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Polarization and angular distributions in the decay sequence t —bW ™+ W™ 1%y, are discussed for
the standard model. Top quarks from e *e ~—¢F are predicted to have large polarization but, even if
not, the parity-violating effects in this decay chain are large and will test closely the detailed spin struc-
ture of the electroweak interactions involving the top quark. A means of analyzing 7t decays following 7t
production in hadronic interactions is developed, leading to an illuminating construction. Its applica-
tion is illustrated by the analysis of the candidate for top-antitop pair creation in pp collisions found by
the Collider Detector at Fermilab (CDF) at 1.8 TeV center-of-mass energy. If this is really # production,

then the top-quark mass would be 125%}} GeV/c2.

PACS number(s): 14.80.Dq, 13.20.Jf, 13.88.+e

I. INTRODUCTION

The heavy quarks Q =c¢, b, and ¢ have important indi-
vidual differences in physics. This is particularly evident
in their polarization phenomena. In two earlier papers
[1,2], we have discussed the polarization properties of ¢
and b jets, finding that the usual hadronization processes
effectively depolarize the heavy quark Q (=c or b) since
it always reaches the 0~ state of (%,Q), (d,Q), or (5,Q)
before the quark Q decays. For c jets we were able to find
a mechanism by which some effects characteristic of Q
polarization might show up in (7D ) final states with mass
~m(D*), but we showed that there were good reasons
why even this effect could be only rather small (certainly
less than 1073%). For b jets this mechanism was not a real
possibility either, the reason being that the ¥ rays emitted
in the dominant B* decay mode B* — By are swamped
by a general background of y rays from other sources
(especially 7°— yy decays) in the same jet. However, for
the processes e *e ~—¢c —D*D*X, a strong polarization
correlation was predicted for the D*D* final states,
which should be verifiable when adequate statistics be-
come available. For the processes e 'e ~— BB*X, a simi-
lar effect was predicted, but the practical difficulties
against its observation and measurement appeared quite
overwhelming.

The situation is quite different for ¢ and 7 quarks. It is
now known empirically [3] that the top quark ¢ is very
heavy, more than 89 GeV/c?. Indirect theoretical argu-
ments [4], based on higher-order corrections with the
standard model, suggest that its mass may be substantial-
ly higher than this lower limit, most likely in the region
of 150+30 GeV /c2. In this situation its dominant decay
process will be

t—>b+wW™ (1.1)

where W denotes the electroweak boson of mass 80.6(4)
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GeV /c?, through the electroweak interactions, as many
authors have noted [5,6]. Since the U, element of the
Kobayashi-Maskawa matrix is essentially unity, certainly
to the accuracy needed here, this lifetime can be predict-
ed rather reliably for given mass m,, and the values ob-
tained are shown in Fig. 1 as a function of m,, following
the calculation of Gilman and Kauffman [7]. These
values represent upper limits on the total lifetime 7,,
since it is not excluded that ¢ may have additional decay
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FIG. 1. Total top-quark lifetime as a function of its mass m,.
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modes, involving particles not yet detected, a possibility
which should not be ruled out of consideration. For
m, =150 GeV /c?, the partial lifetime for the mode (1.1)
is 7.8 X 10~ % sec, which corresponds to a natural width
I'(¢) of about 850 MeV.

The rapidity of this decay (1.1) has major consequences
for the hadronization of the ¢ quark, as was first noticed
by Bigi et al. [6]. The magnitude of I'(¢) effectively rules
out the possibility of a toponium spectroscopy; for to-
ponium, the decay width is 2I'(¢), thus of order 1700
MeV for m, =150 GeV /c?, and this is much larger than
the energy separation between the (2S) and (1S) (7)
states. The measurement of R =(e e —hadrons)/
(e"e —utu~) will show, at best, only very broad
humps at the lowest (nS) (7z) states, without detailed
structure. There will be no ¥ rays from transitions be-
tween toponium states. For the bare top states (i,1),
(d,t), and (5,1), the situation will be similar. Because of
the large value of m,, the energy separation between
T*(®S,) and T('S,) states is estimated to be of the order
of 5-10 MeV. Top decay in these systems will occur at
rates so many orders of magnitude faster than y-ray tran-
sitions between them that the depolarization mechanism
effective for ¢ and b systems does not operate for the cor-
responding ¢-quark states.

The hadronization processes which gives rise to jet for-
mation when a quark in a hadron is suddenly given a
high momentum are also completely modified. In the
strong-coupling regime, these processes are well de-
scribed by the color-flux-tube or color-string model. Fol-
lowing QQ pair creation, Q and Q are linked by a string
having a constant tension o, whose empirical magnitude
is about 800 MeV/fm, while Q and Q separate, with ve-
locity B=[1—(m, /E,)*]'/?, E, being the energy of each
in their overall c.m. frame. The t-quark lifetime in this
frame is lengthened to 7(¢)E, /m,, and its mean distance
of travel before decay is c¢7(¢)E, /m,=0.2(E, /m,) fm (for
a mass of about 150 GeV/c?, as we show below). In this
time the string extends an amount ~2(0.2E,/m,) fm and
therefore receives an energy of 20(0.2E, /m,) MeV. This
energy is released by breaking the color string, with the
creation of a light-quark pair (“quark popping”) in the
form of a meson, the lightest possibility being the pion,
whose mass is 140 MeV /c?. In the mean the masses
relevant are those for m, 1, p, , 7', and, to a lesser ex-
tent, for K and K *, and the meson emitted will have ap-
preciable kinetic energy, so that an energy of ~500 MeV
per ggq pair appears to be a reasonable estimate. Experi-
ments possible in this decade are unlikely to have E, /m,
values exceeding about 1.3. Top-quark decay is so rapid
that there can only be about one (gg) creation event in
the time before its decay, and that hadronization is
-ineffective in these circumstances. This conclusion is
comparable with the estimates given by many authors us-
ing a wide variety of physical arguments [8].

Such conclusions are favorable for the observation of
polarization effects; the complications of hadronization
become irrelevant. Whatever momentum and spin infor-
mation the produced ¢ quark carries will be directly
passed on to the decay products. The production and de-
cay of t quarks will provide a probe into the most basic
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quark dynamics. With the resulting simplification of
top-quark dynamics, it is evident that there are apprecia-
ble polarization effects that reflect the basic structure of
the standard-model interactions. As we will see below,
this applies particularly to the longitudinal and trans-
verse polarization of the top quark predicted to be large
in e*e ™ annihilation from the y-Z° interference terms.
This polarization will lead to strong lepton asymmetries
in the final states.

