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The Dubna quark confinement model is applied to the study of electromagnetic polarizabilities of
the 7 and K mesons. Within this model it is found that the effect of quark confinement reduces the
value of the pion polarizability from that obtained in such approaches as chiral quark loop and linear
o models. In the chiral limit our result coincides with the one found in chiral perturbation theory. For
the charged kaon we find the electric polarizability considerably larger than the chiral prediction.
This is due to the strong meson-mass dependence not expected from the pointlike interaction in

effective meson Lagrangian approaches.

PACS number(s): 13.40.Fn, 12.40.Aa, 13.60.Fz, 14.40.Aq

I. INTRODUCTION

The electric and magnetic polarizabilities of hadrons
are two basic parameters which, together with their elec-
tric charges and masses, characterize the low energy
photon-hadron amplitudes. In this respect these quan-
tities must be considered as fundamental as electromag-
netic mean square radii, static magnetic moments, etc.,
and are expected to give us useful information on the
internal structure of hadrons. See the several review ar-
ticles [1-4]. Our interest here is the electromagnetic po-
larizabilities of the pion and kaon.

As is well known, these mesons are members of the
pseudoscalar octet which is characterized by its Gold-
stone nature: they emerge from the spontaneous break-
ing of the SU(3)r x SU(3)g chiral symmetry to SU(3)y.
At this stage all members of this octet are massless. In re-
ality, they acquire finite masses due to the explicit break-
ing of chiral symmetry caused by the nonzero current
quark masses. This breaking is small for the pion, re-
sulting in its very small physical mass (on the hadronic
scale), but is not quite so for the kaon. The consequence
is that when one wants to calculate any quantity associ-
ated with the low-energy pion (kaon), one must adopt a
theoretical model which respects the (spontaneously bro-
ken) chiral symmetry. The study of the electromagnetic
polarizability of the pion and kaon that we are interested
in just falls into this category.

Theoretical investigation in this subject (mostly on the
pion electromagnetic polarizabilities) has been pursued

*Permanent address.

since the early 1970s [6-11] by employing various models
embodying chiral symmetry: current algebra + PCAC
(partial conservation of axial-vector current) [5], the lin-
ear o model and its variants [8, 9], the nonlinear & model
[10], etc. In the exact chiral limit where the mass of the
pion vanishes, one found (independently of the model dif-
ference) the following relations between the a;, (electric)
and B, (magnetic) polarizabilities:

a7l'+187r:0a ar°:0:

when the effect of the pion loop was not considered for the
latter. Some models [6, 9] took into account corrections
arising from the nonvanishing pion mass, while others [8,
10] included the effect of the pion and even the baryon
loops. With those corrections,

Qo ~ —Qgt,

10

but often with a negative sign relative to the charged-
pion polarizability. Furthermore, all the models except
one predicted a value of the electric polarizability within
the range

4.0 x 107 < apz <6.0x 1074 cm3,

in Gaussian units. We note that models not based upon
a chiral Lagrangian, i.e., dispersion relations and finite-
energy sum rules, also obtained the polarizability within
this range of values [12, 13]. In the rest of our discus-
sion we shall call these models and/or their results large-
valued results (LVR’s).

The exception to LVR’s is the current algebra + PCAC
approach of Terent’ev [5], which related the polarizability
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to the ratio, ¥ = h4(0)/hy (0), of the vector and axial-
vector form factors in radiative pion decay # — yev. For
v ~ 0.46 from recent data [14], one finds

apt ~ 2.8 x 10743 cm?3,

which is roughly a factor of 2 smaller than LVR’s.
In the meantime, this quantity was deduced from ra-
diative pion-nucleus scattering [15] to be

ant = (6.8 % Ldgar £ 1.85y5) x 107 cm?®,
with the assumption ar + B = 0, and
Brt = [=7.1 £ 2.8(stat) + 1.8(syst) x 10™* cm?,
Qnt + Brz = [1.4 £ 3.1(stat) £ 2.5(syst)] x 1073 cm?,

without the above assumption. Apparently this result
is consistent with LVR’s but not with the result of Ter-
ent’ev.

Recently, there has been extensive work in the low-
energy realization of quantum chromodynamics (QCD)
called chiral perturbation theory (CHPT) [16], in which
the QCD partition functional with external sources is
represented in terms of a nonlinear realization of chiral
symmetry. In particular, it was shown that the low-
energy effective Lagrangian for the basic pseudoscalar
octet may be systematically constructed in inverse pow-
ers of (47 F,)?%, where F, (= 93.3 MeV) is the pion de-
cay constant, or equivalently, in powers of the exter-
nal momentum squared p? and the meson (or quark)
masses. The leading order, conventionally denoted as
L2, is nothing but a nonlinear & model. The next order,
L4 = O(1/(47Fx)?), contains several parameters. By ad-
Justing these empirically, this theoretical model has been
very successful in correlating a large body of low-energy
quantities as well as in giving accurate predictions. We
note that there have been interesting attempts in deriv-
ing these parameters by integrating the non-Abelian axial
anomaly in the QCD Lagrangian, see for example [17].

CHPT was applied to the pion polarizability by
Donoghue and Holstein [18]. Its prediction for ay+ was in
perfect agreement with that by Terent’ev [5], thus smaller
than the experimental result [15] and LVR’s by about a
factor of 2. In view of the complete consistency between
current algebra + PCAC and the effective Lagrangian in
CHPT [at least up to O(p*)], the agreement of these two
model predictions may not be a surprise. To simplify our
discussion we call these predictions small-valued results
(SVR’s) in what follows.

Donoghue and Holstein then argued that approaches
like linear o models, which predict large values for the
charged pion polarizability, viz., LVR’s, are not trustwor-
thy in view of their poor prediction on the coefficients in
the L4 contribution. To test their prediction, they urged
experimentalists to remeasure o .

It is this apparent conflict between the data and the
most recent (and supposedly most reliable) CHPT pre-
diction that has motivated us to study this subject from
a somewhat different angle. Our theoretical basis is the
quark confinement model (QCM) developed at Dubna
[19]. Like the effective Lagrangian of CHPT, this model

may be inferred from the study of QCD partition func-
tionals. But in QCM the implementation of chiral sym-
metry is not the main guiding principle; rather, the em-
phasis is placed on quark confinement and the composite
nature of hadrons, with the aspect of chiral symmetry
imposed later. We think that at least one merit of the
present approach is the possibility to handle more easily
the situations where chiral symmetry breaking is strong.
This should then facilitate the calculation of the electro-
magnetic polarizabilities of the kaon, the mass of which
may not really be regarded as vanishingly small in the
low-energy domain of our present interest.

We should mention that QCM has already been ap-
plied to the pion polarizability problem [20]. However,
the authors were not informed of the result of Ref. [18]
and, thus, not much aware of the conflict discussed above.
In addition, to simplify the calculation, contributions in-
volving quark loops were evaluated with a vanishing mass
for the external pions. One cannot apply this work di-
rectly to the kaon polarizability where the finite-mass
effect is expected to be important. Furthermore, there
are some errors which are rather serious. So here, we
carefully correct and extend this previous work.

Our principal findings may be summarized as follows.

(1) For charged pions, ayz ~ 3.6 x 10743 ¢cm3, which is
smaller than LVR’s, but larger than SVR’s. Particularly
in the exact chiral limit our result practically coincides
with the latter. We attribute the origin of our lower value
(than LVR) to the effect of quark confinement.

(2) For charged mesons, quark loop contributions have
a strong mass dependence, which may not be inferred
easily from other existing models. As a consequence, the
charged kaon polarizability becomes considerably larger
than what chiral models predict. This gives us hope that
it may be measured experimentally without much diffi-
culty.

This article is organized as follows. Section II gives a
brief account of the QCM applied to our present calcu-
lation. In Sec. III we first outline how the electromag-
netic polarizability of a scalar (or pseudoscalar) particle
may be extracted from the Compton amplitude. Then
we present the invariant Compton amplitude from our
model, and the polarizabilities extracted from it. Some
details of the calculation of the amplitude as well as def-
initions of certain functions appearing in this section are
relegated to the Appendixes. Finally, Sec. IV is devoted
to presenting our numerical results and discussions in
comparison with other model predictions. In order to
minimize the shuttling back and forth between this and
other related articles, we have tried to make this article
as pedagogical and self-contained as possible, except for
Sec. II where, to contain the size of this section, only
some rudiments of the QCM necessary for our present
objective are presented.

II. THE QUARK STRUCTURE OF MESONS
IN QCM

In the present section we give a brief account of the
Dubna quark confinement model (QCM) which is em-
ployed in the present study of meson electromagnetic
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polarizabilities. A particular emphasis is placed on how
to describe the scalar-meson sector. A similar approach
originating from a chiral-invariant four-quark interac-
tion to arrive at a generalized o model (often called the
superconducting-type model) may be noted [21]. How-
ever, the aspect of quark confinement is not considered
therein.

A heuristic bosonization procedure starting from the
QCD generating functional is the basis of our meson-
quark interaction Lagrangian in the QCM. Since our
present objective is the application of this Lagrangian to
actual physical problems, we refer the interested reader to
Ref. [19]. There he (or she) will find how our Lagrangian
may be reached within this type of approach.

