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A systematic calculation of the coupled-channel eAects in hadronic transitions in the cc and bb sys-

tems is given. The unitarized quark model based on the Po quark-pair-creation mechanism is adopted
as the coupled-channel model. The emitted pions can now be produced both from the conventional
Okubo-Zweig-Iizuka- (OZI) forbidden process described by QCD multipole-gluon emissions and from
the light-quark loop through an OZI-allowed process described by the quark-pair-creation model. There
is interference between the two kinds of transition amplitudes. Taking the experimental values of
I (g'~J/li nn) and dl (g'~J/pa~)/dM as inputs to determine the two unknown parameters in the

theory, we predict the transition rates and M„„distributions in the bb system. The obtained rates for
Y'~Y~~, Y"—+Y~~, Y"~Y'~~ and the distribution dl (Y'~Y~m. )/dM„are in good agreement
with the experiments. For dI (Y"~Y~~)/dM, the present theory does give a bigger low-M„„distri-
bution than the pure QCD multipole expansion does, but it is still too small to fit the CLEO data.

I. INTRODUCTION

Because of the requirement of unitarity, coupled-
channnel effects should, in principle, be considered in the
theory of heavy quarkonia. At present it is still not possi-
ble to study coupled-channel effects from the first princi-
ples of QCD. Phenomenological studies of coupled-
channel corrections to the energy spectra, leptonic
widths, electromagnetic transition rates, etc. , in the g and
Y families have been made in different models and the re-
sults are successful [1,2]. For hadronic transitions in the
cc and bb systems, a systematic study of the coupled-
channel contributions does not exist yet. The existing
systematic calculations are based on QCD multipole ex-
pansion and the naive single-channel model [3—5]. This
kind of calculation gives successful predictions for the ha-
dronic transition rates in the cc and bb systems and the

invariant-mass (M ) distributions in g ~J/lb
+sr+ vr and Y' +Y+n+ n [3——8]. However, recent
CLEO experiments [9] on the ~sr invariant-mass distribu-
tion in Y"~Y+~ +m give a severe challenge to the
conventional theory. The CLEO data show a double-
peaked shape of dl (Y"~Y~+m)/dM„, while . the
QCD multipole expansion gives only one peak at the
high-M region. There are several attempts to explain
the CLEO data by assuming different dominant transition
mechamsms in Y"~Y+rr+m. Voloshin [10] and
Truong [11] assumed the existence of a four-quark state
Y& having nearly the same mass as Y" and coupling
strongly to Y"~ and Ym, and the dominant transition
mechanism is suggested to be Y"~Y&+~~Y+~+m.
which enhances the low-M„distribution. Belanger, De-
Grand, and Moxhay [12] combined this mechanism with

the final-state ~~ interactions and got a double-peaked
shape of dI (Y"~Yrr~)/dM but the low-M peak is
not at the desired position. This assumption can be
directly tested by searching for Y& in the decay
Y(4S)~Y,+sr, whose branching ratio is roughly of the
order of l%%uo [10,11]. So far no positive result has been re-
ported. A different suggestion by Lipkin and Tuan [13] is
that the transition is dominated by Y"~B+B
—+B*+B+~~B+B+~+~~Y+~+~, so that the
transition amplitude is proportional to k& k2 (k& and k2
are three-momenta of the two pions) and this leads to an
M distribution symmetric in low- and high-M values.
Moxhay [14] further assumed that the above mechanism
is dominated by a constant amplitude rather than being
proportional to k, k2 and it is large enough (comparable
to the multipole amplitude) to have a significant interfer-
ence with the multipole amplitude. He was able to make
the M „distribution fit the CLEO data by adjusting the
magnitude of the constant amplitude. The Lipkin-Tuan
and Moxhay amplitudes are actually parts of the total
coupled-channel contributions. They should be studied
together with other coupled-channel contributions and
should be examined in P'~J/P+n. +~ and
Y'~Y+m+~ as well. This study should also be con-
sistent with the coupled-channel study of other heavy-
quarkonium processes such as energy spectra, leptonic
widths, etc. Once a realistic coupled-channel model is
taken, these amplitudes are completely calculable.
Therefore a systematic calculation of the coupled-channel
effects in hadronic transitions is of special interest for
making clear whether or not the Lipkin-Tuan or Moxhay
mechanism can really be realized. Furthermore, hadron-
ic transitions from states above the threshold can also be
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measured in recent experiments [15]. A theoretical study
of g(3770)~J/1tt+~+m. considering state mixings (a
part of coupled-channel effects) has been given in Ref. [4].
A thorough investigation of this kind of process also
needs a systematic calculation of coupled-channel effects.