II. POLARIZED
TOP-QUARK DECAY DISTRIBUTIONS

We begin with the electroweak interactions governing
the t—bW™ and W' 1%y, processes. The relevant
terms of the interaction Lagrangian have the standard
form

by M —ys)it Whtvy (I—y)l WitHee., (1)

apart from a numerical factor. The amplitudes
A(M',A;0)[p,0,¢] for a ¢ quark (helicity A) to transform
to a b quark (helicity A') and a W boson (helicity A),
obtained by direct calculation from the first term of (2.1),
have the following forms, in the top-quark rest frame:

My
X exp(+ild)[1£p /(Ey+my)],
=~
X exp(£iid)[1Fp /(Ey+my)],

A(F,0;+)= sin(16)

(2.2a)

A(£,0;%) cos(4-0)

(2.2b)
A(+,+1;+)=V2sin(16)

X exp(£id)[1Fp /(E,+m,)], (220

A(F,F1;£)=+V2cos(10)

1
2
Xexp(Litd)[1+p /(E,+m,)], (2.2d)

the other four amplitudes for t —bW * being identically
zero. These expressions hold for decay in the ¢ rest
frame; we have denoted the momentum and energy of the
b quark by p and E, and those for the W meson by —p
and Ej, (in subsequent discussions, Q= —p and Q=Ey,
will be used for the W three-momentum and energy).
Since the t quarks result from f7 pair creation, in the situ-
ations discussed here, it is appropriate to choose the z
axis to be along the boost direction from the ff center-of-
mass frame. The angles (0, @) specify the direction of the
b quark from this decay. Similar expressions hold for the
T—bW ~ decay amplitudes, the relationship between
them being

Ag, AA)=[A(— Ay, —A;— A" . (2.3)

We note that the transitions of W states with helicity
+1 are substantially suppressed relative to those for wt
states with helicity A=0 and —1, for either ¢ helicity.
This follows from the parity-violating left-hand couplings
in the interaction Lagrangian (2.1); the emitted b quark
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has left-handed coupling, and so its helicity is dominantly
negative. If m, =0 held, only the b-quark helicity state
(—4) would enter in the coupling (2.1), and this would
limit the helicity of the oppositely directed W* boson to
the values 0 and —1.

The decay rate for unpolarized t decay to bW ™ is ob-
tained (apart from a constant numerical factor) from the
sum

S S 1A, A1),

A Ab,At

(2.4)

from which we can pick out the contributions to each
final W helicity state A. For methodological reasons it is
convenient to express these rates in a form valid whether
the W boson is on shell or off shell, although the off-shell
contributions are negligible when the top mass m, is
more than several W-boson halfwidths (", =1.25 GeV)
above the bW ' threshold. They are constructed here by
multiplying the relevant (amplitude)? from (2.4) by the
bW ™ phase space and expressing the result in integral
form, the variable of integration being Q2 where Q2
denotes (Qf—Q?) for the W bosons and Q, is the
energy-momentum four-vector delivered to the W boson
in the ¢ rest frame. The resulting forms are

GEm} (m—m)? M}, 1Q|
Loo= 3 2 2 \2 2
247 0 (Q°—Mpy ) +(MyTy)
X[QH1—Qy/m,)+2Q?],
(2.5a)
Gim} om—m,? 2 My 1Q|
Fiy= 3 agQ 2 2 2 2

X[Q*1=Qo/m,)FQ%IQl/m,],
(2.5b)

where T'), denotes the transition rate for t bWy, i.e.,
to a final W *-boson state with helicity A. We note that
the transition rate to helicity A= —1 is different from
that to A= +1, anticipated in the remarks just above as a
result of parity violation. Numerical values of these par-
tial widths for definite W helicity are given in Fig. 2. For
mass m, near 120 GeV/c?, the A=0 and —1 rates are
comparable in magnitude, but for mass 160 GeV /c? the
A =0 rate is twice that for A=—1. As m, increases still
further, the A=0 rate becomes increasingly dominant
and this parity-violation polarization effect would become
increasingly difficult to measure. We note that the
A=+1 decay rate is always small compared with the
A=0 and —1 decay rates, the A=+1 decay rate reach-
ing its maximum value only at the threshold for real W
production, where the nonzero value of the b-quark mass
allows the b quark to be slow and thus to have both heli-
city states possible. The form (2.5a) has been given by
Gilman and Kauffman, but they did not separate the
A=+1 and —1 terms, given here in (2.5b); this over-
looks this strong polarization effect, which is likely to be
important for the physical ¢ mass.

Since the ¢ quark is likely to be produced with strong
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FIG. 2. Partial rates for top-quark decay to bW *, for W heli-
city A=+1, 0, and —1 along its momentum in the top-quark
rest frame.

polarization in the e e ~ — #F process (see below) and that
a strong correlation between polarizations for the ¢ and 7
may be anticipated for a 7 pair created through hadronic
interactions (quark helicity conservation), it is of interest
to extend the above results to the case of a polarized ¢
quark. To do this requires the evaluation of the expres-
sions

2 A(}\-baA;Az)p()\-t’}\v;)A*(}\rb,A’;)\';) ’
Ab,At,A't

(2.6)

where the density matrix p(A,,A}) is for the initial polar-
ized t quark, its values being (1+P,-0),, . /2, with P,
pointing along the ¢ polarization in the #-quark rest frame
and P, is the magnitude of that polarization. The expres-
sions (2.5) are modified by an additional polarization term
in each square bracket, these becoming as follows:

To: - [Q*1—Qy/m,)+2Q*+P,-Qim>—m}P)/m,],
(2.7a)
S [QH1—Qy/m,)F Q2Q/m,(1£P,-Q) ,
(2.7b)

where a is a unit vector along the W momentum (in the ¢
rest frame). Off-diagonal elements of TI',., are
now also required and have the general form (2.5), with
square brackets given by

Fii:
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c [P ¢§_i$)MW
X{QIF(Qy—0Q%/m)} V2], @2.7¢)

where $ is a unit vector along QXQ and §=$X6, with Z
a unit vector in the direction of the boost required to put
the top quark into this rest frame (from the frame in
which the t-quark production is naturally specified). The
vectors Z and Q define a plane in the 7 rest frame. We see
that the component of P, along Q affects the diagonal de-
cay widths [Egs. (2.7a) and (2.7b)], while the components
transverse to Q produce real or imaginary off-dia-
gonal widths [Eq. (2.7¢)] for in or out of the 'i-a plane.
The remaining off-diagonal elements I, + are identically
Zero.

