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A spatially flat cosmological scalar field (®) model with the scalar field potential «exp(—®/ vp),
p > 1, provides a simple class of inflationary cosmologies (which includes the usual exponential expan-
sion inflation) that may be used as an analytical testing ground to help understand the predictions of the
inflation model of the very early Universe. We divide the evolution of this model into three distinct
epochs: scalar-field dominance and conventional radiation and baryon dominance; in each epoch we
only account for irregularities in the dominant form of matter. We present closed-form solutions of the
(synchronous gauge) relativistic linear perturbation equations that govern the evolution of inhomo-
geneities. These classical solutions, augmented with quantum-mechanically motivated initial conditions
and joining conditions to match the expressions for the irregularities at the scalar-field-radiation and
radiation-baryon transitions, are used to estimate the large-time form of the spectrum of energy-density
irregularities, of the local departure velocity from homogeneous expansion, of large-scale fluctuations in
the microwave background temperature, and of the gravitational-wave energy density. The inflation
epoch results agree with those found from a purely quantum-mechanical analysis. Depending on the
value of p this model can have more large-scale power than the usual scale-invariant spectrum (at the ex-
pense of less small-scale power) and would seem to be marginally better at forming large-scale structure
than the canonical model; however, the decrease in small-scale power serves to exacerbate the problem
of late galaxy formation. As the model approaches the exponential expansion inflation limit, the power
spectrum tends towards the scale-invariant form, although, in this limit the numerical prefactor
diverges. We find that transverse peculiar velocity perturbations are not generated. Normalizing by
fitting to the observed large-scale departure velocity, we find that models which stop inflating around
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107-10'% GeV are not obviously observationally inconsistent.

PACS number(s): 98.80.Cq, 98.80.Bp, 98.80.Dr

L. INTRODUCTION AND SUMMARY

The simplest model for the formation of observed
structure in the Universe (galaxies, clusters of galaxies,
etc.) makes use of the characteristic ability of gravitation-
al instability to amplify small initial spatial inhomo-
geneities in the mass distribution to form larger-scale ob-
jects. In one version of this scenario the small initial spa-
tial inhomogeneities are assumed to result from
quantum-mechanical fluctuations during a very early
period of inflation. A currently popular example of this
scenario is what is known as the biased, adiabatic, scale-
invariant, cold nonluminous matter [hereafter, cold dark
matter (CDM), i.e., extremely weakly interacting matter
with almost no primeval thermal velocity] scheme [1].

The scale-invariant CDM scenario, which assumes a
scale-invariant spectrum for the adiabatic energy-density
fluctuations [2] (such a spectrum is present in a number
of particle-physics-inspired inflation models of the very
early Universe), has been analyzed in some detail. There
seem to be two problems with this scenario [3]: if the
spatial momentum-space power spectrum of energy-
density fluctuations P(k,¢) (which is < k in this scenario)
is normalized by fitting to the observed large-scale fluc-
tuations in galaxy number counts (on a scale of order
10-30 Mpc), there is relatively little power on small
scales, which means that galaxies form late; furthermore,
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with this normalization, the model predicts that aggrega-
tions of mass are anticorrelated on scales larger than
~50-100 Mpc (which also does not seem to agree with
the observations).

Although there have been some attempts to find
inflation models which have more power on large scales
[4], we believe that the more pressing issue is to find mod-
els which enhance the power spectrum on small scales, so
that galaxies can form at a sufficiently early epoch. (The
models discussed in this paper do not have enhanced
small-scale power.) However, in models in which galax-
ies form before a redshift of a few it would be very
difficult to reconcile the low dynamical estimates of the
mean mass density with the negligibly small space curva-
ture preferred by inflation via the construct of balancing
(1—Q4y,) against some form of CDM since gravitational
instability, given time, ensures that all forms of pressure-
less matter cluster democratically. [The density parame-
ter ) is the ratio of the mean mass density to the
Einstein—de Sitter value, Q(¢)=8nxGp /( 3H?), where G is
Newton’s gravitational constant, H is Hubble’s parame-
ter, and p the relevant energy density. Q,, denotes the
dynamical estimate of the value of the density parameter,
on scales up to ~10 Mpc.] To alleviate this problem one
might assume that (1—Q,,) is balanced by some kind of
nonluminous, nearly homogeneous, energy density, for
example, a cosmological constant [5] or a cosmological-
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“constant”-like scalar field [6,7].

The scale-invariant power spectrum of adiabatic fluc-
tuations in the standard exponential expansion inflation
model of the very early Universe is a consequence of the
form of the potential, V(®), of the inflaton field, ®— an
exceedingly flat inflaton potential results in an exponen-
tially expanding scale factor, a(t) < exp(Ht), and a scalar
field two-point function that varies logarithmically with
scale [8], which results in a scale-invariant power spec-
trum [9]. (The belief that the scale-invariant spectrum is
a consequence of the time translation symmetry of de Sit-
ter spacetime is not correct. This is because the solution,
of the relativistic linear perturbation theory equations,
corresponding to this symmetry is a decaying, gauge-
dependent, solution.) One way of modifying the power
spectrum would be to consider a different form for the
inflaton potential [10]. There are a number of possible
forms; in this paper we consider a potential of the form
V(®)xexp(—®D/V'p ), p >0, which results in a scale fac-
tor a(t)x<t? (for a spatially flat cosmological model); if
p > 1 this model describes an inflating cosmology (i.e., the
time derivative of the scale factor increases with time)
[11], with an energy-density power spectrum that can
have enhanced large-scale power compared to the scale-
invariant spectrum. In the limit p— o this model
reduces to the usual model of exponential expansion
inflation. This class of power-law inflation models was
proposed and examined by Lucchin and Matarrese
[12,13,7].

The main purpose of this paper is to study this simple
example of an inflation modified hot big-bang cosmology
in some detail, so as to develop some understanding of
the observable predictions of inflation. We shall model
the evolution of the Universe by dividing it into three dis-
tinct epochs. During the earliest, scalar-field-dominated,
epoch the scalar field energy density powers the
inflationary expansion of the Universe. This model for
the very early Universe is then patched on to a conven-
tional hot big-bang model with a radiation-dominated
epoch and a baryon-dominated, present, epoch.

Even though a specific particle-physics-based scalar
field inflation model of the very early Universe is com-
plete (in the sense that it has a given scalar field potential
and reheating temperature), we believe that the vast num-
ber of such models makes it more worthwhile to focus on
a class of macrophysical inflation models, rather than to
concentrate on a particular microphysics-based model,
and to study the constraints observations impose on the
reheating temperature and the scalar field potential dur-
ing inflation. [Of course, if one then wants to use the
models, with parameters that lie in the observationally
desired range, to examine further observational conse-
quences of inflation, one is open to the criticism that
these models are ““fine-tuned” —unfortunately, in the ab-
sence of a theory of the very early Universe (as opposed
to a model), this is the best that can be done.] In other
words, we wish to ask the question: Given the present
observational constraints on the large-scale structure of
the Universe, can one usefully constrain the energy scale
at which inflation must have ended (i.e., the particle-
physics energy scale which might be responsible for the
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large-scale structure of the Universe)? This question can
only be posed in the context of a particular model of
inflation. For reasons which we shall discuss below, we
believe that the macrophysical model of inflation we ex-
amine is of sufficient (large time cosmological) generality
that the answer to this question might not be totally ir-
relevant. Interestingly, a preliminary comparison to a
fair fraction of the large-scale observational data suggests
the rather weak bound that models which stop inflating
around ~107-10'® GeV are not obviously inconsistent
with the data. We emphasize that these models do not
seem to require a small dimensionless parameter (of order
10719, that some other inflation models seem to require,
to not disagree with the observations. (We note that
models at the lower end of this energy range will be more
accessible to the tests of high-energy experimental phys-
ics; they will, however, probably require a new baryosyn-
thesis subscenario.) A more careful comparison will
probably reduce this spread in energy —the main purpose
of this paper is not to draw detailed quantitative con-
clusions, rather, we wish to develop a framework which
in the future might provide the appropriate setting for
such an analysis.

Perhaps the most striking feature of inflation is its abil-
ity to enormously expand inflation epoch length scales on
which quantum mechanics rules, to length scales that are
now of cosmological significance. This makes it possible
for inflation epoch zero-point quantum fluctuations to
transmute to large-scale irregularities in an otherwise
homogeneous large time cosmological model, and to
maybe be responsible for the observed large-scale struc-
ture of the Universe. We are particularly interested in
the behavior, in linear perturbation theory, of energy-
density irregularities in this simple inflation model. We
use the methods of Ref. [14] to derive closed-form solu-
tions of the (synchronous gauge) equations of relativistic
linear perturbation theory that govern the evolution of
spatial irregularities. These general solutions depend on
constants of integration; to determine the constants of in-
tegration in the inflation era expressions we use
quantum-mechanically motivated initial conditions [8].
(We shall see, in Sec. III C, that these initial conditions
only determine the constants of integration for gauge-
invariant solutions; for instance, they seem to leave un-
determined the constant of integration which corre-
sponds to the gauge-dependent, time translation invari-
ance solution.) These explicit solutions allow one to use
this simple model to compare different methods of es-
timating the inflation epoch spectrum of spatial irregular-
ities. An analysis of the inflation epoch of this model us-
ing the Dirac-Wheeler-DeWitt formalism of Ref. [9] is
described elsewhere [15]. The expressions for the
inflation epoch perturbations found here agree with those
found from a purely quantum-mechanical analysis in Ref.
[15].

Given the explicit form of the scalar field and gravita-
tional irregularities during inflation, we may use the re-
sults of Refs. [14,16] to derive expressions for the pertur-
bations in the large time (radiation-fluid- and matter-
fluid-dominated) universe by joining the expressions for
the perturbations at the transitions. We assume that the
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transitions (from the scalar-field-dominated epoch to the
radiation-dominated epoch and from the radiation-
dominated epoch to the matter-dominated epoch) are in-
stantaneous and that the matter stress tensor is always
dominated by one type of matter—the scalar field in the
scalar-field-dominated epoch, radiation in the radiation-
dominated epoch and baryons in the matter-dominated
epoch (so that the total present density parameter
Q,.w=1)—i.e., in each epoch we only account for pertur-
bations in the dominant form of matter.

We model the transitions by requiring that the equa-
tion of state (and hence the pressure) change instantane-
ously and discontinuously at the spatial hypersurface on
which the local (total) energy density reaches an ap-
propriate critical value (the transitions, after all, are
governed by local physics). This spatially homogeneous
local energy-density hypersurface differs from the corre-
sponding constant time synchronous gauge hypersurface
only by terms that are of first- (or higher-) order in per-
turbation theory [16]. This means that we may match
the scale factor and the homogeneous “background” part
of the energy density on the constant time spatial hyper-
surface. The joining conditions for the constants of in-
tegration in the expressions for the perturbations in the
large-time universe are derived by requiring that the
linearized equations of covariant conservation of stress-
energy and Einstein’s equations do not become singular
on the spatially homogeneous local energy-density transi-
tion hypersurfaces [16]. These joining conditions differ
from two earlier sets of joining conditions (which differ
from each other) [16].

Given the approximate nature of our model for the
transitions (especially the reheating transition), it is im-
portant to be able to identify those parts of the final re-
sults which do not depend sensitively on the joining con-
ditions used. In a preliminary attempt at studying this is-
sue, we have, in Ref. [17], derived joining conditions for a
transition at a spatially homogeneous local scalar field
spatial hypersurface and used these joining conditions in
the analysis of an inflation model—a discussion of the
dependence of the final results on changes in the joining
condition prescription is presented in Refs. [17,18].

The energy-density hypersurface joining conditions
may be used to determine the constants of integration in
the expressions for the fractional energy density, peculiar
velocity and metric perturbations in the radiation- and
matter-dominated epochs. Since this model does not in-
clude the physics which describes the coupling between
radiation and matter (as well as other small scale process-
es), the expressions we have derived are only valid on
fairly large scales. We, therefore, focus on perturbations
on scales larger than the Hubble radius during the transi-
tion from scalar field dominance to radiation dominance
and the transition from radiation dominance to matter
dominance. These large-time expressions for the pertur-
bations determine, among other things, the baryon-
dominated epoch form of the power spectrum of energy-
density irregularities. We find that the adiabatic mode,
for perturbations that reentered the Hubble radius in the
baryon-dominated epoch, has a power spectrum that is
given by

P(k,t)={(8p(k,t)85(—k,t))

_ léw

mp

k2(1—v)lA\Za2 , (11)

where 85 denotes the fractional energy-density perturba-
tion in the baryon-dominated epoch, k is the magnitude
of the spatial momentum of the mode under considera-
tion, v=(2+gq)/[2(2—¢q)],9q=2/p,mp is the Planck
mass and the coefficient in this expression is
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where tg4 and tg; are the synchronous gauge (transition)
times of equal scalar field and radiation energy density
and equal radiation and baryon energy density and Ag
and Ay are characteristic wave numbers, at these transi-
tions, defined below Egs. (4.34) and (4.43) below. We
note that for the allowed values of ¢ €[0,2] (for which
the model of the early Universe inflates) the power spec-
trum index n =2(1—v) ranges from 1 to — . The time
dependence of this power spectrum is of the standard
form, the spatial momentum dependence agrees with the
results of Ref. [12], while the numerical prefactor seems
to disagree with what was found in Ref. [12].

In the limit ¢ =2€?~0 this model reduces to the step
function potential exponential expansion model studied
in Ref. [9]. In this limit the power spectrum reduces to
the standard scale-invariant form [2]

P(k,0)=8T k| 4]2?

mp

(1.3)

[it should now be clear that our neglect of the effects aris-
ing from the coupling of radiation to matter means that
this equation is only valid for large-scale perturbations
(see, for instance, Ref. [19]); without including this phys-
ics we cannot estimate the (“‘galaxy formation”) epoch
when small scales (~ galactic scales) go nonlinear], where
the coefficient is now given by
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In the exponential expansion limit the power spectrum
diverges like e “2. (This divergence seems to be unrelated
to the infrared divergence of (massless, or almost so,
minimally coupled, scalar) field theory in de Sitter space-
time, studied in Ref. [8], which is responsible for the spa-
tial momentum dependence (x<k) of Eq. (1.3).) The
physical origin of this divergence lies in a property of the
quasi—de Sitter spacetime that results in this limit: the
quasi—de Sitter background energy density evolves so
slowly that the spatially homogeneous local energy-
density hypersurfaces are exceedingly displaced from the
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corresponding synchronous gauge constant time hyper-
surfaces; i.e., one must wait for a substantial time before
the change in p, is large enough to compensate for 8,
even if &4 obeys the standard assumptions of linear per-
turbation theory. This would not be a problem if one
stayed permanently in the de Sitter model, but the
Universe must eventually become radiation dominated
and the transition must take place simultaneously on a
spatially homogeneous local energy-density hypersurface
(since it is governed by local physics). In the radiation-
dominated epoch the spatially homogeneous local
energy-density hypersurfaces are not anomalously dis-
placed from the corresponding constant time synchro-
nous gauge hypersurfaces; since we have matched the
homogeneous background fields on a constant time hy-
persurface and need to match the perturbations on a spa-
tially homogeneous local energy-density hypersurface and
since the local energy-density hypersurface is anomalous-
ly displaced in the de Sitter epoch, we are forced to
choose 8z, during radiation dominance, to be very large
to achieve the needed matching. It might, therefore,
seem that, independent of the detailed form of the joining
conditions used at the transition, this (almost geometric)
property of de Sitter spacetime always results in an
exceedingly large power spectrum in the baryon-
dominated epoch (this is true provided the scalar-
field—radiation transition occurs rapidly on the relevant
Hubble time scale [18,20]). Our analysis of the transition
breaks down when € is very small because we make the
assumption that the local energy-density hypersurface
and the corresponding constant time synchronous gauge
hypersurface are “close,” which is no longer valid (this
does not signal a breakdown of the standard linear per-
turbation theory assumptions on the de Sitter side of the
transition hypersurface)—however, for € small, but not
exceedingly so, our analysis holds and one sees the proto-
divergence begin to develop.

Although the simplified treatment of the reheating
transition presented here does not preclude the possibility
that a more complete analysis might alter the detailed
form of our (exponential expansion inflation limit) con-
clusions, we would be surprised if the relevant small-scale
physics is found to significantly influence the large-scale
form of the power spectrum. As we will discuss in more
detail below, this divergence only rules out an exact de
Sitter model; a naive analysis of the final results for an

J

PP (—k)) = 18T 20953 p 2 [Pcos
mp

E

€~ 1072 (or even smaller) shows no obvious inconsistency
with the observations.

At this point, it is perhaps appropriate to note that, at
first sight, the final result of a substantial fraction of pre-
vious analyses of density irregularities arising from de
Sitter inflation [21-24] differs from this result (this will
be elaborated on in Sec. VB and in Refs. [18,20]). [We
note that a general formula presented at an intermediate
state of some of these analyses, when applied to the mod-
el studied here, does contain this divergence.] More
specifically, in earlier analyses the formula which is used
to claim that inflation requires a very small (“fine-tuned”)
microphysical coupling constant if it is to not disagree
with the observations also suggests that the large-time
perturbations arising from exact de Sitter inflation van-
ish. (We emphasize that here “fine-tuned” means that
the observationally desired value of the coupling constant
conflicts with the value suggested by the microphysics of
the model; this should not be confused with the ‘“fine-
tuning” problem of the electroweak model [25], which is
something entirely different.) This difference is the result
of the difference between the treatment of reheating used
here and that used in earlier analyses; since the scalar
field model studied in the earlier analyses differs from the
model we have examined here, we postpone a comparison
to Refs. [26,18,20] (where we consider the model used in
earlier analyses).

As a spinoff of our analysis of inhomogeneities, we find
that transverse peculiar velocity perturbations are not
generated in this class of scalar field inflationary models.
This means that such models of inflation are not the ap-
propriate description of the very early Universe in the
primeval turbulence scheme for structure formation. It is
unclear, at present, whether this effect may be used to ob-
servationally distinguish the scalar field inflation mecha-
nism for generating the progenitors of large-scale struc-
ture from other mechanisms. (This seems unlikely since
other mechanisms for producing these progenitors will
probably only generate decaying transverse peculiar ve-
locity perturbations which would seem to be extremely
difficult to detect observationally.)

We also study gravitational-wave perturbations. One
characterization of these perturbations is the spatial
momentum-space two-point function; we find, for pertur-
bations that reentered the Hubble radius in the baryon
dominated epoch,

l , (1.5)

1+cos

2
k.
aH aH

where there is no implied summation over the index / which can correspond to either the + or X transverse polariza-
tion of the graviton (h =h,, —h;y and h =h,;+ h;,) and the numerical prefactor is given by

~ 1372
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k

Ap
k
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where Ag is a characteristic wave number at the scalar-field—radiation transition and is related to A; through
Ar =V3kg. We find that the two-point function becomes time independent for long-wavelength gravitational waves

(and in this limit is proportional to k ~2**V

, which reduces to k ~? in the exponential expansion limit of the model for

the very early Universe), while on small scales it oscillates about a nonzero mean with amplitude <k ~2¥*32 =2, The
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energy density carried by the gravitational-wave perturbations is

2

k2
Chitk, DR =k, 1)) + =5
a

k,t)=—2F
ek, )=

hy(k,t)h,(—k,1))

’ (1.7)

where an overdot denotes a derivative with respect to ¢ and again there is no implied summation over i. Dimensionally,

this expression plays the role of p, [ {8(k )8
we find that this becomes
4
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In the long-wavelength limit the energy-density spec-
trum of gravitational waves is proportional to k ~2a ~2
(which reduces to k “'a ~2 in the de Sitter limit of the
inflation model). In the short-wavelength limit we find
that the dominant part of the energy-density spectrum
does not oscillate and scales as k ~2*"2g % We em-
phasize that both the spatial momentum dependence and
the scale factor dependence of the energy-density spec-
trum differ from that of the graviton two-point function.