The interaction Lagrangian for the meson octet ®; is
written as

8
aM _
Ly = =% Z‘PinM/\iQ- (1)
\/5 1=1

Here, A; (i=1,...,8) are the Gell-Mann matrices (Ao =
\/2/3I), and T'ps are the Dirac matrices: iy for pseu-
doscalar P(w, K,n,7'); v* for vector V(p, K*,w, ¢); v*7°
for axial vector A(ay, K1, f1). For the coupling to scalar
mesons S(ag, Ko, fo,€), our I'ys takes a form which con-
tains a derivative. It will be given where we discuss the
QCM description of scalar mesons later in this section.
The relation between the octet fields ®; and the physi-
cal meson fields (M’s) together with the relevant flavor
matrices is the standard one, and is listed in Table I.
The difference between the actual and ideal singlet-octet
mixing angles is denoted as §3s (the ideal mixing angle
is defined as cosf; = /2/3). For example, by = 0°
and ép = —46°, are adopted for vector and pseudoscalar
mesons, respectively. We shall discuss the value for the
scalar mesons later.

In the QCM we assume that mesons are bound states
of ¢g, which is expressed in the compositeness condition
that the renormalization constant for meson M is equal
to zero:

Zy = 14 haITjy(miy) = 0. (2)

where hpy = Ncgfw/(%r)? with N, = 3 is the effec-
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tive coupling constant and II},(p?) is the derivative of
the (renormalized) meson-mass operator, see Appendix
B and Fig. 1. Physically, this condition means that the
probability to find the meson M in a bare state is equal
to zero. It is important to remark here that (i) our inter-
action Lagrangian together with the compositeness con-
dition has been shown to be equivalent to the one ob-
tained by the QCD bosonization procedure [19], and (ii)
the compositeness condition allows one to determine the
coupling constant hps (or gar) as a function of the phys-
ical meson mass. In fact, meson masses are the input to
our model.

Mesonic interactions in the QCM are defined by dia-
grams involving closed quark loops which can be obtained
from the S matrix:

S= / d0vae T exp (z / dz LM(m)) . (3)

Here, the T product is the ordinary Wick time ordering
for the mesonic and quark fields. The quark propagator
in the presence of the gluonic vacuum background By,
has the form

5(z1, 22| Byac) = < 0[T[g(21)q(=2)]10 >
= i( P+ Buac) 7' 6(21 — 2). (4)
We then assume [19] that an average over By, of the
quark loops generated by the S matrix provides the quark

confinement and make the theory ultraviolet finite. This
averaging takes the form

/d(rva,C tr[M(z1)S(z122|Bvac) - - - M (2r)S(2znz1|Bvac)l,

()

where oy, is a set of variables characterizing Byac. Our
confinement ansatz is then to replace this equation by

/da’v tr[M(z1)Sy(z1 — z2) - - M(z)Sy(zn — z1)].
(6)

Here,

TABLE I. SU(3) nonets. The names are from the recent Particle Data Group compilation.

S T T Name (PDG) Physical Physical
Ref. [14] field A matrix

0 1+ 7%, p% af, af M* = (8! 7i9°%)/V2 AT = (A +4A?)/V2
0 1 0 7°, %, al, a? M° =9° A0 = )3
1 1 %3 K (KON KL KPP MP=(%-i0%)/V2 AT = (A +ix%)/V2
1 4 -1 K% (K", K$,KY M = (®° —i®")/V2 A= (A +)/V2
-1 3 3 K° (K*)°, K3, K} M2 = (2° +i®")/V2 X0 = (A —iA)/V2
-1 1 -1 K (K*) K5, KT M7 =(9'+i®°)/V2 AP = (M -/ V2
0 0 0 7', w,e, D M' =3%cos — ®®sinf Ay = —Asin6 + A% cos 6
0 0 0 m, 0, fo, f1 M = ®°sin 0 + ®® cos b X = Acosf + A%sin 6

X = diag(cos 8, cos §, —/2 sin 6)
Am = diag(—sin 8, — sin §, —V/2 cos 6)

§=6—651, cosb;

VZ, 61 =35°26'

3
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m v
FIG. 1. Typical mass (or self-energy) operator.
d'p _; 1
- = —ip(z1-22) 7
So(@y = 22) (2m)44 vA— p (7)

is a quark propagator with the scale parameter A charac-
terizing the size of the confinement (or it may be viewed
as something equivalent to the constituent mass), and the
measure do,, which is essential for quark confinement, is
defined to provide the absence of singularities in Eq. (7)
corresponding to the physical quark production:

/ Ud""z = G(2) = a(—2%) + zb(=2?). )
We shall call G(z) the confinement function. It is an
entire analytic function which decreases faster than the
inverse of any polynomial of z in a Euclidean direction
22 — —oco. We further assume that G(z) is a universal
function, i.e., independent of color and flavor. In other
words, G(z) is common for all quark diagrams defining
the hadron interaction at low energies. Otherwise, there
is no other constraint on it. In practice, it has turned
out [19] that low-energy physics depends only on those
quantities which involve the integral of a(u) and b(u)
together with «V (N = 0,1,2), but not on the detailed
shape of these functions. We thus have made a simple
choice:

a(u) = agexp(—u? — aju), b(u) = b exp(—u? + byu).
9)

The parameters a;, b;, and A have been determined from
the best model description of data in low-energy pro-
cesses. The following values are found:
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which describe various basic constants quite well, as
found in Table II.

With these parameters fixed, one may be able to de-
scribe the basic characteristics of various mesons (see, for
example, the second reference in [19]). Of particular in-
terest in our present context is the success of the model
in describing the pion electromagnetic form factor both
in the spacelike and timelike regions. The corresponding
mean-square radius is found to be

(r2) = 0.43 fm?,
as compared with the data [22]:

(r2)expt = 0.44 % 0.03 fm?.

Agreement of the model prediction with experiments
was however not reached in the scalar meson sector with
a simple form of the scalar quark current: T'ps o gg [20].
Since scalar mesons are essential ingredients in the con-
text of our present study, we shall summarize and sup-
plement here the issue discussed in [20].

Scalar mesons play an important role in low-energy
physics, but are at the same time rather controversial
both theoretically and experimentally. First, they facil-
itate the description of low-energy processes, especially
in implementing chiral symmetry [23]; recall the linear
o model. Also, it is important, in the phenomenological
studies of #w, 7N, and NN scattering processes, to in-
clude intermediate scalar meson exchanges either in the
s or t channels [23, 24]. The medium range attraction in
the nucleon-nucleon potential is a good example in which
the light scalar meson € (or o), with the mass of 600 -
700 MeV, is often introduced [24]. The problem is that
to date this light scalar meson has not been confirmed
experimentally.

There are scalar mesons which are established exper-
imentally, so that one is then tempted to classify them
as belonging to an octet of pure ¢g content. This octet
however appears to be rather unusual: (i) the f,(975),
assumed to have a certain s-quark content, is lighter

ag=by =2, a; =1, by =04, and A = 460 MeV, than the a((980) which is often assumed to have no s-
TABLE II. Main fits of low-energy quantities in the QMC.
Process QCM Expt.
A V3Rp(p2
fr= ———‘/—_—P(”—2 132 MeV 132 MeV
T /2Rpp(u%)
A V3Rp(u3
fr = A BRe(E) 158 MeV 157 MeV
T \/2Rpp(p%)
oy = l_RV_(IJ-f,_ 0.18 0.20
T m \/BRuv(u2) ' '
1 Rpvv(p) 1
Gy = = —— 0.26 GeV~ 0.276 GeV™!
T Ax\/3Rrp(u2) ) °
1 6R 2
Jury = 7\- \/— P2VV(l‘w) 2.09 Gf:v'—1 2.54 GeV“‘
\/[f;’_P(Hw)RVV(NZ;)
8R 2
Gpnn = — YRV PP (y) 6.0 6.1

Rep(k7) v/ Rvv(s3)
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quark contribution (note however that there is a model
in which both of these mesons are assumed to be the
molecular states of K K [25]), and (ii) the fo(1400), pre-
viously called ¢ (1300), appears to be a little too heavy
to be classified as in the same lowest octet as the fo and
ag discussed above. Thus it is often assumed that this
f0(1400) is a scalar with radial excitation. These unusual
features suggest that, in fact, scalar mesons should have
a more complicated structure than that arising from the
simple quark current (o< gq). There are suggestions that
they may be ¢qqq states [26], or of hybrid glueball nature
[27], but it is very difficult to construct a realistic model
with a concrete prediction based upon such pictures (for
example, there are quite a lot of four-quark currents if
one allows the color-nonsinglet contributions).

In the previous QCM approach [20], it was found that
with the simple scalar quark current given above, the
matrix element describing the decay S — w7 goes to zero
when the scalar meson mass is equal to 1070 MeV. It is
thus impossible to describe the observed decay fo(975) —
nmw. To remedy this trouble and to model the complicated
inner structure of scalar mesons in a simplest possible
manner, an auxiliary contribution with derivative was
included in the scalar quark current:

Tm=sy=1—iH @ /A. (10)

Together with parameter H in this current, the angle for
the singlet-octet mixing §s (6s = 0s — 01, 6; = ideal
mixing angle) for fo and €, and the mass m, were taken
as adjustable parameters. In Ref. [20] there are some
errors in the equations used to find the best values for
those parameters. We have corrected them and made a
refit in the present work.

There are three quantities used for this objective. Two
of them are the 77 — 77 and 7% — y7° amplitudes in
the chiral (zero energy, zero mass) limit for which they
must vanish: the Adler consistency condition [23] as il-
lustrated in Fig. 2. The corresponding equations read

Py = By — 2A%*(Ag — 4HBy)?*[ cos? 65 h. D, (0)
+sin® 65 hy, Dy, (0)] = 0,

(11)
—_ —_— e
Vi Viz
s +L$—
Va1 Va2
(a) (®)

FIG. 2. Consistency conditions used to constrain the
scalar-meson parameters.
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P = b(0) — 2A2a(0)(Ao — 4H By)

X <cos2 6s he D (0) + sin® 65 hy, D, (0)

- g sin s cos 6s[he De(0) — hqujo(O)]> =0,
(12)

where

1
haa Ty (p?) + miy — p?’

