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Ansatz for the quark mass matrices
allowing for a high top-quark mass
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We present a new Ansatz for the quark mass matrices, in which the correct Cabibbo-Kobayashi-
Maskawa matrix is obtained for an arbitrarily large value of the top-quark mass. Our An8atz predicts
IV„s/VaI m„/m, and Isa/Vi. I ms/m, . The first prediction is close to the accepted lower
bound; the second one may be tested in the near future.

In the standard model of the electroweak interactions
the family structure of Yukawa couplings is not con-
strained by gauge invariance, and as a result the val-
ues of the quark masses [1] and of the mixing parame-
ters [2] are completely arbitrary. They are not related
among themselves and are not related to the value of
any other parameter of the model. Following the original
idea of steinberg [3], several authors have tried to par-
tially eliminate this shortcoming by devising Ansatze for
the quark mass matrices [4]. The number of independent
measurable physical quantities that are explained by the
quark mass matrices is ten: six quark masses, and four
parameters of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix V [5]. On the other hand, the number of param-
eters in any particular Ansatz is smaller than ten, and
therefore each of the Ansatze predicts some relationships
between the quark masses and mixings. The most popu-
lar Ansa'tze are the ones of Fritzsch [6] and of Stech [7];
most of the other Ansatze [8—10] are indeed only varia-
tions of one of these. Although these Ansatze are usually
not justified by a complete model, it is hoped that they
might provide clues to some unknown physics underlying
the origin of the fermion mass matrices.

Unfortunately, all these Ansatze have been either ex-
cluded or severely impaired by the recent experimental
lower bounds on the top-quark mass [11]. Indeed, the
Ansa tze of Stech and 'of Gronau, Johnson, and Schechter
[9] (GJS) have been completely excluded, since they pre-
dicted the top-quark mass to be smaller than 50 GeV.
The Ansatz of Fritzsch and other related Ansatze [8, 10]
cannot accommodate a top quark heavier than 120 GeV,
and are at present in only marginal agreement with ex-
periment [12]. One may be led to the conclusion that
the interesting idea of obtaining relationships between
the quark masses and mixing parameters through simple
Ansatze has to be put aside because of the high value of
the top-quark mass.

In this Rapid Communication we will show that this
is not so. We suggest here a new Ansatz for the quark
mass matrices, which has a difFerent standpoint, com-
pletely distinct both from the one of Fritzsch and from
the one of Stech. The main relevance of our Ansatz lies in

MU = diag(0, up) + UU diag(0, up) UUt,

MD ——diag(0, dp) + UD diag(0, dp) UDt,

where uo and do are real parameters with the dimension
of mass, while UU and UD are unitary matrices. In gen-
eral, we denote by diag(a, 6, .. .) a diagonal matrix of the
appropriate dimension, having diagonal matrix elements
a, 6, and so on.

We parametrize the second columns of UU- and UD in
the following way:

sin 0rr exp(i0i)
cos 0rJ exp(i02)

sin 0D exp(i0s)
cos 0D exp(i04)

(2)

the fact that its predictions are essentially independent
of the values of both the top and the bottom masses.
This has as a consequence that this new Ansatz is totally
immune to any new experimental finding concerning the
top-quark mass [13].

Our Ansatz predicts the ratios IV„~/V, i, I
and IVt, /U, ~I

to be equal to some well-defined functions of the quark
masses. The prediction for the first of these ratios is
rather low, but it is within the experimentally allowed
range of values. Furthermore, it should be noted that
the determination of

I „V/iU, Isfrom the available experi-
mental data has a strong input of quite uncertain theory.
On the other hand, the prediction for the second ratio
leads to a prediction for the amount of B,-B, mixing.

In order to illustrate the idea of our Ansatz, we start
with a simple two-generation version of it, i.e. , supposing
that the top and bottom quarks did not exist. We de-
note by MU and MD the mass matrices of, respectively,
the "up-type" (charge z) and "down-type" (charge —s)
quarks. They are in this case 2 x 2 matrices. We assume
that they are Hermitian and may be written as
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8~ and 8D being angles of the first quadrant. We define
0] 02 03+04. The eigenvalues of the mass matrices

are the quark masses

m = up(1 + cos 0U), m„= up(1 —cos 0~),

m —dp(1 + cos 8D), mg = dp(1 —cos OD).