To have practical significance, the relative strengths of
the contributions from the various W helicity states,
which have quite strong dependence on m,, have to be
measured. This can be achieved from observations on the

J

F00+7‘(I“+++F‘¥)—(F++—F_h)coserbw+[%(f‘+++l“__)—I“oo]cosze—

+v2 sinfy, ,, {coséy, ,, Re[(T o —T _;) cosb;,

— sindy, ,, Im[(T" o+ T _g) cosby,,, — (T g—T ()]},

angular distributions on the lepton from W+ T"y, de-
cay, relative to the b-jet axis in the W rest frame. With
inclusion of finite-width and off-shell contributions, this
angular distribution takes the general form

2TAAPRP, , (2.8)
where the helicity decay amplitudes ¢ A are given by

@, =(1F cosby,, ) exp(Lidy, )/ V2, (2.92)

Py=—sinby,, , (2.9b)

the additional suffix W indicating that 05, is measured
in the W rest frame and the azimuthal angle é7, being
given relative to the same plane of the t-quark boost and
W or b-quark momentum that was defined in the ¢ rest
frame via Z and Q. In terms of the decay-rate matrix
I's'a given above, the net angular distribution has the
form

bW

Ibw“(r+o+r-o)]

(2.10)

the last term arising only when the initial ¢ quark has nonzero polarization. The complete angular distribution, for the
case of polarization P,, is given by the integral (2.5) with square brackets of the following form:

[~ 1=2[{Q% 1= Q0 /m, )+ Q*+P,-Q(Qy — Q% /m,))
+Q1Q|/m, —P,-Q(1—Qy/m,)} cosby,,

— My sinby,, { cosdy (P, -0)+ singy, . (P,-$)} {|Q| cosby, , +(Qy — Q2 /m,)}] .

The vector quantities were defined in the ¢ rest frame,
but the overall predicted angular distribution [Eq. (2.11)]
is specified in the W rest frame, i.e., the frame in which
the lepton and neutrino have zero total three-momentum.
Since the neutrino is not detected (and in the full {7 event
there will generally be two hard neutrinos emitted), the
W rest frame cannot be specified uniquely, unless the ¢-
quark four-momentum is known. In the e *e ~— 7 pro-
cess (see below), the r-quark four-momentum can be de-
duced when m, is known, but this is not the case in the
hadronic production processes. However, the above an-
gular distributions have no free parameters and can be
used in a predictive way for the calculation of distribu-
tions to be compared with experimental data.

We now return to the case of the unpolarized ¢ quark.
The lepton angular distribution depends both on the mass
m, and on the reference frame in which it is considered,
and so, for orientation, we have plotted it in Fig. 3 for
mass values m, from 100 to 180 GeV /c2. In the W rest
frame, the lepton distribution is seen to be most forward
peaked at lowest m, and to tend to a symmetric sin®6 dis-
tribution as m, increases and the zero-helicity W boson

—(Q*+P,-QQ,) cos297bW

(2.11)

r

begins to predominate. These distributions have also
been Lorentz transformed to show their form as seen in
the ¢ rest frame; we see that the peak is shifted towards
6=90°. It is instructive to look at the cosf distributions
in the ¢ rest frame resulting from the Lorentz transforma-
tion of a distribution uniform in the W rest frame, also
shown in Fig. 3. Such a uniform distribution could arise
from the decay of an unpolarized W (i.e., with
' =I__=Ty) or from a spin-zero object decaying
into a lepton and a neutrino. For a W state with pure
helicity A =0, the distribution is precisely a sin%6 distri-
bution, whether viewed in the W or ¢ rest frame; this is
the expectation for very massive ¢t quarks.

When these predicted distributions are compared with
those for a flat distribution in the W rest frame, we see
that the signal in the angular distribution for top decay
via the W™ boson is qualitatively distinguishable, even
without knowing the # rest frame precisely. To determine
the ¢ mass with precision, a crucial ingredient will be
knowledge of the direction of motion of the top quark
which is decaying. In the e "e ~ — 7 creation process, the
t-quark direction will be roughly indicated as being the
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FIG. 3. Angular distribution of the lepton from W* —T *v,, following t —bW * decay, for three possible values of m,, where 6 is
the polar angle relative to the bottom-quark momentum. Crosses, predicted distribution in the W rest frame; squares, predicted dis-
tribution shown in the 7 rest frame; circles, an assumed isotropic distribution in the W rest frame shown in the ¢ rest frame for com-

parison. All curves are normalized to the same area.

opposite of the 7 decay products when the W™ resulting
from the 7 decay decays into a purely hadronic final state.
The situation will be more difficult when the top quark is
produced hadronically.

III. POLARIZED TOP-QUARK
PRODUCTION AND USE [9]

Although we have given some attention to the case of
the decay of a polarized top quark in the last section, we
return here to discuss the topic in a more general way,
along with some production characteristics. We consider
the complete two-step process t—bW ™ —bl*v,, for
which the amplitude is

(g™ —Q*Qr/My,)
= P [Ty (I—ysv],

[b7, (I —vys)t]

(3.1

where Q; denotes the four-vector momentum delivered
to the W+ meson and so to the final (I *v,) system, so
that @, =p;, +p,,. However,

O Iy (I —ysWw]=(m,+m)[II—ysv]=0, (3.2)

in the approximation adopted in this paper (i.e., all lepton

masses neglected), and the amplitude (3.1) reduces to the
(V' — A4) four-fermion form

(by*I =y )Ty I~y v]/(Q*— M2 +iM,Ty,) ,
(3.3)

where we shall drop the last factor, since our attention
can be confined to its “on-shell” part, its “off-shell” part
being negligible when the top-quark mass exceeds about
100 GeV /c?. If we now insert Dirac spin functions for ¢
and b states with helicities A, and A,, respectively, into
the first factor of (3.3)—and for the I © and v, spin func-
tions (each with only one helicity state available) into the
second factor—we obtain amplitudes A(A,,A,) for the
complete process t—bl *v,. For a partially polarized ¢
particle, described by a density matrix p(A;,A,), the rate
for the complete process is proportional to

> AR, ADp(AGL A ) A(Ay, A", (3.4)
[}

which may be written
I, < Tr(Up,), (3.5)

where
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UALA)= 3 (A, A* A(Ay,A,) . (3.6)
Ab

Calculated in the ¢ rest frame, this operator proves to
have a remarkably simple form, being proportional to

UAy,A) < (1470, /ppae a(PyPy) - (3.7)
It consists of two factors, one which couples the t-quark
spin with the lepton momentum vector and the other in-
dependent of both the z-quark spin and lepton direction.
The importance of this factorization lies in its implication
that the angular distribution of the leptons, measured in
the ¢ rest frame, allows a direct determination of the ¢-
quark polarization, whatever its direction may be.

