been calculated for muons. They indicate
that the amount of energy lost by a muon as it passes
through matter increases as a function of the muon's en-

ergy, and that almost all of this increase is from radiative
processes which are essentially stochastic. In this paper,
we compare these predictions against our energy-loss
measurements from a cosmic-ray exposure of the
Chicago-Columbia-Fermilab-Rochester (CCFR) Colla-
boration neutrino detector at Fermilab [2].

The design of muon detectors for the Superconducting
Super Collider (SSC) and of muon spectrometers for
very-high-energy muon or neutrino scattering experi-
ments requires a knowledge of these muon energy-loss
mechanisms. Such detectors and spectrometers rely on
active tracking elements to pick out the muon track.
However, the muon track can be obscured by the pres-
ence of the cascade of secondary shower particles pro-
duced in muon interactions with sufficiently large energy
losses. The frequency of such interactions is a key pa-
rameter in the design of these detectors and spectrome-
ters. Detector design guidelines provided by computer
simulations of the detector performance are only as reli-
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able as the muon energy-loss cross sections used in the
simulations. Thus it is important to test the reliability of
these cross sections against measurements.

II. THE CCFR NEUTRINO DETECTOR

The CCFR neutrino detector (located in Lab E at Fer-
milab) is a 690-ton unmagnetized iron-scintillator target
calorimeter followed by a 420-ton toroidal, magnetized
steel, muon spectrometer. The target calorimeter is 17.7
m long and consists of 3 m X 3 m steel plates interspersed
with 2.54-cm-thick liquid scintillation counters and
drift-chamber stations. The counters are placed every
10.3 cm of steel and the drift-chamber stations are placed
every 20.6 cm of steel. The energy response and resolu-
tion of the calorimeter to hadrons and electrons have
been measured using test beams. We have also measured
the response of the calorimeter to low-energy (less than 9
GeV) minimum-ionizing muons using range-out muons
from neutrino interactions. The calorimeter's response to
hadronic showers (h), electromagnetic showers (e), and
minimum-ionizing muons (p) is different: the e/h and
p/h ratios are 1.11 and 1.34, respectively. The energy
resolution for the minimum-ionizing, range-out muons is
o z /E =0. 17, where E is the muon's energy Th.e
calorimeter's electromagnetic shower energy resolution is
o z/E =0.6/&E, where E is the shower energy in GeV.
For hadronic showers, the energy resolution is
cr@/E =0.9/&E.

The muon spectrometer consists of three, 1.75-m-
radius, magnetized steel toriodal magnets with muon
tracking drift-chamber stations. Its total length is 17.8
m. The total transverse momentum kick for a longitudi-
nal track is 2.45 GeV / c and the angular resolution of
the combined target calorimeter and toroid drift-chamber
tracking system is about 0.3 mrad. The momentum reso-
lution, which is limited by multiple Coulomb scattering
in the steel, is 5(p)/p =11%. Additional details about
the detector can be found in Ref. [2].
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FIG. 1. The combined p+ and p CCFR cosmic-ray muon
spectrum. Between 500 and 800 GeV, 800 and 1200 GeV, 1200
and 2000 GeV, and 2000 and 3000 GeV, there are 236, 95, 43,
and 13 events, respectively. Above 3000 GeV, there are six
events. The solid curve is proportional to the differential muon
flux measured by DEIS.

IV. ENERGY-LOSS CROSS SECTIONS

In the final event sample, there are 9411 events. The
combined p+ and p energy spectrum is shown in Fig. 1.
For this event sample, the charge ratio of the number of
p+ to p events is 1.29+0.03. These measurements are
consistent with previous cosmic-ray muon measurements
from the DEIS [3] and MUTRON [4] spectrometers.
MUTRON's charge ratio for rnuons arriving between 86'
and 90' zenith angles is 1.251+0.005 for momenta less
than 600 GeV /c and 1.30+0.02 for momenta above that.
Our muon sample has an average zenith angle of 87 .
The solid curve in Fig. 1 is proportional to the DEIS
differential muon flux spectrum for zenith angles between
87 and 88'.