In this paper we shall take a well-accepted realistic
coupled-channel model and give a systematic calculation
of coupled-channel effects in hadronic transitions. We
shall first give a general formalism and then calculate
specifically the ~~ transitions from a spin-triplet S state
to a lower-lying spin-triplet S state in the cc and bb sys-
tems. Other hadronic transition processes can be con-
sidered in the same way from our general formalism. In
the coupled-channel formalism the emitted pions can still
be produced from the conventional Okubo-Zweig-Iizuka-
(OZI) forbidden process described by the QCD
multipole-gluon emissions but with coupled-channel
corrections. In addition, once light-quark loops are in-
troduced, the emitted pions can also be produced from
the light-quark loop through an OZI-allowed process.
This contains the amplitudes considered by Lipkin-Tuan
[13] and Moxhay [14]. One of the well-accepted success-
ful models, the unitarized quark model [2] (UQM) based
on the Po quark-pair-creation (QPC) mechanism [16],
will be adopted as the coupled-channel model in this pa-
per. We take this model for the following reasons: (a)
the parameters in this model are carefully adjusted so
that the model gives a better fit to the cc and bb spectra,
leptonic widths, etc. , and (b) the QPC model has been
shown to give not bad results even for OZI-allowed pro-
duction of light mesons [16,17], which we have to be con-
cerned with in our calculation of the second-kind pion-
emissions process. The above-mentioned amplitudes of
the second-kind pion emissions depend solely on the
model of QPC, so that there are no free parameters in
these amplitudes when the model is given. When we use
the soft-pion approach to the hadronization matrix ele-
ment in the multipole amplitudes (the first kind of pion
emissions), as we did in Ref. [3], there are two unknown
parameters, namely, the magnitude and phase of the un-
known constant ci [3], which affect the final results. We
shall take the well-measured experimental values of I (P'
~J/gem) and dl (g'~J/gear)/dM as inputs to
determine the two parameters and make predictions for
the transition rates and M distributions in the bb sys-
tem. We shall see that the obtained rates of
Y' —+Y+~+~, Y"~Y+m+ ~, Y"~Y'+ ~+ vr and the
distribution dI (Y'~Yurt)/dM all fit the new experi-
ments [6,8] better than the previous naive results in Ref.
[3]. The distribution d I (Y" +Yern)/dM —also gets im-

proved from the coupled-channel corrections. The low-
M „distribution increases a little, but it is still too small
to fit the CLEO data. This small improvement comes
mostly from the state mixings in the multipole ampli-
tudes, while the corresponding amplitudes considered by
Lipkin-Tuan and Moxhay are actually smaller than the
multipole ones by an order of magnitude in the present
model. The smallness of the second-kind pion-emission
amplitudes is caused by the nodes of the Y" wave func-
tion since the Y"-B-Bcoupling is determined by the over-
lapping integral between the three wave functions.

Therefore the conjecture made by Lipkin-Tuan and Mox-
hay that these amplitudes are large is not realized in the
present model. Our result does not support their sugges-
tions. At present the explanation of the CLEO data is
still not clear. It seems that the physics is more compli-
cated than any of the suggested singly dominant mecha-
nisms.

This paper is organized as follows. In Sec. II we give a
general formalism of hadronic transition amplitudes in-
cluding coupled-channel effects. Section III contains the
details of the calculations and results of the S-state-to-S-
state m.m transition rates and M distributions in the cc
and bb systems. Some discussions of the results and a
concluding remark are given in Sec. IV.