Du(p*) = (13)

with fIM(p2) being the renormalized meson-mass oper-
ator in a single-quark loop approximation which is an
entire function in the QCM, and

Ay = /du a(u) = 1.09, A; = /du ua(u) = 0.45,
0 0

(e e] (e}
Bo = /du b(u) =226, B, = /du ub(u) = 1.45.
0 0

In order to obtain these conditions, one calculates the
amplitudes which are quite similar to those for obtain-
ing the electromagnetic polarizabilities of pseudoscalar
mesons described in the next section. Here we have only
to calculate what are called the box and the scalar meson
exchange contributions in the limit where the pion mass
vanishes. As it has turned out, the scalar meson contri-
butions in Egs. (11) and (12) are rather insensitive to the
change in 6s, which may be understood since the masses
of fo and € (hence the values of their coupling constants)
cannot be very different. However, these contributions
are quite sensitive to the change in H, and moderately
so to the change in m,.

The third quantity is the pionic decay width of the
fo(975), for which I'(fo — nm) = 24 £ 5 MeV experi-
mentally. The scalar-meson pionic decay width [see Fig.
3(a)] is written as

2 2
(S — 77) = .3_% 1 _ dmz Gisep

)

2
mg Mg

with

[h
GS‘}HI’ = A7rh1rCS7r7r _G;S'FSPP(IJ?S‘; 070)7 (14)

FIG.3. Diagrams describing scalar-meson decays (a) 5 —
PP, (b) S — 7.
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where the function Fspp(z,y,2) and the SU(3) factors
Csxr are given in Appendix C. In the above equation
ps = mg/A. Note that this definition applies to other
mesons throughout the rest of this article. It is then clear
that T'[fo(975) — 7] is proportional to sin? 65 and, thus,
sensitive to 8s. It is also sensitive to the change in H,
but does not depend on m,.

In our present study, the best fit to the consistency
conditions and the decay width for f; — w7 has been
achieved with

H =-0.15, sinés =0.3, m, = 1040 MeV. (15)

The fitting results are [recall Egs. (11), (12)]

P1 == —01, P2 = —0.33,
and
I'(fo — mm) = 20 MeV.

The calculated decay width is in good agreement with
the experimental value quoted above.

With these parameters determined above, we have cal-
culated (i) the isospin zero and two 7= scattering lengths
and (ii) other decay widths of scalar mesons. By neglect-
ing the pion mass in the quark loop integrals, we find the
s-wave 7w scattering lengths

ad = 0.11, a2 = -0.05 (units m, = 1).
Experimentally, they are [28]
a = 0.23+0.05, a = —0.05+0.03

(units m, = 1).

The model predicts the decay width
I'(e — mx) = 180 MeV.

This is consistent with that of fo(1400). However, our ¢
mass is not really close to 1400 MeV. There is another
scalar meson f,(1260) identified in the phase shift analy-
sis of the K2 K2 system, but the details of its properties
are not well known [14].

Further, we have calculated the radiative decay of
scalar mesons. This decay is defined by the diagram Fig.
3(b). The matrix element corresponding to this diagram
reads

Msyy = €*Gsyyeles (9" q192 — 41 45),

(16)

where €/, €4 are photon polarizations and

1 v/6hs

Gsyy = X_'Q—;_FS‘Y‘Y(/‘?S‘)CS‘T‘Y'

The function Fs,,(p%) and the SU(3) factors Cs.~ are
given in Appendix C. Finally, the decay width is

T
(S —vy) = zoﬁm%G%,,.,.
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The numerical results are shown in Table III.

It should be remarked here that to determine the
scalar-meson parameters H,§,, and m., it is possible to
use the 77 scattering phase shift and/or the correspond-
ing scattering lengths. This has actually been done [29]
and the result indicates that the € mass should be around
1000 MeV. On the other hand, the calculated phase shift
appears rather insensitive to the value of H. So it is
important to retain one of the equations from the consis-
tency condition: Egs. (11) and (12).

Concluding this section, we reiterate that our model
for scalar mesons is a rather simple-minded one, but the
objective of this article is not to explain the bulk of the
scalar-meson properties correctly: this itself would be a
formidable task in quark models. Our scalar propagators
do not contain the contribution from the decay widths.
This treatment is in line with the zeroth order in the
1/N¢ expansion upon which our present model is based,
and will be touched upon in the next section (see also
Ref. [19]): the propagator whose mass operator properly
includes the meson decay width effect can only be ob-
tained by including the terms of at least O(1/N¢) in this
expansion. Thus a naive estimate is that our treatment
in the scalar mesons sector is correct within ~ 30%. How-
ever, we note that (i) we have constrained our three pa-
rameters by two self-consistency conditions, (ii) we have
obtained a reasonable prediction for the available scalar-
meson decay widths, and (iii) the same treatment of the
scalar mesons has given an adequate description of the
m-7 phase shifts [29]. Also, the consistency conditions
are for the soft pion, and we shall deal with the zero
energy Compton amplitude needed to extract the polar-
izabilities. For these the meson widths may not play an
essential role. This gives us some confidence that pre-
sumably for the present purpose our model is relevant
and its effective accuracy to be less than 30%.

III. COMPTON AMPLITUDE AND THE
POLARIZABILITIES

A. Preliminaries

First, as pointed out, for example, by Friar [2], it is im-
portant to keep in mind that while physical amplitudes
describing electromagnetic processes are independent of
the system of units adopted, this does not apply to
the electromagnetic polarizabilities. Theorists prefer the

TABLE III. Decay widths of scalar and axial-vector
mesons.

Mode QCM Expt. (Ref.14)
fo— 7w 20 MeV 24 + 5 MeV
E— 7w 180 MeV 140-360 MeV

for fo(1400) meson
Jo— vy 2.4 keV
ap — vy 2.4 keV
€ — vy 6.4 keV
a; — Ty 300 keV 640 + 246 keV
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Heaviside system in which (in natural units: ¢ = A = 1)
e?/4n = 1/137 = «, where e is the unit charge. On the
other hand, in Gaussian (cgs) units, liked by experimen-
talists, e2 = a. Thus the numerical value of the electric
(magnetic) polarizability in the Heaviside system is 4w
that in the Gaussian system. In what follows, our calcu-
lation relies upon the Heaviside system, but the obtained
polarizabilities will be presented in Gaussian units, in or-
der to conform to tradition.

Second, for the sake of clarity and in order to facili-
tate the comparison with other works, we shall outline
how one obtains the electromagnetic polarizabilities of
pseudoscalar mesons from the Compton amplitude. See,
for example, Feinberg and Sucher [30] for a somewhat
different approach to this point.

Let us consider low-energy photon scattering by a spin-
less scatterer with unit charge e and mass m. We charac-
terize the incoming (outgoing) photon with energy w (w'),
momentum k (k’), and polarization € (¢’). Then, the cor-
responding amplitude reads [31, 32], in Gaussian units,

FNR:—e-e'%+e-e'ww'ap+(e><k)-(e’ x k')Bp,

(17)

where ap and fp are the electric and magnetic polariz-
abilities, respectively. The first term in the amplitude is
due to the Thomson scattering which is zero for a neutral
scatterer, while the remainder is essentially the Rayleigh
scattering which contains the information on the polar-
izabilities. We note that what is called the form-factor
contribution is included in our definition of ap and Bp
[4, 11, 33].

Next, we write the general form of the invariant ampli-
tude for the photon scattering by a pseudoscalar meson
of unit charge e, and try to extract the expressions for the
polarizabilities. This may be done by taking a very-low-
energy limit of the amplitude, then comparing it with
the nonrelativistic form given above. We adopt the fol-
lowing notation throughout the rest of this article: p;,ps
are the initial and final meson momenta, q;, ¢ the ini-
tial and final photon momenta, €, €5 the initial and final
photon polarizations, and s = (p;+¢1)? = (p2+¢2)?, t =
(p1 — p2)? = (¢1 — ¢2)2. On mass shell we have
=q§= , €1°q1 =¢€-¢2=0.
We adopt the normalization convention found in Itzyk-
son and Zuber [34] and express the (elastic) Compton
scattering amplitude F¢ in terms of the corresponding
invariant amplitude M:

M
=—s, M= M#P ey . 18
Fe 87!'\/5, €1 pu €2 ( )
Then M*” may be decomposed as
M™ = Mg + My, (19)

where the first term is due to scattering from a (struc-
tureless) point charge (see Fig. 4), and the second term
arises from the inner structure of the meson (including
the effect of coupling to other mesons in the intermediate
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FIG.4. Compton scattering by a point charge correspond-

ing to M4

point IR the text.

states). Each of these contributions may be written as

1 1
gt =20 (s =t e r)
point g —p1 qlplpz P2 q1 PaPy
(20)
and
My = 4nlfi(s, 0T + fa(s,0)T3"), (21)

where the reason for the extra 47 factor in the above
definition will become clear later. In the last equation
above, the two gauge-invariant Lorentz tensors take the
forms