III. THE COSMIC-RAY MUON SAMPLE

The TeV muon energy-loss measurements are from
cosmic-ray exposures of the CCFR neutrino detector tak-
en during 1987 and 1988. The trigger selected muons
that were nearly horizontal. Only muons that traverse
the detector in the direction of the accelerator's neutrino
beam and through the full length of the muon spectrome-
ter are used. Events are required to be cleanly recon-
structed in the muon spectrometer. The muon's momen-
tum must be at least 9 GeV /c when it enters the muon
spectrometer. For these events, the fractional momen-
tum resolution is cr /p-0. 11[1+(p/900) ]'r, where p
is in GeV /c. Muon energy losses are measured in the
calorimeter. To ensure proper energy-loss reconstruction
with the scintillation counters, the muon track is required
to be in a transverse fiducial region where the counter
response is measured fairly well. As we are interested in
energy losses of very-high-energy muons, muons that
enter the calorimeter with energies less than 40 GeV are
not used.

do
dv

2~~e me=Z
p2U 2

2
1 —P +

v max

This is valid only for collisions where the momentum
transfer to the atomic electron is large enough that it can
be considered to be free of all bound-state and screening
effects. In the equation, Z is the atomic number, m, is
the electron mass, E„ is the incident muon energy, r, is
the classical electron radius, p is the incident muon s ve-
locity relative to the speed of light, and v is the fraction

The cross sections which are used to predict the
energy-loss spectra of rnuons incident on the CCFR tar-
get calorimeter are presented in this section. The radia-
tive cross sections are analytic expressions based on de-
tailed calculations that include atomic and nuclear form
factors. Similarly, the photonuclear cross section is an

. analytic expression based on a calculation that includes
nuclear shadowing. In this section, c=1: the units of
mass, energy, and momentum are identical, e.g. , GeV.

The collision, or ionization cross section, of a muon in-
cident on an atom [5] is

r
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of the muon's energy transferred to the electron. The
rnaximurn fractional energy transfer is

dO 2 (Zar, )
21—v

1+(m„+m, )/2m, E„
(2)

+—u —6
1

4 max (3)

where m„ is the muon mass. The atomic electrons eject-
ed in these collisions are called knock-on electrons.

The average ionization energy loss per unit length x (g
/ cm ) is given by the Bethe-Bloch [5] formula

dE ~Z m, 2m, E„P u=27TI'e
P2 (1—P2)I2(Z)

me
X 4, (E„,p, v)+ 4„(E„,p, u), (7)

where p=(e+ —e )/(e++e ) is the e+e energy asym-
metry, v=(e++e )/E„, and E+(e ) is the energy of the
positron (electron). 4, „(E„,p, u) are given in the Appen-
dix. The limits on the fractional energy transfer and the
energy asymmetry are

do'

du brem

me=
CX 2Zfe

mp

In addition to the variables described previously, N is
Avogadro's number, A is the atomic weight of the target,
I (Z) is the target s mean ionization potential [6,7], and 5
is the density effect correction [6,7].

For muon bremsstrahlung on an atom, we use the
Petrukhin-Shestakov cross-section formula [8]:

'2
—[1+(1—v )
1 2

v

6m„0&
ipse

&

E„(1—v )

4m, mz 1/3

E 4 EP P

1/2
4m,1—
vEp

(8)

(9)

m zz-'"
(b(q,„)= ln

1+(q;„/m, )v e RZ
(5)

where f„=—', Z ' is the nuclear form factor correction,
e=2.7182..., R=189, and q;„=m„u/2E„(1 —v) is the
minimum momentum transfer to the nucleus. The limits
on the fractional energy transfer are taken to be

v'e m„0&u&l-
n p

(6)

Equation (4) is an analytic approximation to the Bethe-
Heitler [9] bremsstrahlung cross section with arbitrary
screening. To check this approximation, we have numer-
ically evaluated the Bethe-Heitler cross section using a
Thomas-Fermi atomic form factor in conjunction with a
nuclear form factor from a two-parameter, Fermi nuclear
charge density [10]. We find that the Petrukhin-
Shestakov f„underestimates by about 10% the numeri-
cal calculation and that nuclear size effects are better
parameterized with f„=exp( —0. 128RO, ), where
Ro &

=1.183 ' —0.48(fm) is the nuclear charge half ra-
dius. This latter correction is used in all calculations.