This result may be put into a Lorentz-invariant form
by making use of the polarization four-vector S for a fer-
mion of mass m, three-momentum p, and energy E,
defined by

§= LP—,P+ (p-P)P

m m(E+m) |’ (3.8)

where P= (0o ) denotes the polarization vector of the fer-
mion in its rest frame. The covariant form of the first
factor of (3.7) is then

(p,—m,S,)p;, (3.9)

which reduces to m,(p;—P,-p;) in the limit p, -0, ap-
propriate to the ¢ rest frame, and m; =0, as is generally
assumed in this paper. The covariant form of (3.7) is
therefore found to have the factorized form

U=(p,—m,S,)p{py-p,) » (3.10)

in accord with early work by Kiihn [10]. Czarnecki,
Jezabek, and Kihn [11] have recently calculated the
first-order QCD corrections to U, showing that they do
not upset this factorization property substantially.

Using (3.10), the net rate for the two-step transition is

_ 2G} d’p, dpr dp,
(2n)’E, E, E; E,
My,
X
(Qz—Mlzl’)2+(MWFW)2

(p,—m,S, )}\Pm

ar

Xpbp.,8*p,—py —Pr—p,) (3.11)
which can be used directly in whichever frame is most
convenient.

The processes we are concerned with are two two-body
decay processes in succession, for each of which the am-
plitude is parity violating in a strong and quite definite
way. The two successive transition amplitudes are
coherent, as far as this is possible when the spin of the b
quark is not measured; the electron and neutrino each
have only one interacting helicity state, irrespective of

_J

m,M3
dF :C mtz__mbz_ t w

d (cosby,,) (Qo+1Ql cosby,

) ]/(Q0+|Qlcos97bt)3 ,
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whether or not their spin is measured. The momenta of
the product particles in each of the two successive c.m.
frames, the ¢ and W rest frames, have definite magni-
tudes; only the angles are free. In the first process, the
angles are 0y, (angle between py, or Q and the direction
of the ¢ boost) and ¢y, the corresponding azimuthal an-
gle, relative to the plane of the t boost and ¢ polarization.
The angle ¢y, is irrelevant if ¢ is unpolarized or has only
longitudinal polarization. In the second process, the an-
gles are (0y,,,,¢7,,,, ), the first being the angle between p;
in the W rest frame and the momentum p, of the outgo-
ing b quark, the second being the azimuthal angle be-
tween the plane of p; and p, and the plane of the ¢ boost
and p,. In the W rest frame, E;=E =My /2; in the ¢
rest frame we have

Ey=0Q,=(m}+M}—m})/2m, (3.12a)

Ey=(m}—Mj,+mi)/2m, (3.12b)

p=1Ql={[m}—(My+m,))
X[m2—(My—my)?1}2/2m, . (3.12¢)

However, as Eq. (3.10) shows, the overall transition
rate for the sequence t —bW, W—Iv has a remarkably
simple product form. For unpolarized ¢ quarks, the lep-
ton energy spectrum, as measured in the ¢ rest frame, is
predicted to have the form

dr _ GiMy
dE;, 27°m,Ty

{Eﬂ[%(mtz—mbz)_mtEj,]} , (3.13a)

for an on-shell W* boson. For completeness, we also
give the form

Gr M}
dr _ FZ w 2 2
dE; ————4#3’"[ E.[3(mf—my)—m,E;]
M M:
x [ ldQr——— " -, (3.13b)
0 (Q2— M2 +(M,Ty)

which includes the off-shell contributions, the upper limit
on the integration being given by

M*=2m}—m}—2m E;)E; /(m,—2E;) . (3.13c)
This distribution can be Lorentz transformed to other
reference frames, of course, but this requires knowledge
of the kinematics of the event, as was already discussed
above. What is remarkable about (3.13a) is that it de-
pends so simply on the leptonic energy in the ¢ rest frame.
Since there is a simple relationship between the antilep-
ton energy Ej, and its angle 6y, in the ? rest frame,

E;, =M}, /[2(Q0+1Ql cosby,)] , (3.14)

the distribution (3.13a) can just as well be expressed as an
angular distribution

(3.15)
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where C is a normalization constant, although its form is not quite so simple. In the W rest frame, the lepton spectrum
is the line Eg, =My, /2, smeared by the finite width Ty, of the W boson. The form (3.10) implies that the lepton angu-
lar distribution in the W rest frame, given in Eq. (2.11), can be written in a factorized form, at least when the distribu-
tion is averaged over the azimuth angle ¢y, (which is the same as ¢y,,,). It may readily be checked that (2.11) then has

the equivalent form

2(Q,—Q%*/m,+1Q| cos6y,,,,)[ Qo — |Qlcosby, , + P, -6( |Ql —Qy cosby, ;)] .

In the top-quark rest frame, the simplicity persists
when the ¢ quark is polarized. As remarked just above,
there is a very direct connection between the lepton ener-
gy and its direction 6y, in this frame, given by Eq. (3.14).
For polarized top quarks, U still factors, giving the fol-
lowing expression in place of the curly brackets of
(3.13a):

[{1—P, cos(0p )} (Ep {H(m}—m})—m,E;})], (.17

where 67, is the angle between T and the ¢ polarization,
seen in the ¢ rest frame. It may appear that this factori-
zation implies that the ¢ polarization can be deduced
from t— W—1I angular data, independent of complete
observation of the I energy spectrum in this frame, but in
fact the 65, amd Ej distributions are linked indirectly.
This is illustrated most readily for longitudinal polariza-
tion, as we now consider. With a definite value for E;, in
the ¢ rest frame, the value of 0y, in this frame is fixed ac-
cording to (3.14), so that the possible values for p; in the ¢
rest frame are limited to a cone about the b-W axis. The
angle 6, is therefore limited to lie within the range
[£6y, +(w—6y,)], which is determined by this value of
E;,. In spite of such complications, it remains true that
observation of the lepton angular and energy distribu-
tions can lead to a determination of the t-quark polariza-
tion, as well as provide a check on the detailed form of
the transition amplitudes from the standard (V' — A4)
model.

The standard model does predict quite strong polariza-
tion in the production plane for the top quark produced
in the annihilation interactions of unpolarized e ¥ and e ~
beams, in consequence of the parity-violating element of
the Z° coupling with gg quark pairs. As illustrated in
Fig. 4(a), the longitudinal polarization is a strongly vary-
ing function of the c.m. angle 6 of the top-quark produc-
tion, being less than —30% in the forward direction and
greater than +60% in the backward direction. There is
also a sizable positive transverse polarization in the pro-
duction plane as shown in Fig. 4(b), reaching over 40%
near 90° production angle. It is noted that the polariza-
tion predicted has only a weak dependence on the top-
quark mass m, over the range 90—180 GeV/c? shown in
Fig. 4, at least for e Te ~ energies more than several GeV
above the production threshold. This has the conse-
quence that a rough separation between forward and
backward events will provide ¢t-quark decay events with a
definite sign (in the mean) for their longitudinal polariza-
tion. The transverse polarization normal to the produc-
tion plane calculated for the top quark in e e ~— (7 pro-
duction [9] is quite negligible (of order 10™%).