T} =¢4 Py (q1 - P1)+ Pa{ (P2 - q2) — PLPY(q1 - q2)
—g*(P1 - q1)(P2 - q2), (22)

and
T4 = g (a1 - q2) — ahat, (23)
where P; = p;/mp. Note that the first of these tensors

is somewhat different from the often used T!” [30]: the
relation between them is

. 1 1
TH = —_TH —
! 471 4mi

T4 (41 -p1 — @1 - q2),  (24)

and
™ =T4". (25)

Now we take a very-low-energy limit of our amplitude
Fc to compare with Fyr of Eq. (17). We adopt the
transverse gauge in which the time component of the po-

larization vector vanishes, so ¢; = (0, ¢€;). One then
finds
€1 Tt €2 ~ €1 €2 q10420, (26)
and
€1 yTH"es , ~ —€1 - €2q10q20 + (€1 X Q1) - (€2 X q2).
(27)
In a similar manner one finds that in the low-energy limit
€1 yMpgini€2 v € epé? (28)
8m/s 47mp
Then one obtains (in the Heaviside units) for s —

m% and t — 0

€1 €0 | €1 € qog[fi(mp,0) — fo(m},0)]
Fec — — +
mp 2mp
+(€1 X QI) ) (62 X 52)f2(m%°’ 0), (-29)

2mp

so by comparing this with Eq. (17), the following identi-
fications result:
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_ fl(mg,O)—fg(m%,O) Bp = f2(m?310)
P= 2mp ’ il 2mp '
(30)

We note that because of the extra factor 47 in Eq. (21),
the values of the electromagnetic polarizabilities, calcu-
lated in the above expression using Heaviside units, are
given in Gaussian units. From the last equation, one
obtains

fi(m,0)

Smp (31)

ap+fBp =
As mentioned in our Introduction, this combination of
polarizabilities vanishes in the chiral limit, so one finds

f1(0,0) =0, (32)

for pseudoscalar-octet mesons.

B. Calculation of the Compton
amplitude and polarizabilities

The Compton scattering amplitude for a pseudoscalar
meson in our QCM obtains contributions from the follow-
ing processes (or diagrams): (1) the photon scattering by
a point charge (Fig. 4), (2) diagrams which involve only
one quark loop (either A, O, or O shape, see Fig. 5) and
pseudoscalar meson lines, (3) the t-channel scalar me-
son exchange [Fig. 6(a)], (4) the s- and u-channel vector-
and axial-vector meson exchanges [Figs. 6(b) and (7)).
These contributions may be regarded as the leading- (or

BOX1 =

(a)
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the zeroth-) order terms in the 1/N¢ expansion where
N¢ (= 3) is the number of colors, and correspond to
those from the tree approximation in effective Lagrangian
approaches such as the linear and nonlinear ¢ models.
However, the presence of quark loops in QCM diagrams
introduces nontrivial momentum dependences which, of
course, do not exist in the effective Lagrangian scheme
with only meson degrees of freedom.

In the present approach, meson and baryon loop contri-
butions illustrated in Fig. 8 enter as O(1/N¢), so their
effects are expected to be at most ~ 1/3 of what we
are calculating. In principle, we could go up to this or-
der. However, for consistency basic meson and baryon
quantities must also be recalculated up to O(1/N¢): for
example, the compositeness condition, Eq. (2) must be
satisfied to this order. So we shall stay at the level of
the leading order here. See discussions on this subject in
Sec. IV.

Before presenting the resultant amplitude, it is worth
emphasizing that since our confinement function guaran-
tees the ultraviolet convergence of the loop integration,
no regularization is needed, with the consequence that
electromagnetic gauge invariance is manifest at any stage
of the calculation.

Let us give the contributions to the Compton scatter-
ing amplitude from separate diagrams. Some details of
the calculation may be found in Appendix C. The expres-
sions given below are for photon scattering near thresh-
old.

(1) Scattering by a point charge [Figs. 4 and 5(c)]

This arises entirely from the minimal substitution

AN -

BOX2 =

-—— A

(b)

Mpoin: + --—-O- -+ ----G-i;- = Zp Mpoine=0
(c)

+ 5/9BOX1 -
(d)

FIG. 5.

.

2/9 BOX2

Triangle, bubble, and box (TBB) contributions to the Compton scattering of pseudoscalar mesons: (a), (b) box

diagrams; (c) the consequence of the compositeness condition; (d) contribution to charged mesons. Crossed contributions are

implicit.
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(a) (b)

FIG. 6. (a) Scalar- and (b) vector-meson contributions
to the Compton scattering of pseudoscalar mesons. Crossed
contributions are implicit.

Oy — 0, — teA,

in the free meson Lagrangian and, of course, vanishes for
neutral mesons. The result is M/ . of Eq. (20). How-
ever, the composite nature of our pseudoscalar mesons
manifests itself as an additional contribution to this term
from the self-energy bubble in the external meson line
evaluated on mass shell [Fig. 5(c)]. Because of the com-
positeness condition, Eq. (2), the sum of all these contri-
butions can be shown to vanish.

(2) Triangle (form factor), self-energy bubble, and box
diagrams: TBB [Fig. 5(d)]

These contributions arise from single-quark loops form-
ing the pion (kaon) electromagnetic form factor, pion
(kaon) self-energy bubble, and the box diagrams. The
box diagram has two topologically distinct contributions
as shown in Figs. 5(a) and 5(b). We call them TBB in the
following. They collectively respect gauge invariance for
charged mesons, but not separately. For neutral mesons
only the box diagrams Figs. 5(a) and 5(b) contribute.

(a) Neutral mesons:

v ezhﬂ' TV UV
Migp xo = —gz- a2 W (W) TE” + W2 (un) T3],

(33)
and
v 262’1}{ ~ v ~ Ly
Mig ko = 535 i W E)TE + Wa (ui) T3],
(34)
ol
-0
@ b)

Lo odor

() (d)

FIG. 7. Axial-vector meson contributions to the Compton
scattering of pseudoscalar mesons. Crossed contributions are
implicit.
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FIG. 8. Typical one-hadron-loop contribution to the y=
Compton amplitude. H is a hadron, either a meson or baryon.

where, as defined in the preceding section, up = mp/A.
(b) Charged mesons. For charged mesons all the dia-
grams in Fig. 5(d) contribute:

Mirgg = MG + Misp, (35)
with the inner structure-dependent term being
Mty = SRR W ()T + W )T
(36)

The functions W% (z) are given in Appendix C. It is
amusing to find that the point charge contribution, once
canceled by the compositeness condition, is perfectly re-
stored here. Note that it, of course, does not contribute
to the polarizabilities.
(3) Scalar mesons (S) in t-channel ezchange [Fig. 6(a)]
The contribution to the invariant amplitude reads

=, —€eZh
Mg =TV _2A2P CsppFspp(0, i}, up)
XCS'y'yFS‘y'y(O)hS/ﬂ_ZS~ (37)

The structure functions Fs’s and the SU(3) factors
Cs’s are given in Appendix C.

(4) Azial-vector and vector-meson ezchanges in the s
and t channels [Figs. 6(b) and (7)]

(a) Azial-vector mesons (A). The axial-vector mesons
contribute only to the Compton scattering of charged
particles. The net contribution is

~ Cth h.A IlA
Mzu = Tluy A2 N%Fipy(#%,ﬂi’uo) (”2 _ ﬂQP + -/1_2) :
A A

(38)

The structure function F4p., is given in Appendix C.
(b) Vector mesons (V). The vector-meson contribution
is obtained as

~ ~ ezhp
ME = [T} + Té‘"]wﬂic‘zxp-fﬁvv(#%,#foﬁ)

h

X (—sz + h—§/> :

v —Hp Ky

The structure function Fpyv is given in Appendix C.
From the different pieces contributing to the invariant
Compton amplitude presented above, and from Egs. (21)
and (30), we can extract the electromagnetic polarizabil-
ities from each individual contribution: TBB, the ex-
change of scalar, vector, and axial-vector mesons. They
are given in Table IV, in which one finds several inter-
esting points. First, vector meson exchange contributes

(39)
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only to the magnetic polarizability, whereas axial-vector
exchanges give finite contribution only to the electric
polarizabilities. Second, these two contributions are of
O(p%), so they vanish in the zero mass (chiral) limit of
the pseudoscalar mesons:

put — 0 (P=7 and K)

[note that mp in the denominator of each separate contri-
bution to the polarizability is not subject to this limiting
procedure: its origin is the defining relation, Eq. (30)].
Third, the surviving contributions in this limit are the
scalar exchange and a part of TBB which are found to
satisfy the well-known relation [recall the discussion in
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Sec. I, and Egs. (31) and (32)]
ap+ Bp x f1(0,0) = 0.

Thus, our result explicitly shows that this relation is vi-
olated to O(p3). This must result from any reasonable
model (see, for example [6, 9]).

Any further discussion needs concrete numerical re-
sults which will be relegated to the next section.

(40)

IV. DISCUSSION AND CONCLUSION

Contributions listed in Table IV are evaluated numer-
ically and are presented in Table V. From the table one

TABLE IV. Analytic expressions for pseudoscalar-meson electromagnetic polarizabilities in the

present model.