To compare theory with observation we have to use
the same coordinate system for the theoretical expres-
sions and the observational data. Although this issue
does not yet seem to have been addressed in any detail in
the relativistic perturbation formalism, conventional wis-
dom suggests that theoretical expressions in the Newtoni-
an approximation (the limit in which the peculiar velocity
is small and one focuses on scales small compared to the
Hubble scale) may be directly contrasted with observa-
tional data. We, therefore, choose to transform the
theoretical expressions to the instantaneously Newtonian
synchronous coordinate system. This is the coordinate
system in which, at the epoch when the observation was
made, the time derivative of the trace of the metric per-
turbation is removed (and on scales much less than the
Hubble radius the expressions for perturbations in these
coordinates reduce to those which may be derived from
the corresponding Newtonian perturbation equations).
Furthermore, the limited resolution of an observation of
a given quantity means that it only senses a coarse-grain
average value for this position space quantity; we account
for this effect by using a window function to suppress
high spatial momentum modes in the Fourier transform
(which takes the momentum-space expression derived for
this quantity) back to position space.

Two quantities of particular interest are the large-time,
baryon-dominated epoch, forms of the mean-square mea-
sure of the fractional mass distribution and the mean-
square measure of the (longitudinal) local departure ve-
locity from homogeneous expansion. The mean-square
measure of the fractional mass distribution is defined by

(—k))1'? in the ideal fluid model. When applied to the model studied here

k

4k
36 2 32
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where the carets denote that the instantaneously
Newtonian synchronous coordinate system is being used,
ty is the time at which the observation was made, and R
is the coordinate length scale which the observation was
sensitive to (and we have used a Gaussian window func-
tion); a similar expression is used to define the mean-
square measure of the local departure velocity from
homogeneous expansion.

The exclusion, from this model, of the small-scale
physics which describes the coupling of radiation to
baryons requires that we normalize the large-time expres-
sions, which describe the evolution of matter irregulari-
ties, by comparing the mean-square measure of the depar-
ture velocity from homogeneous expansion to that (tenta-
tively) observed on intermediate (“‘great attractor”) scales
of ~60 Mpc [27]. (Linear perturbation theory should
not be too inaccurate on these scales.) This results in a re-
lation that is, for present purposes, best interpreted as
determining the redshift of reheating (which is a “micro-
physical” parameter), zz4 in terms of the power-law in-
dex of the inflation epoch scalar field potential (another
microphysical parameter), q.

We find at the present epoch, on scales small compared
to the Hubble radius (72H, <<1, where H, is the
present value of the Hubble parameter and R is a proper
length scale), that the leading term in the fractional mass
distribution is

< ﬁ(%)

where the factor Q is given by

(ﬁHnow)—(n+3) ,

> 1672'rQF

2
(1.11)
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In this expression zz4 and zzg (both >>1) are the red-
shifts of the scalar-field-radiation and radiation-baryon
transitions and Hpy is the value of the Hubble parameter
at the radiation-baryon transition. Equation (1.11) is
only valid for n > —3 (because of an infrared divergence
in the integrand of the transform of the momentum-space
expression to position space). There is a qualitative
change in the small-scale behavior of the mean-square
measure of the (longitudinal) local departure velocity
from homogeneous expansion when n passes through
—1. We find
167 2(5*n)/2 3n+1

1 2y —
(VAR mz & TS (—n—D

for —3<n=-1 (1.13)

[where A,=(—n—1)/4 if n=—1,—3 and is unity oth-
erwise], and

(8P Ry =1 or %4—%

— An(y{Hnow)-(n-!—l)
mp

for —1<n<1 (1.14)

(where A,=1/4 if n=1 and is unity otherwise). The
change in the behavior at n = —1 is well known; the main
new feature here is that Eq. (1.13) is not cutoff dependent,
unlike the corresponding expressions in the standard
cosmological scenarios which must be cutoff in the in-
frared. In what follows we require —3 <n =1, where the
lower bound is a consequence of the infrared behavior of
the momentum-space form of the mean-square fractional
mass distribution and the upper bound is a consequence
of the inflation model we have chosen.

To fix the normalization of the power spectrum we re-
quire that the expressions for the local departure velocity
agree with the observations, which are conveniently sum-
marized as

([8PUR)P)=yXRH,., )7, (1.15)

where the great attractor measurements (tentatively) sug-
gest ¥ ~0.1 on a scale RH,, ~2X10"2, Ref. [28]. This
results in a relation that determines the redshift at the
epoch of reheating, zg 4, in terms of the spectral index n.
With this relation, the amplitudes and spectral indices of
all perturbations are fixed once n has been specified (in
contradistinction to standard cosmological scenarios
where, for instance, one must assume, as a separate initial
condition at early time, the amplitude of gravitational-
wave perturbations) and one may compare the resulting
expressions (in an almost standard manner) to other ob-
servational data. Some of the results of a preliminary ex-
amination are as follows (the numerical values are meant
to illustrate orders of magnitude and hence should not be
taken too seriously).

(i) The redshift of reheating, ranges from

ZR P>

~3X10' to ~2X10%°, where we have suppressed the
dependence on h(H,,, =100k kms 'Mpc~!) and as-
sumed the standard hot big-bang value zpg =4 X 10*h2,
these numbers are correlated with the value of n —the
lower end corresponds to n ~ — 3, the upper to n ~ 1.

(ii) The corresponding energy scale at reheating, Ep g,
ranges from ~7X10° GeV (n~—3) to ~3X10'® GeV
(n ~1) (we have again chosen A =1).

(iii) The root-mean-square measure of the fractional
mass distribution on the scale R H,, ~2X10"? ranges
from 1072 (for n ~—5/2) to 0.2 (for n ~1), the trend is
not monotonic (in n).

(iv) One-third of the root-mean-square measure of the
fractional mass distribution on the scale #H,, ~0.2
ranges from ~(1—50)X 10~ *—this provides a very
rough, order of magnitude, estimate of the fractional spa-
tial anisotropy of the microwave background tempera-
ture resulting from the Sachs-Wolfe effect (we note that
we have not bothered to account for the general-
relativistic redshift correction, which should not alter the
order of magnitude of these numbers).

These quantitative conclusions are preliminary; the im-
portant point to be noted is that there seems to be a large
number of simple scalar field inflation models that are not
obviously inconsistent with large-scale observational
data. A qualitative feature of interest is that the adiabat-
ic fluctuations in this model are not of the scale-invariant
form characteristic of exponential expansion inflation; de-
pending on the value of n the model has increased power
on large scales (at the cost of reduced small-scale power)
compared to the exponential expansion inflation model.
This would lead to more large-scale structure than in the
scale-invariant CDM mode, and might lead to a problem
with the observational upper bound on the large-scale mi-
crowave background spatial anisotropy (our rough esti-
mates tentatively suggest that we must have n X —1.5
[29]). The reduction of small-scale power would seem to
result in a late epoch of galaxy formation (which could
also lead to observational problems), to quantify this
would require a more complete treatment of the small-
scale physics than we have attempted here.

In Sec. II we review the spatially flat exponential-
potential scalar field inflation model [7]. In Sec. III we
study the evolution of small spatial irregularities in the
inflation epoch, present closed-form solutions of the
equations of motion and use the remnants of general
coordinate invariance in synchronous gauge to catalogue
physical solutions. We than adapt the quantum-
mechanical initial conditions of Ref. [8] to determine the
constants of integration that appear in these solutions
and present asymptotic approximations of our exact ex-
pressions valid at early times and at late times (in the
scalar-field-dominated epoch). In Sec. IV we use the join-
ing conditions of Ref. [16] and the results of Sec. III and
Ref. [14] to determine expressions for small spatial irre-
gularities in the radiation- and matter-dominated epochs.

Section V is the “applications” section. We first deter-
mine the form the constants of integration take for per-
turbations on scales that were larger than the Hubble
scale during the transitions from scalar field dominance
to radiation dominance and from radiation dominance to
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matter dominance. These expressions are used to derive
the large time (baryon-dominated epoch) form of the
peculiar velocity perturbation and the fractional energy-
density irregularity power spectrum. The power spec-
trum is examined in the de Sitter (exponential expansion)
inflation limit and is found to diverge. We then deter-
mine the baryon-dominated epoch form of the
gravitational-wave perturbation two-point function,
derive a measure of the energy density in these perturba-
tions (which seems to be more general than that previous-
ly used) and apply it to this model of the very early
Universe. To compare to observational data we trans-
form the theoretical expressions which describe baryonic
inhomogeneities to the instantaneously Newtonian syn-
chronous coordinate system and derive mean-square mea-
sures of the fractional mass distribution and the local
departure velocity from homogeneous expansion. The
mean-square local departure velocity is compared to ob-
servational data on intermediate scales and we find that
observationally allowed models are required to obey a re-
lation between the redshift of reheating, zz4, and the in-
dex of the inflation epoch scalar field potential g. We
conclude with a cursory comparison of the model to oth-
er large-scale observational data.

II. THE INFLATION MODEL

The exponential-potential scalar field model has been
discussed in Ref. [7]; we collect some of the relevant re-
sults here.

The Einstein—scalar-field action is

2
— mp 3 v —
S—Efdtd xV =g [—R +1g"0,03,0—1V(d)],

2.1

where mp=G ~!/? is the Planck mass and the metric sig-
nature is (+ — — —). For a spatially homogeneous sca-
lar field, &, the potential

6—q

V(d,)= 16mmp 2py

172
(D, — @)

Xexp , (2.2)

A
2

causes the scalar field energy density to redshift as
q
; (2.3)

%o

Po=py

here ® is the value of the scalar field when the scale
factor a =a, and we have chosen the line element

ds’=dt*—a*t)(dx)?*,

which describes homogeneous, isotropic, spatially flat
cosmological models. The desired numerical values of ¢
and pY’ are to be determined from the observations.

With a potential of the form given by Eq. (2.2), the
Einstein—scalar-field equations, for a spatially flat

Friedmann-Lemaitre-Robertson-Walker (FLRW) model,
reduce to

y‘+3%y - —Z—}Tze =0,
(2.4)

124 125 _Fer=0,
a' g

where an overdot denotes a derivative with respect to
time, y =V (¢ /2)(®,— @) and

6—q
3

2 _(0)

H= 16mmp 2pY) .

A special solution (which is a time-dependent stable
fixed point for the relevant range of g, [7]) of these equa-
tions is

a,(t)=a,[1+M(t—1,)1*7,
Vo (£)=2In[1+M(t—1t,)],

(2.5)

where M =qH /[2V'2(6—¢q)]. This solution describes an
inflating universe if ¢ <2.

When g =2€2~0 this model reduces to the step func-
tion potential model studied in Ref. [9]. In this limit the
scalar field potential, Eq. (2.2), becomes

V(D) =2A[1—e(®y— D], (2.6)

where we have defined the cosmological constant
A=16mm; %p’, and the homogeneous solutions of the
field equations reduce to (to lowest order in €)

a(t)=agexp[H(t—1ty)],

2.7
D, =P +2eH(t —1t,) ,
where we have only retained the expanding solution and
have defined the Hubble parameter H =V A /6. For later
reference, we note that in this limit the background equa-
tion of state is given by

po=— |1—2¢ (2.8)

3

where the dominant first term in the parentheses corre-
sponds to a cosmological-constant “fluid”; the time varia-

tion of the background energy density is extremely slow:
po=—2€*Hpy , (2.9)

or

-2 (2.10)
a

III. INHOMOGENEITIES DURING INFLATION

In this section we study the evolution of inhomo-
geneities in the scalar field and in the spacetime metric
for the exponential-potential inflation model, using the
techniques developed in Ref. [14]. The synchronous
gauge equations governing the evolution of inhomo-
geneities in a general Einstein-scalar field model have
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been derived in Sec. VII of Ref. [7]. These equations are

§+34 ¢ Lyt V”(<I>0)¢=%h'<i>o, 3.1)
li;+£;;=<b d—Lviays (3.2)
2 a o7y o ’
h,—h,; =096, (3.3)
Yn ovh . —hy o—h, ) —3%h
?( ij, kk Jij ik, jk jk,ik) ; ij
a . .1 ,
—h8y—hy =28,V (@) 5 (3.4)

here spatial indices are raised and lowered with the
metric +6;;. To derive these equations we have linear-
ized the metric about a spatially flat FLRW background,
so the line element is given by

ds2=dt2—az(t)[Sij—h,-j(t,x)]dx"dxf ,

where a(t) is the FLRW scale factor, h,-j(t,x) denotes the
metric perturbations and 4 is the trace of the metric per-
turbations (and should not be confused with the parame-
ter in the numerical expression for H ). We have also
linearized the scalar field about a homogeneous back-
ground:

D(1,x)=Do(1)+b(1,x) .

We tabulate the solutions of Egs. (3.1)-(3.4) in the fol-

lowing subsection.
A. Solutions

Since the analysis involved in integrating Egs.
(3.1)-(3.4) is very similar to that used to integrate the
fluctuation equations in the ideal fluid model, Ref. [14],
we omit technicalities and only list the solutions of the
equations. We Fourier expand the fluctuations ¢ and 4,;:

d3k - ik
(t,x)= (t,k)e™*+o*(t,k)e '**],
¢ / et ¢ ]
_ . dk ik —ikx
hij(2,x)= [ oy (K0 (e
where k is the spatial coordinate momentum,

k;€[— o, 0],k x=58;k;x; and ¢(t,k)=¢*(z, —k). Itis
convenient to change from the independent variable ¢
(time) to x, where

eX=t—ty+m . (3.5)
The wave equations for the fluctuations ¢ and h, Egs.
(3.1) and (3.2), in the exponential potential model, after
the spatial Fourier transform, where k=|k;k;|!/? (in
first-order perturbation theory Fourier modes with
different wave vectors do not couple), are given by

2(

6" (x)+ i ‘1 +fx) |gix
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h'(x), Q3.6

6—¢q
—4¢'(x)+
7 ¢
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n)+ 29 ()
q
1/2

4’ (x 2(6 26=9) sy |, 37)

where a prime denotes a derivative with respect to x and
we have defined

kZ
flx)="5M e "2m 0%/
ao

(3.8

Using Eq. (3.7), &' may be eliminated from Eq. (3.6).
This results in

¢'”+—2(5;‘1)¢"+ L (24—6g—g)+f(x) |&
q
26— 2—g)+f(x) |6=0. (3.9)
q

Since we have differentiated Eq. (3.6) to derive this equa-
tion, we must check whether all solutions of Eq. (3.9)
satisfy Eq. (3.6).

The general solution of this equation is

q
2—q

¢(X):C2€~x+ )\*S/Ze*ZX/q

X[e,Gi(x)+c_G,y(x)], (3.10)
where we have defined
Gl(x)ZH(L’ (Ae

—(v+H (ke ~

—(2—q)x/q)53/2 (ke—(Z—qu/q)
(2— q)x/q)
XS, yoi(he BT ax)

Gy(x)=H (ke 27 9%/0)5, , (he 2 9%/9)
_.(V_}_%)H(VZ)(}Le—Q—q)x/q)
XSl/z,v—l()‘e_(zwq)X/q)

(the normal modes have been chosen so that
G,(x)=[G(x)]*). Here HL” are Hankel functions and

S, are Lommel functions, c¢,,c,. are k-dependent con-

stants of integration and

2+g¢q

2—gq

v=

_LLMfz/q )
2—q a,

1
2

The term proportional to ¢, in Eq. (3.10) corresponds to
the time-translation-invariant solution (Sec. III of Ref.
[7]). The terms proportional to ¢, are linear combina-
tions of ‘“‘isocurvature” and adiabatic perturbations—as
will become clear when we analyze the long-wavelength
asymptotics of Eq. (3.10) [30].
We note, from Eq. (2.5),
translation solution in Eq. (3.10) satisfies ¢|,

that &,xe * so the time-
, ®,; furth-

ermore, the ¢, terms in Eq. (3.10) do not seem to obey a
similar equation. We shall see, in Sec. III B, that the
time-translation solution is not gauge invariant; we shall
also see, in Sec. III C, that it does not seem possible to
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find an initial condition which determines the corre- 2 172
sponding constant of integration c¢,. Although it might h(x)=c;—3 [— ] c,e ™
seem that some versions of the usual derivation of the 9
energy-density irregularity power spectrum (in the ex-

. .o . —(10—3

ponential expansion inflation model) make use of the te /2D  Fi(x)+c_F 2(x)]
time-translation solution, when taken in the context of a

careful definition of the hypersurfaces involved, these +eqe " 4Tx/T (3.11)

derivations are gauge invariant [31,18].
Using Eq. (3.10), we find that the general solution of = where ¢, and ¢ are k-dependent constants of integration

Eq. (3.7) is given by (this is not the general solution when g =4),
|
5 172 3 5
Fi(x)= ; H_z——q;k—zem_qwq_% 4_qﬂ kl/ze—(Z—q)x/(Zq)Gl(x)
+4 2—gq Ae—2—x/ag (D (ao—2—ax/qy__ 9 p(D(),—2—q)x/q)
2 |4—¢q vl 4—q Y
_2_?23 2_:_3_ A,_le(zﬁq)X/qu,l_al(}»e'(z_q)"/q)],

and F,(x)=[F;(x)]*. The solution proportional to ¢, in Eq. (3.11) corresponds to the arbitrariness in rescaling a,.
The ¢, term is the solution corresponding to time-translation invariance while the ¢, terms are linear combinations of
“isocurvature” and adiabatic perturbations. We shall see that c5 must be related to c,.

Focusing on a plane wave with propagation vector k along the x! axis and denoting the transverse directions by
xX(I1=2,3), we find that Egs. (3.3) and (3.4) reduce to

172
By (x)+his(x)= [% é(x), (3.12)
1/2

h'2'2<x)+h'3'3(x>+6—;‘1[h;2(x>+h;3(x)]= ‘%] ‘¢'(x>+6—;i¢(x> , (3.14)

k2 ) 172

ST+ h(x)]= = e 7 2h'(x) +(20) 2 )~ (6-) | 2| 400) |, (3.15)
2 —

eZX%h+(x)+9;ih'+(x)+h';(x)=o, (3.16)
2 —

e2xk—2hx(x)+6—qih'x(x)+h;(x):o, (3.17)
a

h,”l(x)+§%‘lh,',(x)=0, (3.18)

here h =hy —hs; and hy =h,;+h;, are the two physical degrees of freedom of the graviton and we have used
h;=h; and Eq. (3.2) to simplify some of these equations. Equations (3.14) and (3.15) describe the behavior of the in-
duced perturbations in the curvature of spatial hypersurfaces, Eqs. (3.16) and (3.17) are the graviton equations of
motion and Eq. (3.18) is the equation of motion for the A;; components of the metric perturbations. Equations (3.12)
and (3.13) are constraint equations.

The general solution of Eq. (3.14) is
172

cre T e 0T3O/ ¢ Fi(x) e _Fy(x)]+e,toge 67O, (3.19)

By (x)F+hyy(x)=— %

where ¢, and cg are k-dependent constants of integration (we shall see that they must vanish),
172

9 [A'—3/Ze3(2—q)x/(2q)Gl(x )+)\—1e(2—q)x/qH(V14)hl (Ae v(z—q»c/q)]

Fl(X)z_ z_q

8
q
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and F,(x)=[F(x)]*. The c, term in Eq. (3.19) corresponds to the time-translation-invariant solution. The c, terms
correspond to adiabatic fluctuations [we shall see when we analyze the long-wavelength asymptotics of Eq. (3.19) that
one linear combination of the ¢, terms present in the scalar field solution, Eq. (3.10), is subdominant in the large-scale
asymptotic expansion of the solution for 4, + k33, Eq. (3.19)—this is the “isocurvature” or longitudinal peculiar veloc-
ity solution].