(3.16)

r

The above remarks hold also for the top antiquark 7,
with the obvious changes appropriate for the transitions
t—bW ™~ and W~ —I ¥;. The relationship is simple in
the approximation that the quark momenta are large
compared with their masses. Chirality and helicity then
nearly coincide and the (¥, 4) couplings produce pairs
with opposite helicity for ¢ and 7. If the top quark has
longitudinal polarization P,, the accompanying top anti-
quark will have longitudinal polarization —P,. For
e*e ™ 17, the 7 longitudinal polarization may be read
from Fig. 4(a) by rotating it by 180° about the point

1 L I 1T 7177 I T 1T 17771 ] T

L x my=90 GeV ]
= my=135GeV i
O mg=180 GeV

5
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FIG. 4. Top-quark (a) longitudinal polarization and (b) trans-
verse (in the production plane) polarization for the e*e ™ — 7
reaction is given as function of its polar angle relative to e, in
the e Te ™ rest frame with E, =200 GeV and for m,=90 GeV/c?
(crosses), 135 GeV/c? (circles), and 180 GeV/c? (squares).
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(6=90°, P,=0). This property holds in consequence of
CP invariance of the electroweak interactions.

IV. KINEMATIC ANALYSIS
OF TOP-QUARK DECAY EVENTS

The events physics will provide us with in the near fu-
ture will be ¢f pair-creation events. Both particles will
rapidly decay, giving t —bW ™ and T—~bW ~. The events
will be most readily identified if each W boson undergoes
leptonic decay, which involves the emission of two rather
energetic neutrinos in the event. How can we then hope
to analyze these events, in order to determine the top-
quark mass and elucidate its production and decay pro-
cesses? Initially, our remarks will be made with the case
of 7t creation by an electron-positron collider in mind,
but we shall discuss the case of proton-antiproton collid-
ers at the end of this section, with a rough analysis of the
one candidate event available today.

We consider e Te ™ annihilation for beam energies E.
If the z-quark mass m, were known, the magnitude of the
t-quark momentum would be known, although not its
direction. If the accompanying 7 decay were entirely ha-
dronic, with W —gq' giving two jets, the net momentum
of its charged products could give a rough estimate of the
T direction and, therefore, by reversal, that of the ¢ quark,
irrespective of whether or not m, were known. Indeed, if
m, were not known, this estimate of the ¢ direction could
provide vital information, leading to a determination of
m,. We return to this point below.

For the present, consider the most favorable case, of a ¢
quark with some energy E, whose decay is t —bW ™ fol-
lowed by W' —T"v,, where the b jet is well defined in
energy and direction and the lepton likewise. We denote
the four-momenta (three-momenta) of these particles by ¢
(t), b (b), and I (T), with an assumed value for m,. There
are two constraints on these vectors.

(i) The lepton and neutrino result from W decay. Their
net four-momentum is necessarily (¢ —b), so that

(t—b)?=(E —E,)*—M} =R}, . 4.1)

(ii) The neutrino is massless. Its four-momentum is

necessarily (t —b —1), so that

(t—b—1)?=(E —E,—E;)’=R} . 4.2)

These equations lead to the construction shown in Fig.
5, based on an origin P. The desired vector t (denoted by
PX) lies on two spheres, one of radius Ry, centered on B
(such that PB=Db), and the other of radius R, centered
on L (such that PL=b+1). If the two spheres do not in-
tersect, then there is no solution; the event cannot fit the
decay sequence proposed for it. This requirement will
generally provide an absolute lower limit E, on the ener-
gy E for which this (b jet , T%) event can be interpreted as
being due to t-quark decay, whatever m, may be.

When the spheres intersect, as they do in Fig. 5, any
acceptable vector t must lie on their circle of intersection,
which lies on a plane perpendicular to the vector 7, since
we have, from (4.1) and (4.2),
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Circle E; = const.

FIG. 5. Momentum vectors b and 7 observed in the laborato-
ry frame for bottom quark and lepton, and the construction for
locating all top-quark momenta t such that these three vectors

+ + 7t
can correspond to the decay sequence t bW ™, W™ —1] v, for
a given top-quark mass m,.

t-T=E—(E,—T-b)—M}% /2E; , 4.3)
neglecting m}, where T denotes a unit vector along I. As
E increases, this plane moves upward along the axis BL

(which represents the vector I). The radius r of this circle
of intersection is obtained from the equation

(R —r)2H(RE— )V 2=11 | (4.4)

where / symbolizes the magnitude of 7 (or E;). The signs
appropriate here depend on the values of b and I; for the
case depicted in Fig. 6, the sign on the left-hand side of
(4.4) is (—), whereas the sign on the right-hand side is
(+). However, in all cases, the magnitude of 7 is given by

FIG. 6. Lepton momentum [ in the W rest frame (angle 6y,
with the line W) and in the top-quark rest frame (angle 6;, with
the line Ib). 6; is the angle between 7 and the top-quark boost
direction, in the top-quark rest frame, and ¢; (not shown in the
figure) is the azimuthal angle between the planes /tW and BtW.
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r’=(M}/I1NE —E,) , @.5)

where the constant E is given by
E,=E,+E;+Mj, /AE; , (4.6)

irrespective of which () signs occur. We note that the
circle of intersection shrinks to a point when E falls to
E,, so that E, is the lowest energy for which any top
quark fit to these b-jet and lepton momenta is possible.
As E increases above E, the circles form the surfaces of
a paraboloid, as Eq. (4.5) indicates. [If lepton masses are
retained, this surface is an ellipsoid, but with a major axis
(I /m;) times its minor axis.]

For the circle MXN, centered at C, and for energy E,
the vector PX is the top-quark momentum t correspond-
ing to the point X. Clearly, PX varies in magnitude as X
moves around the circle. Hence the mass
m,=(E?—PX?)!/? varies around the circle. The full par-
aboloid H gives an infinity of sets (E,t,m,), which can fit
the empirical (b jet , D) event. It is of interest to deter-
mine all of the points for which m, has a prescribed
value. The surface of the paraboloid H may be
parametrized by

t=t,+(E —E,)l+xi+yj, (4.7a)

where t; is the top-quark momentum for the limiting en-
ergy E,, given by

to=b+(1—M}% /4E}T , (4.7b)
and (x,y)=(rcosm, rsinn), the phase angle 1 being
defined in Fig. 5. Note that MCN lies in the plane PBL
containing the vectors b and 7 and that the unit vector i is
defined to lie along CM, j being perpendicular to this
plane. Then

ml=E*—t*=(E —Ey)(2Ey—M% /E;—2t,])

+2xi-tg+md , (4.8a)

where
my=mi+Mj,+2b-1(1—M}y, /AE})+ MY E, /E; .
(4.8b)

The points P for a definite m, therefore lie on a plane sec-
tion of the paraboloid H. The perpendicular to this plane
lies parallel to the plane of b and I, its normal making an
angle 0 with the vector I, where

tan=—b-i/(E,—b-T) . 4.9)

The plane section obtained is necessarily an ellipse. We
note there is only a single infinity of solutions for a
definite mass m, and that the z-quark energy E can then
lie only between two limits E_;, <E <E_,,, correspond-
ing to the highest and lowest points of this plane section.
These two extreme points lie on the vertical plane of sym-
metry MON, the plane of b and 7.