For the direct e+e pair production by muons, we use
the double differential expression derived by Kokoulin
and Petrukhin [11]:

—
—,'(1 —v)]P(q;„) .

Here, +=1/137.036. . . , v is the fraction of the muon's
energy transferred to the photon, and

Equation (7) is for an arbitrarily screened Thomas-Fermi
atom with nuclear form-factor corrections ( see the Ap-
pendix). In our calculations, the integration over p is
done numerically. These formulas can also be used to es-
timate the rate of direct @+p pair production by muons
[12]. While the resulting cross section is approximate be-

cause it does not include exchange effects, it indicates
that p+p pair production can be neglected. At very
small v where the differential cross section (do ldu) for
e+e pair production is very large, the p+p cross sec-
tion is highly suppressed due to mass-threshold effects
The production of p+p pairs increases to about 10%%uo of
the e+e level only when u) 0.5. In this large v region,
bremsstrahlung dominates all pair production.

The radiative cross sections, Eqs. (4) and (7), are for
scattering in the field of a nucleus. This does not include
incoherent scattering against individual nucleons within
the nucleus or scattering against atomic electrons. In
these processes, a virtual photon is exchanged with the
target. Incoherent nucleon scattering can be neglected
because the coherence length of the virtual photon, Ac /q,
where q is the momentum transfer, is larger than the nu-
clear radius over most of the kinematic region. For ex-
ample, the minimum momentum transfer (q;„) of a 50-
GeV muon is less than 2 MeV when v (0.95, and when
v &0.95, it slowly increases from 2 to 106 MeV. Thus,
incoherent scattering is not included in our calculations.
To account approximately for brernsstrahlung and e+e
pair production on the atomic electrons, we replace the
Z in Eqs. (4) and (7) with Z(Z +1).

For the photonuclear interactions of muons on nuclear
targets, we use the results of calculations by Bezrukov
and Bugaev [13]. They have calculated the effects of nu-
cleon shadowing in the interactions of high-energy real
and virtual photons using a generalized vector-
dominance model. The expression they give is
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2
dc' Cx m&

A o ~~(vE„)v 0.75G(x) a ln 1+
Km )

m)+t
2m mp+0.25 sc ln 1+ 2m'

2 2 2
mp m& m2+ 0.75G(x) +0.25 ln 1+
2t m)+t m2

(10)

where a= 1/137.036..., A is the atomic weight, and v is
the fraction of the muon's energy transferred to the
nucleus in the interaction, t =m „v /(1 —v ),
a=1—2/v+2/v, mf =0.54 GeV, and m2=1. 8 GeV .
The other functions are

or&(E)=114.3+1.6471n (0.0213E) pb,
x =0.002 822 ' o rN(vE„),

G(x) = —1+e "(1+x)
3 x

X
(12)

Here, or&(E) is the nucleon photonuclear cross section
and Eis in GeV. The limits on v are taken tobe

m mp(v(1—
E„

(13)

where m is the pion mass.
The ionization, bremsstrahlung, e+e pair produc-

tion, and photonuclear cross sections of 50- and 1000-
GeV muons incident on an iron atom are shown in Figs.
2 and 3, respectively. The total pair production cross
section per atom at those muon energies is 0.10 and 0.39
barn, respectively. The total ionization cross section per
atom for energy losses larger than 1 MeV is practically

independent of the muon energy and is equal to 6.6 barns.
A visual scan of a sample of cosmic-ray event pictures
confirm the general features of those figures. Events with
higher muon energies contain more visible shower cas-
cades. Very large energy showers and hadronic showers
are observed, but they are relatively rare.