Using Eq. (3.19), we find, for the left-hand side of Eq. (3.12),

172 172
By (x)+hig(x)= %] ce 5+ 33—‘1 " A% 290 G (x) e Gy(x)]— | 2L |cge 67 9x/a
(3.20)
while from Eq. (3.10) we see that the right-hand side of Eq. (3.12) is given by
172 172 172
r il 5{—(1 " A 322/ G (x)+e_Gy(x)]; (3.21)

to satisfy Eq. (3.12) we must require that ¢z vanish.
From Eq. (3.19) we find that the left-hand side of Eq. (3.15) reduces to

X IRt 172 B 172
%[hn(xwhu(x)]:— g_;q —J Aeye HHax/a_ 2—qq % A= /c, G (x)+e_ Gy(x)]
172
_ ﬂ ﬁ )\.e_(14_q)X/(2q)[C+H(V14)_1()»e4(2-q)X/q)+C_H(VZ_*),1(7\.e_(Z_q)X/q)]
q q
5 2 2
4 qq }»2C7€_4X/q+ _g:q:l )\.ZC3€A(10_q)x/q, (3.22)
while the right-hand side of Eq. (3.15) is given by
172
T2 h()+(29) 2 (x)—(6—) | 2 | gix)
12
=s 4—q cse Wtax/a_ ———2;‘1 % A2 =8/4[c G (x)+c_G,(x)]
172
_ 2;‘1 % )\e—(14_q)X/(2q)[C+H(‘,l+)1(}ue_(Z_q)X/q)+C,H(‘,2ll(lev(z_q)X/q)], (3.23)

f

where we have used Egs. (3.10) and (3.11). To satisfy Eq.
(3.15), we must require that ¢, and cg vanish and that ¢y
be related to ¢, through
172

(2—q)?

1279) 52,
24—q) " 2

2

q

Using Eq. (3.24) it may be established that Eqgs. (3.10) and
(3.11) satisfy Egs. (3.6) and (3.7).
The solution of Egs. (3.13) and (3.18) is given by

cs=— (3.24)

h“(x)zcl’l 5 (3.25)

where c; ;| are k-dependent constants of integration. We
shall see that the constants ¢;; may be removed by a
gauge transformation. As discussed in more detail below,
we find, on comparing this equation to Egs. (37) and (38)
of Ref. [14], that these scalar field inflationary models will
not generate transverse peculiar velocity perturbations in
the large time universe. This will be true for all scalar-

field-dominated inflation models, [32], so such models
cannot be used to describe the very early Universe in
primeval turbulence scenarios for structure formation.

The solutions of the graviton equations of motion, Egs.
(3.16) and (3.17), are given by

h+(x ):eé(ﬁgq)x/ﬂq)

X[ HYL (he ™ 270779

+e HE ((he " 270x/0)] | (3.26)
h X(x )ze*(ﬁfq)x/Qq)
X[exiH\ (he 27079
e HE (e =27 9x79)] (3.27)

where ¢, |, ¢ 45, Cx, and ¢ x, are k-dependent constants
of integration. These expressions coincide with the solu-
tions for the gravitons in the ideal fluid model (Egs. (39)
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and (40) of Ref. [14]), up to an unimportant sign
difference in the definition of A, which arises from the
slightly different conventions used in Ref. [14]. This is
reasonable since gravitons are not sensitive to the nature
of energy density driving the expansion—they respond to
an ideal fluid or to a homogeneous scalar field, with the
same background equation of state as that of the ideal
fluid, in the same manner.

In summary, the solutions of Egs. (3.1)—(3.4) are given
by Egs. (3.10), (3.11), (3.19), and (3.25)-(3.27) where ¢,
and cg vanish and c;s is related to ¢, through Eq. (3.24).
This leaves ten k-dependent constants of integration
(some of which describe gauge-dependent solutions) that
must be determined from initial conditions. These are c,
which describes the solution corresponding to the rescal-
ing of a,, ¢, which describes the time-translation-
invariant solution, ¢, which describe adiabatic and “iso-
curvature” fluctuations, ¢; ; which describe the h;; com-
ponents of the metric perturbations, and ¢, ¢4;, €x>
and ¢ », which describe the gravitons.

172

172
ke*(G—q)x/(Zq)

X[C+H(vl-§)—1(}beU(z_q)X/q)’f‘C_H(VZJ,](}\e_(2_q)X/q)]+

The metric perturbations h,, +h3;; measure perturba-
tions in the curvature of spatial hypersurfaces. The Ricci
tensor of the three-dimensional spatial hypersurface is
given by

(3)Rij=%(hij,kk +h,ij_hik,kj_hjk,ki) N (3.28)
so we have, for the induced spatial scalar curvature,
3) k?
R:y[hzz(x)‘khxg(x)]
z—%e_?'" 2h'(x)+(29) % (x)
5 172
—(6—q) ;] o(x) |, (3.29)

where we have made use of Eq. (3.15). Using Eq. (3.23)
we find that this reduces to

AV2e =2/ ¢ G (x)+c_G,(x)]

Q|

(3.30

4=q }cy'"] .
q

We shall see that the term proportional to ¢5 in this equation is a gauge-dependent solution, while the linear combina-
tion of terms proportional to c . is, by definition, the adiabatic perturbation.

An alternative way of determining the spectrum of energy-density perturbations would be to evaluate the linearized
stress tensor. From Egs. (2.3) and (7.10) of Ref. [7] we have that the fractional perturbation in energy density corre-

sponding to the scalar field perturbation ¢ is given by

5 bod+ V'(Dy)h /2
5=—L2 =9 0" 5 0 , (3.31)
pP (D)2 + V(D)
or as a function of the variable x,
q 3/2 p
= — i ’ ______q
6(x) 3|3 ¢'(x) p o(x) (3.32)
Using Eq. (3.10) this results in
) 3/2 6 6
S(x):? % [——;cze_"— -4 AT32e 72/ G (x)+c_G,(x)]
+e—(10—3q)x/(2q)[c+H£’1)(le—(2—q)x/q)+c‘H(v2)(}be~(2“q)x/q)] (3.33)
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We shall see that the term proportional to ¢, in this equa-
tion may be removed by a gauge transformation.

B. Remnants of general coordinate invariance

Consistent with the choice of synchronous gauge, one
may still perform the following time-independent gauge
transformations (i.e., the corresponding gauge parameters
are time independent) on the metric perturbations
without altering the physics:

2
oh | (x,k)= ‘—fo(k)zq(%—_ﬁq)—))\ze*(4~q)x/q

—2ikw1(k)—f°(k)%e_",

8k (x,k)=—ikw, (k) ,

8h,,(x,k)=-—f°(k)§e"‘8,, : (3.34)

8h . (x,k)=0=8hy(x,k),

PRV
Sh(x,k)=—f%k )_2_(2_‘&;\29*(4411)::@
q(4—q)

—zikw1<k)—f°(k)1—;e*",

where f° and w; do not depend on the variable x. (We
note that the two transverse degrees of freedom of the
graviton, which are the only propagating modes, are
gauge invariant.) From the definition of the stress tensor,
Egs. (7.7)-(7.9) of Ref. [7], and its transformation proper-
ties, we find

8(8(x,k))=—2f%k)e ™™,
" (3.35)

—X

e s

8

Sd(x,k)=f%k)

where 8(x,k) is defined by Eq. (3.31) [we hope that the
notation 8(8(x,k)) does not lead to undue confusion].

It is easily verified that the choice
fOUk)=—(c,/2)(q/2)"/? allows us to set to zero the
terms proportional to ¢, and cs in Egs. (3.10), (3.11) [here
we use Eq. (3.24) to relate c¢5 to c¢,], (3.19), and (3.33),
while the choice w,(k)=c,/(2ik) allows us to remove
the solution corresponding to the rescaling of a, from
Eq. (3.11) and the choice w;(k)=c;/(ik) allows us to set
the h;, part of the metric perturbations to zero. This
leaves six physical solutions which are parametrized by
the constants ¢, ¢, € 11, Cx 1, and ¢ y,; these constants
must be determined from initial conditions appropriate to
the quantum mechanics of inflation [8,9].

It is interesting to contrast this analysis of the scalar
field model with that of the ideal fluid model [14]. In the
ideal fluid model one found that eight initial conditions
were needed to determine the eight independent physical
solutions which correspond to an adiabatic fluctuation, a
longitudinal peculiar velocity perturbation (the “isocur-
vature” perturbation), two transverse peculiar velocity
perturbations and four graviton solutions. In the scalar
field model there are only six independent physical solu-

tions, four corresponding to the gravitational-wave per-
turbations and two describing the scalar field perturba-
tion. We note that in the scalar field model, the two sca-
lar field solutions play the role of the adiabatic fluctua-
tion and the longitudinal peculiar velocity perturbation in
the ideal fluid model. Thus, on large scales (at late times)
one would expect that the linear combination corre-
sponding to the peculiar velocity perturbation will not
perturb the curvature of spatial hypersurfaces [14].

It is also interesting to note (as we show below) that
scalar-field-dominated inflation models provide initial
conditions (at second Hubble radius crossing) that require
that the transverse peculiar velocity perturbations in the
ideal fluid (which is used to describe the large time
universe) vanish.

The induced spatial curvature is a measure of the mag-
nitude of adiabatic energy-density fluctuations; however,
the expression in Eq. (3.29) is not gauge invariant. A
gauge-invariant characterization of energy-density fluc-
tuations [9,14] is
EIP A

a ot

3,

3 s ee T
V2 1,17

Ap=a , (3.36)

where V?=5,9,8;. Using Egs. (3.11), (3.20), and (3.30)
we find that this reduces to
172

8 _
= 08M6/qe(2 q)x/(2q)

q
X[c, H\(Ae™279x/4)

+c_HP (e 279%/0)],

Ap=—

(3.37)

here we have set c;=0=cgz. We note that the solution
proportional to ¢s in Eq. (3.30), which may be set to zero
by a gauge transformation, does not appear in Eq. (3.37).

C. Initial conditions and asymptotics

We have solved the equations of motion for small per-
turbations about a background FLRW -homogeneous-
scalar-field cosmological solution for the exponential-
potential scalar field model. To determine the constants
of integration ¢, ¢4, €45, Cx1, and ¢, (which corre-
spond to gauge-invariant solutions) we study the inflation
epoch expressions on small scales (or at early times,
k >>ad) and require that they reduce to the usual
quantum-mechanical ‘“vacuum state” form [8,9]. In this
section we also derive asymptotic forms of the inflation
epoch solutions valid at late times (on large scales)—in
this limit we shall disregard some decaying (in time)
terms for some of the fields.

It is useful to note that

2

}\'e—(qu)x/qz
2—¢q

k _ cdt’
E_—kf - kT,

(3.38)

where H=(ad/a) is the Hubble parameter and confor-
mal time 7 is defined by
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[ (3.39)
a(t’)
If we replace the constants of integration ¢, by the x-

independent constants ¢ defined through

172
(aoMZ/q)—S/Z

172
k

2

q7_
2—gq

e Tilv=1/2)7/2 , (3.40)

then in the short-wavelength (early time) limit (i.e., for
fluctuations well inside the Hubble radius for which
k — «) Eq. (3.10) reduces to

167 "7 1

m,% 1/2ka2
, t dt’
zkf () ‘

+1kft dt

o(k,t)=

X |Cexp

+¢_exp (3.41)

We note that the prefactor on the right-hand side of this
equation depends on the scale factor a(¢) in the manner
expected for a relativistic scalar field. Even though ¢ is
really a massive scalar field, for large enough spatial
momentum its dispersion relation is that of a massless
field, ®=|k|. The first factor in the prefactor is a conse-
quence of the unconventional normalization of the scalar
field action, Eq. (2.1). [In deriving Eq. (3.41) from Eq.
(3.10) we have dropped the solution proportional to c,; it
is interesting to note that quantum mechanics does not
seem to provide an initial condition to determine this
constant of integration, which corresponds to a gauge-
dependent solution—this also seems to be true for other
gauge-dependent constants of integration.] In terms of
the dimensionless scalar field y(k,tz)=a(t)d(k,z) Eq.
(3.41) reduces to
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x(k,7)= 712—k—(c~'+e"‘k7+b‘_e+"kr) ,  (3.42)

where we have replaced ¢t by conformal time 7. Since
large spatial momentum modes sample regions of space-
time that are essentially flat (these momentum modes are
indistinguishable from the corresponding momentum
modes of a conformally coupled scalar field since, in this
limit, the spatial gradient term in the scalar field action is
far more important than the R¢? conformal coupling
term) the appropriate initial conditions (for the scalar
field vacuum state) are derived by requiring that the
momentum mode in Eq. (3.42) reduce to the correspond-
ing expansion for the harmonic-oscillator “vacuum state”
in a conformally flat spacetime [8,9]. This follows from
the fact that a suitably rescaled, conformally coupled,
scalar field, in a conformally flat spacetime, does not
recognize as special the length scale set by the spacetime
curvature [8]. Comparing to the Fourier expansion of
Sec. IIT A we see that relativistic covariance requires that
we choose
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¢,=1 andc_=0, (3.43)

where we have made the assumption that ¢, do not de-
pend on k; this is equivalent to the initial condition of
Ref. [8] for the scalar field ground-state wave functional.
Replacing the constants of integration c;,c;, (where
i=+, X) by the x-independent constants ¢;,,¢;, where

16 172 172
— T qm 2/g\—3/2
Ci1—Ci 2 2— (agM*%)
mp q9
Xe TilvH3/2m/2
— m qm 2/q\—3/2
€2 =Cp, > 5 (@agM?/9)=3/
mP q

X e ~ivH3/2)m/2
we find that at early times (on small scales) the expression
for the graviton, Eqgs. (3.26) and (3.27), become

16r |'* 2
2 V' 2ka?

mp
tkftdt l

+1kf (,)}

the appropriate ‘“vacuum state” initial conditions are
¢;;=1 and ¢;,=0. The factor 2 in the numerator of the
prefactor of Eq. (3.45) is a consequence of the extra factor
of 1 in the graviton kinetic term of the action, Eq. (2.1),

h;(k,t)=

tlexp

+C;,exp (3.45)

mP 1
1677 4

which should be contrasted with the scalar field kinetic
term,

—[Lah% +RY)],

2
P 1,372
Tom (+a°¢°) .
We note that the prefactor on the right-hand side of Eq.
(3.45) depends on a(?) in the expected manner.
Scalar field fluctuations outside the Hubble radius (i.e.,
in the long-wavelength or large-time limit when k <<g)
are described by

d(k,x)=¢ k' Ve 229)x/q
ekt 6mx/ay L (3.46)
where
. 32—y . S eston)
A:;?; ZL;q (agM?/ayr=5/2 ciodvr)

X(E+€i(v+l/2)ﬂ/2+8 e—i(v+1/2)77/2)

b
3/2+wv

—v+1
(aoMZ/q)—V—S/Z 27"

csc(vr)
C(1+v)(5/2+v)

—i(v+3/2)1r/2+a ei(v+3/2)‘rr/2)
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Again, we have dropped the term proportional to ¢, in
Eq. (3.10) [there is, however, a term proportional to
k ~3%¢ 7> in Eq. (3.46) which has the same time depen-
dence as the ¢, term in Eq. (3.10) and is the slowest de-
caying term for some range of ¢g]. It is pleasing to note
that the time dependence of this result agrees with what
was found in Sec. III of Ref. [7]. As discussed there,
when g <2 the scalar field perturbation has no growing
mode; the solution describes a stable fixed point—we em-
phasize, however, that scalar field irregularities, like most
other perturbations, do evolve (in, for all practical pur-
poses, a gauge-invariant fashion) outside the Hubble ra-
dius. The term proportional to ¢, is the adiabatic solu-
tion while that proportional to ¢; is the ‘“isocurvature”
solution—it does not contribute to spatial curvature per-
turbations on large scales (although it does perturb spa-
tial curvature on small scales).

At large times the expressions for the graviton, Egs.
(3.26) and (3.27), reduce to

hi(k,x)=clk V' gtk Tle 6T ay L (3.47)
where i = +, X and we have defined
—1/2—v

(aOMz/”)”_l/z csc(vr)

- T v | 4
T(—v)

~1_
Y omp 2—gq

v—3/2)1'r/2+6.2€ *i(v—3/2)17'/2)
i ’

X (¢; e
3/2+v
(aOMZ/q)—v*S/Z_cs_c(KEL

2 L21~v q
r2+wv)

= 5=

mp 2—q
X (2 e —i(v+3/2)77/2+6izei(v+3/2)1r/2) ]
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[The time independence of the leading term in Eq. (3.47)
means that graviton fluctuations do not evolve outside
the Hubble radius.] Comparing the two terms of Eq.
(3.47) to those of Eq. (61) of Ref. [14] we see, as expected,
that both the time (¢) dependence and the spatial momen-
tum dependence of these solutions are the same.

At early times we find that curvature of spatial hyper-
surfaces, Eq. (3.30), is given by (we have set ¢ =0)

PR(k,t)=[a(r)]"#+972

tkf'dt

T, exp

+C_exp

t dt’
ik .
+ik [ H ., (3.48)
where we have defined
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Expanding Eq. (3.30) for small %, i.e., for fluctuations at
large times, we find

kl V+C k3 Ve —2(2—q)x/q

PR (k,x)=e ™2,

+/c\1k3+ve~(6—q)x/q+ e ] , (3.49)

where
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Here, the dominant term (that proportional to € 4) is the
adiabatic solution, while the “isocurvature” or longitudi-
nal peculiar velocity solution (the term proportional to
¢;) is subdominant. As with Eq. (3.46), we have dropped
a term proportional to k!/?¢ ™* from within the square
brackets; for some range of g this terms decays slower
than the ¢, and ¢; terms in Eq. (3.49). From Eq. (3.49)
we see that the leading term in the dimensionless quantity
a*®R is time independent— perturbations outside the
Hubble radius in the curvature of the spatial hypersur-
face corresponding to adiabatic perturbations evolve in
the expected fashion.

As noted in Sec. III of Ref. [7], in this model (for g <2)
the scalar field perturbations, Eq. (3.46), do not grow
even in the presence of nonzero space curvature fluctua-

f

tions, Eq. (3.49). This should be contrasted with the be-
havior of the adiabatic solution in the ideal-fluid-
dominated cosmological model where a nonzero space
curvature perturbation is always accompanied by a grow-
ing fractional energy-density irregularity.

For small scale fluctuations, we find that 8, Eq. (3.33),
is given by

8(k,t)=[a(r)]” ¥ 972

¢, exp

t dt’
lkf a(t’)]

+¢_exp (3.50)
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where we have set ¢, =0 and

172
16‘;7' ‘/q—k_q_(aoMz/q)—q/zeJ?m/z .
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¢y =0Cy

From Eq. (3.33) we find, in the large-time limit,

8(k,x)=éAk1_"e —2(2—q)x/q+cvlkl+ve—(6—q)x/q+ cee,
(3.51)
where we have defined
) 172
&4=—3(10=3¢) % T4,
) 1/2
§=—3(6—q) % o,

and ¢ 4, and ¢, are given below Eq. (3.46). Again, we have
suppressed a term proportional to k ~3/%¢ ~* in Eq. (3.51).
It is pleasing to note that the spatial momentum depen-
dence and the time dependence of the terms in Eq. (3.51)
agree with those of Eq. (3.46). (We again emphasize that
the fractional perturbation in the energy density does
evolve outside the Hubble radius.) The term proportional
to ¢, is the adiabatic solution (i.e., it depends on the
coefficients ¢, in exactly the same way as the dominant
term in *'R) while that proportional to ¢, is the “isocur-
vature” solution. As discussed above Eq. (3.50), even
though there are nonzero space curvature perturbations,
the fractional perturbation in the energy density, Eq.
(3.51), decays in time.

It is interesting that higher-order terms in this asymp-
totic expansion (i.e., terms with higher powers of k in the
numerator) grow slower—the next two terms are propor-
tional to

k3—ve—4(2—q)x/q and k3+ve—(10—3q)x/q_

These terms are suppressed relative to those of Eq. (3.51)
by a factor of (k /aH )% for inflation models aH is an in-
creasing function of time. This should be compared to
the ideal fluid model [14], where aH is a decreasing func-
tion of time and hence the higher-order terms in the
large-scale asymptotic expansion grow with time (relative
to the lower-order terms).