II. HADRONIC TRANSITIONS IN
COUPLED-CHANNEL THEORY

The total Hamiltonian H of the system contains Ho,
Ho, and the quark-pair-creation Hamiltonian Hype
which determines the OZI-allowed 4&-Xl-2) vertex and
mixes the two sectors. H can be written as

Ho 0
c +0 Ho Hqpc

Herc ] confined channels

0 ] continuous channels .

Note that

& @oik IHQpc I
@o't' &

=0

(X)Xl
&
v FIqpc ~

2)2)
&
v ) =0

With H&pc introduced, there will be the virtual process
+~2)+2)—++' which causes the state mixing and ener-

gy shift (self-energy II coming from the virtual Xl loop) of
the quarkonium N. The physical quarkonium state
~C&;A, ) is the eigenstate of the total Hamiltonian FX with

For giving a general formulation of hadronic transi-
tions in the coupled-channel theory, we first briefly re-
view the main points of the UQM. Let 4 be the heavy-
quarkonium composed of a heavy quark Q and its anti-
quark Q (e.g., J/P, P', Y, Y', etc.) and 2) be the heavy-
flavored meson composed of Q (Q) and a light quark q
(q ) [e.g. , D (D ), D* (D *),B (B), B * (B*),etc.]. In the
UQM [2] the whole Hilbert space is divided into two sec-
tors: namely, the confined sector 4O', A, ) labeled by the
discrete quantum number A, and the continuous sector
~2)2); v) labeled by the continuous quantum number (say
the momentum) v. The state @0;A, ) is just the eigenstate
of the Hamiltonian Ho in the naive single-channel theory
with eigenvalue Mi (the bare mass); i.e.,

FXO I Noi k ) =Mi
I @oi~ & ~

and the state 2)2);v) is a state with two freely moving
mesons 2) and 2), which is the eigenstate of the kinetic-
energy Hamiltonian Ho with energy eigenvalue E; i.e.,

(2)
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energy eigenvalue M&', i.e.,

Hle;X&=M, e;X& . (4)

l@;A, ) can be written as a superposition of the states
leo, z) and I&&;v&:

le;X&=gai~. leo, X'&+ fdvc, (v)l&&;v& . (5)

It is understood that the second term in (5) contains the
contributions of 2) (2)) composed of Q (Q) and all possi-
ble q (q). From (1)—(5) we can easily see that

X l(M. —M')~- —11-(M.) ja- =0
~ (6)

where IIii is the self-energy contributed by the 2) loops,
and for quarkonium states below the threshold [2]:

&e„zlH~t„lan); &&&5;vlHqp, l@„&'&
dv .

M~ —E

Let o.&& be the matrix diagonalizing M&& . The mixing
coefficient a&&. is related to a&& by

T
a~g =cVgA

where [2]
2 (

—1/2)
&Zn, vlHgpc eo ~)

dv
Mg —E

(9)

(10)

Equation (6) means that Mi is obtained by diagonalizing
ihe mass matrix:

=M 6 +II0

sions. Apart from the well-known OZI-forbidden
multipole-gluon-emission mechanism, the pion can also
be produced from the light-quark line in 2) or 2) through
an OZI-allowed mechanism. In principle the OZI-
allowed pion emission is also mediated by gluons, but at
present there is no proper method of calculating the
OZI-allowed soft-pion emissions from the first principles
of QCD. Now the OZI-allowed C&-2)-2) vertex is phe-
nomenologically represented by (N2); vl H&pc l 4o,' & )
with success [2] and the same treatment has been applied
to light-meson systems in Refs. [16] and [17]. The calcu-
lation in Ref. [17] shows that with a universal potential
model and coupling strength for calculating the matrix
elements of HQPc, the model works pretty well for the
mesons |)) and K, and even the results for vr and p are not
so bad (the deviation of the results from experiments is
less than a factor of 2). The reason for the success of the
constituent quark potential model in studying light
mesons has been discussed by Gromes [18]. Thus, in this
paper, we take the same QPC model to treat the OZI-
allowed pion-emission vertex. As we shall see in Sec. III,
this kind of transition amplitude is smaller than the mul-
tipole one by an order of magnitude. Therefore a factor-
of-2 uncertainty in the calculation of OZI-allowed pion
emission does not affect the total amplitude much, and
thus our final results are reliable. The OZI-allowed pion
emission appears in the form