V. ENERGY-LOSS MEASUREMENTS

Muon energy losses are measured using the CCFR tar-
get calorimeter. A muon traversing the entire length of
the calorimeter goes through 8.7 m of steel. The basic
element in the calorimeter lattice is 10.3 cm of steel ab-
sorber followed by a scintillation counter and drift
chambers with every other counter. In the energy-loss
calculations and measurements, the scintillation counters
and drift chambers are treated as an extra amount of steel
absorber. There are three scaling lengths needed to con-
vert the drift chamber and scintillator material to steel
equivalents. For the ionization interaction, the scaling
length is the distance of equivalent energy loss for
minimum-ionizing particles. For the radiative interac-
tions, the scaling length is the radiation length. For pho-
tonuclear interactions, the hadronic interaction length is
taken as the scaling length. With the additional material,
the basic element of the calorimeter lattice is on average
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FIG. 2. The ionization, bremsstrahlung, pair production, and
photonuclear cross sections of a 50-GeV muon incident on an
iron atom. The top scale gives the muon energy loss hE„,
which corresponds to the fractional muon energy loss v. Note
that the ordinate is the logarithmic derivative do. /d(lnv)
=do /d ( lnhE„).

FIG. 3. The ionization, bremsstrahlung, pair production and
photnuclear cross sections of a 1000-GeV muon incident on an
iron atom. The top scale gives the muon energy loss hE„,
which corresponds to the fractional muon energy loss v. Note
that the ordinate is the logarithmic derivative d o./d ( lnv )
=do. /d ( lnhE„).
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11.5, 10.6, and 11.7 cm of steel equivalent for ionization,
radiative, and photonuclear interactions, respectively.

The 84 scintillation counters in the calorimeter are
read out separately. This gives a longitudinal profile of a
muon's energy loss as it passes through the calorimeter.
Since the amount of material between counters corre-
sponds to -6 radiation lengths (-0.7 hadronic interac-
tion lengths), energetic shower cascades can extend longi-
tudinally more than one counter depth past the point of
interaction. However, the probability of a muon produc-
ing two or more overlapping showers is not expected to
be large. The calculated interaction lengths for produc-
ing showers larger than 0.25 GeV in iron for 10-, 100-,
1000-, and 5000-GeV muons are 510, 210, 65, and 34 cm,
respectively.

The muon energy loss measured in a counter is the cu-
mulative energy loss of many interactions, most of which
are extremely small energy-loss ionizations. The oc-
casional shower cascades from large energy-loss interac-
tions are superimposed over this low-level ionization.
These are from the knock-on electron, bremsstrahlung,
direct e+e pair production, and photonuclear interac-
tions. We can measure the rate of these interactions by
identifying and counting distinct showers in the calorime-
ter. The muon's average energy loss is extracted from the
simple sum of scintillation counter energies.

The prediction for the average energy loss per unit
length is obtained from the Bethe-Bloch formula [Eq.
(3)] for ionization and from the integration of the other
cross sections. The dE/dx for a process other than ion-
ization is

dE N 'max d 0=E —
U

dx A U dU .P

dv (14)

where N is Avogadro's number, A is the atomic weight,
and p =brem, pair, or nucl. For elemental media, the to-
tal dE/dx is the simple sum of the dE/dx from ioniza-
tion, bremsstrahlung, e+e pair production, and pho-
tonuclear interactions. The dE/dx in iron of each pro-
cess has been tabulated in Ref. [14] for muon energies be-
tween 1 and 10000 GeV. In comparisons with our rnea-
surements, we have used the tabulations from this refer-
ence except for the brernsstrahlung process, which has
been recalculated using a different nuclear form factor.