TBB Scalar
ahy 0 0 ahy -
axo m[“w( NuZ) + w2 (u2)] m‘FSPP(O,ILi,ILi)FSwm(O)Is
(0)
ﬂvr“ 2A2m W ( 1r) —Qxo
- i W“’(u,) +u WP ()] o
Brs e Tare Wi (k7) —aro
ahx 0 ahk 0
Qo W—[ Wy )(#K) + 13 WO (2] TS_-A’—m_KFSPP(O’ i %) Fsyy (0)IE
Bico W—W(o) (rk) —ago
ahg + ahy
o+ m[—wil k) + ux W (uk)] Tenemy Forp(0; whe, ) Fsqy (0)IE"
ank
Brc+ A W(+)(Il ) —ap+
Vector Axial vector
azo 0 0
10ah,
ﬂno 2 /"’nFPVV(“wyl—"wxo)IV 0
9IA?m N
Qg
Ayt 0 A2m uwFAP*,(u'ny }L",O)IA
B+ %,3,,0 0
[+ 5°¢ 0 0
4ah
Bko g—A_}'(—I"KFPVV(ﬂK, wi, 0) I 0
ah
O+ 0 A2 K I‘I\ FAPv(I‘I\y“I\yO)IA
Bic+ $Bxo 0

= 5[cos® §sh D, (0) + sin® 6sh s, D5, (0)]A?
—V/2sin 65 cos® §s[he D (0) — hyy Dy, (0)]A?

IE® = 3[cos? §5he D, (0) + sin? Ssh 5, Dy, (0)]A?
+{2[he D (0) + hfonu(O)] ~ 3hao Da, (0)}A?

—6v/2sin 85 cos? 8s[h. De(0) — hy, Dy, (0)]A
IEY = 3[cos? 6she D (0) + sin® 8sh s, Dy, (0)JA?

+{2[he De(0) + b 5o Dy (0)] + 3hag Dag (0)} A”
—6v/2sin 65 cos® 6s[h. De(0) — h s, Dy, (0)]A2
Iy = 2[hpr(m,,) + hoDp(0)]A”

Iv = —[hKo DK‘(TH}() + hrs Dpce (())]A2
I = [haDa(m2) + haDa(0)]A2

If = _[hKl DKl(mK) + hKl DKx (0)]A
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TABLE V. Numerical results for polarizability in the

Gaussian system. The unit is 10™*% cm?.

TBB S 1% A Total
Qo —3.013 3.755 0 0 0.74
B0 2.951 —~3.755 0.506 0 —0.30
At —0.140 3.755 0 0.0187 3.63
B+ 0.295 —3.755 0.051 0 —3.41
a o —0.283 0.610 0 0 0.33
Bco 0.162 —0.610 0.741 0 —0.29
et 0.678 1.543 0 0.061 2.28
B+ 0.045 —1.543 0.185 0 —1.31

immediately observes certain trends. The first is that
for both pions and kaons, the axial-vector contribution is
almost negligible and thus may safely be omitted. The
vector-meson contribution also has relatively small mag-
nitude, particularly for the pion polarizability. Next, one
sees that the major effect (in magnitude) comes from the
scalar exchanges. For neutral mesons this is largely com-
pensated by the TBB diagrams due to the consistency
condition (recall Sec. II), which is however not quite ob-
vious for the case of K. In any event, it is this compen-
sation which makes the role of the vector exchange visible
in the magnetic polarizability of the neutrals. Lastly, the
TBB contribution to the kaon polarizability is about an
order of magnitude smaller than that for the pion. This
arises primarily from the ratio of the coefficients in the
TBB contribution:

2 (P=mK, z=2,5), (41)

zA?mp
as in Table IV. However, there is a very interesting ex-
ception to this tendency: the TBB contribution to Kt is
about five times larger than that for 7% and with oppo-
site sign. The origin of this may be traced to the W(+)
function for af (see Table IV):

WH(ud) = WD (ud) + idwiP(ud), (42)

which arises from the quark loop effect. The p% depen-
dence of this function is plotted in Fig. 9. Clearly, for
small p3 (p2 = 0.09) the first term is dominant and
the whole expression stays small and negative. But for
large 3 (as in the case of ag+ : p% = 1.2) the second
term grows rapidly and becomes dominant. Also plotted
in Fig. 9 is the corresponding function W(® for neutral
mesons. This is rather flat as a function of u%, so unlike
for charged mesons nothing peculiar happens for ap().

For the contribution to the m and K polarizabilities
from the scalar-meson exchanges, the ratio

aK My
— o~ 43
< QO )scalar 2mK ( )

may be expected to hold as for the TBB contribution
above (see Table IV). This is roughly so for the neutral
mesons, but for the charged mesons the ratio is quite
larger. The origin of this enhancement is in the factor
I§{+ in Table IV: suppose that all the scalar mesons be-
come degenerate (in fact this is the exact chiral symmet-

M. A. IVANOV AND T. MIZUTANI 45
0.5 ——r
W)
00
W(O}(x)
05 —_—
00 02 04 06 08 o 12

FIG. 9. Functions W (z) = —W P (z) + W (z) (I =
0,+) (see Table IV) appearing in the TBB contribution to
the polarizability. Not shown are the minimum Wr(,ﬁz] ~ —0.4

at £ ~ 2.0 and the maximum W,(n':,)( ~ 1.6 at T ~ 4.5.

ric limit in the context of our present model, which will
be discussed later). Then because of the coherent contri-
bution of €, fo, and ag, this factor becomes twice as large
as the corresponding factor I for the pion, and about
two and a half times larger than the factor Ig(n for the
neutral kaon. Actually, taking into account Eq. (43), the
relative magnitudes of the scalar-meson contribution in
Table V can be understood well. Note that this indicates
the smooth variation of Fspp(0, %, u%) (Table IV) as a
function of %, which we have actually confirmed.

Summarizing the result in Table V, the total contribu-
tion to the charged pion is

ar+ = 3.6,

which is between the LVR’s and SVR’s. The sum of the
electric and magnetic polarizabilities is

A+ + ,8,,+ = 0.22,

consistent with 0.39 £ 0.04 from the pion total photore-
action cross section [1, 35]. For the kaon we find

a}? =23, a;’} + ﬂ;r{ =1.0.

Here the effect of chiral symmetry breaking is appreciable
as, otherwise, the second quantity would be close to zero
while the first one should satisfy

+ 2
CYK m,.—F,,, ~ 1
af

(see, for example, predictions from chiral models [3, 4,
9]). This rather large charged-kaon polarizability gives us
hope that it could be measured without major difficulty
(relative to that for the pion) at a future kaon factory.
As for the polarizabilities of the neutral pion and kaon,
our result presents rather small values which are basi-
cally dictated by the low-energy consistency condition.
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Our a,o is found to be positive as compared with several
model results with a negative sign [8,9]. In any event, it
appears to be rather difficult to measure the electromag-
netic polarizabilities of the neutral mesons if one accepts
the result of the existing models (including our present
one).

In our present approach the largest model dependence
may be found in modeling the scalar mesons which give a
major contribution to the polarizabilities. Then how reli-
able is our prediction here? In this respect we stress that
within the context of our model, viz., the leading order in
the 1/N¢ expansion, the parameters in the scalar-meson
sector are well controlled by two equations due to the
Adler consistency condition, and by the scalar-meson de-
cay widths, and therefore may not vary much. As stated
in Sec. II, we cannot change either 5 or H very much
from the present values. A mild shift in m, may be toler-
ated. A preliminary numerical test has indicated that the
scalar-meson contribution could vary within 10% or so,
mostly towards the direction of reducing this contribu-
tion. Therefore, our principal conclusion may not change,
especially for the charged-kaon electric polarizability. A
more reasonable way of determining the scalar-meson pa-
rameters may be to use (i) the consistency condition, (ii)
the scattering lengths, and (iii) the phase shifts, all in the
w7 scattering channel, together with the scalar-meson de-
cay widths. One may then constrain those parameters by
x? minimizations. In this case, fit to the phase shifts will
principally constrain the ¢ meson mass. Note that to
consistently carry this program out, one needs to go up
to O(1/N¢). We shall try to do this in our future study.

In order to understand the consequence of our model
somewhat better, we shall analyze the predictions of
other (chiral) models (in a somewhat different context
there is a comparison of various chiral model predictions
(18] which the interested reader is referred to). For this
purpose it should be sufficient to discuss only a,+ and
ayo. Also it may be useful to introduce a physical con-
stant characterizing the size of the polarizabilities: we
denote this quantity as «, defined as one-half the value
of what is called the (electromagnetic) form-factor con-
tribution, viz., the finite-size effect, to the polarizability
(1,2,4,11]:

_1 pp_ ofr})

K= goy = om. (44)
Then with the aid of the vector-dominance hypothesis
and the Kawarabayashi-Suzuki-Fayyazuddin-Riazuddin
(KSFR) relation as in [11], the above expression may
be rewritten as

2c

“= iy &0 (45)

where the appearance of a typical chiral expansion pa-
rameter 1/(4wFy)? is to be noted.

Now we split the total contribution to the electric po-
larizability into three parts:

a(tot) = a(A) + a(B) + a(C),

where A is the tree contribution, B is the contribution
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from the single-pion loop, and C comes from the single-
baryon loops. A typical contribution for B and C is
illustrated diagramatically in Fig. 8. Table VI should be
useful to see which of these contributions is taken into
account in each of the models discussed below as well as
its prediction.

Contribution C was included only by Volkov and Per-
vushin [10] in a nonlinear o model. The loop structure is
similar to that for the quark loop contribution for A as in
Fig. 5. They found that for charged pions this occupies
more than 90% of the total: ~ 1.7¢g% /3 where the factor
1.7 is the effect of including all the octet baryons (accord-
ing to Ref. [7] this factor should be about 2.1). For the
neutral pion this contribution was found to be zero. It is
interesting that this result is quite similar to the contri-
bution A found in [7-9]. However, the approach of [10]
was shown to give a poor prediction of the pion electro-
magnetic radius [18]. We thus think that it should not
be taken seriously. Yet the treatment of the pion loop is
adequate in this reference, so we quote it here and below.