(2)X 7T& v
l Hype l2)2)& v ) (12)

in which the pion is produced by HQPc from the light-
quark line in 2) or 2) and the other 2) or 2) serves as a
spectator.

In Ref. [19]a general formula for the S-matrix element
in the framework of QCD multipole expansion is given,
in which the OZI-forbidden soft-gluon-emission vertex is
described by the Hamiltonian

is a normalization coefficient and X& determines the

probability of finding the confined sector l4o;A. ) in the

physical statej4';A, ). The values of o."s and Ni's for vari-

ous cc and bb states are given in Ref. [2]. The mixing
coefficient ci (v) is related to ai, i. by [2]

ci(v) =& au. &&»vlHQpcl@o~'& ~(Mi.

H, = —d, E'( Xt) —m, B'(X,t)+ .

where d, and I, are the color electric and magnetic di-
pole moments of N, E' and B' are the color electric and
magnetic fields, and X is the coordinate of the center of
mass of N. Now we have an additional OZI-allowed
pion-emission mechanism described by HQPc. Let

The above consideration is sufficient for studying the
spectra, leptonic widths, etc. , of heavy quarkonia when
the model for (Xlgl;v Hcpc C&o;A, ) is given [2]. Howev-

er, as far as hadronic transitions are concerned, we
should consider further various mechanisms of pion emis-

Hpajl =HQPC +H QPC (14)

Our general formula for the S-matrix element [19] can
now be generalized to

(f lSli ) = —i2m5(M&+co& —M~)

X H2 +Hp H2 +Hp H2 +Hp
1 1

M; —H +iB —H, M; —H +LB —H,
(15)
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where M; and Mf are, respectively, the physical masses
of the initial- and final-state quarkonia, cof is the energy
of the final-state pions,

Ho confined channels,
Ho= '

c
Ho continuous channels,

Hi =Q, Ao(X, t),
with Q, the color charge and 2 o the gluon gauge poten-
tial (H, =0 in color-singlet states), and iBO is understood
to operate only on the gluon fields. As has been men-
tioned, although both the OZI-forbidden and -allowed
pion-emission processes are mediated by gluons in QCD,
we take here different approaches to the different mecha-
nisms through Hz and H „,. Each of H2 and H „, de-
scribe one kind of pion emission, so that there is no dou-
ble counting in (15). Note that in (15) the H „,contrib-
ute to both the N —2)—2) vertices and the pion-emission
vertices such as (12).

For isospin-conserving m.~ transitions the multipole
part is dominated by E1-El gluon emissions; i.e., H2 is
dominated by the first term in (13) and only two Hz's are
to be taken into account in (15) [20]. In this case the two
pions can be produced either by the two H2's or by two

HQpc s but not both, since the two gluons in the two Hz's
can only convert into two pions (not one pion) due to iso-

spin conservation. Therefore the two pion-emission
mechanisms are separated. Later on we shall use the
short terms ME amplitude and QPC amplitude for the
OZI-forbidden pion-emission (multipole expansion) and
the OZI-allowed pion-emission (quark-pair-creation)
transition amplitudes, respectively. In (15), apart from
the two Hz's in the ME amplitudes and the two H&pc's
in the QPC amplitudes, there can be extra H„„,'s with
equal number of H~pc's and HQpc s. We know that a
pair of adjacent HqpcHgpc just creates a meson loop
which belongs to the self-energy correction. In the fol-
lowing calculations we shall identify the physical masses
of N and 2) with the experimentally measured masses, so
that all self-energy contributions are understood to be al-
ready included and thus those adjacent HgpcHqpc pairs
should be ignored. The quarkonium states ~i ) and ~f )
are physical states including both the confined and the
continuous sectors [cf. (5)]. For the QPC amplitudes only
the continuous sector contributes. It is easy to see from
(11) that

f dvc&(v)~2)2);v) =(Mi Ho) 'H&p—c g a&&, ~NO, A, ') .