At early times, we find that the gauge-invariant mea-
sure of energy-density perturbations, Ap, Eq. (3.37), be-
comes

Ap(k,t)=[a(t)]? 972

t dt’
X |é —ik
crom i[5
+&_exp +ikft dr’ R (3.52)
a(t')
where
12 172
¢, =22, 16727' l_k_ (agM?2/9)1/2e tiT/2
mp
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While on large scales we find
Ap(k,x)=¢& k' eI+ &,k Ve T + -, (3.53)
where we have defined
1/2—
¥ =T |(_9 ' 21 s2+v 22 Yese(vr)
= (agM*"9) £ ==
mp |2—¢ VgT(1—v)
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1724w
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X (E+€ —i(v+3/2)11/2+z.- ei(v+3/2)rr/2)

To compare the expressions derived here to those de-
rived from a purely quantum-mechanical analysis in Ref.
[15] it is most convenient to use the momentum-space
two-point functions for the invariant measure of energy-
density perturbations Ap and for the graviton polariza-
tion A . From Egs. (3.37), (3.40), and (3.43) we find

2
(Ap(k)Ap(—k)) =8 ATy 2.5
mp 2—¢q

XH'\V {2k /[(2—q)aH ]}

XHP 2k /[(2—q)aH]} , (3.54)

which agrees with the corresponding expression, Eq.
(4.31), given in Ref. [15]. While from Egs. (3.26) and
(3.44) we have

16 272 1

(h (k) (—k)
* * m2 2—q Ha3

XHN {2k /[(2—q)aH ]}

XHH {2k /[(2—q)aH]} , (3.55)

which agrees with Eq. (4.25) of Ref. [15]. This also
agrees with the expression for the graviton two-point
function given in the first of Refs. [11] [see their Egs. (2.4)
and (2.6a) and the discussion below their Eq. (2.4)] up to
unimportant phase factors and a relative factor of 2 (Eq.
(3.55) seems to be larger than the expression given in Ref.
[11]).

For ¢ =2€?~0 this model reduces to the step function
potential model [Eqs. (2.6)-(2.10)] studied in Ref. [9]. In
this limit we find that the inflation epoch power spectrum
reduces to the scale-invariant form [2]

87 € k
Py(k,1)=(Dg(k,t)Ag(—k,t))="ZE %X = (3
alk,t)=(Ap(k,t)As(—k,t)) 79 2 (3.56)

where Ag is defined in Eq. (4.23) below. [We note that
the adiabatic terms in A, and 8, are related by
0o =Ag(10—3q)/(4—3q). This result is only valid for
0<g <2—in particular, in the baryon-dominated model
(for which ¢ =3) we find 83 =Ap, see the discussion in
the paragraph below Eq. (4.46).] For completeness we
note that the power spectrum, for perturbations on scales
larger than the Hubble scale, is given by
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4 | 2(1—v)
L rv)2—g» ' ——
Imp

Pylk,t)= oH

a’H

(3.57)

For the exponential expansion model the inflation
epoch graviton two-point function, Eq. (3.55), reduces to

2
k

aH

2
Cho (kb (—k)y=32T H”

1+
mp k*

(3.58)

[inserting a factor of 16m/m} in Eq. (5.18) of Ref. [8] we
see, as expected in de Sitter spacetime, that the graviton
two-point function is exactly a factor of 4 larger than the
scalar field perturbation two-point function], while in the
general ¢ model, for perturbations on scales larger than
the Hubble scale, we find that it is given by

3272 cscivr) 1
ho (k) (—k))= (2—g )V rl=——
Chy Ry mp 1 r’(—v) Ha®
k —2(v+1)
a—H , (3.59)

which is time independent [see Eq. (3.47)].

In the next section we shall use the explicit expressions
for the inhomogeneities along with the inflation epoch
constants of integration found here to derive the form of
energy-density irregularities in the radiation- and
matter-dominated epochs and to thereby determine, in
Sec. V, the large-time power spectrum of energy-density
irregularities.

IV. LARGE TIME: THEORETICAL
CONSIDERATIONS

To be able to contrast the predictions of the
exponential-potential inflation model with observations
we have to evolve the expressions found in the previous
section through the radiation-dominated epoch to the
present, matter-dominated, epoch. We shall assume that
the scalar field gets massive enough, at the end of
inflation, so that it does not significantly influence the
large-time evolution of the universe, and that the stress
tensor for matter is always dominated by one kind of
matter—the scalar field in the scalar-field-dominated
epoch, the radiation fluid in the radiation-dominated
epoch and the baryon fluid in the matter-dominated
epoch (i.e., we only account for perturbations in the dom-
inant form of matter). We shall also assume that the
transition from the scalar-field-dominated epoch to the
radiation-dominated epoch and the transition from the
radiation-dominated epoch to the baryon-dominated
epoch occur instantaneously, at different values of the
synchronous gauge time (7) in different parts of space,
when the local energy density drops to an appropriate
critical value; i.e., we model the transitions by requiring
that the equation of state (and hence the pressure) charge
discontinuously at the spatial hypersurface on which the
transition occurs.

That the value of the local energy density determines

the hypersurface on which the transition occurs means
that this hypersurface of simultaneity will differ from the
corresponding synchronous gauge constant time hyper-
surface. Since the spatial gradients in the local energy
density are of first order in the perturbations, the spatial-
ly homogeneous local energy-density transition hypersur-
face and the corresponding synchronous gauge constant
time hypersurface only differ by terms that are of first or-
der in the perturbations; i.e., these hypersurfaces coincide
to zeroth order in the perturbations [16]. As a result we
may match the scale factor and the homogeneous part of
the energy density on the synchronous gauge constant
time hypersurfaces corresponding to the transition from
the scalar-field-dominated epoch to the radiation-
dominated epoch (at redshift z,4) and the transition from
the radiation-dominated epoch to the matter-dominated
epoch (at redshift zp ).

Implicit in our assumption that the transition from the
scalar-field-dominated epoch to the radiation-dominated
epoch occurs instantaneously on a spatially homogeneous
energy-density hypersurface are two separate assump-
tions: that both the time scale on which the scalar field
decays to radiation at the end of inflation and the time
scale on which the radiation equilibrates (and hence can
be treated as an ideal fluid) are much shorter than the
time scale on which the perturbations evolve. These as-
sumptions are, of course, slightly unphysical and in reali-
ty the scalar-field-radiation transition will be spread out
over a time scale that is determined by the microphysics
governing the decay of the scalar field to radiation as well
as the microphysics governing the subsequent equilibra-
tion of radiation [18]; however, the more correct model
(in which the time it takes to reheat the Universe is finite)
is, at present, analytically intractable. Although the mi-
crophysics governing the time scale over which the equa-
tion of state changes during the radiation-baryon transi-
tion differs from that which governs the time scale for the
scalar-field—radiation transition, we shall also model this
second transition by a discontinuous change in the pres-
sure. These small-scale approximations should not
significantly affect the quantities which we wish to deter-
mine; i.e., the large-scale power spectrum of baryon
energy-density irregularities and the large-scale power
spectrum of gravitons in the large time, matter-
dominated universe (the small-scale limit of our expres-
sions are, of course, not physically relevant).

To derive the joining conditions that determine the
constants of integration in the expressions for the pertur-
bations during the radiation- and matter-dominated
epochs (given in Ref. [14]) from the expressions for the
perturbations in the scalar-field-dominated epoch (de-
rived in the previous section) we require that the equa-
tions of covariant conservation of stress-energy and
Einstein’s equations do not become singular on the spa-
tial hypersurfaces of spatially homogeneous local energy
density on which the transitions occur [16]. The equa-
tions of motion we use are those of a general fluid model
which allows for a spacetime-dependent ““speed of sound”
¢,, [16]. The equations of this model contain, as special
cases, the scalar field model equations of motion, Egs.
(3.1)-(3.4), and the ideal fluid (constant c¢;) model equa-



45 INFLATION IN AN EXPONENTIAL-POTENTIAL SCALAR ...

tions of motion, Egs. (5)-(9) of Ref. [14] (see Ref. [16]); as
a result, the joining conditions derived in this general
model apply to more general transitions than those to
which we apply them to in this paper.

Once the constants of integration in the expressions for
the perturbations in the baryon-dominated epoch have
been determined, current observations may be used to
constrain the four free parameters of the model, zg 4,255,
the present value of the Hubble parameter, H,,,, and the
index of the scalar field potential, g. To focus on the
characteristics of the inflation epoch we further simplify
the model by requiring that the present Universe be
baryon dominated and flat (so 2,,,=1), that the value of
H_,,=1007 kms~! Mpc™! (this determines the present
value of the baryon energy density up to a factor of 42
and that the parameter zg; has the conventional hot big-
bang-value (zpz =4 X 10°h2)—this leaves the model with
two free parameters zz4 and g (as well as A).

Determining the constants of integration. We first dis-
cuss the joining of the expressions for the spatially homo-
geneous part of the energy density and the scale factor at
the transitions. Since the spatially homogeneous local
energy-density transition hypersurface and the corre-
sponding constant time synchronous gauge hypersurface
coincide to lowest order in the perturbations, we match
the scale factor and the spatially homogeneous part of the
energy density on the appropriate constant time synchro-
nous gauge hypersurface [16].

Matching the scale factor at zz 4, the redshift of equal
radiation and homogeneous scalar field energy density (or
alternatively at the time tz4) we find, in the radiation-
dominated epoch,

a(t)=a,[1+Mg(t—1tze)]'?, @.1)

where we have defined
al zao[l+M(tR¢_t0)]2/q N

and
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The evolution of the scale factor in the scalar-field-
dominated epoch is given in Eq. (2.5) and p}Y is the value
of the spatially homogeneous energy density (in radiation)
at the scalar-field-radiation transition when a=a,.

Similarly we find, in the baryon-dominated epoch,
a(t)=a2[l+MB(t_tBR)]2/3 ’ (4.2)

where tpp is the time of equal baryon and radiation ener-
gy density,

ay=ag[1+M(tge—10) 1/ 1+Mg(tgp —tre)]""?

and
172
3 87
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where p{2) is the value of the energy density (in baryons)

at the radiation-matter transition when a =a,.
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The redshift in the baryon-dominated epoch is given by

— [1+MB(tnow~tBR )]2/3
[1+Mp(1—155) P/

+z , 4.3)

where ¢, is the present value of ¢, while the redshift in
the radiation-dominated epoch is

[1+MR(tBR '—th,)]l/z
[14+Mg(t—tge) ]

1+z=

X [ 1 +MB(tnow —Ipr )]2/3 ’ 4.4)

and that in the scalar-field-dominated epoch 1s given by

[1+M(tge—1y)]*?
T T M ;)]2/q [1+Mp (15 —to)]'"*
0

X[1+Mp(t,n—tpr) 1" . 4.5

From Egs. (4.3)-(4.5) it is straightforward to get expres-
sions relating zgg t0 tpr and zge t0 TR .

Matching the scale factors at the transitions ensures
that the homogeneous part of the energy density
matches, i.e.,

Proltre)=psr (tra) » (4.6)
as well as
Psr(tsr)=psp(tpr) - 4.7)

We note that having chosen to use observational evidence
to fix zgp (up to a factor of #?) the numerical values in
Eq. (4.7) are fixed, however, since we have not yet con-
strained zz4 (and hence the energy density in the scalar
field just before reheating) the numerical values in Eq.
(4.6) have not yet been fixed.

To determine the constants of integration in the ex-
pressions for the perturbations during the radiation- and
matter-dominated epochs we require that the equations
of covariant conservation of stress-energy and Einstein’s
equations on an appropriate spatially homogeneous local
energy-density transition hypersurface are free of singu-
larities [16]. (The equations we use are those of the
spacetime-dependent “speed of sound” fluid model which
is general enough to apply to all the types of matter that
we need to consider, Sec. II of Ref. [16].) This allows us
to determine a set of joining conditions, on the fields, at
the transitions, Sec. III of Ref. [16].

For a transition at a corresponding synchronous gauge
time tpz, from a pretransition epoch dominated by a
“fluid” denoted by R to a post-transition epoch dominat-
ed by a “fluid” denoted by B (where the coefficient in the
equation of state and the “speed of sound” of the “fluids”
are left unspecified) these joining conditions are
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5. (1 x)=pbB(tBR)+pbB(tBR)
BBk Por(tgr)+Ppr(tpr)

Sr(tgr %),

[Pon(tpr )+ Po(tpr ) 105 (tpr,X)=[ppr (tpr )+ Py (tpg ) Wk (1pg,X)

(4.8)

L1 Portgr)  Ppp(tpr)—Por(tpR)
3 a(tpr H(1g) por(tpr )+ Ppr(2pr)

3,55 (tpr,X)

(4.9)
R (tpp k) +hSE (tpr, k)=h5 (155, k) +hY (15,k) , (4.10)
B (tpr, K)=h R (tpe k), (4.11)
. . . . (tgr ) —Ppp(tpr)
BB (s 3)Hh B (g )= (s %)+ B (1, %)+ 2H (255 ) L2R—E +p”B R S (tpr %) (4.12)
Por(tgr )t Ppr(tpR)
BB (tpp,x)=h i (tpp,%) , (4.13)
2
k Por(tgr ) —Ppp(tpr)
R B (e kK)=hB (15, ,k)—4
BR BR a(tgg )H(tgr) | pyr(tgr)tPpr(tpr)
Por(tgr) Psrtpr)
Sp(tpr, k), (4.14)
Psr (18R ) —3ppr(tgr) Poe(tpr)—3psp(tpr) REBR
. . (tgr)—Ppatpr)
Bt k) =5 Bt k) + 3H (1 ) LR BR —POBIBR 5 (1K), (4.15)
Por(tgr )t Ppr(tgR)
Bp(tpr,k)=bg(tgg,k)
_ Por tgr ) —Ppp(tpr)
Por(tgr )t Por(tpR)
(tgr )+ Ppr(tar) -
Por\TBRr ) T Ppr\IBR h(R)(tBR,k)
2ppr (tpr)
FH (1508 (0 k) |+ | =K 3 e por ek )+ 2Pk (£ )+ Pos (1r)]
BR/OR\IBR> 3 | altgg Htgg) 2PbR BRLPbR\IBR Por\IBR )T PbB\lBR
3H(tgg )0x(tgr)
- AL KB {cklpon(tar )t Pop(trr)]—c [Psr (tgr )+ Por (1R} (4.16)
Psr(tgr )t Ppr(1pR)
R B (tpr,x)=h{ R tpp,x), 4.17)
R B (tpr,x)=h B (tgr,x) . (4.18)

We first describe what these equations do (we shall as-
sume some familiarity with the results and analysis of
Ref. [14]). 85, v4, and k'8 +h'E depend on three con-
stants of integration, ¢s?’ and ¢'® which are determined
by Eq. (4.8), by the i=1 part of Egs. (4.9) and by Eq.
(4.10). Equation (4.11) and the i =I components of Egs.
(4.9) are four joining conditions for the four constants of
integration, c}ﬁ) and c}g), in the solutions for v} and 4.
Equation (4.12) is a consistency equation that must be
satisfied by the expressions for ¢'® and c'®’ derived from
Egs. (4.8)-(4.10)—this will provide a check on our alge-
braic manipulations. Equations (4.13) is another con-
sistency condition—the expressions for ¢ ,(’g) must satisfy
it. Equation (4.14) fixes the constant of integration ¢‘® in
the solution for the trace of the metric perturbation, 4 '®
(it must be modified if either of the fluids is radiation, see

the discussion below Eqgs. (3.59) of Ref. [16], and is ig-

nored in what follows since we do not have need for
c{®). Equations (4.15) and (4.16) are further consistency
equations. The four gravitational-wave perturbation con-
stants of integration, ¢\Z’ and ¢/f’ (where i=+, X), are
determined from Egs. (4.17) and (4.18). The consistency
conditions also follow from the perturbation equations of
motion and the other joining conditions (see Sec. III of
Ref. [16])—they contain no new information but serve to
provide a check on our algebraic computations.

In the scalar-field-dominated epoch, the fractional
energy-density 84 is given by Eq. (3.31), while the trans-
verse peculiar velocity perturbation is (Eq. (7.11) of Ref.
(71N

5 .
mp ,

Ve 167 a(Pbrb+Pbd>) ’¢
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and the “speed of sound” ¢, may be determined from
Egs. (3.31) and (7.12) of Ref. [7]:

X mp
Cs¢pb¢8¢=——[®0¢—%V’( ¢0)¢] . (4.20)
167

We have shown, in Sec. IV of Ref. [16], that the con-
stants of integration for the gauge-invariant solutions
may be determined from gauge-invariant combinations of
the above joining conditions. Along with the gauge-
invariant joining conditions (4.17) and (4.18), which

determme the four gauge-invariant constants of integra-
(B

tion ¢2’ and ¢/, we have

Ap(tpr,k)=Ag(tpp,k) , (4.21)
Ap(tpg,k) Ag(tpg,k)
o - 4.22)

Por(tpr )+ Dor (2pg) ’

where the gauge-invariant variables A and A are defined
by

Pop(tpr )T Pop(tpr)

A=8+3i“—k@p;‘(pb +p, !, (4.23)
and

Aza_%PJI(Pb +pphy+hy3), (4.24)
where A is related to Ap [Eq. (3.36)] through

Ap=—16mmp %a’p, A . (4.25)

We choose to match the closed-form expressions for
the irregularities (Sec. III and Appendices C and B of
Ref. [14]) at 134 and tzg to determine the constants of in-
tegration and then, in Sec. V, focus on the approximate
expressions valid for wavelengths that were large com-
pared to the Hubble scale during the transitions—these
are the fluctuations of interest in the large-time universe
for which our expressions are physically relevant. Our
expressions do not describe the physics of shorter-
wavelength perturbations since we have not included the
effects of reheating or of the coupling between radiation
and matter. These effects cannot significantly affect the
evolution of perturbations outside the Hubble radius and
hence may be ignored if we only wish to determine the
behavior of irregularities that first enter the Hubble ra-
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dius during the matter-dominated epoch.

Using the joining conditions for §,(p,+p,)v! and
hy,+hs; [Egs. (4.8)-(4.10)] at the scalar-field—radiation
transition, we find, in the radiation-dominated epoch,

Sp(x)=csRe >
=205 % X BGR(x)+c RG6R(x)],
(4.26)

where
172
(idge

Gf(x)= X122 —2ikg e 7*7?)

Xexp(iAge*’?) 4.27)

[and G =(GR )*] as well as

FAR e BGR(x)+c BGR (21},
(4.28)

where we have defined

12
GR(x)=— [% ’ (1+2iAg e ™*?)exp(idge*’?)

(4.29)

[and GX=(GF

(K)(x)

)*], and

R (x)=cRe >

+2e3"/4[c$)17'f(x)+c(_R)F§(x )] ,

(4.30)

where
172
}\.1;7/28 —7x/4

FR(x)=2|= exp(ilge*’?)  (4.31)

[and F¥ =(FT)*]. The integration constants in these for-
mulas are given by

172 12 — 172
R =—¢ 9 -3 16w k372 _V3m _ A2 R4 itv=1/2)7/2
2 2 _ R e
2 mp q(2—q)
x Ziqk;}eexR)\_3/2e3(2—q)xR/(2q)Gl(iRH_%(z_q)H(v”(M—(z—qu/q)
+ =2 2+axe 1 PTG (g TR (4.32)

2—gq
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(R) 167 ' 7 g3 |3 e 4 R/ 122 Xg /2
= — _ - 1 | = R Hv— T . R
¢y i ;_ 24 (2—q)1/2 7 Are e exp(—iAge )
X |L[2—g+1(4—q)irge P IH D (he PR
+26q(1+mRe*R/2>r1e‘2“”ER/"HLL’,(Ae“z‘q’*R/q> , 4.33)
R = _ 16w _77'_ gk 7% |3 5/4;"4e2R/4ei(v~l/2i‘n'/2ex (ihge %)
- mi | 24 (2—q)” 5 Pt
X i —2+g+L(4—gq)irge ® P IH D (he *T TR
2fq(1—sze‘R/z)rle”"”fk/"ﬂ‘v‘l,(A ‘2“”’?'*/")] . (4.34)
I
In these expressions ¢, is the constant of integration cor-  stants of integration corresponding to the time-

responding to the inflation epoch time translation solu-
tion, v, A, apM /4 and the function G,(x) are given in
Sec. IIT A, and we have defined

— X —
zt_tR¢+MRl , € RZMRI,
% _ 4

_4 x 2 kyo—in.
e qe , A= i Z, —Mg e
we note that e” jumps at the transition.