As for the pion loop contribution B, it was considered
in a linear o model by, for example, L’vov [8], and in a
nonlinear o model by Volkov and Pervushin [10]. It was
also discussed in the context of CHPT by Donoghue and
Holstein [18], and by Holstein [3] based upon the calcula-
tion of the yy — w7 processes [36,37]. Irrespective of the
model adopted, this contribution is finite and is found to
be negative (or zero) as long as all the participating di-
agrams are properly included. Thus, unlike in [11], no
regularization of the integration is needed.

The results of the above models are summarized in
Table VII. The prediction of the linear o model [8] was
obtained by taking the limit m, — oo, which is often
regarded as the result corresponding to the nonlinear re-
alization of chiral symmetry [23]. For the prediction of
Ref. [10], case 1 is the original one in which the coefficient
of the direct w7 interaction in the effective Lagrangian is
chosen to be 1/3 (the Giirsey choice); it is 1/2 (the
Weinberg choice) in case 2 [8, 10]. Since the latter is
found to be consistent with the linear o model and also

TABLE VI. Pion electric polarizability from various mod-
els. Tree, pion loop, and baryon loop contributions are indi-
cated by A, B, and C, respectively. The unit is the same as
in Table V.

Model Effect included apt a0
Chiral quark loop A 5.8 0
Ref. [7]
Nonlinear o model BC 5.0 —0.7
Ref. [10]
Linear o model AB 4.3 -0.7
Ref. [8]
Superconducting type A 5.1 —-0.8
o model Ref. [9]
Chiral perturbation A 2.8 0
theory Ref. [18]
QCM A 3.6 0.7
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TABLE VII. Pion loop contribution to the pion electric
polarizability from several models. The unit is x [see Egs.
(44) and (45)].

Model a,.+(B) ao(B)
Nonlinear & model -1/18 -1/9
(Case 1) Ref. [10]

Nonlinear ¢ model 0 —-1/12
(Case 2) Refs. [8,10]
Linear o model -1/3 -1/12

Ref. [8]

Chiral perturbation 0 -1/12

theory Refs. [3,18,35,36]

with CHPT, we will disregard the former. We then find
that all three models give an identical contribution to the
neutral pion polarizability. However, for the charged pion
only the linear & model predicts a nonvanishing contri-
bution. We then recall that, as stated in Sec. I, the linear
o model gives an inadequate prediction of the coefficients
in the £4 part of the chiral Lagrangian. So we rely on the
results from [10] (case 2) and CHPT, and conclude that
the pion loop effect vanishes for the charged pion. A cou-
ple of remarks may be adequate here in passing: (i) by
inspecting the formulas in [36,37] together with the result
of case 2, it appears that the kaon loop gives no contribu-
tion to either the charged or neutral pion polarizabilities
(because one might interpret the discussion in [18] such
that only the combination of the pion and kaon loops
gives the vanishing contribution to the charged-pion po-
larizability), and (ii) the particular choice of gauge in [36]
is somewhat confusing for our purpose: it might lead one
to find the vanishing pion loop contribution also to the
neutral-pion polarizability, which is not correct.

As discussed in Sec. III, a naive expectation would
be that the pion loop contribution B could become as
much as O(1/N.) or ~ 30% of A: the tree contribution
to be discussed in the following. So the fact that this loop
effect vanishes for the charged pion is quite gratifying for
those calculations which include only A [7,9, 18] and our
present one. As for the neutral pion, the tree contribution
vanishes in the chiral limit, so the loop correction, even
being small (~ —0.5 in our unit) becomes important.
From Table V (see also Ref. [9]) this is comparable to
the effect of finite (pion) mass correction to this quantity
at the tree (TBB) level. In any event the (total) neutral-
pion polarizability looks quite small in comparison with
the corresponding quantity for the charged pion.

Apart from the nonlinear o model of Volkov and Per-
vushin [10] where there is no such piece, the tree effect
A is the principal contribution. In the CHPT approach
this arises from the L4 part of the effective Lagrangian;
the result is

da

an(A) = ——5 (L5 + Lio)=
TS w

(zx =1 for my, =0 for 7°), (46)
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where L§ and L], are two of the twelve (renormalized)
coefficients in £4 which are fixed by fit to several low-
energy quantities [16]. Within the same approach these
coeflicients are related to the ratio of the vector and axial-
vector form factors in the 7 — evy amplitude:

_ ha(0)
hy (0)

In fact, L], has been determined from the experimental
value of 7. Then

= 3202(L + LT,).

ar(A) =

«
8nPm, 2 T

(z=1 formy, =0 for °). (47)
As mentioned in Sec. I, this gives the value a,+ ~ 2.8,
which we have termed a SVR. An expression identical to
Eq. (47) is obtained within the current algebra + PCAC
approach [5].

In CHPT the effect of the subhadronic degrees of free-
dom (as well as the effect from those mesons outside the
pseudoscalar octet) is implicit in the coefficients L; (or in
7). Calculations exploiting the chiral quark loop model
[7], linear o models with an explicit coupling to quarks
[8, 9], and our QCM all have tried to obtain the tree
contribution from a more microscopic point of view. To
simplify our discussion, let us take the chiral limit where
there is no contribution from the s- and u-channel ex-
changes of vector and axial-vector mesons (recall our dis-
cussion towards the end of Sec. III). Then the contents
of the tree contribution in those models are the quark
loops (which we have termed as TBB in the preceding

section), and the ¢-channel scalar exchanges: the latter
may be considered as equivalent to the o exchange in the
linear o model of [8], or to the triangular loop created by
the direct pion-quark point interaction in the chiral quark
loop model [7]. The pion electric polarizability may then
be written as [7-9]

apo(A)=—-L+ S, (48)
and
cpi(A) = I—OIL +S, (49)

where L and S are the quark loop and scalar exchange
contributions, respectively. In the chiral limit, the tree-
level contribution to the neutral-pion polarizability van-
ishes, so that L = §, and

9 @

Art (A) = EL = m =K. (50)
The difference between this and the CHPT prediction is
just the factor v [see Eq. (47)], which is around 0.5 exper-
imentally [14]. Apparently, even after applying nonzero-
pion-mass corrections, the prediction of [7-9] still stays
about a factor of 1.5-2.0 larger than that of [5, 18].

In order to understand the origin of the difference be-
tween the model predictions leading to LVR’s and SVR’s
(recall Sec. I), we take the exact chiral limit in the context
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of our QCM. Here again the surviving contributions are
TBB and the scalar exchanges. Furthermore, the scalar
mesons become degenerate [9],

Mme = Mj, = Mgy, = Mg,

and their coupling strengths become identical, too. This
yields

S5ah, hs
Qgpo = m (—b(O) + 2‘1(0)[A0 - 4HBI]“_§> )
(51)
_ ahK hS
YK = A mg (_b(o) +2a(0)(Ao = 4HBl)u§) ’
(52)
and
_ _bahp 1 hs
Pt = i AZmp (‘ 15°(0) +2a(0)(4o — 4HBI)#§) ’

(53)

which show a basic structure identical to that in Eqgs.
(48) and (49).

Then, from the fact that the neutral-pion polarizability
vanishes, we also find the vanishing of the neutral-kaon
polarizability. Furthermore, we get expressions for the
charged-meson polarizabilities which are completely free
from the scalar-meson parameters:

=12 . 4
QK4 mK ha QAr+ (5 )

In the zero-mass limit for the pion and kaon, one finds
2 _ N

_ V2A A,
P=B, ~ (2m?2 ¥ 7 TgprBo

; (55)

which may be obtained from the compositeness condition
[Eq. (2)], and the expression for the meson decay constant
in Table II, both of which require Rp(u%) and Rpp(u?)
listed in Appendix B, with ,uf, — 0. Then, Eq. (54)
becomes

apx = ™ SwzmpF}%y (= ky for P=m), (56)
with
Ao\?
=b — ] .
v=10)(52) )

Adopting the values of these constants found in Sec. II,
we find y ~ 0.47. So in the exact chiral limit we obtain

ar+ =28x 1078 em®, ag+ = 0.8 x 1073 cm?®,

which is just the prediction of the SVR [5, 18].

It is important here to point out the following fact:
unlike in CHPT [Eq. (47)] and in the current algebra +
PCAC approach [5], y in Eq. (57) and ¥ in the QCM
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are apparently not related at the present stage. That
1s, within the QCM this latter quantity is found to be
v = 0.78 [19], which is larger than the world average value
of 0.46 £ 0.02 [14] (remember, however, that this average
contains a recent measurement [38] ¥ = 0.7 £ 0.5). It
has been known that this is rather a controversial quan-
tity from the point of view of model predictions (various
models have given predictions for 7 between zero and
one) [39-42]. Thus it is likely that the QCM treatment
of this quantity has to be improved. This is what we will
pursue in the near future.

From what we have found above within our QCM ap-
proach, the following observation emerges: when no con-
finement is imposed, the tree contribution gives a large
value of a,+, as in chiral quark loop and linear ¢ mod-
els. Once quark confinement is implemented, this value
is reduced and in the strict chiral limit it virtually agrees
with the small value from CHPT.

Now we summarize our results.

(1) For the charged pion, we find a small electric po-
larizability (~ 2.8), in agreement with the CHPT re-
sult when we take the limit of the vanishing pion mass
(the chiral limit). Within our QCM we attribute this
small value to the effect of quark confinement. Once the
finite-pion-mass correction is included, together with the
SU(3)-breaking effect in the scalar-meson sector, we get

anrt ~ 3.6, B+ ~—-34.