Notice that m, and m„have the same sign, just as m,
and mg have the same sign. We now easily find that the
Cabibbo angle is given as a function of the quark masses
and of g by

m, mg + m„m, —2(m, mmmm„m, ) cos yZ/2

(m, + m„) (m, + mg)

(4)
Taking into account that rn, » rn, » md, ) m„, we ob-
tain the well-known relationship [3] between the Cabibbo
angle and the down-type-quark masses: sin Oc mg/m, .2

The fact that we could recover this nontrivial relationship
shows that our two-generation Ansatz is successful.

The result for sin 0~ of this two-generation Ansaiz is
equal to the corresponding result of the two-generation
version of the Fritzsch Ansatz [3, 6]. However, the Her-
mitian quark mass matrices of the two Ansatze are not
equivalent, as can be seen by noting that, while in our
Ansatz the signs of their eigenvalues are equal, in the
Fritzsch Ansatz they are opposite.

It is amusing to note that there are only two parame-
ters with the dimension of mass in Eq. (1), correspond-
ing however to a total of four distinct quark masses. The
splittings between m, and rn„ in one charge sector, and
m, and mg in the other, are, as seen in Eq. (3), provided
by the angles in the unitary matrices UU and UD.

Encouraged by the success of this two-generation
Ansatz, we tried to extend it to the three-generation case.
There are, of course, many possible extensions, most of
them incompatible with the known values of the quark
masses and mixings. We propose the following three-
generation Ansatz:

MU = diag(0, u2, ug) + W~diag(0, 0, ui) W~,

MD = diag(0, dg, d2) + W~diag(0, 0, di)WD.

MU and MD are now 3 x 3 matrices. As before, u~, uq,
dl, and d~ are real mass parameters, and WU and TVD
are unitary matrices.

Making use of the peculiar form of the first contribu-
tion in Eqs. (5) to each of the matrices MU and MD,
we may, without loss of generality, parametrize the third
columns of WU and WD in the following way:

sin

(Wii);s — cos PD«)

where

( di sin PD di sin PD cos PD 0 )
MD = di slil pD cos pD d2 + di cos pD 0

0 d, )
(8)

while M~ —MD(di -+ ui, d2 ~ u2, PD —+ PU); and iy is
the following unitary matrix:

(1 0 0)
I& = 0 c& s& diag(e', 1,e'~') .

I 0 —s~ c~)
We have defined o = g2 —gi. Therefore, if we define the
orthogonal matrices RD and RU to be such that

RDMDRD ——diag(mg, m, , mi, ),
(10)

R~UMURU = diag(m„, m„m, ),
we obtain for the CKM matrix V the result

V = R~I&RD.

At this point, we should emphasize that mg, ... , mi,
in Eqs. (10), are the real eigenvalues of the real symmet-
ric matrices MD and MU, and coincide with the current
quark masses only in their absolute value. Their signs
are however, for the moment, arbitrary.

We now proceed to calculate RD. This is particularly
simple because, as is seen in Eq. (8), d2 is one of the
eigenvalues of MD. Therefore, one has indeed to diag-
onalize only a 2 x 2 matrix. It is readily seen that d~
can indeed only be either rn, or roy, but not mg. Fur-
thermore, if dg ——rn, the signs of m, and my have to be
equal, and if d2 ——m~ those signs are opposite. It turns
out that the relevant case (the one in which the resulting
CKM matrix fits well the experimental data) is the one
in which dg ——my. We then have d = —mg + m, + mg
and sin PD = m, mg/[mg( —mi, + m, + mq)]. The signs
of m, and mg must be opposite in order for sin PD to be
positive. Without loss of generality, we take mg as posi-
tive and m, as negative, a twofold ambiguity in the sign
of rnb remaining. The matrix RD is in this case given by

m, (mg —mg)
mq(m, —md)

mg mg mb

mi, (m, —mg)
0

mQ mg m$

mb ms md

m, (mg —mg)
0

mg(m, —md)
0

(12)

Here, PD, P~, and y are by definition angles of the first
quadrant. From now on we denote cos y by c& and sin y
by s~.

From Eqs. (5) and (6) we find

MD ——MD, MU —Ii t MUA,

( sin Prj exp(i&i)
(WU);s — cos P~ cos 7 exp(i@q)

cos P~ siil p

(6) Similarly, for the "up-type" sector we take m„as posi-
tive, rn, as negative, u2 —mq, u~ ———mq+m, +rn„, and
sin Pri = m, m„/[mi( —m&+m, +m„)]. An ambiguity in
the sigil of mg 1'eiilallls, and R~ = RD(mg ~ m, m



R584 GUSTAVO C. BRANCO AND L. LAVOURA

mc, mb ~ mg

Finally, we are in a position to study the consequences
of our Ansatz. Using Eqs. (9), (11), and (12), we first
observe that ~Vqi, ~