The construction shown in Fig. 5 may be used in a
number of ways.

(a) Electron-positron colliders. In this case the energy
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E is set by the mode of operation of the machine. The #t
threshold at 2m, could conceivably be signaled by a sud-
den rise in the ratio R =(hadrons)/(u"n~) as E in-
creases through 2m,, but this is unlikely to be the case.
The cross section for (¢ +7) unbound states will be small
near threshold and the onset of 7 pairs difficult to detect,
as a function of energy. We recall that the toponium
states below this threshold will be very broad, each over-
lapping its neighbors. It may be possible to see the (7t)
1S state as a broad rise and fall of R, but its full width
may be comparable with the separation between it and
the 2S level. The higher (nS) levels will merge into a
continuous spectrum, perhaps with some degree of modu-
lation. [Already in the case of bottonjonium, it has not
been possible to locate precisely the bb threshold solely
from measurements of R. It has only been possible to
bracket this threshold by noting that Y(4S) is a broad
level (width about 24 MeV), whereas Y(3S) is a narrow
level (width about 24 keV), but this line of argument will
not be available for the bound 7t states, in view of the
large number of (nS) states predicted and the great
breadths predicted for them.]

(i) As just remarked above, the knowledge of E and of
the (b jet, I *) momenta allows an infinity of values for
m,, between two extreme limits (corresponding to the
points M and N in Fig. 5, where x takes the values +r
and —r, respectively). One further datum is needed.
This might be provided from a rough indication of the
direction of t, the r-quark three-momentum, as the oppo-
site of t, the three-momentum of the other member of the
(7,t) pair, if the 7 decay involves no neutrino emission,
but gives rise to three hadronic jets (a b jet and two jets
from W™ —¢b decay). The summed momenta of all the
charged particles resulting from this sequence of jets can
provide an estimate of the 7 direction adequate enough
for this purpose. A line drawn from P in Fig. 5, parallel
to —t, may (within the empirical uncertainties) intersect
the ring MXN, providing for a possible t fit, determining
thereby the value of m,. If this line (or a cylinder, rather,
when empirical uncertainties on the 7 decay are included)
does not intersect the ring (torus, when the experimental
uncertainties on the ¢ decay are included), the conclusion
must be that the event is not an example of 7 creation.

(ii) If the T—>bW ™~ decay is followed by W~ —1" ¥,
then we must carry out the above construction also for
the 7 decay. The 7 decay event must correspond to a
point on the ring for center C on paraboloid H, just as the
t decay event corresponds to a point on the ring for
center C on paraboloid H, both rings being constructed
for the same energy E. The two paraboloids H and H are
necessarily different in form since they are based on
different band !/ * momentum values, but the two vectors
OP and OP must sum to zero. If the origin O is placed
on O and all momenta involved in the figure constructed
on O are reversed, the resulting momenta and points be-
ing denoted by a prime, then the rings C and C’ must in-
tersect and the point of intersection should give the same
mass value for each ring. In practice, the rings will be
tori and there will be a volume of intersection (possibly
two separate volumes, if C and C’ happen to intersect
twice, though this is highly unlikely since the two rings C
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and C’ will not lie on the same plane), resulting from the
uncertainties in the experimental measurements. If the
intersection were found to correspond to differing values
for m, and m, or if the rings C and C’ turned out not to
intersect, the conclusion would have to be that the e Te ~
annihilation event under study was not of the type (¢ +7).

(b) Proton-antiproton collider. The situation here is
more complicated, because the 7z rest frame is not known.
There are more parameters needed to fit the net (¢ +7)
event, and the conclusion reached can only be assessed in
terms of likelihood. The construction of Fig. 5 can be
used for the analysis of the (b jet, I7) and (b jet, )
configurations resulting from the ¢ and 7 decays separate-
ly, as discussed for the case of e 'e ~—7t above. For
each system there will be many fits, each fit being charac-
terized by two parameters, (E,n) for a ¢ quark and (E 1)
for a T quark. E (E) gives the energy of the quark (anti-
quark) in the laboratory frame and therefore the ring
MXN (MXN ) in Fig. 5 on which the corresponding point
X (X) is located; 1 (7) gives the angle MCX, as shown in
Fig. 5, thus locating the point X (X) uniquely. For each
fit (E,n) or (E,7), the momentum of the quark or anti-
quark is definite, so that each fit requires a definite mass
value m, or m,.

We shall discuss the procedure to be followed, by using
the physical parameters reported [12] for the one candi-
date (¢t +7) production event found by the Collider
Detector at Fermilab (CDF) group, given in Table I.

(i) As remarked above, it is always possible to give a
definite lower limit on m,. For the (b jet, I ") system, Eq.
(A3) and inequality (A8) lead to the result

1-b=2685, (4.10a)

leading to m, >109.2 GeV/c2. For the (b jet, I 7) system,
the corresponding inequality happens to be a little
stronger, the result being

1-6=2770,

leading to m; 2 110.0 GeV/c

(ii) A single configuration (b jet, I 7) can be fitted for ar-
bitrarily large m,, but the appropriate value for E is then
correspondingly large. The configuration of the decay se-
quence, in the top-quark rest frame, has to be corre-
spondingly special, such as to give these low values for p,
and p; and, therefore, less and less reasonable.

(iii) Now we combine the fits for (b jet, T") with those

(4.10b)
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for (b jet, I ) by requiring (a) that the two fits give the
same mass, and (b) that the net transverse momentum
for the two fits is not unreasonably large, namely,

l(pt )trans+(p7)transl =p, (4.11)

where we have chosen the limit p =0.1m,. Abe et al.
[13] have discussed the generation of transverse momen-
tum for partons and jets by gluon emission from the ini-
tial interacting partons, finding a distribution function
roughly Gaussian with mean transverse moment of
14%-21% of the outgoing-jet transverse energy. This
scales up the result of about 5 GeV/c at the energy of the
CERN collider [14].