This value is still small in comparison with the existing
data.
(2) The finite-mass correction is found to be surprisingly
large for the charged-kaon electric polarizability: it takes
ag+ from 0.8 (chiral limit) to 2.3. This is due to the
strong mass dependence of the TBB (quark loop) contri-
bution.
(3) We have found small and positive values for the elec-
tric polarizability of the neutral # and K. They appear
to be about an order of magnitude smaller than their
charged-meson counterparts, due to their vanishing na-
ture in the chiral limit (with no meson loop). It is thus
difficult for models to give a definite prediction of their
signs although many models predict them to be negative
(with or without the pion loop contribution). Experi-
mentally, it is also difficult to determine the sign because
the Thomson contribution to the Compton amplitude,
which may be used as a reference for this purpose, is
absent.

To conclude, we urge experimentalists to measure a,+
and a g4 with the best precision available to unravel the
existing puzzle.
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APPENDIX A: CALCULATIONAL TECHNIQUES

Let us consider the vector-vector quark loop (Fig. 1)
to demonstrate certain calculational techniques of the di-
agrams in QCM. Here, we understand that the momenta
are measured in units of A, and hence dimensionless. The
integral corresponding to this diagram is

|

oo
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4
myy (p) = / i / do, tr[y* S, (k)7* Su (k + p)]

/(m /"""“( ey = ﬁ)'

(A1)
By using the Feynman « parametrization, one obtains

_ 2a(1 — a)(g"'p* — p*p*)
vv(p) = / : ] / “F - a(l - a)p
Hp? — php¥ ]HVV(P2)~

We stress here that our confinement ansatz respects
gauge invariance at each step of the calculation. The
four-dimensional integral is evaluated by first going to the
Euclidean region ko — ik4, k2 — —k% = —u, then ap-
plying the prescription for the confinement ansatz [Eqs.
(M—(9)], in Sec. II. We thus find

=g (A2)

1

1
va(p2)=—2/daa(l-a)/udu %/da’v
0 0

1 00
:QO/daa(l ——a)!dub[u—a(l —a)p?] = %Rv(pz),

where

Rv(a:)—/dub(u)+ /dub u-—)\/_u(l—{-%)

=By+ 2 /dub (1+ 2).

APPENDIX B: QUARK-MESON COUPLING
CONSTANTS

(A4)

In this appendix the effective coupling constants hy =
3¢% /An? for various mesons appearing in Sec. 1II are
given. They are obtained from the compositeness con-
dition [Eq. (2)], together with the derivative of mass
operators obtained in a way similar to the example given
in the preceding appendix. Here again, up = mp/A.

(1) Pseudoscalar mesons J¥€ = 0=+, P = (7, K, n,7'):
1
Wt = SRep(id) (B1)
where .
x uz\ 1 —u/2
Rpp(z)_Bg—{-Z/dub( )-\/—1_—__;1- (B?)

0

(2) Scalar mesons JPC = 0%+, S = (ao, Ko, fo,€):

h5t = 2 [RO(u2) + 4H RE) (%) — 4H2RE(p3)),

2[
(B3)

v2+u—a(l — a)p?

(A3)
-
where
RS)(z) = Bo+ = /d b —— (1+u/2)\/
(B4)
RU(2) = A+ 2 /dua (-2) 1+ w2vT=),
(B5)
and

1
R®(z) = B, - —’ié/ (-%) a+uw2vi—e
0

(B6)
(3) Vector mesons JP€ =17~V = (p, K*,w, ¢):
hy' = va(uv) (B7)
with
1
Ryv(z) = By + 2 /dub (—-“Z’i) (-1—‘“—/12-_““:—2/4).
0
(B8)
(4) Axial-vector mesons JPC¢ = 1%+, A = (a1, K1, f1):
hy' = %RAA(;&), (B9)
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where sented in Sec. III. The amplitude is defined by diagrams
in Figs. 5-7.
Raa(z) = Bo+ 2 /d ub (-22) 1+ u/2VT= .
(B10) 1. TBB diagrams
APPENDIX C: QCM CALCULATION The most cumbersome calculations are required for

OF THE INVARIANT COMPTON AMPLITUDE box diagrams. Here again, we assume for simplicity that
all the momenta are given in units of A. The structure in-
We give below some details of the calculation of the  tegral corresponding to the diagram Fig. 5(a) is written

invariant Compton amplitudes, the result of which is pre-  in the form
|
v d4k v 5 5
8= dory [y S, (k)y” Su(k + 22)755,(k + a1 + p1)7*So(k + 1)) + cross terms

1

v V=
:9“”RPP(M?»)+ — ( pp) (—ZK“"~'8‘T£‘ )

1 1)2 2 v
[ELW T (‘Il q2 + —) (¢5p5 + Pial — 2pi'p3)

2 2 3
v ~
+aﬂ?>T2‘“' +16 (Pl q(pr - a1 2)+ (0 a2)’ + 7‘11 42) ’“']
i d 2 3 2 2( 3
v 753 v v v (1—=v) 9,20, v
+2/ bu(_ _> - uv _ 2muy 7 ATuY
i / Vi=v h 384 64 T 8 L 192 HPT2 — 1N (C1)

where Tz‘"' is one of the two gauge-invariant Lorentz tensors found in the defining equation of the Compton amplitude
in Sec. III [Eqgs. (22) and (23)], whereas

K* = ¢5py + pial — 2p1'p5 — 9" 0142, (C2)
LH* = gk p¥p, - BoVe o ai — P’ - ge — gh? . 2 _ THY 12 C3
=qopPeP1 @1 +P141P1 91 —P1P2q1 92— 9 (Pl ‘h) =4y mp, ( )

and
N® = q1 - qa(abps + el — 204p5) — 0" [pr - u(p1 - @1 — 41 - @2) + (41 - 02)°). (C4)

The function Rpp(z) is found in Appendix B.
The structure integral corresponding to diagram Fig. 5(b) is written as

d*k
Ity :/ /dav tr[y# S, (k + p1)7° Sy (k)7 Sy (k + ¢2)7°Sy(k + p1 + q1)] + cross terms
f 3
#P 2 pv _’U. Fuy
— ( ) (21{ +5 T )

1
dv uz v2 2
- b’(—v—”)[ <q1 <I2+—>(‘IP +plet — 2pi'ph)
— 4 8 202 171 172
J Vi—-v

=—2¢""Rpp(up) +

1)2 2 /‘tQP v 5 2 uv
——ipr-a(pr @1 —q1-92)+(q1 - 2)° +=q1 - ¢q2 ) ¢* +—‘,uPT
8 2 32
1 P s
v u v
b// ©rp — LMY 214 it
i / Vi—s ( ey > ( 92 T 96N ’ (C5)

where KH#Y, L‘“’, NH#¥ have already been defined above.

For neutral mesons the invariant Compton amplitude receives contributions only from these two box diagrams. The
resulting amplitude is
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MJgg po = €*hpCp (218, + I5] (C6)

where Cp is 5/18 for #°, and 1/9 for Ky, respectively.
For charged mesons the Compton scattering is represented by diagrams in Fig. 5(d). Here the first three triangle
+ bubble (TB) diagrams give the contribution,
Mg = M}, — 2¢°¢" + Mig_gp, (C7)

point

where the first term is for the scattering by a point charge [identical to the expression in Eq. (20)], whereas the third
term, which is structure dependent, we write as

M’FE-SD = e2hPI"1i1V3~ (C8)

In the above expression

1
v dv 2 Vo Vs
’432/ 1_0”(”””4’3) (Fr0 +372)
0

/ dv ,u?a v? " v? 2
—/ l—vb —’UT 16L +1—6 Q1112+— (¢5p5 + el — 2piph)
0

v2
~16

1
d " /—‘2 v° v
BN (X pw p Zywv) C9
TP /\/1 b<v4 1927 192 (€9)
0

2
v 11
(qul(l)xfh - q192) + (142)* + 7‘11%) g ggﬂ%Tzl‘

<

The total TBB contribution to the charged-particle =~ The W(z)’s are
Compton amplitude is then written as

1
M, = M 262" +e*hp(Tin+5/9185-2/918)). 0.z = 5 [B / du_y (_ur)
0

(C10) 108 1—u 4
With a little algebra and by recovering the correct di- 1
mension, we obtain the invariant Compton amplitude at +£ / du b (_E) (u 3 §u2)
threshold from TBB. 4 ) 1—u 4 4 ’
(i) Neutral mesons
(C15)
wy QT#'/W(O)( )+ TWIW(O)( 0,
Migpeo = A2 - [ 1 \Hx EMEAN with
(C11) 5
0(0) = —=b'(0
and Wy (0) 54 (0),
MHEY _ 262}7’1([ 2 Tﬂvw(o)( 2 )+T#VVV(0)( 2 )]
TBBK® ~ “gA2 K11 1 Kk 2 Yo "\HK)]

1
5 du uzx
(C12) Wi(2) = 55 [ 0/ T (_T) u

(i1) Charged mesons

1
1'/ du b’( uz’) 3u2
v v —_— _—— ] —
M’lI“BB+ = M point + M-‘;SD' (013) 4 1—u 4 2
0
Here, as before, the first term is the point charge contri-
bution while the second is structure dependent and may 22 ! du uzy u?(1— u)
be written as —1—/ T ub” ( 1 ) 3 )
0
2h
MY5p = Wb T WP (uh) + T4 Wi (b)), (C16)

(C14)  with
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W3 (0) =

Wi(z)= 108[ 0/1 u4x) (1_%“2)

5
ﬁb(O),

1
5o () 0-9)
(C17)
with
Wi (0) = 55(0),
and

1 ~
M§" = —€e*hphs7CsppCsyy Fsppl(p1 — p2)* pi; P

1Ds[(p1
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with

WH(0) = 25(0).