= cz. This fixes the angle y. It is
very small, because ~Vq&~ is very close to 1. We then
see that (U„i, (

= [m„(m, —mi)/mi(m, —m„)]s, while

)V,i, )2 = [m, (mi —m„)/mi(m, —m„))s2. We thus obtain
the first prediction of the Ansatz:

2
Vi, m„(m, —I,)
v, i, m, (mi —m„)

(13)

Similarly, by comparing V&q and V&, we find the second
prediction of the Ansatz:

2 m„(m, —m, )
m, (mi, —mg) s

(14)

Finally, we obtain for V„, the result

m„(m, —mi) m, (mi, —mg)
V„s = —C~

mg mc m~ m$ ms mQ

mc mg m~ md ms m$+e'
mi(m, —m„) mi, (m, —mg)

(15)

ms mc
(16)

As the three-generation CKM matrix is completely
parametrized by the moduli of four of its matrix elements
[14], Eqs. (13)—(15) contain, together with ~bi, ~

= c&, all
the relevant information.

Equation (16) also holds in the Ansatz of Fritzsch [12];
but the exact equation for V„, , Eq. (15), is much simpler
than the analogous equation in the Ansatz of Fritzsch. At
this point, it is worth emphasizing the extreme mathe-
matical simplicity of our Ansatz. It is an eight-parameter
Ansatz, and it yields two linear relationships between the
squared moduli of the CKM matrix elements, Eqs. (13)
and (14). The Stech Ansafz has seven parameters and it
yields three linear relationships among the squared mod-
uli [15], while the Fritzsch Ansakz is an eight-parameter
Ansatz, leading to two relationships among the moduli,
of which only one is linear in the ~Vz.

~
[16]. However, the

linear relationships between the squared moduli are, in
the Ansatze of Fritzsch and of Stech, rather complicated,
and the best method to obtain them is through the use
of mass-matrix invariants [14,16, 15]. On the other hand,
in our Ansatz those equations are obtained by a simple
glance at the explicit form of the matrix elements. Of
course, equations between the mass-matrix invariants-
for instance, det(dqMU —u2MD) = 0 —can also be de-
rived in this Ansatz, but they are here of no practical
usefulness.

At this point, it is worth analyzing why our Ansatz, un-
like the ones of Fritzsch and of Stech, does not encounter
any diFiculty in accoITUaodating a heavy top quark. The
main problem in the Ansatz of Fritzsch is that, while
obtaining Eq. (16) for V„„and therefore the correct
Weinberg relationship )V„,~ (my/m, ) ~, it is driven
to a similar equation for V,i„ i.e. , V,& (m, /mi, ) i +
e'~(m, /mi)i~2 As expe.rimentally m, /mi, )) ~vi, ~, a

very delicate cancellation has to be assumed between the
two contributions to V, g. This leads to mi —m, mi, /m, ,

a rather Iow value for mq. The great advantage of our
Ansafz is that, while reproducing the successful Eq. (16)
of the Fritzsch scheme, it leaves ~v, b~ completely free. In-
deed, in our Ansafz ~V, b~ —s& does not depend on the
quark masses. Moreover, the predictions of our Ansatz,
Eqs. (13) and (14), become, in the limit of a large hier-
archy of the quark masses, independent of m& and mp.,
and, in particular, of their signs. Thus, in this Ansatz
the exact value of the top-quark mass is essentially irrel-
evant, provided only that it is much larger than the charm
mass. By the same mechanism, the fourfold ambiguity
of the signs of mg and mq present in this Ansatz is of
negligible practical consequences for its predictions. We
recall that similar ambiguities in the signs of the quark
masses, present in the Ansafz of Stech, had very bad con-
sequences for its predictive power, as was emphasized in
Ref. [15].

The prediction embodied in Eq. (13) gives, taking into
account the "standard" [1] values of the current quark
masses, and their error bars, [V„i,/V, i, (

= 0.061 + 0.010.
The recent experimental results [17] lead to one esti-
mate [V„b/V, i, (

to be 0.011+0.002 (see however Ref. [2]).
However, there are theoretical uncertainties in extracting
~v„i, /V, i,

~
from the experimental data, and in particular

the error bar of 0.002 given above is grossly underesti-
mated [18]. We find that the prediction of our Ansatz
for ~v„i, /V, i, ~

is somewhat low, but a more precise ex-
perimental determination of that quantity is required in
order to decide on the fate of our Ansatz [19]. It should
also be pointed out that the Ansatz of Fritzsch does not
perform better than ours in this respect: as was recently
pointed out [12], for top-quark masses higher than the
present lower bound, the Ansatz of Fritzsch also predicts
)V„i,/V, b( to be around 0.06. On the other hand, there
Is a val'iatloil of the FI'ltzsch AB86/z [10] wllicll allows
~v„i, /V, t,

~
to have a very large value.