In the measurement of the dE/dx in steel, the cosmic-
ray muons are sorted into momentum bins. A single
muon track is split into an upstream and downstream
section, which are assigned to different momentum bins if
energy losses in the upstream region reduce the instan-
taneous momentum from one bin to another. The two
rneasurernents needed from each momentum bin are the
cumulative path length of the muons and the correspond-
ing total energy deposition AE. This energy is in units of
"equivalent particles" [2] (EPs) (minimum-ionizing muons
deposit about 1 EP per counter). Since the calorimeter's
response is different for minimum-ionizing muons (low-
energy-loss ionization), electromagnetic showers (radia-
tive processes and ionization with energy loss larger than
0.25 GeV), and hadronic showers (photonuclear interac-
tions), the total energy loss (b,E) in a bin is separated into

these components before being converted into an energy
loss in GeV. To obtain the energy loss for the process p,
we assume that the fraction of its energy loss relative to
the total is equal to the theoretical value

f= LC g LC;,dE dE

.P

(15)

where (dE/dx)~ is the calculated dE/dx for process p,
I. is the corresponding total steel equivalent path length,
C is the calibration constant from GeV to EP units of
process p, and the sum over i runs over the two parts of
the ionization, the radiation, and the photonuclear com-
ponents. With this assumption the measured dE/dx for
process p is f bE/L Cz. The measurement along with
the dE/dx prediction is shown in Fig. 4. The statistical
errors on the dE/dx in Fig. 4 are the standard deviations
from the expected total energy loss (bE) distributions.
The theoretical formulas of the preceding section and the
energy resolution functions of the CCFR target calorime-
ter are used to model the expected energy-loss distribu-
tions.

Shower cascades in the calorimeter are extracted from
an event by examining the counter-by-counter longitudi-
nal profile of a muon's energy loss as it traverses the
calorimeter. In order to mask the fluctuating "back-
ground" of the low-level ionization energy loss prevalent
in each counter, only structure above 0.5 GeV of
minimum-ionizing equivalent energy loss per counter is
retained for pattern recognition and the subsequent
shower energy measurement. A contiguous cluster of
counters each with energy above the threshold is treated
as one shower cascade. Single, isolated counters with en-
ergies above the threshold are retained and also treated as
a single shower. The stochastic energy loss hc.„ is
defined to be the total energy deposited by the muon
within the shower boundaries less the expected mean con-
tribution from low-level ionization losses (-0.16 GeV of
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FIG. 4. dE/dx in steel for muons with energies between 40
and 1200 GeV. The solid curve is the theoretical prediction (fit

y' of 7 per 14 degrees of freedom). Systematic, shower energy
calibration errors dominate the low E„points while the high-

energy errors are statistical (see text). The 890-GeV and 1070-
GeV points contain energy-loss samples from 5036 and 2853
counters, respectively.
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minimum ionizing equivalent per counter).
Figures 5—9 show the stochastic energy loss for various

ranges of the reconstructed muon energy. Also shown
are the expected energy-loss distributions. The expected
energy-loss spectra are calculated using the cross sections
and the absolutely normalized muon flux of each energy
range. The flux at energy E„ is equal to the cosmic-ray
flux (Fig. 1) at that energy times the fraction "smeared"
by the finite resolution of the muon spectrometer into the
energy range being considered. Because the total cross
section without the minimum-ionizing part is still large,
an apparent single shower observed in the calorimeter
may be due to multiple interactions of the muon. This is
taken into account with corrections to the single collision
rates in the calculation. These corrections [15) are ap-
proximate and are significant for Ac, of a GeV or less.
The resulting expected energy-loss spectra are then con-
voluted with shower energy resolution functions, recon-
struction efficiencies, and other reconstruction effects to
give the predicted event distributions shown in Figs. 5
through 9.

The performance of the shower reconstruction is
affected by the 0.5-GeV background suppression thresh-
old that masks low-level ionization fluctuations. If the
shower energy is very small, all of the shower cascade can
be hidden under the threshold. Even if the central por-
tion of a cascade is above threshold and is reconstructed,
the peripheral regions at the longitudinal boundaries can
dip beneath the threshold and not be reconstructed.
Thus, the shower reconstruction is not fully efficient at
low shower energies and there is some missing energy"
from portions of the shower under the threshold. For the
dominant electromagnetic showers, we predict a recon-
struction efficiency of 80% at 1 GeV and a missing ener-

gy of -0.2 GeV with -0.2 GeV rms fluctuations. In
this 1-GeV or less region, the systematic errors on the
predicted number of events are largest because of possible
errors in modeling the threshold or uncertainties associ-
ated with the calorimeter's low-energy resolution. Of
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FIG. 6. Stochastic energy-loss distribution for muons be-
tween 80 and 180 GeV. The Aux that produced these showers is
equivalent to a muon penetrating through 223 200 counters
(-11 cm Fe equivalent per counter). The smooth curve is the
prediction described in the text. In the region to the right of the
arrow, the fit g is 38 per 22 degrees of freedom.

