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Physical processes with self-interactions in spacetimes with closed timelike curves are discussed. Ex-
amples of self-consistent solutions of the corresponding problems are obtained.
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I. INTRODUCTION

In Refs. [1-3] the possibility was discussed of creating,
in principle, time machines [closed timelike curves
(CTC’s)], allowing one to travel into the past (or of CTC’s
having existed from the very beginning of the expansion
of the Universe). It is not clear whether the laws of phys-
ics permit the existence of the CTC’s, see [4-7]. In this
paper we suppose that the creation of a time machine is
possible.

We discuss a time machine, which is (after completion
of its creation) a static wormhole. In this construction
there are two spherical holes (mouths) 4 and B in a
three-dimensional space, connected with each other by a
short handle, and there are CTC’s, which pass through
the wormhole. The length / of the handle can be arbi-
trarily small and it does not depend on the distance R be-
tween A4 and B in external space. We suppose that | <<R
and that / is negligible, / =0. In our model treatment the
spacetime outside the mouths is a practically flat Min-
kowski spacetime. If somebody (or something) enters
mouth B and moves through the short handle he (or it)
exits mouth A practically immediately, according to his
(or its) proper time, but with the shift into the past by a
period 8¢, according to the time ¢ of the reference frame
in which mouths 4 and B are at rest. Traveling through
the wormhole in the opposite direction (from A4 to B)
would be to travel into the future (with a shift by a period
6t). The period 6¢ with the length R (and [ if it is not
negligible) are the main parameters of the time machine.

The assumption of the possibility of the existence of a
time machine creates a lot of questions. One of the most
important among them is the problem of causality. The
existence of CTC’s allows one to travel into the past. At
first sight it inevitably leads to the possibility of changing
the past, thereby producing causality violations. But it is
not so.

In Ref. [8] (see also [9]) the principle of self-consistency
was briefly discussed. According to this principle all
events on CTC’s are self-consistent; that is, they influence
each other around the closed timelike lines in a self-
adjusted way. In the case of an open timelike curve, any
event X divides other events on this curve into two parts:
future events and past events with respect to X. All past
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events can influence X, but future events cannot. On a
CTC the choice of the event X divides other events on the
curve into future events and past ones only locally. In
this case events which locally are in the future with
respect to X can influence the event X circularly around
the CTC. There is no global division of events on the
CTC into future and past. The future influences the
present as well as the past. Not only is the future the re-
sult of evolution of the past, but the past is the result of
the future also. All events in a spacetime with CTC’s
must be self-consistent.

In Ref. [10] we gave a new formulation and discussed
the principle of self-consistency (PSC) which states that
the only solutions to the laws of physics that can occur
locally in the real Universe are those which are globally
self-consistent. The PSC by fiat forbids changing the
past. All events happen only once, and cannot be
changed.

We discussed in [6] the self-consistent solutions to the
so-called “billiard ball problem,” which is the following:
a solid perfectly elastic ball moves relative to the mouths
of the wormhole. Its speed is assumed to be small com-
pared with the speed of light, so it can be treated nonrela-
tivistically. The ball enters the wormhole through mouth
B, appears from A in the past and continuing its motion,
it can encounter and collide with itself.

At first glance there is a ““paradox” in this problem (the
so-called “Polchinski paradox” [11]). The initial position
and velocity of the ball are chosen in such a way that the
ball moves along the trajectory a, (see Fig. 1), enters
mouth B, and exits from mouth A before it entered into
B. The ball continues its motion along the trajectory a,.!
The timing is just right for the ball to hit itself at the
point Z, knocking its “younger” self along trajectory a;
and thereby preventing itself from ever reaching mouth
B. Such an evolution is self-inconsistent and impossible.
It is not the solution of the evolution equations.

The mistake (the reason for the “paradox”) is obvious:
when at the beginning of our discussion we continued the
trajectory «; after point Z, we did not take into account
the influence of the impact and considered the motion of

IThe trajectory a, is well defined if the trajectory a, is given
(see [12]).
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FIG. 1. The self-inconsistent evolution in the billiard ball
problem.

this ball along the trajectory a, without taking into ac-
count this impact. This means that we did not take into
account the influence of the future on the past.