(16)

Therefore, for re transition from @;A,; ) to ~C&;A,f ), (15)
can be written as

(+~~;~fk,k, lsl+;x; &

i 2vr5(Mf —+ co, + co~ —M, )

1X g a,a, @omvr, kfk&.k2 H2
I I l S o+i
i f

1 1 1
+Hype Hp ~ 2 ~ Qpc

M, —H„+iB —H, M,. —H +iB —H, M —H

1 1 1+H2 Hqpc H2 Hgpc
M, —Ho+iso —H M, —H +iB —H, M, —H

1 1 1
+H~pc ~ H) ~ Hqpc ~ H2

M, —Ho+&Bo HI M Ho+Ego H M; —Ho+ i(3o —H i

1 1 1+H @pc Hype Hype Hype 4 o
M; —Ho M; —Ho M; —Ho

(17)

where co, and co2 are the energies of the two final-state
pions, respectively. The first term in (17) is just the con-
ventional ME amplitude taking into account the state
mixings. Its diagram is shown in Fig. 1(a). This ampli-
tude has been calculated in Ref. [21] and the obtained
rates in the bb system are larger than the experiments.
We shall see that the inclusion of coupled-channel contri-
butions [other terms in (17)] makes the final results in
good agreement with experiments. The second term in
(17) represents multipole-gluon emissions from the con-
tinuous sector and the diagrams are shown in Figs. 1(b)

and 1(c). The third and fourth terms are amplitudes with
one gluon emitted from the continuous sector and the
other gluon emitted from the confined sector as depicted
in Fig. 1(d). The last term in (17) gives the QPC ampli-
tudes, and their diagrams are shown in Figs. 1(e) and 1(f).
The diagrams in Fig. 1(e) correspond to the processes
considered by Lipkin and Tuan [13] and Moxhay [14]. If
we take into account only the 5-state 2) (2)) meson con-
tributions in Fig. 1(e) [e.g. , B(B),B * (B*)],the emitted
pions should be in the I' wave due to parity conservation
and the amplitude is proportional to k, -kz, which is just
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the Lipkin-Tuan amplitude. If the X)z (2)z) meson be-
tween the two pions in Fig. 1(e) is taken to be the P wa-ve

excitation B ** (B **), the emitted pion can be in the S
wave and the amplitude is independent of k& and k2,

which is just the constant amplitude considered by Mox-
hay. Therefore both the Lipkin-Tuan and Moxhay mech-
anisms belong to Fig. 1(e), and there are many other
coupled-channel amplitudes that should be calculated

7r vr
/

/

@f+@i

(c)

7r 7r
/ /

/ /

o~z

8@g+c'i 8cL &
8g

Cf+CiQ

FICx. 1. Feynman diagrams for various terms in Eq. (17). The solid lines, spiral lines, and dashed lines stand for quarks, gluons,
and pions, respectively.
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simultaneously.
In the UQM [2], the model for H&pc is taken to be the

Po quark-pair-creation model formulated in Ref. [16].
We need to consider here the creation of light-quark
pairs qq (q can be u, d, or s) with which a meson A goes
to two mesons B and C. The operator HQPC is expressed
as [17]

HQpc ) Qpc 2 2 2 f d pi d p2 5 (pi+p2)( ll„ ls, loo&
I,S a,P ij

1
XYi'(pi —pq)C;.p

8m 1&(r)= +ar —be
25 r In(r/p)

p=(Ae ) ', A=0. 5 GeV,

a =0.787 GeV/fm, b =1.378 GeV,

c =1.20 GeV

m, =1.90 GeV, mb =5.25 GeV,

m„=md =0.336 GeV, m3=0. 620 GeV .