these, the largest contribution is from the missing-energy
systematic error, which is taken to be 50 MeV. The cor-
responding error in the predicted number of events in
Figs. 5 through 9 is given by the dotted curves in the
low-energy-loss region.

Agreement between the measurements and predictions
is reasonable for energy losses larger than 1 GeV, with
the exception of the highest muon energy bin (Fig. 9)
where the number of events is systematically lower than
the predicted number of events for energy loss below 2
GeV. The kinematic region of low energy loss and high
muon energy is interesting because it tests the e+e pair
production cross section (cf. Fig. 3). The dE/dx mea-
surement, which has the virtue of being independent of
the shower cascade analysis, is consistent with the
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FIG. 5. Stochastic energy-loss distribution for muons be-
tween 40 and 80 GeV. The flux that produced these showers is
equivalent to a muon penetrating through 299 400 counters
(-11 cm Fe equivalent per counter). The smooth curve is the
prediction described in the text. In the region to the right of the
arrow, the fit g' is 19 per 18 degrees of freedom.

FIG. 7. Stochastic energy-loss distribution for muons be-
tween 180 and 400 GeV. The flux that produced these showers
is equivalent to a muon penetrating through 106 700 counters
(-11 cm Fe equivalent per counter). The smooth curve is the
prediction described in the text. In the region to the right of the
arrow, the fit y is 19 per 24 degrees of freedom.
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FIG. 8. Stochastic energy-loss distribution for muons be-
tween 400 and 800 GeV. The flux that produced these showers
is equivalent to a muon penetrating through 32 150 counters
(-11 cm Fe equivalent per counter). The smooth curve is the
prediction described in the text. In the region to the right of the
arrow, the fit y' is 24 per 28 degrees of freedom.

FIG. 10. The fraction of multiple flash ADC hits observed in
the drift chambers for muon tracks as the function of muon en-
ergy. The hits are within 64 mm of the muon track. The muon
energy is binned as in Figs. 5 —9.

theoretical prediction. However, as the errors are large
at high muon energies and since an excess such as the one
in Fig. 9 produces an incremental dE/dx shift of —5%,
the dE/dx measurement cannot disprove this discrepan-
cy either. Although this discrepancy is not understood,
the implication is that detector design simulations which
use the cross sections given in the previous section may
somewhat overestimate the number of low-energy
showers at the highest muon energies. At worst, the re-
sult is a more conservative detector design.

With increasing muon energies, the frequency of elec-
tromagnetic shower cascades increases. In steel, the cen-
tral core of electromagnetic shower cascades is narrow
and has a transverse size of —1 cm. Such showers affect
the identification and reconstruction of a muon's track

because shower particles will obscure the muon whenever
the particle tracking hardware cannot cope with the cas-
cade particle density. The CCFR calorimeter has 42 drift
chambers that are instrumented with multihit time-to-
digital converters and flash analogue-to-digital converters
(ADC s). Hit multiplicities in the 127-mm-wide drift-
chamber cells are obtained using the flash ADC's, which
can resolve particles separated by at least 2 mm. Figure
10 shows the fraction of multiple hits within 64 mm of a
muon track as a function of the muon energy. The frac-
tion of single hits in drift cells containing the muon track
ranges from 90% for 40—80-GeV muons to 80% for
800—2000-GeV muons. Thus, even for 800—2000-GeV
muons, the majority of drift cells on a muon's trajectory
appear to have a single, minimum-ionization hits rather
than multiple, shower cascade hits.
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FIG. 9. Stochastic energy-loss distribution for muons be-
tween 800 and 2000 GeV. The Aux that produced these showers
is equivalent to a muon penetrating through 10 360 counters
( —11 cm Fe equivalent per counter). The smooth curve is the
prediction described in the text. In the region to the right of the
arrow, the fit y is 40 per 23 degrees of freedom.