In Ref. [12] the authors demonstrated that for initial
data which give self-inconsistent ‘“‘solutions” there are
also self-consistent solutions. The self-consistent solution
is shown in Fig. 2. The initial data (initial position and
velocity of the ball) are the same as in Fig. 1. The part of
trajectory a, before the collision with the “older” self
coming from the future is the same. This ‘“older” ball
moves along trajectory 3, which is a little different from
the one a, in Fig. 1. The “older” ball on S, strikes itself
on a, gently, deflecting itself into a slightly altered trajec-
tory [3;. This altered trajectory 3, takes the ball into the
mouth B at a slightly altered point compared to the point
in Fig. 1. The ball exits from the mouth A before it went
into mouth B, and moves along the trajectory 3, to the
collision event. This solution is self-consistent.

In Ref. [12] it has been demonstrated that there are
infinite numbers of the self-consistent solutions in the
general case of the billiard ball problem and the
quantum-mechanical interpretation of the multiplicity
was made, see also [13]. The self-consistent solutions for
an inelastic billiard ball with friction are discussed in
[14].

In this paper some new examples of self-consistent evo-
lutions in problems which are more complicated than the
motions and the collisions of billiard balls are discussed.

II. A PISTON IN A TUBE

Let us discuss the following problem. It involves a
time machine such as that of Fig. 1, but with a tube, as il-
lustrated in Fig. 3. A piston can move in the tube. We
suppose for simplicity that the walls of the tube are fric-
tionless and do not influence the velocity of the piston.
The initial position and velocity of the piston are chosen
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FIG. 2. The self-consistent evolution in the same problem as
in Fig. 1.
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FIG. 3. The self-inconsistent motion of a piston in a tube.

in such a way that the piston moves along the part ¥ and
Y, into mouth B, passes through the wormhole, exits
from mouth A in the past (with a shift 8¢ into the past),
continues its motion in the part of y, of the tube and ar-
rives at the junction Z of the parts y,, ¥}, and 7, of the
tube some time 6¢, before the “younger” piston arrives at
the junction. After moving into part ¥, the “older” pis-
ton blocks the junction and the “younger” one cannot
travel into mouth B. The evolution is self-inconsistent.

There is a self-consistent solution of the problem with
the qualitative form shown in Fig. 4. The piston starts in
the part 7, of the tube with the same initial velocity and
position as in Fig. 3. While passing the junction of the
two parts of the tube the piston is subject to friction with
the front part of its “older” self, which just appeared
from the end of the part y, of the tube. The velocity of
the ‘“younger” one decreases because of the friction.
After that the “younger” piston moves along the parts ¥
and v, of the tube with a smaller velocity and arrives at
the junction Z at the moment when the “younger” one
moving along part y,, arrives at the same place. Now the
evolution is self-consistent.

Let us give a quantitative treatment of the problem.
We use the following notation: L, is the length of ¥
(Fig. 4), L, is the length of y, (Fig. 4) (L, could be equal
L, in the simplest case), v, is the velocity of the piston
before interaction with “older” self, and v, is the velocity
of the piston after interaction with “older” self and it is
therefore the velocity during the motion along y| and y,.
0t, is the difference between the moments of arrival at
the junction of the “younger” piston and the “older” one
without taking into account the interaction between them
(friction). 6¢, is the very small difference between the
moments of arrivals of the front ends of the “younger”
and the “older” pistons at the junction (taking into ac-
count the interaction between the ‘“younger” and the
“older” versions of the piston). Sv==58u(dt,,v,) is the

FIG. 4. The self-consistent motion of a piston in a tube.
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difference between v; and v,, 8u=v;—v,; it describes the
change of the velocity because of friction between the two
versions of the piston, and this function is known and it
depends crucially on &¢,.