2. The scalar mesons

The contribution of ¢t-channel scalar-meson exchanges
to the Compton amplitude is defined by the diagram in
Fig. 6(a). The invariant matrix element is written in the
form

Here the function Fspp corresponding to the decay S — PP is written as

= dik
2. .2, ,.2)
FSPP(p 1p1)p2)_/47r2i/d0'v tr

2 .2 2
— P pPi P
=rser (5 55.55).

where
FSPP(CC,y,Z) = F_f(,‘gp(z,y, Z) - 4HF§2P(x:ya Z),
(C21)
The expression for this function is rather lengthy, but

for our present purpose the following particular cases are
sufficient:

F$Pp(2,0,0)

:Ao—g/1 dua(—yf)
0

(11 1+4V/1-u :
2 1-/1-u “)
(C22)
F§2P)P(zl010)
, 1
z ur
_Bl+ﬁ/duub<———)
0
1 14+V/1—-u
~1 1=
x(2 i u), (C23)

— p1)*|F§y. (—q1;92) + cross terms. (C19)
< H 5 5
1+ 2 F+ fo- 151))51;(’6 = p1)7 Su(k)7* Sy (k +P2)]
(C20)
l
/ d
F{Pp(0,2,2) = 4, + _“ (- “’”) . (C24)

and

1

F3 (o B 3/ uz\ 1-3u/2
spp(0,z,z) = 1+ Bo+40dub( 4)—————m

(C25)

Here we adopt the free propagator for the scalar field:

1
DS(P2) =z — pZ

The function Fs.,, defining the decay S — vv is writ-
ten as
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d*k
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Fé‘v”y(ql;qz)=/47r2i /da., tr[(l + —fAf(? F+ do— ¢l)> Sulk = q1)7*Sy (k)v” S (k + g2)

e (P
=767 e -de)fsy (5 )

where

Fspy(2) = Fg)), (2) + HFS), (2), (c21)

1
1 uz 14vV1-u
Fg?—y(:‘:) = :’I /dua(—T) (1 - u)lnﬁ,

(C28)

1-y1-u’
(C29)

1
FO (2) = %/dub(—ﬂ) u(1 - u)In 1+tvi-u
0

and

a(O).

S (C30)

Fsy4(0) =
Next we collect the SU(3) factors Cspp: and Cs.-,
Cspp = A {A7, A7),
and, more concretely,

Conr = 4 cosébs (g),
St = | —4sinés  (fo),

c _ 2(cos b5 — /2 sinés) (e),
SKK =\ —2(sin 65 + V2 cos§s) (fo),

Caok+k- =2, Cy gogo=—2.
The factor Csy4 is equal to
1(5 cosbs — V2 sinés) (e),
—1(5sinds + V2 cosbs)  (fo),

Csyy = XS (A9)] =

% (ao),

(C26)

[

where A@ is the diagonal quark charge matrix. Finally,
we obtain the contribution at threshold:
—62hp

2A2

BV __ pv
MY =T}

xCsppFspp(0, pup, 4p)Csyy Fsyy(0)hs /%
(C31)

3. Axial mesons

First of all, let us consider the decay A — P~y. This is
defined by diagrams Figs. 10(a)-10(c). The contribution
of the triangle diagram [Fig. 10(a)] may be written as

M@(A — Py) = —iex/hahp(LCapy)AcGe Fohy (p,q),
(C32)

where €4 and ¢, are the polarizations vectors of the axial-
vector mesons and photon, respectively. For the axial-
vector meson on the mass shell we have

ph=@+9’=mj, p’=mp, _
(C33)

¢* =0, (ca-pa)=(6-9)=0

The SU(3) factors are
Capy = {M[(VP), A9}

=tr{ A4, A1)} = {(2) Efltirti?))

The structure function F5, (p,q) is equal to

(a) (b) (c)

FIG. 10. Diagrams describing axial-meson decay A —

PH.
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ap d4k a5 5 B
Fipv(p,@)= A 7 | dov Y Su(k = p)r° Su(k)v" S (k + )]
F 2y F 2 2 R 2y _ 4,2 R 2
= g Fap (i) — 2p"° AP(#AZ) f;P(#p) +(q°pH — g*Hp - )P4 PVV(#A2) “p pvv(pp)
my —mp My —Mp
(C34)
where
1
z z
FAP(Z') = Ag + Z /dua (—’U.Z) 1—u (035)
0
and
1
1 z 1+vV1l—-u
- —aZ C36
Rpvv(z) 4/d’ua( u4)1 (1"‘\/-1_:_;) ( )
0

The contribution of the diagram in Fig.10(b) is
M®(A - Py) =

—iev/hahpAe§e[—(p + ¢)* D5P (p) — p* DS (p) + 9* (p + 0)* D (p) + p* D4’ (0)1F4 p(p),

(C37)
where the structure integral F2 p(p) is equal to
Fie) =1 [ 18 [dovetP s ont .+ m = Far (), (c38)
and the free axial propagator is
D) = LS M (C39)
The contribution of the diagram in Fig. 10(c) is written as
M)A — Py) = —2iex/hahpAcs et ((p + 9)°p"] AP(“,:‘) (C40)
which vanishes when the axial-vector meson is on its mass sl;:all.
Finally, we get the gauge-invariant form for the invariant matrix element
M(A— Py) = ~ieZALL & e (g#pg — g*p%), (can)
where *
Gapy = \/,;:’T;A#A ( Fap(up) + 2AFar(ia) = Far(kp)] ;[ﬂ R};VV(‘LA) - uPRPVV(#P)])
A
= VhahpA} ( Fap(up) + FAPW(/"A’/‘P)) (C42)

Here function Fap,(z,y) is defined as

zRapy(2) — yRap,(y)
z—y ’

Fapy(z,y) = (C43)

where

Rapy(z) =

1
%/ dua(—u%)
0

X [2\/-1——_11 —1In (i—i\/——i—\/zz)] .

(C44)

The first term in the expression for Gapy can be ne-

—

glected because 1/u% ~ 0.1. In this approximation we
have

Gapy = VhahpApL Fap,(p3, ub)

~ hAhPAuf‘RAP-,(;t%). (C45)
In the above expression, we have neglected the
pseudoscalar-meson mass relative to that for the axial-
vector meson.

We next calculate the radiative decay width for a; —
mv. This is equal to

2
ol Gaur'v

I'(a1 — my) = 52 m
a

(C46)
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The numerical result is shown in Table. III.

Now, let us consider the contribution of intermediate
axial vector mesons to the polarizabilities of pseudoscalar
mesons. As mentioned above, we will neglect the terms
proportional to 1/p% which come mainly from the dia-
grams containing two or more axial vector meson propa-
gators. In this approximation only the diagrams of Figs.
7(a)-7(d) are important.

The invariant matrix element corresponding to these
diagrams is written in the form

MY = — e®hphalFiby (—p1, —q1) — ¢°* Fap(pl)]
xD*#(p, + q1)
x[F‘f}’,V (p2,92) — gﬁVFAp(p%)] + cross terms.
(C47)
This can be calculated from what we have obtained

above. The final result for the axial vector meson contri-
bution to the threshold Compton amplitude is

2

v € hp 2 2 2 2 hA hA>
F 7 (—+— .

A2 Hp AP'y(HP P) /131 _ﬂ% /&

(C48)

iy =1t

4. Vector mesons

The contribution of vector mesons to the Compton am-
plitude is shown in Fig. 6(b). The invariant matrix ele-
ment for the s-channel exchange is written in the form

My =~ ethhV(%C\%P—y)Fﬁav
x(~qui;p1+ @)D (91 + 1)

x Fptu (= (p2 + ¢2); ¢2) + cross terms. 1)
49

Here, the function F#¥(q;; g2) corresponding to the decay
P—-VVis

F}lll d4k 5
pyvyv(91;¢2) = 1.7; | dovtr [°Su(k - q1)

X4 Sy (k)7" Sy (k + ¢2)).
(C50)
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With the symmetry property of this function,
Fpyv(a1,92) = Fphy (g2, 11), (C51)

it may then be written as

A2 A2’ A2
(C52)

v . v + 2 2 2
Fhyy = (i/A)e* P qgqf Fpyy (M S

The function Fpyy for general arguments takes a rather
complicated form, but for our purpose the following par-
ticular cases are sufficient:

vav(il), 0, 0) = RPVV(-’E)

- :11- /a (-v3)m ﬁ—-—\/_ "1:2 (C53)
0

Fpvv(z,y,0) = rRPVV(? - zRPVV(y)* (C54)
1

Fpyv(z,z,0) = i \/1dvTv'a (—vii) . (C55)
0

The free propagator of vector field is
D3P (p) = T4 PP my (C56)

)
mi — p?

The SU(3) factor Cy p is equal to

Cvpy = teA2{AF, ()1,
In particular, we obtain
Cony = %1 Cury =1, CK'+K+7 = %, Ckeogoy = %~

Performing the convolution of antisymmetric tensors
and taking into account the cross diagram, we obtain the
final result

ezhp
e #CY pyFpvv (p, b, 0)

hy hy
x( 7 _ 2 +—2')'
By —Hp By

Mg = (T + T8

(C57)
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