It may be verified, from the above equations, that the
consistency conditions (4.12), (4.15), and (4.16), [33], are
satisfied at the transition. It is pleasing to note that the
constants of integration for the gauge-invariant terms

' do not depend on the inflationary epoch, gauge-
dependent time-translation solution constant of integra-
tion ¢,. This is because the expressions for ¢'X’, Egs.
(4.33) and (4.34), may also be derived by matchmg the
gauge-invariant quantities A and 4 /(p, +p,) at the tran-
sition, Egs. (4.21) and (4.22). [Alternatively, the fact that

¢'® do not depend on c, can be viewed as a rather non-
trivial verification of our joining conditions, since one ex-
pects, on fairly general grounds, the coefficient of the
large-time adiabatic solution to carry physical (i.e.,
gauge-invariant) information.] For completeness, we
note that the gauge-invariant measure of energy-density
perturbations, Ay, in the radiation-dominated epoch, is
given by
172

Ap= AES/Ze —x/2

™

X[e®(1—iige*?)explige™’?)

+c®(1+irge*?exp(—iige*’?)] . (4.35)

The last factor in Eq. (4.27) [as well as the similar factors
in Eq. (4.35)] means that small-scale energy-density irre-
gularities oscillate during the radiation-dominated epoch.

It is interesting to note that the gauge-dependent con-

translation solution in the scalar-field-dominated epoch,
¢,, and in the radiation-dominated epoch, c® [Eq.
(4.32)], cannot be simultaneously removed by a gauge
transformation. The joining condition for the gauge pa-
rameter f°k) (Egs. (3.34) and (3.35) and Egs.
(C11)—(C13) of Ref. [14]) is consistent with Eq. (4.32);
i.e., if we choose to remove c, in the inflationary epoch
expressions then we automatically remove the c,-
dependent term in the radiation-dominated epoch expres-
sions, Eq. (4.32)—a different choice for ¢, will result in a
different value for c5®’.

Similarly, one may match the trace of the metric per-
turbation at the scalar-field—radiation transition to deter-
mine the constant of integration c¢{® in the radiation-
dominated epoch. Since we do not require the explicit
form of the trace of the metric perturbation 4 we shall
not record c¢{®’ here.

Using the joining conditions for 8,(p,+p,)v! and
h,, +hy; at the radiation-baryon transition, we find, in
the baryon-dominated epoch,

5 (x)zc(B)e—x_+_c(B)er/3 , (4.36)
B 2
(x)—ziaLM 23 Ble=2x/3 (4.37)
2
40 a3
h(zg)(x)+h(3)( )= 5 —2M3/3C(B)+C(88)€-x (4.38)

where we have defined
eX=t—tpp +Mz'.

The constants of integration in these expressions are re-
lated to those in the radiation-dominated epoch through

P =ciR —22 52 B [ RIGR (%) +c RGR(x5)]
(4.39)

where we have defined
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2 12 Xp/2 Xp /2 where
—_ — X
GRxp)=|= | (—2irgle 2" —2+4ikge’® e )
i P =3P =A% P [ PG (%) +c RGR (%))
+ 5Age’” (4.45)
293 32 5B
+isiAre Jexplifge ) (which, as expected, does not depend on c,), and we have
(4.40)  defined

[and GR=(G%)*], and the constant of integration ¢‘®,
corresponding to a gauge-invariant solution, is given by
172
c(B):l 2 X;l/Ze"‘B/lz
5|7
X 1+é}»Re7c”/2 exp(i}»Re;B/z)
+c® —éARex”/z exp(—idge 2%) |,
4.41)
as well as
B =1c (R)
—%k;”zef’g 72
X[ RGR(x5)+c REGR(x5)] (4.42)
where
2 2 ] /2 %p/2
GRxy)=|= — I age™ P —1-3irgle
1 (Xp) pu 2 "RE !
Xexp(ihge 2% (4.43)
[and GX=(G%)*]. In these formulas the constants c¢(®
and ¢'® are given by Eqs. (4.32)-(4.34) and we have
defined

x _ x X
e?=Mg', eP=23e% Xp=3k(a,M}"?) !

It is pleasing to note that the inflationary epoch, gauge-
dependent, constant of integration ¢, does not appear in
the expression for ¢'® which corresponds to a gauge-
invariant solution in the baryon-dominated epoch. It is
straightforwardly verified that the consistency conditions
(4.12), (4.15), and (4.16) are satisfied [33]. Contrasting
Egs. (4.32) and (4.39) we see that an appropriate choice
for the value of inflation epoch constant of integration c,,
which corresponds to the gauge-dependent time-
translation solution, may be used to remove one of either
¢y, c5®), or ¢$P) [see the discussion in the paragraph fol-
lowing Eq. (4.35)].

In the baryon-dominated epoch the gauge-invariant
measure of energy-density perturbations, Ay, is given by

B evx+c(8)22x/3 , (4.44)

——K3 exp(iAReiB )

10

(4.46)

and G¥=(GR)*. Equations (4.41) and (4.45) may also be
derived by matching A and 4 /(p, +p,) at the transition.
We note that unlike Eq. (4.35), Ap in the matter-
dominated epoch, Eq. (4.44), does not oscillate inside the
Hubble radius.

It is pleasing to note that the growing mode in Ay [Eq.
(4.44)] and 85 [Eq. (4.36)] have exactly the same numeri-
cal coefficient; only the coefficient of the decaying mode
in 85 is gauge dependent—this is the reason why, the
comments of some proponents of the gauge-invariant for-
malism notwithstanding, synchronous gauge computa-
tions of the large-time behavior of energy-density irregu-
larities are physically correct (i.e., gauge invariant).

We now consider the large-time transverse peculiar ve-
locity perturbations. The relevant joining conditions are
Egs. (4.9) and (4.11). From Eq. (4.19) we see that the
transverse peculiar velocity perturbation v} vanishes in
the scalar-field-dominated epoch (this is true no matter
what the form of the scalar field potentlal) Eq. (4.9) then
implies v =0=v} or c}g) =0=c,% (where we have used
Egs. (C9) and (B16) of Ref. [14]) Since h;, is time-
independent during inflation [Eq. (3. 25)] Eq. (4.11) im-
plies h;) =h;,=h{D or c¢{¥ =c; ,=c{} (from Egs. (C8)
and (B15) of Ref. [14]). [It is obvious that these expres-
sions for the constants of integration satisfy the con-
sistency condition (4.13).] This result means that such
scalar field models of inflation do not generate transverse
peculiar velocity perturbations, »/=0, and so are not the
appropriate description of the very early Universe in the
primeval turbulence scenario for structure formation.

The joining conditions for the graviton degrees of free-
dom at the transition are that h; and k; (where i =+, X)
should match, Egs. (4.17) and (4.18). From Egs. (39) and
(40) of Ref. [14] and Egs. (3.26), (3.27), and (3.44) we find,
in the radiation-dominated epoch,

x/2)

h,*(R):e_x/4[C,-(lR)H(_1)1/2(XRe

+ei ' H? p(Rge™ )],

(4.47)

where Xz =V"3A, and
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R) =T 167 2w Kk —3/2X5/25 R 2 yilv=3/2)m/2
i 8 m}% 2_q R
X[HP, ,(Age™® W (he TR YL HD  (Rge ™ H D (he TR
172 (4.48)
m | 16w —3,255/2 XR/2 i(v—3/2)7
Ci(zR)z_‘g‘ s . k323512 R 2 itv=3 /0072
~ =~ —(2-¢)x
X[HY, ,(Age ® HY (he 27RO 4 gD (Rge™ ) H D (he TR
In the matter dominated epoch we find
BT =e A PHU e )4 P H ) Ry )] 449
where we have defined
5 172
.7 ~  Txg/12 = /3 = /2 = /3 ~ X
C,-(IB)—II ‘/3 ‘ }\.Be B { [H(25/2(;\, eXB )H(l)l/z(}h *B )_H_J/ (}\,BeXB )H(_]):;/z(A.RQXB/Z)]
~ /3 = /3
e PTH? ,(Rpe™ HD, ,(Rge ) —H?), ,(Rge™ )H, ,(Rge™ D)),
) 172 (4.50)
_ .7 = Txp/12 =~  xp/3 = X2 = 3 ~ X
iy BRI BV Ape * e [HYS ,(Rge™ HHY, )y (Rge™ )—HY, (R XB/)H“) U‘RexB/z)]
= /3 =~ Xg/2 ~ xp/3
+ePLHY ,(Rge ™ HH?), (X ™) —HY), ,(Rpe™ ) H?, ,(ge )]} .

Although the expressions in Eqs. (4.47)-(4.50) can be
written in a slightly simpler form (Hankel functions of
half-integral order are a product of an exponential and a
polynomial) we shall not bother to do so, at this stage,
since the resulting expressions are not much more il-
luminating. We note that both in the radiation-
dominated epoch, Eq. (4.47), and in the baryon-
dominated epoch, Eq. (4.49), graviton perturbations oscil-
late inside the Hubble radius. It is also interesting to
note that in the scalar-field-dominated epoch, on small
scales h; < exp[ —i(k7—k-x)] (where 7 is conformal time)
while in both the radiation-dominated and matter-
dominated epochs h; has a contribution proportional to
exp[ —i(kT—k-x)] as well as a term proportional to
exp[i(k7+k-x)]; in a matter- or radiation-dominated
universe the graviton ‘‘vacuum’ state initial condition
would have required that the second type of term be ab-
sent. If we discard these terms in our model we would
find that we could not require that both A; and A; match
at the transition.

V. LARGE-TIME EXPRESSIONS FOR LARGE-SCALE
INHOMOGENEITIES

In this section we evaluate the power spectrum of
energy-density irregularities, the spectrum of local depar-
ture velocity from homogeneous expansion and the
gravitational-wave energy-density spectrum in the large-
time, baryon-dominated, universe. The microphysics un-
derlying this inflation model is, at present, unknown,
rather, the normalization of the power spectrum will be
determined from observational data. We choose to deter-
mine the normalization of the power spectrum from ob-

[

servational data because the scalar field inflation picture
of the very early Universe (like all other scenarios) is, at
present, incomplete—the reheating temperature and the
inflation epoch scalar field potential differ from model to
model and experimental high-energy physics has not yet
distinguished a preferred standard model. Even though a
given, microphysics-based, inflation model has a fixed
reheating temperature and scalar field potential, the vast
number of grand unified, higher-dimensional and
superstring-inspired inflation models makes it more
worthwhile to work with a class of macrophysical models
rather than to concentrate on any single model that is
motivated by a particular choice of short-distance philo-
sophy.

The model also does not include the physics which de-
scribes the coupling of radiation to matter so the frac-
tional energy-density irregularity power spectrum we
derive is not valid on scales on which this coupling is
important—it is only correct on large scales (X few tens
of megaparsecs). We are, hence, forced to fix the normal-
ization of the power spectrum at an unconventionally
large scale. On these (‘“‘great attractor”) scales, the
relevant observed quantity is the local departure velocity
from homogeneous expansion [28]. Requiring that the
theoretical expression agree with the (tentative) observa-
tional data results in a relation between the two free pa-
rameters of the model: zg4, the redshift at the epoch of
reheating, and ¢, the index of the inflation epoch scalar
field potential (as well as h).

Prior to comparing theory to observation we must en-
sure that the theoretical expressions and the correspond-
ing observational measurement are recorded in the same
coordinate system. We transform the theoretical expres-
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sions to the coordinate system in which the time deriva-
tive of the trace of the metric perturbation has been re-
moved on a specified spatial hypersurface on which the
observation was made; this is the instantaneously
Newtonian synchronous coordinate system. Further-
more, we may only compare a position space course-grain
average of the theoretical expression to the observational
measurement.

A. Large-scale approximation

The characteristics of the inflation epoch are most easi-
ly examined if we focus on perturbations on scales larger
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tion dominance to baryon dominance. These perturba-
tions are unaffected by small scale processes such as en-
tropy production and baryosynthesis at reheating and the
interaction of radiaton with matter—they are truly
primeval. (Since our expressions for the perturbations do
not include the effects of small-scale processes they are
only physically relevant for such large-scale perturba-
tions.) The large-scale perturbations are the leading
asymptotic terms of the expressions derived in the previ-
ous sections and in Ref. [14] when k /[a(tgrqe)H (tge)]
and k /[a(tgg JH(tgg)] are small.

For perturbations that were outside the Hubble radius
during the scalar-field-radiation transition, the constants
which characterize the energy-density and longitudinal

than the Hubble radius during the transitions from scalar ~ peculiar velocity perturbations in the radiation-
field dominance to radiation dominance and from radia- dominated epoch, Eqgs. (4.32)-(4.34), reduce to
|
172 16 172 172 ( ) k —v—=3/2
(R) — 9 _ L "T o w+172C8CWVTT) iyt 1/2)m/27, =372
et =— 6|— — 2—q) —_— k e —— (5.1
2 CZ 2 m,z, ( q F(_V)e a(th))H(tRQ))
and
172 772 —-v=3/2
B =4 | 167 1/2217 2 (2—q)+122 ese(var) iv—1/2)m/2 Ar 2 k . (5.2)
T mg | 8 I(—v) k a(tge)H (tze) ’

in these equations the constant ¢, corresponds to the inflation epoch time-translation invariant solution and v is defined
in Sec. III A. (We have only recorded the leading terms in these asymptotic expansions.) In the matter-dominated era
we find that Eqgs. (4.39), (4.41), and (4.42) reduce to, for perturbations that will first reenter the Hubble radius in the
baryon-dominated epoch,

172 172
B (4] ;|17 |2 (5 _V 3 Y i
2T T, m2 ver Lla T2 |T a2
172 —v—3/2 4
_ 1 |16n7 2 o (2_q)v+1/ZCSC(V7T)ei(v+1/2)1r/2k—3/2 k- k.
20 m12> F(—V) a(tR(p)H(th;) a(tBR)H(tBR)
(5.3
172 172
C(B)=_9__ 167 il"_ (2— )v+l/20_scmei(v+1/2)ﬂ/2
20 | m} V2gq '(—v)
12 (= -1/4 Y
}‘_R ;\'_B e K 32 k 3/4 s
k k a(tRQ))H(th)) a(tBR)H(tBR) ’ '
a (g1 af1er | =[5 _v].[5.
B)— _ ., * L v | 2P0 —__ 2D I=4+= k—3/2
RN 3 mi | Var D|a 2T |a T2
172 —v—3/2 4
_ 1 (167 . T - )V+1/2£_S_C_(V_7T)ei(v+l/2)17/2k—3/2 k. Kk
81 m,2> T'(—wv) a(th;.)H(tRQ)) a(tBR)H(tBR)
(5.5)
In deriving Eqgs. (5.3) and (5.5) we have made use of
k k
a(tBR)H(tBR) a(th))H(th,) )

For future reference we note that the combination c$® —(3/4)c{?), which is a constant of integration for a gauge-
invariant solution [Eq. (4.45)], is given by
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(B) _ 2 (B) — ™ s W+ 12C8CVT) (vt 1/2)m/2
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2T s | q q L(—v) ¢
—v—3/2 4
Y Sl B LS. kK (5.6)
altpe)H(tge) a(tgr )H (tgg)

To derive some of Egs. (5.3)-(5.6) one needs to retain subleading terms in Egs. (5.1) and (5.2); in some cases it is neces-
sary, because of cancellations, to go to the fourth or fifth order in the asymptotic expansion.

For perturbations that were outside the Hubble radius during the scalar-field—radiation transition, the constants
which characterize the graviton in the radiation-dominated era, Eqs. (4.48), become

167 |

mp

(R) —
C.1 -
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'(—wv)

T (2—gq)t1 2 csc(vr) iV H3/2)m/2
4

Ak
k

372 —v—3,2

k ) (5.7

a(th))H(tRcb)

while for perturbations that reenter the Hubble radius in the matter-dominated epoch we find that Egs. (4.50) reduce to

16 1/2 3 3/4 ( )
B =4 ™ 2 (2 —g )i CSC\VT) i(v—1/2)7/2
i) mp 8 7 r(—v ¢
~ 132 (~ -3/4 R
}‘R }"B k —v—3/2 k —1/4
X | — — k —34 " _— (5.8)
k k altre)H(tgy) a(tgp ) H(tgg)
I
We shall use these results, in the next two subsections,  cays linearly with the scale factor, Eq. (4.37).
to evaluate the large-time, baryon-dominated epoch, form
of the peculiar velocity perturbation, the power spectrum i kc(B) -, (5.9)

of energy-density irregularities and the energy-density
spectrum of gravitational-wave perturbations that reenter
the Hubble radius in the baryon-dominated epoch. It is
straightforward to derive the corresponding formulas for
large-scale perturbations in the radiation-dominated
epoch—we shall not record these expressions here.

B. Peculiar velocity perturbations and the power spectrum
of energy-density irregularities

Transverse peculiar velocity perturbations vanish [see
the discussion in the paragraph above Eq. (4.47)]. We
note that these are gauge-invariant perturbations. In the
baryon-dominated epoch the longitudinal peculiar veloci-
ty perturbation (which transforms under the remnants of
general coordinate invariance in synchronous gauge) de-

J
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mP

0=(Ag(k,t)Ag(—k,t))=

k2(1'\ \A|2 2+|BA|a 1/2+|C |2

where c? is given by Eq. (5.5).

There are two ways of characterizing large-time
energy-density inhomogeneities—&,; [Eq. (4.36)] and Ay
[Eq. (4.44)]. Ay is invariant to the remnants of general
coordinate invariance in synchronous gauge while 8, is
most straightforwardly related to the large-scale anisotro-
py of the cosmic microwave background temperature.
We note that both Ay and 8z have two terms one of
which varies as ¢ ! while the other grows as t2/3. (As
previously discussed, the growing modes in Ay and 6
are identical—8; does carry gauge-invariant informa-
tion.)

To determine the corresponding power spectra we need
to evaluate {(8,(k)85(—k)) and (Ag(k)Agz(—k)). We
find, in the baryon- dommated epoch,

(5.10)

where | 4|,|B,|, and |C,| correspond to gauge-invariant solutions (for which expressions are given below). The term
proportional to | 4 |? in this equation is the growing adiabatic mode (and has the expected dependence on the scale fac-
tor). Since we have used a quantum-mechanical Fourier expansion to transform to spatial momentum space (Sec. III A)
this definition of the power spectrum differs, by a factor of 4, from what is conventional in cosmology. In particular,
the mass autocorrelation function is

Ellx—yl,)=(85(x,085(y,0)) = [ (d K 408,506,085~k 1))e R

—w (27)3



45 INFLATION IN AN EXPONENTIAL-POTENTIAL SCALAR ...

We note that the numerical coefficient of the decaying
term in 85 depends on c,, the constant of integration for
the inflation epoch, gauge-dependent, time-translation
solution [see Egs. (4.32), (4.39), and (5.3)]. If we use the
remnants of general coordinate invariance in synchro-
nous gauge, during inflation, to choose ¢, such that ¢
vanishes, then the only term in Pg(k)=(85(k)d5(—k))
is the term proportional to | 4 | in Eq. (5.10). [This argu-
ment differs from the more familiar one used to discard
these terms in 8z, i.e., that the other terms in Pg will,
given time, soon be overshadowed by the growing adia-
batic term.] In this gauge ci? is defined by Eq. (5.6)
where ¢5®’ =0 and then the coefficient in Eq. (5.9) is fixed
with kc® « k277,

The coefficients in Eq. (5.10) are given by

172
_ 3 37 v+1/2 csc(v)
A -_—— ——— 2— B ———
41=5 |vag | @79 T
A’R 7/2 XB 3/4
k k

X[a(tre)H (tge)] 2 [a(tpg )H (tgg )] 3%,

(5.11)

B =L L pveresclvm)
A 25 (2)1/4 q FZ(“‘V)
A,R 772 XB —3/4
k k
X[a(tre)H(tge) Y [altyr ) Htgg)17 74,
(5.12)
3 =~ —3/2
IC _ 2\/3 T 1/2(2_ )V+1/2 CSC(’V7T) _)\i
45 g EA Y
X[a(tR¢)H(tR¢)]V+3/2[a(tBR )H(tBR )]_4 .
(5.13)

It is interesting to note that the spatial momentum
dependence of all three terms in the gauge-invariant
power spectrum, Eq. (5.10), is the same. The allowed
range of g is from O to 2 and the corresponding range of
the power spectrum index n =2(1—v) is from 1 to — .