For an assumed top-quark mass m, (0.5 GeV/c?), we
have laid out a four-dimensional grid, for E and E in
steps of 1.0 and 2.0 GeV, respectively, and for 7 and 7 in
steps of 5°. We tested every point on the grid, requiring
the computer to register those points for which condition
(4.11) was satisfied with p =0.1m,. The acceptable points
in the grid clustered in groups, some with particularly
low values for p,.,,. Typical parameter sets, with the
lowest values for p,.,.., have been collected together in
Table II, for a series of top-quark mass values. Most of
these groups belong to an evolving cluster, varying con-
tinuously as m, increases. The energies E and E required
increase as m, increases. Although each configuration (b
jet, I7) and (b jet, I ) can be fitted for arbitrarily large m,
and 7,, so that the requirement that m, =, can always
be met, the quantities which are not input, such as E, E,
and (p, ), ane become unreasonably large, requiring rather
precise values selected to fit the small input quantities; for
example, the condition (4.11) then becomes difficult to
meet.

Next, we consider the longitudinal momenta deduced
for ¢ and 7 in these pairwise fits. Assuming the fundamen-
tal creation process

parton +antiparton—¢ +7 , (4.12)

we can deduce uniquely x and X for the initial parton and
antiparton, and the values obtained are also entered in
Table II. We note that the values x and X are not small.
With the Tevatron energy of 1.8 TeV and if this one
event we are discussing is really due to 7z production and
decay, it is apparent that this event is most probably gen-
erated by the valence quarks g, of the proton interacting
with the valence antiquarks g, of the antiproton. Since a

TABLE I. Measurements by CDF of their *“ff candidate” event [12], specified in the laboratory frame, and the proposed
identifications (id.) for the leptons and jets observed. E.,,, denotes “transverse energy,” while 7 and ¢ denote the pseudorapidity and

azimuthal angle in each case.

px py pz E Etrans ‘b i
(GeV/c) (GeV/¢) (GeV/c) (GeV) (GeV) 7 (rad) id.
e” —21.18 23.61 —28.56 42.68 31.72 —0.81 2.30 t
b jet 18.71 —6.27 25.25 33.26 19.73 1.07 5.96 t
I’ —0.62 —43.69 —38.64 58.33 42.54 —0.80 4.70 _t_
ut —1.03 7.94 —28.74 29.83 7.58 —1.96 1.70 b<t
jet 0.74 8.86 —70.12 70.73 8.89 —2.76 1.49 b<T
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TABLE II. Shows representative sets of parameters E (E) (GeV) for ¢ and 7, p7(7t) (GeV/c) the transverse momentum for the (7)
pair in GeV/c, and the angle 7 (%) defined as in Fig. 6. F(x) is the parton structure function of the proton; F(X) is the same evalu-
ated for X. P(I) (P(])) represents the probability for lepton momentum / (1) in the W decay following ¢ () decay, as given in Eq.

(2.12a).

P(D) F(x)
m, E 7° x E 7 % pr(ft) (P(N] [F(%)]
112 122.5 220 0.10 320 180 0.39 0.32 0.008 5.26
115 130 225 0.11 350 175 0.42 423 0.030 3.78
120 130 280 0.11 230 150 0.29 1.27 0.073 9.90
120 130 215 0.12 390 175 0.47 1.12 0.073 2.28
125 142.5 270 0.125 250 140 0.31 1.50 0.113 7.47
125 142.5 90 0.081 250 220 0.35 2.28 0.113 8.52
132 170 140 0.10 430 200 0.56 1.95 0.155 1.19
132 172.5 210 0.14 465 170 0.57 4.14 0.155 0.75
140 192.5 150 0.12 500 195 0.65 1.46 0.183 0.36
140 195 195 0.15 520 175 0.65 2.87 0.183 0.28
150 222.5 190 0.16 580 175 0.73 0.17 0.200 0.09
170 245 80 0.10 220 300 0.41 2.20 0.186 427
200 335 85 0.13 255 330 0.52 3.13 0.142 1.23

typical valence quark carries about } of the proton ener-
gy, i.e., about 300 GeV, the creation of a t pair with total
rest energy of substantially more than 220 GeV/c? (say,
2X 150 GeV/c?) accounts for a relatively large part of the
energy available in the initial g,-q, system. In Table II
we see that the smallest (x,X) values required to fit the
event, assuming it to be 7t production and decay, are
~(0.08,0.3). These values imply that the sea-quark in-
teractions and the gluon-gluon interactions can make
rather little contribution to the rate of 7 pair creation at
1.8 TeV. As the assumed top-quark mass is increased,
the values required for x and X to fit this observed
configuration of decays soon become greater than can be
provided by the proton and antiproton, respectively; in
short, the parton-antiparton energies available in these
proton-antiproton collisions are no longer sufficient to fit
these data, if it is assumed that this one special event is
due to top-antitop production. From this argument
alone, we can conclude that the top-quark mass is most
unlikely to be greater than 200 GeV/c?.

To draw a more positive conclusion, we have made a
rough estimate of the relative likelihood of producing a 7
pair with the observed configuration, for an assumed
value for m,. We will then make use of Bayes’s theorem
to deduce the relative probability for the top-quark mass
to be m,, given the (bl,bl) event observed. We include
the following factors:

(a) The probabilities P (E;,m,) and P(E,,m,) of obtain-
ing the (uncorrelated) E; and E,; energy values, in the ¢
and 7 rest frames, respectively, deduced for each accept-
able fit, using the theoretical expression (3.13).

(b) The values of the structure functions, F(x) for the
proton and F(X) for the antiproton, for the values of x
and X for each acceptable fit. The structure function is
that of Duke and Owens [15] (set 2) for (u +d), with

2=m?. The likelihood function is calculated as

L(m,)= S F(x,)F(%,)P(E;,m,(E},m,) ]/N(m,) :

(4.13)

where the sum is taken over all matched pairs (z,7)
defined by the parameters (E,7) and (E ,77), respectively,
having masses m, and m; equal within £0.5 GeV, but re-
stricted to those pairs having p,.,n <0.1m,. The denomi-
nator denotes the total number of matched pairs found,
without restriction on their overall p,,,.. On this
simple-minded basis, we obtain an estimate for L (m,) for
this one event, based on 1000-2000 matched pairs for
each m, (m,=112-132 GeV/c? in steps of 1 GeV/c? and
134-150 GeV/c? in steps of 2 GeV/c?). Even with these
large numbers of matched pairs, there are still consider-
able statistical fluctuations in the calculated L (m,),
which requires some smoothing, our final evaluation of
L(m,) being shown here in Fig. 7. Using Bayes’s
theorem, our conclusion is that the top-quark mass is
about 125 GeV/c?, with limits 115-144 GeV/c? at the
level of one standard deviation.
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FIG. 7. Estimate of the Bayesian probability for top-quark
mass m, on the basis of a fit to the single CDF candidate event,
as discussed in the text.
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V. CONCLUSION

As a result of the rapid decay, t —bW through the
electroweak interaction, predicted for the top quark by
the standard model, its polarization is little affected by
the hadronization. This decay reflects the structure of
this (bt) interaction, and it gives rise to a strongly polar-
ized W boson, whose polarization can be determined
from observations on its W — /v decay mode. Studies of
these processes and their properties will allow us to ob-
tain a very detailed knowledge of the spin structure of the
electroweak interaction for the top quark, knowledge
which is not available from studies of the other heavy
quarks, the ¢ and b quarks. An important and instructive
program of experimental work lies ahead of us, either by
further use of the Tevatron, perhaps with increased lumi-
nosity, or by constructing a new hadronic collider at a
significantly higher center-of-mass energy.