We denote by ¢t =0 the moment when the front end of
the “younger” piston arrives at the junction and shall
suppose that the size of the piston is much smaller than

L,and L,.
Now one can write the relations
(L, +L,)/v,+8t;—6t=0, (1)
(L,+L,)/v,+8t,—6t=0, (2)
v,=v,—8u(8t,,v,) . (3)

Equation (1) determines 8¢, from the initial condition
(the velocity v,). Equations (2) and (3) should be com-
bined and solved simultaneously to determine 8¢, and v,.
The second term in Eq. (2) is much smaller than the other
two, which means that in the first approximation the
solution for v, is

(vy)g=(L,+L,)/6t . 4)
One can write the exact solution in the form

U2:(U2)0+8U2 ’ (5)
and rewrite the set (2) and (3) in the form

Stz[(v2)0/8U2+1]=8t N (6)

8”2:[1)1_(UZ)O]-SU(SIZ’(UZ)O_*_SUZ) . (7)

According to the physical point of view, the function
ov(6t,,(v,)+8v,) is an increasing function of the two
variables 8¢, and Sv, and its dependence on 8¢, is very
steep.? Using these properties one can demonstrate that
there is a reasonable solution of the set (6) and (7) for any
reasonable Sv. Actually one can solve (6) with respect to
0t, and substitute this expression in u. Now v is a very
fast increasing function of one variable 8v,. This func-
tion tends to zero at §u,—0. The left-hand side of (7) is a
linearly increasing function of v, and it is equal to zero
when 8v,=0. The right-hand side of (7) is a very fast de-
creasing function, which tends to [v,—(v,)y]>0 when
dv,—0, and is equal to zero at some (small) positive
value of dv,=(8v,),. From the last two sentences it fol-
lows that (7) has a solution &v,=(8v,), and
0<(8v,), <(8v,);. After that one can calculate 8¢, from
(6). The solution exists even in the case of an arbitrary
small friction coefficient, and thus it exists for a case
which is arbitrary close to the ideal one.

Thus we have demonstrated that for any initial data
which give a paradoxical self-inconsistent “solution” of
the form shown in Fig. 3 there are self-consistent solu-
tions with the form shown in Fig. 4.

2We do not need to know either the details of this dependence
or the physics of the friction process. )

III. A BALL WITH A BOMB

In this section we discuss another example of self-
consistent evolutions. This involves a time machine such
as that of Fig. 1 and a single ball. This ball contains a
charge of dynamite (a bomb) and a fuse. The fuse ex-
plodes the bomb when any external body touches the sur-
face of the ball.?

The self-consistent evolution is shown in Fig. 5. The
initial data are arranged in such a way that the ball enters
mouth B, emerges from mouth A4 in the past, continues
the motion and arrives at the point Z just in time to col-
lide with the ‘“younger” version itself. This encounter
leads to the explosion. We did not take into account the
influence of the future on the past before the ball entered
the mouth B, and this is the reason for the “paradox.”

But there is a self-consistent evolution, as shown in
Fig. 6. The initial data are the same as in Fig. 5, but be-
fore reaching the point Z it meets the fragment of the ex-
plosion of itself. This fragment hits the ball and it is the
cause of the explosion, the fragments of the ball fly in all
directions with velocities much larger than the velocity of
the ball. Some of them fly into mouth B and emerge from
mouth A4 in the past. One can show that they will con-
tinue to fly in practically all directions from mouth 4, be-
cause they have different impact parameters when they
flew into mouth B. One of the fragments from mouth A4
crosses the trajectory of the ball at the point Z! exactly at
that moment when the ball arrives at the same point Z'.
This fragment is the cause of the explosion of the ball.
The consequence of the explosion (the fragment) is the
cause of the explosion.

Now we give the quantitative description of the evolu-
tion. Let us suppose for simplicity that the sizes of the
mouths are negligible compared with all distances in the
problem (see below). The notation for the lengths of the
segments and the angle ® are clear from Fig. 6. We
denote the velocity of the ball before the explosion by v,
and the velocities of the fragments by v,. We suppose
that v, >>v, and assume that velocity v, is constant and
isotropic and that it does not depend on v, and the pa-
rameters of the collision of the ball and the fragment.

Now we can write the equations

L3=R*+L%—2RL, cos® , (8)
(Ly+L,)/v,=5t . )

These formulas determine the parameters of the self-
inconsistent ‘“‘solution” L, and v, if the parameters 8¢,
R, L, and ® are given. Now if we add the velocity v, to
given parameters, one can write down the following set
(10) and (11) to determine the parameters of the self-
consistent solution Ly and L,:

(Ly+Ly)/v,=6t, (10)

3For simplicity we suppose that even a smallest touch leads to
explosion. The case when an external body carries too little en-
ergy to cause an explosion is discussed at the end of this section.