A muon loses energy as it passes through matter via
ionization, bremsstrahlung, direct e+e pair production,
and photonuclear interactions. Through an exposure to
cosmic-ray muons, the iron-scintillator target calorimeter
of the CCFR neutrino detector was used to measure the
energy losses in iron of muons whose energies ranged
from 40 to 2000 GeV. The calculated average energy loss
per unit length (dE/dx) agrees with the measurement.
For energy losses larger than 1 GeV, there is fair agree-
ment between the experimental energy-loss distributions
and predictions based on the calculated cross sections.
There is disagreement in the region of low energy loss
and high muon energies. An earlier, high-statistics
cosmic-ray experiment MUTRON [16] has also observed
such a discrepancy for high-energy cosmic-ray muons, al-
though at larger energy losses corresponding to U -0.01.
The interested reader is also directed to Ref. [16] for a
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summary of results from other cosmic-ray experiments.
As the calculated cross sections are consistent with the

measurements or are an upper bound to the measure-
ments in regions of disagreement, they can be used in
conjunction with electromagnetic and hadronic shower
simulations to provide a realistic description for the
transport of high-energy muons through matter. A
Monte Carlo simulation that incorporates this muon
transport would be a useful guide in the design of SSC
detectors (e.g., see Ref. [17]). Tracking very-high-energy
muons will become more and more difficult with increas-
ing muon energies because of the increasing number of
showers. The calculated interaction lengths for produc-
ing showers larger than 0.25 GeV in iron for 10-, 100-,
1000-, and 10000-GeV rnuons are 510, 210, 65, and 27
cm, respectively. The corresponding interaction lengths
in uranium are 130, 28, 6, and 3 cm, respectively.
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APPENDIX: e+e PAIR PRODUCTION

The differential cross section for direct e+e pair pro-
duction is given in Eq. (7). The 4, „ functions in that
equation are given below. The expression for L, has been
rearranged algebraically from that given in Ref. [11]:

2

[(2+p )(1+P)+g(3+p )]ln 1+—+ —(3+p~) L, ,1+/ (Al)

1+2 1— 2

(1+p )(1+—P) — ln(1+/)+g +(1+2P)(1—p ) L„,
2

'2

(A2)

2mp gZ
L, = ln

3 m, D,

m& gz —2/3
L„=ln-

3m, D„

——ln 1+ — Z1 —1/'3

2 3 mq

1

(1+/)(1+ Y, )
(A3)

(A4)

D, „=1+ &eRZ ' (1+Y,„),
m~

5 —p +4P(1+p )

2(1+3P) ln(3+1/g) —
p

—2P(2 —
p )

4+p~+ 3P( 1+p )

(1+p )(3/2+2P) ln(3+/)+1 —(3/2)p

(A5)

(A6)

(A7)

Here, e=2.7182.. . and R =189. The parameters P, g,
and q;„(minimum momentum transfer to the nucleus)
are

2 —2
mdiv 1 —p
2m, 1 —v

(AS)
and

2m, 1+
v

s p

When p=0 and v=0.01, q;„ is at its minimum and it is

approximately equal to 110 keV (110 eV) for a 1-GeV (1-
TeV) muon.

are analytic approximations to pieces of the
Kel'ner-Kotov [18] arbitrarily screened (Thomas-Fermi)
Coulomb center cross section. Nuclear size effects are in-
corporated with corrections calculated using the two-
parameter Fermi nuclear charge density form factor with
negligible screening. We have done numerical calcula-
tions for an iron target using the more fundamental
Kel'ner [19] cross section combined with a Thomas-
Fermi atomic and a two-parameter Fermi [10] nuclear
form factor to check the accuracy of N, . These calcula-
tions and 4, agree to within 4%.
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