In hadronic collisions at high energy, the top and anti-
top quarks are created as a pair, each with unknown
momentum. The first question arising is how these top
decay processes can be analyzed when the top quark’s
momentum is not known, especially as its most recogniz-
able decay mode in the z-decay chain, W —/v;, involves
the emission of a hard neutrino. In the above we have
laid out a straightforward procedure of construction,
which shows the nature and consequences of the informa-
tion lacking and the degree of ambiguity in the analysis
of the decay event. For an assumed laboratory energy E
of the ¢ quark, the missing neutrino momentum lies on a
specific circular cone (traced out by the vector LX in Fig.
5), each ray on the cone corresponding to a value for m,
(but with a twofold ambiguity, owing to the symmetry of
the figure with respect to the plane of the vectors b and
l). For an assumed m,, with E unknown, the missing
neutrino momentum lies on an elliptical cone (traced out
by the vector L A as A travels around the line of inter-
section between the paraboloid MON and the plane con-
taining the line “m,=const” marked in Fig. 5); each
point on this line “m, =const” corresponds to a different
value of E (but with the twofold ambiguity just men-
tioned). The same construction may be made for the an-
titop quark 7 for m.. If the ¢ and 7 constructions are
made for m.=m,, using the same origin P=P, the full 7
event can thus be represented by two ellipses in space,
one for t decay and the other for the 7 decay. This im-
plies that there is a double infinity of possible fits to the
full event, even when the mass m;=m, is assumed

known.
Ine’

E,=E,=E,, t+t=0.

e ~ — T there is an additional constraint, namely,

(5.1

How many solutions there can be when m,=m, is not
known depends on the (b,7) and (b,!) configurations.
The line of possible ¢ solutions is now a circle (since
E =E =const), around which the value of m, covers a
definite range continuously; the line of possible 7 solutions
is another circle, not directly related with the ¢ circle and
generally corresponding to a different range of m,. The
question is whether or not there is a point X on the ¢ cir-
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cle and a point X on the Fcircle, both with the same value
of m,, such that the vectors PX and PX sum to zero,
thus satisfying condition (5.1). In general, this will not be
so, in which case the event is not due to 7t creation. If
the event does arise from e Te ~ — 7, there must be such
an intersection; it will determine the top-quark mass and
lead to the full identification of the event.

For hadronic 7 creation, the resolution of the doubly
infinite ambiguity requires more detailed assumptions.
We appeal to the parton-antiparton description of the re-
action. In the simplest parton model, the partons and an-
tipartons move strictly parallel to the beam axis, so that
the ¢ and 7 quarks created must then have total transverse
momentum zero. However, in practice, it is found that
the initial partons radiate some energy in the form of soft
gluons and that this gives the final 7 pair some small
overall transverse momentum. We accepted only those
fits with net transverse momentum less than one-tenth of
the top-quark mass investigated. This still allows a dou-
ble infinity of fits, but only over very limited ranges for
the parameters which describe the final decay
configuration. If no such fits were found, this would im-
ply that the event is not due to 7 creation. On the other
hand, fits may exist even when the event is not #z produc-
tion. This is the question of background, a matter which
has not yet been discussed in the context of our event
analysis, but which can be discussed by using this
analysis with Monte Carlo-generated events for
bbW ™ W™ final states, such as Barger, Ohnemus, and
Phillips [16] have generated in their discussions of other
analysis procedures. Assuming that the events under dis-
cussion are really due to 7 production, the probability for
each configuration can be assessed as a function of m,, as
discussed in the above text, taking into account the pro-
ton structure function and lepton spectrum predicted for
the sequence t —bW —bl T v,.

One good candidate event has existed for some time,
from the work of the CDF group at the Fermilab Teva-
tron [12]. It is not known whether or not this event is
necessarily an example of 7z production, but we have used
it as an illustration of our procedure. It may be of in-
terest to note that, if this event is really a 7z creation pro-
cess with subsequent decays t —bW ™ and T—bW ", then
the top-quark mass lies in the range 115-144 GeV/c 2, its
most probable value being 125 GeV/c2.
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APPENDIX: A LOWER LIMIT FOR m,

The covariant forms of (4.1) and (4.2) allow the deriva-
tion of an important inequality for m,, given the four-
momenta b and I for the final b jet and lepton in the labo-
ratory frame. These forms are

(t—b?=(T+v) =M} ,
—~12=(t —b)2—2I-(t —b)+1*=0 .

(A1)

(t—>b (A2)

Taking m; =0 and inserting from the first expression, the
latter equation takes the form

M3, —20-F4+21-b=0. (A3)

The scalar product 7-b in this equation can be evaluated
from data in the laboratory rest-frame, whereas 1-¢ is
given by m, E;, in the ¢ rest frame, where Ey, is the lepton
energy in that frame. The relations of momenta in these
different frames are illustrated in Fig. 6.

An upper limit on Ej, is readily obtained from a kine-
matic argument using only energy and momentum con-
servation, with the result

(Ep)max=(m2—m2)/2m, . (A4)
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After inserting these evaluations in (A3), we have
m,=(I-b+Mp,/2)/E; > (21-b+Mp)2m, /(m}—m}) ,

(AS)
leading to the inequality

m,>(mE+M%+21-b)12 . (A6)

A stronger inequality for Ej, is obtained by considering
the detailed chain t—bW, W —Iv, for which the upper
limit on E is given by

E;, <(Q,+1Q /2, (A7)

where Q, and Q are given in the text above; Q, is equal
to Ey, given in (3.12a), and |Q| is p, given by (3.12¢). Us-
ing the inequality (A7) in Eq. (AS5), some algebraic manip-
ulations lead to the inequality

m,>[(m2+2I-b) M}, +21-b)/2T-b]'?, (A8)

which is the optimal inequality, although it does not take
into account the finite width T",.

The inequality (A8) can place a significant limit on the
minimum top-quark mass for a given (b,1) pair, and this
limit is used in the above text.
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