1992

older balle

Z‘;>T \/:explosion

/° younger ball

FIG. 5. The self-inconsistent evolution in the problem of a
ball with a bomb.

L3=R*+L2—2RL, cos®d . (11)
The solution of the set is
_ 8t2v—28tv,cos®+R?
37 2(8tu,—R cos®) ’
L= dt?vi—R?
* 2(8tu,—R cos®)

(12)

(13)

One can show that L, and L, are always positive. Thus
we have demonstrated the existence of a self-consistent
solution to the problem.

If in order to trigger the explosion the external body
must carry the amount of energy above some threshold,
then there could be also a self-consistent solution which
describes a gentle strike by the old and young versions of
the ball without explosion (see Sec. I).

IV. OTHER EXAMPLES

In Sec. II we discussed the problem of collisions of a
perfectly elastic ball with itself from the future. In a
separate paper we shall demonstrate that the same
conclusion—the existence of a self-consistent solution—
is correct in the case of inelastic collisions also (see [14]).

Now let us consider the problem which is a more com-
plicated version of the problem of the preceding section.
The problem is the following (see Figs. 7-9). Let us sup-
pose that there is the ball with a bomb and a radio
transmitter (see Fig. 7), which gives a directed beam. The
fuse explodes the bomb if, and only if, it is irradiated by
the beam of such a radio transmitter from a distance of,
say, 30 m (see Fig. 7).

The self-inconsistent evolution is shown in Fig. 8. The
“younger” ball explodes, on being irradiated by the radio
trans‘{nitter of the “older” ball after it comes from the fu-
ture.

4This problem was proposed to me by Chiminello Francesco,
who heard my lecture in Padova in 1989.
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FIG. 6. The self-consistent evolution in the same problem as
in Fig. S.

Now a fragment of the explosion cannot be the cause
of the explosion and at first glance, the problem of con-
structing a self-consistent evolution looks insoluble, but
that is not the case.

In Fig. 9 one can see the self-consistent evolution. Be-
fore reaching the mouth B the “younger” ball encounters
its “older” self from the future but with a change orienta-
tion of the radio transmitter (in fact the “younger” ball
with the radio transmitter rotates after the point Z, and
the “older” one rotates also). Now the fuse is not irradi-
ated by the radio transmitter and there is no reason for
the explosion. The inelastic collision of the “older” and
the “younger” versions of the ball leads to a change in
the orientation of the radio transmitters of both balls (ro-
tation of the balls®) and drives both of them into slightly
altered trajectories. Self-consistent evolution without an
explosion is possible. ®

Analogously one can construct a self-consistent evolu-
tion of the following problem.” In self-consistent evolu-
tion, one imagines that a mass of uranium slightly less
than the critical mass enters mouth B, exits from mouth
A and collides with its “younger” self. The new total
mass of both pieces is greater than the critical one and
the collision leads to an explosion.

5We suppose that dynamic friction coefficient is not equal to
zero, which is sufficient condition for the existence of the solu-
tion.

SIf there is some probability for the fuse to explode the bomb
because of the collision, then probably another self-consistent
evolution is possible: evolution with the explosion caused by the
collision of the “younger” ball with a fragment from the explo-
sion, as described in Sec. III. In the case of the existence of two
or more self-consistent evolutions for the fixed initial data, it
seems likely that in an experiment each of them could happen
experimentally with some final probability (see papers [4,10]).

7The problem was proposed to me by Dr. Kurt Stokbro, a par-
ticipant of the NORDITA Colloquium, 1990.
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Ball witha bomb and a
radio tronsmitter
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FIG. 7. A billiard ball with a bomb and a radio transmitter.

A self-consistent evolution: the mass of uranium is on
the same trajectory, but analogously to the problem of
Sec. 1, it strikes its “older” self a gentle, glazing blow.®
The bad contact of the two pieces does not lead to a real
explosion, but changes their trajectories. The altered tra-
jectory takes the mass to the collision with the bad con-
tact.