In the limit ¢ =2€?—0 the inflation model reduces to
the usual exponential expansion model [Egs. (2.6)-(2.10)];
in this limit the power spectrum of energy-density irregu-
larities reduces to
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Py(k,t)=—=-k(|A[?a’+|Byla ™2+ |Cy|%a %),
mp

(5.14)

where the coefficients are now given by

772 (=~ 13/4
al=t L3 )72 |7 | A
€20 [v2 k k

X[a(tgre)H (tge)*[altpr ) H (tgg )] 374, (5.15)
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772 ( ~ —3/4
B, =L 1 Ar A
A e 50024 | k k
X[a(tre)H(tge) ] (altyr ) H (1)1~ 7%, (5.16)
172 (% =372
o =Ll |2] |2
a €el5 |3 k
X [a(tge)H(tge) altpg ) H(tzr)] 7. (5.17)

We note that the spatial momentum dependence of the
dominant adiabatic part of the power spectrum [the term
proportional to | 4]? in Eq. (5.14)] is of the standard
scale-invariant form [2]. Since we have not included the
effects arising from the coupling of matter to radiation,
this expression does not correctly describe the short-
wavelength form of the power spectrum, Eq. (6) of Ref.
[19]. It is interesting to note that in this limit the power
spectrum diverges like €% as far as we are aware this
effect has not previously been discussed.

The physical origin of this divergence lies in a rather
interesting property of the quasi—de Sitter spacetime that
results in this limit—even though & is small (i.e., even
though the standard assumptions of linear perturbation
theory are valid) the spatially homogeneous local energy-
density hypersurfaces in this spacetime are exceedingly
displaced from the corresponding synchronous gauge
constant time hypersurfaces. This is because the back-
ground evolution is so slow, Eq. (2.9), that one must go to
a synchronous gauge hypersurface of substantially
different time before the change in p,4 is large enough to
compenste for 84. It is straightforward to quantify this;
in the relevant limit Eq. (3.33) reduces to

12, _
167 k32
8olk,t)=—€c,H—ie |— _
® 2 m3 3v2
k k|
XH|3—3i—+ [——
3 3laH aH ]
X [ —— .
exp |i— o (5.18)

This expression may also be derived by solving the linear
perturbation equations, in the background described by
Egs. (2.6) and (2.7), to zeroth order in € (i.e., we work to
zeroth order in € in the first-order perturbation equations
for the fundamental fields ¢ and h;;, while we work to
first nontrivial order in € in the homogeneous back-
ground equations and in the definition of derived fields
such as 84); with this method of derivation the first term
in Eq. (5.18) would not be seen. Now from the discussion
around Egs. (3.3)-(3.7) of Ref. [16] we have that the spa-
tial momentum-space form of the temporal displacement
of the spatially homogeneous local energy-density hyper-
surface from the corresponding constant time (#4) syn-
chronous gauge hypersurface is given by, in the scalar-
field-dominated epoch,

At(tg,k)=— M

do(te,k) .
Prolte)

(5.19)
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From Egs. (2.9) and (5.18) this results in

C . 1/2 —3.
At(tg,k)=—e——~+ lém | "7 (2k)
2 € m}% 3
k k 2
X [3—3j—+ |——
laH aH ]
Xexp [i (5.20)
P aH |’ :

where all time-dependent quantities on the right-hand
side are evaluated at t =t4,. The first term on the right-
hand side corresponds to the time-translation solution (it
is, as expected, time independent) while the second term
corresponds to all other solutions (and in particular the
adiabatic solution); the first term, for a sufficiently sensi-
ble, fixed, value of ¢, (which is arbitrary), does not
diverge, while the second term diverges linearly for small
€. This means that the spatial hypersurface on which, in
particular, the adiabatic mode is spatially homogeneous
is not “close” to the corresponding synchronous gauge
constant time hypersurface. Now the reheating phase
transition must occur on a spatially homogeneous local
energy-density hypersurface (because it is governed by lo-
cal physics) and in the radiation-dominated epoch the
spatially homogeneous local energy-density hypersurfaces
and the corresponding synchronous gauge constant time
hypersurfaces are ‘““close” (i.e., for reasonable values of
8z); we have joined the background fields on a constant
time hypersurface, to be able to join the perturbations we
need to get the two corresponding spatially homogeneous
local energy-density hypersurfaces (the scalar-field-
dominated epoch one and the radiation-dominated epoch
one) to line up-—this requires an unreasonably large
value of 8, (for sufficiently small €).

For small enough € the assumption that the transition
spatial hypersurface is close to the constant time spatial
hypersurface breaks down and invalidates our results—
however for € small (but not excessively so) they are
relevant and hence the “‘divergence” in Egs.
(5.14)—-(5.17) is physically meaningful. [It is unclear, at
present, how to deal with the exact de Sitter case. It is
possible that it behaves sensibly (although we suspect that
it does not); one might conceive of approaching it from
another direction in the space of potentials, i.e., instead
of Eq. (2.6) we might construct another potential, which
in the limit of a small parameter vanishing approaches a
constant value. In any case it is unlikely, for the physical
purposes of inflation, that an exact de Sitter spacetime is
of much relevance. It is also possible that this divergence
disappears when one correctly accounts for the effects of
the perturbations on the evolution of the background.]

We now consider whether this divergence might have
been anticipated from the general expression derived in
previous analyses (for instance, a representative sample,
which is by no means complete, includes Refs. [21-24])
of density irregularities arising from inflation. From Egs.
(5.10) and (5.14)—(5.17) we see that as we increase g from
2€? (or as we increase € from 0) the numerical prefactor
becomes smaller and the power spectrum index,

BHARAT RATRA 45

n=1-—2¢% decreases from unity; i.e., a small numerical
prefactor is accompanied by a deviation from a scale-
invariant power spectrum and a deviation away from an
exceedingly flat potential (and exponential expansion
inflation). The intuition developed from some of the re-
sults of the analyses of Refs. [21-24] suggests the oppo-
site conclusion. In particular, they consider a model with
an inflation epoch scalar field potential of the form
V(®)=V,—Af(®P), where V,, is large and dominates
during inflation and the small second term causes the sca-
lar field to slowly roll during inflation. A is a coupling
constant (which microphysics suggests is of order unity)
that governs deviations away from the exact de Sitter
solution and f(®) is a polynomial in ® that might in-
clude logarithmic terms (see, for instance, Eq. (4) of the
first of Refs. [23] where f < ®* or Egs. (3.7)-(3.9) of Ref.
[24]). [In the exponential expansion inflation limit of our

model the step function potential, Eq. (2.6), is
V(®)=V,—e2A(®—d).] These analyses typically
conclude that at second Hubble radius crossing

P(k)=(8(k)8(—k)) <A (see, for instance, Eq. (22) of
the first of Refs. [23], the equation in the first column on
page 297 of Ref. [21], Eq. (18) of Ref. [22] or Eq. (3.17) of
Ref [24]); a more careful analysis of this result suggests
that if one wished to make the numerical value of P(k)
small one should consider microphysical theories in
which A <<1 (this is the “fine-tuning” problem that the
inflation scenario is supposed to have, i.e., density pertur-
bations at second Hubble radius crossing do not violate
the bounds on large-scale spatial anisotropy of the cosmic
microwave background temperature only if this coupling
constant is exceedingly small during the inflation epoch).
The limit A—0 corresponds to an exceedingly flat poten-
tial and hence exponential expansion inflation; this result
of these references suggests that the numerical value of
P(k) decreases as the deviation from exponential expan-
sion inflation decreases, which differs from our con-
clusion that the numerical value of P(k) decreases as the
deviation from exponential expansion inflation increases.

At this stage, it is perhaps appropriate to note that a
general formula presented in earlier analyses, when ap-
plied to the model studied here, suggests a result some-
what similar to what we have found. In our notation
their expression for the power spectrum at a second Hub-
ble radius crossing is given by

2
P(k)=<a(k)a(—k)>oc%z—k“(qb(kw—k)) ,
0

where the time-dependent quantities on the far right of
this equation are evaluated at first Hubble radius crossing
(see, for instance, Eq. (16) of the first of Refs. [23] and Eq.
(7.8) of the second reference or Eq. (2.37c) of Ref. [24]).
It is straightforward to establish, in de Sitter spacetime,
that H is independent of € and 3= (pye+ppe) < € H?
(i.e., the kinetic energy of the scalar field is negligible
compared to the potential energy during the “slow-
rolling” epoch of the exponential expansion inflation
scenario). In this limit the expression for the scalar field
perturbation, Eq. (3.10), reduces to
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The first term is the gauge-dependent time-translation-
invariance solution, which vanishes when €=0 (for a
reasonable, fixed, choice for the value of the constant of
integration ¢, which does not seem to be determined by
the quantum mechanics of inflation), the second term in-
cludes the adiabatic solution and exactly agrees with the
expression given in Eq. (5.18) of Ref. [8] (which was de-
rived using the convention 167/mp=1). If one ignores
the time-translation solution, Sec. III of Ref. [18], then
(¢p(k)p(—k)) is independent of €. This results in
P(k)xe 2 which agrees with the € dependence of Egs.
(5.14)-(5.17). That this effect is not present in the final
result of Refs. [21-24] is a consequence of the different
treatment of the reheating transition used in these analy-
ses; in these analyses reheating takes a time comparable
to the Hubble time at this epoch, while in our analysis
reheating is much more rapid (this is discussed in Refs.

_

lém

mP

_(B)(

(h!B(Kk)h| k))= k~2v+4, 73D ? {1-—005

Ak
aH

(it is interesting to note that the factor in curly brackets is
a universal function of k /aH, i.e., unlike the prefactor it
is not an explicit function of g), where we have used Egs.
(4.49) and (5.8) and there is no implied summation over
the index i on the left hand side of this equation (as is the
case in all other equations, involving gravitons, in this
subsection); the numerical coefficient |D]| is

5/4
(2—q)

—VE v+1,2 csclvr)
D] m3 r'(—v)

—15/4

2B
k

~ 1372
Ar
k

X[a(tge)H(tre) Y3 [altyr VH (tpr )] /4 .
(5.22)

The time dependence and spatial momentum dependence
of Eq. (5.21) (including the term in curly brackets) agrees
with the corresponding baryon-dominated epoch expres-
sion which may be derived from the results of the first of
Refs. [11] [see their Egs. (2.10) and (2.11)]. On large
scales Eq. (5.21) reduces to the time-independent expres-
sion
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[18,20)).

Finally, we note that the analysis of the Dimopoulos-
Raby geometric hierarchy super-symmetric grand-
unified-theory model presented in Sec. III B of Ref. [24]
also illustrates the effect of the de Sitter spacetime diver-
gence. In this model the deviation of the scalar field po-
tential from that corresponding to a constant cosmologi-
cal constant is governed by their parameter ¢, [Eq. (3.19)
of Ref. [24]]; Eq. (3.23) of this reference suggests
P(k)=(c,)”? so the power spectrum increases as the de-
viation from exponential expansion inflation becomes
smaller.

To elaborate on the physical implications of this diver-
gence we must first phenomenologically relate the epoch
of reheating to the scalar field exponential-potential index
g by making use of observational data. We shall return to
this later on in this section.

C. Gravitational-wave energy-density spectrum

In the matter-dominated epoch, the momentum-space
graviton two-point function, corresponding to the polar-
ization state i =+ or X, for perturbations that reenter
the Hubble radius in this epoch, is given by

4k . | 4k k 4k
- — |t+4 |—= — . .
il 4 “H 1+cos H H | (5.21)
[
(RO (—k)y =0T =20 nig 2 (5.23)
mp
where the numerical coefficient is now given by
1~ [3 (vr)
E :_‘/_ 9 79— v+1/72 CSC\VT
El=3 S| e-a T(—v)
y T 3/2 %, 3/4
k k
X[a(tge)H(tge) " *[altyg )Htgg )]V . (5.24)

On small scales it is clear that Eq. (5.21) oscillates (the
factor {1-+cos[4k/(aH)]} in the last term in the curly
brackets oscillates between 0 and 1, the square root of
this expression is <cos[2k /(aH)] so, as expected, the
amplitude oscillates about zero mean); in this limit the
factor in front of the oscillatory term is proportional to
k~2v*3g 72 (We note that it is only on these small
scales that the perturbations we have been -calling
gravitational-wave perturbations behave like “‘true”
waves.)

In the de Sitter inflation limit (g =2€*>~0) of the very
early Universe model we find that Eq. (5.21) becomes
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(h,-(B’(k)hi(B)(—-k))=i6—72Lk“9a3|D0I2[1—cos e
mp aH
where the coeflicient now takes the form
S/4 [~ 3/2 ( ~ —15/4
D=3 |2 3 *s
0 2 k k
X[a(tge)H(tge)*[a(tyg ) H (tgp)]"*; (5.26)

we note that unlike the energy-density irregularity two-
point function, this expression does not diverge in the de
Sitter limit. The time dependence of Eq. (5.25) agrees
with the baryon-dominated epoch results of Ref. [34] [see
the last of their Egs. (5) and the equation following it],
however, although both the k ~° factor and the factor in
curly brackets in Eq. (5.25) appear in the corresponding
expression derived from the results of Ref. [34] their ex-
pression seems to have an extra, spatial momentum-
dependent, factor sin*(kr, +¢), where 7, is the value of
conformal time at reheating and ¢ is a phase, which does
not appear in Eq. (5.25); furthermore, the numerical pre-
factors seem to differ. For long-wavelength perturbations
Eq. (5.25) reduces to the time-independent expression

(hPORP k) =187 =3[ 2| (5.27)
mp
where |E,| is given by
~ 132 (.~ 13/4
gt 2] [
N P k k
X [a(tge) Htge) Plaltye ) Htg) 4. (5.28)

Small scale perturbations oscillate, Eq. (5.25), and the
prefactor is proportional to k ~’a 2.

We now turn to deriving the energy-density spectrum
of gravitational-wave perturbations: ¢€;(k,t), where
i=+,X. Using the techniques described in Refs. [14,15]
J
4

2

_ k k
— 7 —2v+4) —6| |2 LA BAT
g;(k)=k a ®|F*{9+16 ol +32 H
k k .
36aH 32 T, sin
where
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X[a(tpe)H(tge)1 3 [altyg ) H(tgg )1V . (5.31)

For long-wavelength perturbations this reduces to
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one may expand the action (2.1) to quadratic order in the
perturbations. This expanded action may be used to
derive the corresponding quadratic order Hamiltonian,;
rewriting this Hamiltonian in terms of the fields and their
velocities we find, for a gravitational wave of momentum
k propagating in the x ! direction with polarization i, that
the energy-density spectrum g;(k,¢) is given by

mi |, . .
E,‘(k,t)=_ <h,'(k,t)h,'(—k’t)>
327

2

+ 5 e, o~k | (529
a

The expectation value of the gravitational-wave part of

the quadratic order Hamiltonian is related to g;(k,t)

through

o 3
(Hy)= [ 2K

—w (27)}

the square of €, plays a role somewhat similar to that of
p3{8(k)8(—k)) in the case of fluid perturbations. As
far as we are aware, this characterization of
gravitational-wave perturbations has not previously been
used; in the high spatial frequency (WKB) limit ¢; is
presumably related to the expressions for the (time-time
component of the) effective gravitational-wave stress ten-
sor given in Refs. [35]. It would be intersting to more
closely examine the relation between the expressions
given in Refs. [35] and those derived, for gravitational-
wave perturbations, from the relevant parts of the expec-
tation value of the generators of time translation (the
Hamiltonian) and space translation (the momenta).

Using Eqgs. (4.49), (5.8), and (5.21) we find that the
energy-density spectrum for gravitational-wave perturba-
tions in this model is given by

a3()es(k,t)+exk,t)];

2
k 4k
9—56 oH cos 2H ]
Ak ] ] , (5.30)
aH
[
g;(k,t)=k >a %G|, (5.32)
where the numerical prefactor |G| is given by
va (3] (vr)
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we note that the long-wavelength contribution to the
graviton energy density, Eq (5.32), depends on spatial
momenta and the scale factor in a manner that differs
from that of the two-point function, Eq. (5.23) [in fact, in
this limit ¢;(k)=(m3/16m)(k /a)*(h;(k)h,(—k)) /2].
As far as we are aware, there has been no previous esti-
mate of the energy-density spectrum of gravitational-
wave perturbations arising from inflation in the very ear-
ly Universe. It is interesting to note that the a ~2 depen-
dence of Eq. (5.32) is not the appropriate scale factor
dependence of the energy density of a (massless) relativis-
tic field; this is not unexpected since these perturbations
are “true” gravitational waves only on small scales. For
short-wavelength perturbations the dominant part of Eq.
(5.30) does not oscillate (this is also not unexpected since
the energy density of gravitational-wave perturbations
must contribute to the expansion of the Universe) and is
proportional to k “2v+2)g =4 which is the expected
dependence on the scale factor. In the de Sitter limit of
the model for the very early Universe Eq. (5.32) reduces
to

g;(k,t)=k " la=?|Gyl*, (5.34)
where
|GO|=L_ 3 3/4 X_R 32 X_B 3/4
32 |2 k k
X[a(tpe)H (tge) P laltpg ) H(tge )14, (5.35)

while on small scales the energy density is proportional to
k ~%a ~*; again these expressions do not diverge.

We plan to eventually use these results to examine the
constraints that the observational limits on gravitational
waves impose on this model of the very early Universe.

D. Predictions and observational constraints

Theoretical cosmology has been partially hamstrung by
the difficulties involved in determining a reliable observa-
tional estimate for the density parameter on scales
greater than a few tens of megaparsecs (a recent applica-
tion of the number count of conserved objects versus red-
shift test [36] holds promise, although it is still in the ear-
ly stages of development). Since it is unlikely that a reli-
able large-scale estimate will be available before the turn
of the millennium, we have decided to assume that
Q,ow=1 (which is the preferred, but not the only, value
suggested by the inflation scenario). We shall also use the
conventional factor 4 to account for the uncertainty in
the Hubble parameter. With these caveats the large-scale
features of the scalar field inflation model are governed
by the values of the parameters zz4 and q.

The normalization of the linear perturbation theory
power spectrum may be determined by a best fit to the
observed mass autocorrelation function on ‘“‘intergalac-
tic” scales (~ 10 Mpc) and the observed peculiar velocity
perturbation (which is still tentative) on “great attractor”
scales (~60 Mpc). This would require an expression for
the power spectrum that is also valid on “‘intergalactic”
scales and needs a more complete treatment than we have

attempted here—we are, hence, forced to determine the
normalization of the power spectrum by normalizing the
theoretical expression for the peculiar velocity perturba-
tion on scales on which the coupling between radiation
and matter can be ignored (for instance, ‘““great attractor”
scales, Ref. [28]), [27]. Fixing this normalization results
in a relation that determines zz4 in terms of g (or vice
versa, which would be more convenient if one had an ex-
perimentally preferred model for baryosynthesis)—the
models are then classified by the vaue of g.

There are then at least two “independent” observation-
al upper bounds (for which our linear perturbation theory
expressions are valid) that may be used to constrain g—
observational constraints on large-scale spatial anisotro-
py in the cosmic microwave background temperature
constrain the large-scale energy-density irregularity
power spectrum and the large-scale gravitational-wave
energy-density spectrum (we shall not discuss this con-
straint here). Observational constraints on the small-
scale microwave background anisotropy will also con-
strain g; however, in this case one has to correctly ac-
count for more small-scale physics than has been done
here.