Vfe consider now the other prediction of our Ansatz,
contained in Eq. (14). It gives ~vi, /Vi~~2 = 19.6 + 1.6
[1]. This is a nontrivial prediction: even after fixing
(V„b/V, i, [ to be 0.06, ~vi, /Viz~ is allowed by unitarity
of the CKM matrix to vary between 1.1 and 39, approx-
irnately. If ~v„b/Vd,

~

has a larger value, the domain al-
lowed by unitarity for ~Vi, /Vg~ is even much larger: for
instance f» IV i/V. i I

= 0.1 we g«8 & Ivi. /V«I' & 70.
The prediction for ~vi, /Vi~~ in Eq. (14) has important
consequences since, in the limit of exact SU(3) symme-
try, the ratio of the mixing in the B,-B, system to the
one in the B~ Bg system is prec—isely equal to ~vi, /Vip~
The observation and measurement of 8,—B, mixing is at
present one of the great challenges of experimental parti-
cle physics; a mixing of the order of magnitude suggested
in this Rapid Communication might be observed, for in-
stance, in a high-luminosity collider working at the Z
pole [20].

We may confront the two predictions for the CKM ma-
trix of our Ansafz, Eqs. (13) and (14), with the standard-
model calculations of the parameters e of CP violation
and zg of Bd-Bg mixing. The results of such a confronta-
tion must however be taken with great reserve, because
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the values of the above parameters, in particular of ~

[21], are very sensitive to any physics beyond the stan-
dard model. The result of the confrontation essentially
tells us that our Ansatz requires a top-quark mass larger
than about 130 GeV in order to fit zg. The minimum
value for m& quoted above is higher than the one ob-
tained from the fItting of zg in the standard model not
constrained by our Ansatz; this was to be expected, since
Eq. (14) requires IV, dI to be about three times smaller
than what it could be from the sole condition of unitar-
ity of the CKM matrix, and therefore mt must be about
twice as large in order to obtain the same zg. On the
other hand, the calculation of r in our Ansatz does not
lead to any new insight; that parameter is easily fitted
whatever the value that we take for the relevant matrix
element, i.e., for any B~ between 0.4 and l.

We might in principle try to obtain further informa-
tion, from the confrontation of our An@a/z with the exper-
imental ieslllts on e /e. Tllls ls ljl pl actice i'atllel' diff lclllt,
due to the still badly determined experimental value of
that parameter [22], and also because of its unclear the-
oretical status, in particular in what concerns the values
of the relevant matrix elements [23]. Moreover, e'je is
extremely sensitive to any physics beyond the standard
model [24].

An interesting point about the predictions of our
Ansatz is that they are almost invariant under the
renormalization-group evolution of the quark masses and
mixings. If our Ansatz is valid at some very-high-energy
(say, grand-unification) scale, its predictions will not only
be exact at that high scale, but also approximately valid
at the Fermi scale. This is because, due to the large
hierarchy between the top-quark mass and the other up-
type-quark masses, and between the bottom mass and

the other down-type-quark masses, the values of IV„, I,
IV„~/U, t, I, IVd/V&, I, ind/m„and iiz„/rn, »e only very
little changed by their renormalization-group evolution
[»]-

We have not attempted to construct a model giving rise
in a natural way to the quark mass matrices proposed in
our Ansatz. The form of our Ansatz suggests that each
mass matrix can be naturally separated into two parts:
one a rank-1 matrix and the other a rank-2 matrix. A
popular idea which might give rise to such a structure is
the suggestion that the fermion mass matrices are gener-
ated radiatively [26]. Each mass matrix is then usually
the sum of three rank-1 matrices, the eigenvalues of which
have a hierarchy. However, this idea certainly does not
apply to our Ansaiz since in it, as we have seen, the two
mass parameters in each mass matrix are of the same
order of magnitude, their signs only being different.

In conclusion, we have suggested a simple Ansatz for
the quark mass matrices which is in agreement with the
present experimental knowledge on the CKM matrix, and
in particular fits correctly both IV„, I

and
I V, y I, while leav-

ing the top-quark mass completely free. Our Ansatz gives
clear-cut predictions both for IV„t,/V, yI and for IVq, /VtgI
as functions of the quark masses. Both these predictions
might be tested in the near future.
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