V. DISCUSSION AND CONCLUSIONS

In the previous section we gave self-consistent evolu-
tions of some problems. For some of these problems as
well as others that we have not discussed the methods for
finding self-consistent solutions were not obvious.’

Of course it is not difficult to imagine a more compli-
cated problem similar to those discussed (for example, to
introduce gyroscopes to preserve the direction of a radar
beam and so on), or to propose other ones. The proof of
the possibility of constructing self-consistent evolutions
in each of them is unknown, but the following remarks
may be useful in attempting to find general methods of
constructing self-consistent evolutions if self-inconsistent
evolutions are known.

In some problem the evolution of the system is a
smooth function of the parameters of the problem (of the
parameters of the initial data and the parameters of the
interaction with itself coming from the future or with
some signals etc. from itself, the signals which passed
through the time machine and return into the past). One
example of such a problem is the perfect elastic collision
of a ball with itself from the future (see Sec. I). In this
case it is not difficult (as a rule) to write the self-
consistent equation for the problem, taking into account
the influence of the future on the past. '

Another problem, the interaction with itself or with
some signals from itself which passed through the time
machine and return from the future, can result in one or
more states which are sharply different from the result of

80f course, one can construct a system in which a gentle strike
is impossible. The general discussion of such cases is given in
the next section.

9Some of them (see Sec. III, for example) are closer to the
“paradox of killing one’s younger self”’ (which was discussed in
[10]), then the “paradox” of the collision of the elastic ball with
itself from the future.

10Strictly speaking in the case of the existence of the time
machine there is no global division on events on the future and
the past with respect to some event even on one CTC. We used
this inaccurate but figurative expression to simplify the explana-
tion and for brevity.
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FIG. 8. The self-inconsistent evolution in the problem of a
ball with a bomb and a radio transmitter.

the evolution without the interaction. Such an example
was given in Sec. II (the open and closed junction). In
this case the self-consistent evolution should be the result
of the existence of possible intermediate states between
these extreme states.!! In the example in Sec. II the self-
consistent solution is the result of interactions of the two
versions of the piston as the “older” piston begins to
block the junction.

Intermediate states could be unimportant when we do
not consider the influence of the future on the past (only
“open” or ‘“closed” states could be important in this case
but not the short period when the piston enters the junc-
tion and locks it). But in the case of self-consistent evolu-
tion these intermediate states are the subject of an au-
tomatic very fine self-tuning.

In the third category of problems the character of the
interactions in the self-consistent solutions could be qual-
itatively completely different from the interactions in the
self-inconsistent solutions. An example is the collision of
a ball with itself or with the fragment of itself, as dis-
cussed in Sec. III.

Finally, in the fourth category of problems, not only
interactions but also the results of them are absolutely
(qualitatively) different in the self-consistent and self-
inconsistent evolutions. An example is the evolutions in
the problem of the ball with a bomb and a radio trans-
mitter in Sec. IV.

In the paper [10] we gave a model example of the
“completely sticky” ball with very artificial properties.
In this problem there are probably initial data which give
no self-consistent evolutions. One can propose other
model examples of that kind. We would like to em-
phasize that if there is no global self-consistent evolution
for some initial data of a problem, then the PSC will
prohibit these initial conditions.

UDr. A. Illarionov has pointed out (in the discussion of this
paper) that in the case of the existence only of extreme states

(without intermediate ones) self-consistent solutions could be
impossible. But we emphasize that in classical physics the inter-

mediate states exist always; jumps without them are impossible.
With regard to the self-consistent solution in quantum mechan-
ics see [4,10,12].
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FIG. 9. The self-consistent evolution in the same problem as
in Fig. 8.

For our discussions the following point is important.
In paper [10] we argued that for any quantum system

(and therefore for a classical system as a limit of a quan-
tum one) in a spacetime with a time machine quantum

mechanics gives unique, self-consistent probabilities for
the outcome of all sets of measurements that one might
choose to make.

In conclusion we wish to say that new investigations of
the problem of the time machine and its consequences are
needed and we have not yet strict proof of the possibility
of the existence of a time machine.
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