A detailed analysis of the linear perturbation theory
predictions for these observational tests will require a
more complete analysis of the small-scale form of the
power spectrum of energy-density irregularities. It will
also require some consideration of the observational
methods used to make the measurements, as well as,
perhaps, a more correct treatment of the radiation-
baryon transition. Such an analysis certainly deserves
consideration and we hope to return to it elsewhere; in
what follows we shall present preliminary, order of mag-
nitude, estimates of what the model predicts and how it is
constrained by the observational upper bounds.

To compare with observational data we must first
transform our expressions to the coordinate system used
in the observations. Since the peculiar velocity is small,
on the (small) scales of interest, conventional wisdom sug-
gests the use of the coordinates used in the Newtonian
approximation of the relativistic theory (Sec. 84 of Ref.
[37])—the instantaneously Newtonian (or locally Min-
kowski) synchronous coordinate system. These are syn-
chronous coordinates, £*=(7,X'), in which the time
derivative of the trace of the metric perturbation, 9y (%),
vanishes on a spatial hypersurface at the time 7=7, when
the observation was carried out. These coordinates are
related to the synchronous coordinates we have mostly
worked with so far through the equations

T=t—At(ty,x), X'=x'—fit,x), (5.36)

where 7y =ty —At(ty) and we shall determine At and f*
below. (The following manipulations are very similar to
those of Sec. III of Ref. [16] so we shall omit technical
details which may be found there; A¢(zy) and f'(2) are, of
course, not to be confused with Az(zzz) and f'(¢) defined
there.) To ensure that the X coordinates are synchro-
nous, we must require

dt’
aZ(tl)

fie,x)=3;At(ty,x) [ +w,;(x) ; (5.37)
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we shall set w; =0 in what follows.
Requiring that 3 # vanish, we find

—1
At(tN):-—%H_Z R PAty)

2

1+
9

(5.38)

Kk
aH

where all time-dependent quantities on the right-hand
side of this equation are evaluated at t=t¢,. In these
coordinates, the fractional energy-density perturbatlon
5 p and the longitudinal peculiar velocity perturbation D B
are given by

8p(iy)=85(ty)—

3H(ty)At(ty) , (5.39)

At(ty) . (5.40)

k
alty)

These expressions obey the Newtonian equation
3y0p = —9,D} /@—hence the name “Newtonian” coordi-
nates. It is straightforward to _verify that the other
“Newtonian” equation, 3283 +2A38,5;= (47 /m})pyydp
also holds in these coordinates.

Using the results of Sec. IV as well as those of Appen-
dix B of Ref. [14], Egs. (5.39) and (5.40) result in

Pk, 1) =85k, ty)85(—k,ty))
212
mP 2 k
s [aeEGy I
AP |1+ P (ty)+ B,

where we have used Egs. (5.4) and (5.6) and the numerical
prefactors |A|, |B,|, and |C,| are defined by Egs.
(5.11)-(5.13). Similarly, the longitudinal peculiar veloci-
ty perturbation two-point function is given by

(Dplk,tyDg(—k,ty))
2]—2

alty)H(ty)
k
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X[|4,%a(ty)+|B,la 3(ty)
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where | 4,1,|B,1, and |C,| are defined by
~ -3
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|B,|=—18 |=> | [Bal, (5.46)

SB(k,tN)=(l+187&;2e72x”/3)_
)([(1+3O)\§2972XN/3)C(B)62XN/3
+(cP—3ciBre V], (5.41)
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X[C(B)ean—%(c(zB) %(8 ) —4XN/3] ,
(5.42)
where
~ 32
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and all the other symbols in Eqs. (5.41) and (5.42) have
been defined in Sec. IV. It is pleasing to note that in the
limit when k& >>aH the dominant terms in Eq. (5.41) are
proportional to 2’3 and ¢ !, which agrees with the re-
sults of the Newtonian analysis, Eq. (11.7) of Ref. [37].
In this limit the dominant terms in Eq. (5.42) are propor-
tional to ¢!/? and ¢ ~*/3, which agrees with Eq. (14.7) of
Ref. [37].

From Egq. (5.41) one finds that the (spatial momentum
space) fractional energy-density power spectrum, for per-
turbations that reentered the Hubble radius in the
baryon-dominated epoch, is

2
alty)H(ty)
1A | T a2+ ey e ey |
(5.43)
X —3/2
IC,|=3v73 —If—] [Cyl - (5.47)

In terms of the power spectrum index n =2(1—v) [see
the discussion below Eq. (5.13)] the power of spatial
momentum in the prefactor of Eq. (5.43) is n (which is al-
lowed to range from — o to 1 in this inflation model of
the very early Universe) and that in the perfactor of Eq.

(5.44) is n—2 (which ranges from —o to —1 in this
model).

Note that in terms of the proper wave number,
k=k /a(ty), the factor, in Eqgs. (5.43) and (5.44),

a(ty)H(ty)/k=H(ty)/k. To determine the normaliza-
tion of the power spectrum we are interested in the be-
havior of the power spectrum and the peculiar velocity
perturbation two-point function on scales much smaller
than the Hubble scale—for a momentum mode with a
wavelength corresponding to such a scale the H(ty)/k
terms are not significant; however, they contribute a
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correction X50% to the ‘“adiabatic” term in
[(83(k)85(—k))]'/> [the term proportional to
| A]%a*(ty) in Eq. (5.43)] for a momentum mode with a
wavelength of the size of the Hubble scale and so are
presumably of interest for an analysis of the large-scale
microwave background anisotropy. In any case, even
through we shall eventually be mostly interested in per-
turbations on scales well inside the Hubble radius, this
Newtonian approximation is most properly made in posi-
tion space rather than in momentum space.

To contrast the theory with observational data we need

J

81()

to derive position space expressions which are related to
the fractional energy-density and longitudinal peculiar
velocity two-point functions. These position space ex-
pressions should only sense a coarse-grain average of the
corresponding quantity, so large spatial momentum
modes cannot contribute significantly to them—
mathematically this is accomplished by using a window
function to suppress these contributions.

A measure of the departure away from homogeneity of
the mass distribution (the fractional mass distribution) on
a coordinate length scale R, about a point X, is

[7 10—, @I (125 =21, R)a*(Ey)d %

5 IR)= =
” [° paywiz

where W is a window function (see Sec. 26 of Ref. [37])
whose precise form is determined by the manner in which
the observation of the fractional mass distribution was
performed. For our purposes it suffices to adopt a nor-
malized Gaussian window,

Wz —21,R)=2mR?) 3 %exp[ — 125 —2'12/(2R?)]

(5.49)
in which case Eq. (5.48) reduces to
S;;(tNIR)—f 8p(x, tn)W(lxo—x|,R)d*x , (5.50)

where we have neglected the difference between the X and
x coordinates since Eq. (5.50) is a first-order expression
and the difference in coordinate systems will only con-
tribute to this equation in the next order in perturbation
theory (here R should not be confused with the subscript
for radiation). Fourier expanding & g and performing the
spatial integration we find that the mean-square measure

of the mass distribution is given by

2
ng(IN\R) >
=4f_: (21’_)3 (83 (k, tN)SB(—k ty))e —Iklsz
(5.51)

J

167
mP

([8P N zy|R)P) =

P—2i,R)a3y)d’R

> (5.48)

where, as explained above, the factor of 4 on the right-
hand side of this equation is the result of our Fourier ex-
pansion conventions. We emphasize that 83 is the quan-
tity that determines the fractional mass distribution—
one must not use the gauge-invariant fractional energy-
density perturbation here.

A measure of the (longitudinal) local departure velocity
from homogeneous expansmn on a coordinate length
scale ﬁ about a point X, is

f_w Da(R! tN)W (1R5—%",R)d*%
fm 15—%,R)d*%

5Pty |IR)= ; (5.52)

manipulations similar to those above, with a Gaussian
window function, lead to the mean-square measure

© 3
(8P (ty|R)P) =4 [ (%%(ﬁ}(k,tjv)ﬁ;(—k,t,v))
o

X e~ KIR? (5.53)
where we have again replaced X coordinates by x coordi-
nates. We note that the momentum-space Gaussian win-
dow in this equation and in Eq. (5.51) suppresses large
spatial momentum modes—these are the modes for
which our analysis is incomplete (because of the neglect
of the coupling between radiation and matter).

From Eq. (5.44) we find, in the exponential potential
inflation model of the very early universe, that Eq. (5.53)
reduces to

> 4, 21 +2y) " =024 | B, (142 )22+ [T, |21 4230+ 72

X 3 (U+1) |(= 2 RHy =" 1T 24 1/2—1)

1=0

o (=192 2TV 2 R H Y

—20+1)'S,

<o JNn/24372472—(1+1)]

) (5.54)
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where zy and Hy are the redshift and Hubble parameter
at time ¢ =t,, the proper length scale # =a(ty)R, and
we have defined

= (2—q)""V? csclvrr)
b 5Vimg  T(—w)

X (1 +ZBR )3(V*3/2)/2H§é4—v ,

(2—q)*"*! csc(vmr)

(1+ZR¢)2*VH}£$I/4

(5.55)

B |=— 1+ 1/2=2vprav+5/4
|B, | 75mq 2(—v) (1+2zgq) RO
X (1+zpg Y T2HE (5.56)
ol (2—¢)"" "% cse(vm) —v—=3/2pyv+3/2
C, = — 1+ VT/CHg
= ovag Ty HRe) R
X(1+ZBR )(3V75/2)/2HB_R1/27V , (557)

where Hyq and Hpy are the values of the Hubble param-
eter at the scalar-field—radiation and radiation-baryon
transitions and zg4 and zgg are the corresponding values
of the redshift. The expression on the right-hand side of
Eq. (5.54), which is derived in the Appendix, is formally
valid only for v<7/2 (i.e., n > —5) because of an infrared

+| W5 (RHy)*T

242
22
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divergence in the integrand, although nothing drastic
seems to happen (to the right-hand side) if n does not
obey this bound. We note that even for n > —5 there are
values of n (for instance, —3, —1, 1) for which individual
terms on the right-hand side are singular (these excep-
tional cases are examined more carefully below). For fu-
ture reference, we note that from Egs. (5.55)-(5.57) and
the relation (Hgq/Hpg)'/?=(1+42g4)/(1+2z55 ) we find

114, _ 114,
— o= =(1+z )"?, (5.58)
3Bl 61T, "
or, with the value we have assumed, for zg,
|4,? |4,
—iT‘—iT‘23X10”h5; (5.59)
3 |B,l 6 IC,

this relation will allow us to simplify the large-time form
of the local departure velocity, Eq. (5.54).

In a manner similar to the derivation of the mean-
square measure of the local departure velocity, we find,
from Egs. (5.43) and (5.51), that the mean-square measure
of the fractional mass distribution is given by

31|+ |W,[(RHy)T

|

£+L_4
2 2

n/2+3/2+]

X(RHN)Y{W, |[(n 724572+ —(1+1)7?]7!
+2|W,l[(n/2+3/2+ )= +1)]!

+ 2 Wsll(n/24+1/2+ )= U+1)"]7 1} } ’

2
8M
<‘ﬁuﬂﬁw>
167 & 9
=—’2TE(—1)’(1+1) B (ﬁHN)Z’"—3{|W1|r
mp 1=0
© (_1)j+1 9
+20+1D) Y —— | =
jgo J! 2
where
|W1!=|ZU|2(1+zN)”2_"—%l§U|(1+zN)3“V
4, = 2 11/2—v
+ o G +zy) : (5.61)
|W, =154, 121 +2zy)" 27" =5[B,[(14+2zy)* ">,  (5.62)
Wyl =222 A, 1420 (5.63)

and |4,|,|B,|, and |C,| have been defined in Egs.
(5.55)-(5.57). To derive Eq. (5.60) we must require

(5.60)

[

v<5/2 (or n > —3) because of an infrared divergence in
the integrand; this is a stronger constraint than that
which follows from the derivation of Eq. (5.54). [It
remains to be seen whether this divergence just means
that we need to find a more careful way of defining the
relevant position space expressions (in the » < —3 mod-
els); physically, these models have a lot of power on large
scales and (aside from probably being observationally
ruled out) should, perhaps, make sense.] In what follows
we impose —3 <n =1, where the upper limit is a conse-
quence of requiring that this particular class of models of
the very early Universe inflate. We suspect that there is
another class of inflation models which are not restricted
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to n < 1— we hope to return to this elsewhere.

To determine the normalization of the power spectrum
we normalize the mean-square measure of the local
departure velocity, Eq. (5.54), to observational data on
‘““great attractor” scales (~60 Mpc), Refs. [28]. The red-
shift at which the observations are made is zy =0 and the
‘““great attractor” scale corresponds to RHy <<1, so we
only retain the leading term in Eq. (5.54). [As a conse-
quence of Eq. (5.59) we may ignore |B,| and |C,|* com-
pared to |4,]%] There is a qualitative change in the
asymptotic behavior of {[8 P11?) when n passes through
—1; we find, on “‘small” scales and at the present epoch,

161T 2 (5—n)/2 3n+1

1 2
[P R = e —

for —3<n<-—1 (5.64)
[where A,=(—n—1)/4 if n=—1, —3 (this is discussed
below) and unity otherwise] and

(8P AR 16’;Qr

for —1<n =<1 (5.65)

[where A, =1/4 if n =1 (this is also discussed below) and
unity otherwise], which is singular on very small scales.
We note that our analysis ignores two major effects which
will certainly change the very-small-scale behavior
of ((87"%) (and could conceivably render it
nonsingular)—the coupling of radiation to matter and
the nonlinear effects associated with the late stage of de-
velopment of irregularities. The change in the asymptot-
ic behavior at n=—1 is well known; the main new
feature is that, unlike in the standard scenario where the
correlation function (5.44) does not have the extra k-
dependent factor in the denominator (i.e., its k depen-
dence is just k" ~2) and the infrared divergence must be
cutoff, the expression here is not cutoff dependent. The
coefficient Q in Egs. (5.64) and (5.65) is

0= 2572 (3—n)" "2 cscHnm/2)
257 1—n I'Yn/2—1)

5—n_(n—9)/2¢y2
ZR® ZBR Hgg »

(5.66)

where we have made use of zg g >>1, zgg >>1 and the re-
lation Hgg=Hpg (zZre/Zpgr )

For the exceptional values of n(=-—3,—1,1) of in-
terest, it can be shown that the term in large parentheses
in Eq. (5.54) reduces to
2

j~ J

(—1)y*! (9/2)n72+1/2+j
n/2+5/2+1+j

RHy )Y

+8, (—DIRHy) " " Vexp[ — L RHY)*], (5.67)

where 8, ;| is unity for n =1 and vanishes for n51; in this
form none of the terms in Eq. (5.54) are singular for the
range of n of interest. This expression results in the
correction factor A, in Eq. (5.64) when n=—3 or —1.
For n=1 it is important to remember that the e 2 diver-
gence is in the factor in front of the series in Eq. (5.54);

i.e., the Fourier transform is not divergent at n=1,
which is the value that must be used in Eq. (5.67). This
results in the correction factor A, in Eq. (5.65).

On small scales and at the present epoch the mean-
square measure of the fractional mass distribution, Eq.
(5.60), reduces to

( ‘@(7{)

> 167 QF

%lmHnow)"("“’ ;

(5.68)

it is pleasing to note that this scale dependence agrees
with Eq. (26.5) of Ref. [37]. This equation [like Eq.
(5.65)] is singular on very small scales—similar caveats
also hold here.

Parenthetically, we note that if we retain only the adia-
batic term in Eq. (5.10), we find, in the original synchro-
nous coordinates, that the present fractional mass distri-
bution agrees with Eq. (5.68), i.e.,

2> < 58

73
This is expected since, inside the Hubble radius, the adia-
batic mode is invariant to the remnants of general coordi-
nate invariance in synchronous gauge. In these coordi-
nates and with the further choice c$%’ =0 [to fix the rem-
nants of general coordinate invariance in synchronous
gauge, see the discussion in the paragraph above Eq.
(5.11)] we find that the mean-square measure of the local
departure velocity from homogeneous expansion is given
by

7%) (5.69)

( M (7

RH ., <<1

([SVIR)P) = ‘6’2’ 0T | 242 |(RH,,, )+
(5.70)
[which differs from both Egs. (5.64) and (5.65)], where
0y=%IC,1%, (5.71)

and |C,| is defined by Eq. (5.57).

It is conventional to express the observed local depar-
ture velocity from homogeneous expansion in terms of
the corresponding Hubble velocity:

([8PNR)P) =V RH o )* (5.72)
where the great attractor observations (tentatively) sug-

gest ¥ =0.1 on scales RH ,,, ~2X 1072, Refs. [28].
Combining Egs. (5.64)-(5.66) and (5.72) we find

znvS_ 3n25(5—n)/2 (n_2)2(3_n)n—2 ) l_l
ke 257 (n+5)(n2—1) 2
An pnowZén_S)/z(ﬁH )
2 4 now
Y- mp
for —3<n<-1, (5.73)
and
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s 2257 (n—=223—n)""2 _|n 1 n
n—5__ 2
= r|=+—(ri-=
I 7 1—n 2 2 2

A, p

; “0:121(};1{‘“3)/2(ﬁHn0w)A(n+3)

Yo mp

for —1<n=<1, (5.74)

where p,., is the present homogeneous background
energy density in baryons (with Q =1 and
Mp *pow=3.6X10"1312  Using the numerical values

chosen above, these expressions reduce to

(B=n)Q@=n) | _n
(n+5)n>—1)

]1/“15)

Zpe=75V2(3—n)

X1.1x107 112 pin=1/(n=5)

for —3<n=<-—-1, (5.75)
and
ZRe~2.5X10*3—n)
(3—n)@2—n)?
1—n

n 1 n
2 2

FZ
2

X r A,

1/(n—5)
X2.4X10—105] h(n*])/1n—5)

for —1<n=<1. (5.76)

In the limit when this model of the early Universe
reduces to the exponential expansion inflation model
(n=1—2€%) Eq. (5.76) reduces to

Zpe=5.4X 10V en<"? (5.77)

we note that this number is not unreasonable even for
fairly small €. To get a rough idea of the range of numer-
ical values, we note that Egs. (5.75) and ( 5.76) imply

3.8X 1021 (n=1/2),

2.2X10%1° (n=0),

2.9X102p31 (n=—1/2),

1.2X 10243 (n=-1),

RO 135X 100513 (n=—3/2), (5.78)
2.4X 1084137 (n=-2),

2.3X10"R7/15 (n=—-5/2),

3.1X10%1Y? (n=-3),

where the first four expressions have been derived from
Eq. (5.76) and the last four from Eq. (5.75).

The characteristic features of the trend in Egs. (5.77)
and (5.78) seem to be a consequence of two interesting
phenomena: the stability of the model of the very early
Universe to small spatial irregularities and the anomalous
displacement, in de Sitter spacetime, of the spatially
homogeneous local energy-density hypersurfaces relative
to the constant time hypersurfaces. We have shown, in

Sec. III of Ref. [7] and in Sec. III C here, that small spa-
tial irregularities decay, as a power of time with exponent
—4/(1—n), even though there are nonzero spatial curva-
ture perturbations; we note that these perturbations de-
cay the slowest for n = —3 and the fastest for n =1—2¢>.
If we require that the power spectrum has a fixed ampli-
tude, on a given scale in the large-time universe, then as
we raise n from —3 the model would have to compensate
for the faster decay at larger n by spending more time in
the radiation-dominated epoch (relative to a model with a
lower value of n) to take advantage of the fact that per-
turbations grow on scales larger than the Hubble scale in
this epoch. However, when we raise n towards 1 the
geometric property of anomalous hypersurface displace-
ment in de Sitter spacetime starts becoming important —
since this results in a very large value of the fractional
energy-density  perturbation  after the  scalar-
field-radiation transition the model cannot afford to
spend too much time in the radiation-dominated epoch
(when # is near 1) if the power spectrum in the large-time
universe is to have a fixed amplitude—this is the reason
why zpe in Eq. (5.77) is «Ve.

The energy scale at reheating may be conveniently ex-
pressed, in units of the Planck mass, as
1/4

PRO | 17X 10 P2

mp

(5.79)

where pre is the value of the homogeneous background
energy density at the scalar-field—radiation transition and
Zpe is given by either Eq. (5.75) or Eq. (5.76). In more
conventional units the energy scale at the scalar-
field—radiation transition, Ego=(pge)'/* is

Erp=2.1X10"Bzp4 GeV . (5.80)

In the exponential expansion inflation model this expres-
sion reduces to

Ero=1.1X10"Veh< /2 GeV , (5.81)

which, as expected, is not unreasonably small, even for
small €. As n is varied, the numerical range of this ener-
gy scale is

8.0X 1081 (n=1/2),
4.6X10MR1'5 (n=0),
6.1X10°h%" (n=—1/2),
2.5X10%0 173 (n=—1),

Egy (in GeV)= 7.4% 105713 (n=—13/2) (5.82)
5.0X10°h°7 (n=-2),
4.8X10*h7 (n=-5/2),
6.5X10°1'% (n=-3).

Having related the redshift of the scalar-

field—radiation transition to the power spectrum index,
we now turn to estimating the value of other observable
quantities. The following analysis is, of course, almost
standard; the main new feature is that, unlike in the stan-
dard cosmological scenarios, the amplitude and spectral
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index of all the perturbations are now determined once
the value of n is specified (in the standard scenarios the
amplitude of gravitational-wave perturbations are not
necessarily fixed once the corresponding quantity for
energy-density irregularities has been fixed.

Given an estimate of the mean-square local departure
velocity from homogeneous expansion on a scale
RH,, <<1, Eq. (5.72), the mean-square measure of the
fractional mass distribution, Eq. (5.68), on the same scale,
is

2 (n—5)/2
{ %m)] )= (—n=Din+5)
XTI £+_3_ _ﬁ_(ﬁH )A(n+1)
2 2 An now
for —3<n<-—1 (5.83)
[ =—3 is no longer allowed because the fractional mass

distribution transform diverges in the infrared], and

<

On scales RH,, ~2X 1072 with ¥ ~0.1 these equations
result in

si
M(ﬁ)

2
>= ntl (5.84)

2

2
—;ﬁ for —1<n=<1.

0.2 (n=1),
8.6X107% (n=1/2),
7.1X107% (n=0),
212 [5.0X1072 (n=—1/2),
<'§¥]> ~ 014 (n=— (5.85)
7% . n=-—1),

2.3X107% (n=-—3/2),
1.7X1072 (n=-2),
1.2X1072 (n=-5/2);

the mathematical reason for the rather large changes at
n=—1,1 is the factor A, in Egs. (5.83) and (5.84), the
physics behind them is not yet as obvious. _

The fractional mass distribution on a scale 71H,,, is
related to that on the scale #H ., on which the local
departure velocity is measured through

([ 8] ([stton] )"

M M

where the fractional mass distribution on the scale
RH,,, is given by either Eq. (5.83) or (5.84). To get a
very rough estimate of the fractional mass distribution on
smaller scales we consider a scale #H,,,~10"2 (the
neglect of the coupling between radiation and matter
means that these numbers should not be taken too seri-
ously); we find

RH (n+3)/2

now

RH

now

(5.86)
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0.80 (n=1),
0.29 (n=1/2),
0.20 (n=0),
2
ofr |\\2 |0.12 (n=-1/2),
<|7]> =l0.28 (n=—1), (5.87)
0.039 (n=-3/2),
0.024 (n=-2),
0.014 (n=—5/2);

although the numbers are quite crude, they do illustrate
the problem (at small scales) with shifting the power to
large wavelengths—this effect will probably result in a
later epoch of galaxy formation in models with a smaller
value of n. To get a rough estimate of the behavior of the
fractional mass distribution on larger scales we consider a
scale RH,,~0.2 [this number was chosen as a
compromise since we expect the subleading term in the
series (5.60), on this scale, to modify the numerical values
below only by =~5—10%]. On this scale, we find

6.6X107% (n=1),
5.1X107% (n=1/2),
7.5X107* (n=0),
9.4X107* (n=-1/2),
4.7%X1073% (n=-1),
1.3X107% (n=-3/2),
1.8X1073 (n=-2),
2.2X1073 (n=-5/2)

(5.88)

(here we have ignored the general-relativistic redshift
correction, which should not change the order of magni-
tude of these numbers). These numbers give a very
rough, order of magnitude, estimate of 8T /T (the frac-
tion perturbation in the microwave background tempera-
ture) on large scales. Except for the anomalous jump at
n=—1 the general trend is what one would expect.
These numbers also suggest that the models with n < —1
are probably inconsistent with the observational con-
straints on large-scale 8T /T [29]. A more accurate esti-
mate will require, at the very least, retaining higher-order
terms in Eq. (5.60). One might also need to examine
more carefully the gauge in which the fractional mass dis-
tribution is related to 87 /T (since the major contributor
is the adiabatic mode, one might expect this to not be a
very significant effect, however, the issue of gauge choice
is complicated by the fact that the perturbations one is
interested in are on scales RH ,, ~ 1).

The difference between the functional dependence on
RH,,, of Egs. (5.64) and (5.65) might prove useful in
constraining the power spectrum index (at least as far as
this model is concerned since the difference is model
dependent, although one might hope not sensitively so,
i.e., it might be a rather generic feature of the behavior of
large-time velocity perturbations in the inflation modified
gravitational instability scenario). If the observed frac-
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tional departure velocity scales as

<

where 17}, is the Hubble velocity on the same scale, one
might be lead to suspect n < —1; if the observed func-
tional form is steeper,

(

where 3>1 (=2 is the predicted value for the scale-
invariant model), one might believe nX —1 with
n =2B—3. It is conceivable that a slight improvement on
the present observational data might suffice for this test.
One issue that might need to be examined is the precise
relation between the longitudinal local departure velocity
studied here and the observed local departure velocity,
which is not necessarily longitudinal.

We defer an examination of the observational con-
straints on gravitational-wave perturbations to future
work and close this section with a speculative remark.
We note that in a cosmological model that is not based
on a theory of the very early Universe (for instance, the
canonical CDM model for which one assumes as initial
conditions, at early time, the amplitude and spectral in-
dex of the energy-density irregularity power spectrum),
the amplitude of the gravitational-wave energy-density
spectrum must be assumed as an initial condition at early
time. This is not necessary in the model studied here; the
amplitude and spectral index of the gravitational-wave
energy-density spectrum is determined, from the quan-
tum mechanics of inflation, in terms of the same quanti-
ties which determine the power spectrum—zgzq and gq.
In particular, in Sec. V C we found that, on large scales,
g; <k ~? [we note that the quantity directly related to
the mean-square microwave background fractional tem-
perature anisotropy is proportional to k2{h;(k)h;(—k)),
which, on large scales, has the same spatial momentum
dependence as g;(k)]; if the energy density of gravitation-
al waves, pgw < fd3k(s++£x), is not to diverge in the
infrared we must require n > — 1. The ultraviolet behav-
ior of the integrand does not result in a constraint on n
since our expressions do not hold on small scales. If it is
sensible to insist that the integrand in pgw not diverge in
the infrared (we note that the constraint » > —3 came
from the similar requirement on ((8M /M )?) in the in-
frared; however, this constraint seems to have more than
a little support from the large-scale observational upper
bounds on 87 /T), then we are lead to suspect that
((891/P4)*)'/? must drop faster than (RH,,,)” ', Eq.
(5.90); if it is found to drop like (R H )" then this sim-
ple model of inflation is probably not the correct theory
of the very early Universe (or, at the very least, one might
either have to make sense of a gravitational-wave energy
density that diverges in the infrared or speculate about
what might have happened ‘““before” inflation).

sv!

a

21,2
> <(RH )", (5.89)

now

Vi
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Vi

)78, (5.90)

now
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> « (RH
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V1. CONCLUSION

We have constructed a simple, semirealistic, model of
an inflation modified hot big-bang cosmology which may
be used to derive, among other things, an expression for
the (model-dependent) large-time, baryon-dominated
epoch, form of the power spectrum of energy-density ir-
regularities. Our model approximates the evolution of
the Universe by dividing it into three distinct epochs: an
early scalar-field—-dominated inflation epoch, during
which the expansion of the Universe is driven by a scalar
field with an exponential potential; an intermediate,
radiation-dominated, epoch; and the present, baryon-
dominated ({2, = 1), epoch. In each of these epochs we
have only accounted for perturbations in the dominant
form of matter; also, the transitions between epochs have
been approximated as instantaneous. Although we have
argued that this approximate cosmological model suffices
for the purpose of determining fairly accurate (or, at the
very least, not grossly inaccurate) expressions for energy
density (and gravitational-wave) irregularities in the
large-time, baryon-dominated, epoch, we have not sup-
ported this belief with a quantitative underpinning. This
issue certainly deserves further investigation—in particu-
lar, it would be interesting to know if it is possible to con-
struct a simple extension of our model that includes the
effects of reheating (and whether the effects associated
with this transition significantly affect our conclusions).
It would be difficult to overemphasize the need for a sim-
ple, semirealistic, inflation cosmological model that may
be used to quantitatively analyze the entropy production
and baryosynthesis subscenarios of canonical inflation.

We have presented closed-form solutions of the relativ-
istic linear perturbation equations which govern the evo-
lution of inhomogeneities in this simple class of inflation
models. These closed-form expressions for the irregulari-
ties depend on constants of integration. To determine
these constants of integration in the inflation epoch ex-
pressions we have adapted the, now standard, quantum-
mechanical initial conditions of Refs. [8,9] for our classi-
cal analysis here. The inflation epoch expressions that
follow from these initial conditions agree with those de-
rived from a purely quantum-mechanical analysis [15]—
this justifies the use of these initial conditions here. To
determine the constants of integration in the large-time
(radiation- and baryon-dominated epoch) expressions we
have used joining conditions derived by requiring that the
equations of motion for the inhomogeneities do not be-
come singular at the transition hypersurfaces [16]. These
joining conditions are necessary since we have only re-
tained perturbations in the dominant component of the
stress tensor in each epoch. Again, the issue of whether
our single “fluid” instantaneous transition model is a
good approximation to the real Universe could do with
further study—we hope to eventually return to this else-
where.

We have used these large-time expressions to derive the
large-time form of the power spectrum of large-scale (i.e.,
an expression that is not valid on very small scales be-
cause of the neglect of the coupling between baryons and
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radiation) energy-density irregularities, the spectrum of
the local departure velocity from homogeneous expansion
and the energy-density spectrum of gravitational-wave
perturbations. We have found that the energy-density
perturbation power spectrum ‘“‘diverges” in the limit in
which the exponential-potential scalar field model
reduces to the step function potential model (the
exponential-expansion inflation limit). Although it is
possible that a more complete treatment of the reheating
transition or a careful accounting for the back reaction of
the perturbations on the background will smooth the
“divergence,” we suspect that the change will not be
qualitatively significant.

Since we have decided not to restrict ourselves to a
particular microphysics-based model, we have had to
normalize the power spectrum by comparing to observa-
tional data. (It is certainly of interest to attempt to find a
consistent microphysical model that underlines this ma-
crophysical model and to examine whether the numerical
values of the microphysical parameters of the model that
are observationally preferred conflict or agree with the
range of numerical values that the underlying microphy-
sics might suggest. Of course, the real test of the validity
of this macrophysical model of inflation is observational.)
Normalizing the power spectrum entails transforming the
relevant theoretical expressions to the instantaneously
Newtonian synchronous coordinate system ‘“used” in the
observations and comparing suitably coarse-grain aver-
aged forms of these expressions to the corresponding ob-
servational measurements. [We note that although the
use of gauge-invariant combinations of the dynamical
variables tends to somewhat simplify the perturbation
equations of motion, they do not facilitate the compar-
ison to observational data (which is determined in a pre-
ferred gauge). In fact, as far as we are aware, the issue of
comparing theory to observation has not yet been exam-
ined in the gauge-invariant formalism.] To normalize the
power spectrum we have compared the derived mean-
square measure of the local departure velocity from
homogeneous expansion to that observationally deter-
mined on ‘““great attractor” scales. This results in a rela-
tion that determines the redshift of reheating, zz4, in
terms of the power-law index g of the inflation model sca-
lar field potential.

We have found that as the fractional energy-density
spectral index is raised from —3 the main effect is a rise
in the redshift of reheating. When n approaches 1 (the
scale-invariant value) the de Sitter spacetime “diver-
gence” tends to lower zz4. The reason for this behavior
was explained in Sec. VD. It is not yet clear if the
Zpe—n relation is monotonic between —3 and ~1 or
whether there is fine-structure superimposed on the gen-
eral trend. The de Sitter spacetime “divergence” does
not seem to be a particularly severe problem (except in
the exact exponential expansion inflation limit, a limit in
which our analysis is no longer valid and a limit which, in
any case, is probably not very physically realistic). Our
preliminary comparison to the observations suggests that
models which stopped inflating in the range 107-10!¢
GeV (a given number is correlated with a fixed value of
the spectral index n) are not obviously inconsistent.

1949

Although we have focused on a macrophysical
inflation model of the very early Universe, it might be ar-
gued that this large spread in energy scale at which
inflation must end indicates that it is not difficult to con-
struct models with small enough fractional energy-
density perturbations at large times. One might even
speculate that the main effects of the underlying micro-
physics would be to modify our simple model of the
reheating transition; i.e., if the microphysics ensures
sufficient inflation then the main qualitative effect of
varying microphysical parameters (coupling constants) is
to influence reheating dynamics and not the large-time
amplitude of the fractional mass distribution (the micro-
physics would, of course, determine zz ).

Although the spread in the energy scale at which
inflation must have ended, 10’-10!® GeV, is large, the
bounds seem to carry some nontrivial information. It is
interesting to note that, in the context of this macrophys-
ical model, it is probably not possible to associate
inflation with the electroweak transition. The models at
the lower end of this range, those which stop inflating
late, will probably require a new mechanism for generat-
ing the observed baryon asymmetry. What, however,
seems to be somewhat remarkable is the upper bound of
~10'® GeV —if inflation, is responsible for the observed
large-scale structure, then, in the context of this model,
something must happen on energy scales (<10 °mp)
well below the Planck scale—this is very fortunate since
it holds out hope that a model of the very early Universe,
free of the complexities of quantum gravitation (and so a
model that can be analyzed with the methods we have
developed), might be able to explain the observed large-
scale structure of the Universe. Rubakov, Sazhin, and
Veryaskin [34] have also found a qualitatively similar re-
sult in a more restricted model (the scale-invariant model)
from an analysis of the effects of gravitational-wave per-
turbations (which do not diverge in the exponential ex-
pansion inflation limit) on the microwave background
spatial anisotropy (through a Sachs-Wolfe-like effect).
(That the analysis of two “independent” observational
tests suggest similar conclusions is, perhaps, not just a
coincidence). Now that we have slightly more precise es-
timates for gravitational-wave perturbations we hope to
be able to present a quantitatively more precise upper
bound elsewhere.

The cosmological model we have considered here is, at
large times, a spatially flat, baryon-dominated model with
an adiabatic power spectrum < k" where —3<n <1 (in
the original synchronous gauge coordinates; the power
spectrum changes when transformed to instantaneously
Newtonian coordinates). It might be argued that this
model is sufficiently general yet simple enough to be used
for a fairly reliable quantitative analysis of the scalar-
field-dominated inflation scenario. (We suspect that there
is an equally simple model which fills in, at least part of,
the rest of the range of n of interest, 1 <n <4—we hope
to return to this elsewhere.) The reason we believe that
this model is (cosmologically) general enough is because
it is the simplest (and probably unique, within a set of as-
sumptions) scalar field model of the very early Universe
that underlies part of the range of standard large-time
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adiabatic cosmological models on which attention has
been focused. It is also more restrictive (and hence easier
tested) than a standard cosmological model with the same
power spectrum because the inflation epoch quantum-
mechanical initial conditions make the expressions for
the perturbations both more precise than in a convention-
al cosmological model and produce interrelations be-
tween the expressions for a variety of different perturba-
tions (energy density, peculiar velocity and gravitational
wave) which allows for the use of a variety of “indepen-
dent” observational tests to attempt to coherently con-
strain the model:

If a power spectrum of the form that results in this
model is thought not too inconsistent with the available
observational data then a detailed comparison between
the large-time theoretical expressions and the observa-
tions is called for. This is likely to be a more productive
undertaking for such an inflation-based model (than for
the case of a more phenomenological cosmological mod-
el). In recent years it has become clear that there are
over half a dozen “independent” large-time observational
tests that may be used to judge the validity of using a
given inflation model to approximate the physics of the
early Universe. In particular, the large-time fractional
energy-density spectrum derived here should prove useful
in determining an estimate for the spatial anisotropy in
the temperature of the cosmic microwave background.
This anisotropy, once detected, will eventually provide a
fairly sensitive discriminator between various scenarios
for structure formation and might provide the first obser-
vational information about very-short-distance physics.
Current upper bounds on gravitational-wave perturba-
tions, on both small scales and large scales, might also
constrain the possible range of the relevant short-distance
physics. We plan to return to the comparison of inflation
theory with observational data in due course of time.
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APPENDIX: DERIVATION OF EQ. (5.54)

Here we consider the derivation of Eq. (5.54). From

Egs. (5.44) and (5.53) we have

212

k
ayHy

2
4+ £
! 9

<[8?1(1N|R )]2>:Q fowdk K 23=v)

xe KR (A1)

where we have performed the momentum space angular
integrations in Eq. (5.53), ay =a(ty), Hy=H(ty) and

X(| A, |%ay+|B,lay¥*+1C,1%ay*) . (A2)

We note that for large k(>>R ~') the exponential factor
in the integrand in Eq. (A1) makes it sufficiently well
behaved, while for nonsingular infrared behavior we must
require v<7/2. It is convenient to change variables,
k—x where x=k?R? this change, along with the
definitions @=(2/9)(ayRHy) % and B=5/2—v, results
in

(6P 1y |R)2)=2-QR> 7 [ “dx xP(1+ax) %> .
2 0

(A3)
The integral in this equation may be reexpressed as
Y xB14ax] e e [0 dx xB
fo x xP[1+ax] e a Vate, x x
X[1+1/(ax)] 2 >, (A4)

where the infinitesimal positive convergence factors €, €,
have been introduced to allow the binomial expansion of
the terms in square parentheses, and it is understood that
the equivalence is in the limit when they vanish. It is
clear that ax <1 in the first integral while 1/(ax)<1 in
the second and so the standard assumption of the binomi-
al expansion is satisfied. Expanding and interchanging
the order of integration and summation (there are no
divergences), we find Eq. (A4) becomes

a*el +l _
dx xPtle >

®© 1/
S (—va+n o
1=0 0

B—1-2,—x

_ o
+o YT dx x e

1/a+e,
(A5)

Integral representations of the incomplete gamma
functions are (Ref. [38] Egs. (6.5.2) and (6.5.3))

7(b,u)=f0udxxb_1e_" (Reb>0) , (A6)
L(b,u)= [ “dxx~le™*; (A7)
using these equations Eq. (A5) becomes
3 (= D+ Dlay(B+HI+1,1/a—¢))
=0
+a UTAT(B—1—1,1/a+¢€,)] . (A8)
Furthermore
L(b,u)=I(b)—y(b,u) (A9)
(Eq. (6.5.3) of Ref. [38]), and
© (__1)_/ ub+j
= A10
y(b,u) ,go b)) (lul< ) (A10)

(Eqgs. (6.5.4) and (6.5.29) of Ref. [38]).
Using Egs. (A9) and (A10) we find that Eq. (A8)
reduces to
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(—py*!
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1=0 =0
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2(1+1)
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where we have made use of the fact that ae; << 1 and ae€, << 1; since the first term in the large parentheses does not van-
ish (for j,I < ) we may now set €,=0=¢,. Equation (5.54) follows on combining Egs. (A3) and (A1l) with some

straightforward algebra.

The derivation of Eq. (5.60) proceeds in a manner similar to that of Eq. (5.54) and will not be recorded here.
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