(23)

Xa, (pi )b pj (pq), (18)

s 1 — s—(uu +dd+ss)yi' .
3

(19)

The state vector of the meson A (B,C) can be written

where y&pc is a constant denoting the strength of @PC,
a (b ) is the creation operator of the light quark q (q)
labeled by the spin index a (P) and the SU(3)-fiavor index

S
i (j), @;.

&
represents the spin and flavor structure of the

qq pair:

The coupling constants yQpc 3.03 is determined from
the best fit of the data [2]. This y&pc is almost universal
for heavy and light mesons. With the model and parame-
ters fixed, the self-energy II&&. can be calculated, and after
identifying the physical mass M& with the measured
mass, the bare mass spectra M& can be determined. In
the UQM the potential for the heavy-QQ systems is
chosen to fit the bare mass spectra and in Ref. [2] it is
chosen to be the Lichtenberg-Wills potential [23] but
with different parameters [2]:

8m (1 7(r)—
25 r In(A. r )

~

A (B,C);k) = f d qQ„(ii c)(q)&b~;pja~,

X(q+ —,'h~k)bpt( —q+ —,'h, k)i0) . (20)

X=Ae 5, A=350 MeV, 3 = —850 MeV,

m, =1.90 GeV, mb =5.21 GeV .

(24)

Here a' (b' ) can be the creation operator of a heavy or
light quark (antiquark), i)'j„(ii c~(q) is the momentum rep-
resentation of the meson wave function g„(ii c~(x), k is
the momentum of the meson A (B,C), and

In our calculation, we mainly follow these models, while
in the calculation of the 4-X)-2) vertices in Figs. 1(b)—l(f)
a corrected 4 wave function considering (24) is used.

Our general formula (15) can be applied to other ha-
dronic transition processes and even some other decay
processes [19,24] with similar considerations.

2m2 2m )
h, —: h2=

m)+m2 m) +m2
(21)

III. CALCULATION OF TRANSITIONS IN
THE cc AND bb SYSTEMS

I (ABC)= f d q Yi (2q+h, k)itj~

X (q ——'h, k)4 a(q)0 c(q» (22)

where k is the decay momentum. The wave functions
g„,gz, fc should be calculated from a certain dynamical
model. It has been argued in Ref. [2] that the final results
are not very sensitive to the details of this model, and
they take the following potential model [22] to calculate
the wave functions in (22):

with m
&

and mz the masses of the quark and antiquark,
respectively. The matrix element (BC~H&pc ~

A ) can
then be calculated from (18) and (20). Apart from some
kinematical spin and flavor factors given explicitly in Ref.
[2], the dynamical factor of (BC~H&pc ~

A ) is determined
by an overlapping integral:

The matrix elements in (17) can be evaluated by insert-
ing intermediate states. For the ME amplitudes, after the
first gluon emission, the intermediate state contains a soft
gluon and a quark-antiquark pair in the color octet. It is
dificult to treat this strongly interacting three-body sys-
tem from the first principles of QCD. As what we have
done in Ref. [3], we take the string vibrational states [25]
to imitate these intermediate states. According to Ref.
[25], the potential for the string vibrational states differs
from the one for the normal QQ states only by a known
modification of the piece linear in r. Now the intermedi-
ate states should be taken to be the physical states, since
we have ignored the adjacent HqpcHgpc pairs in (17).
We know that for the normal QQ states the potential (24)
fits the bare mass spectra while the physical spectra (mea-
sured masses) can be well fitted by the potential (23).
Therefore we shall take the potential (23) with its linear
piece modified according to Ref. [25] to calculate the
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spectra of the physical string vibrational states. We shall
identify the lowest vibrational states with the small struc-
ture at 4.03 GeV by adjusting the strength of an extra
Coulomb piece in the potential representing the screening

effect [25].
The first term in (17) [Fig. 1(a)] has already been calcu-

lated in Ref. [21]. For spin-triplet S-state-to-S-state tran-
sitions it is

2
(.) &E

~ME
6 g g n On/ n~On

n, l, n', I' K, L

&@o „i Ix.)I+';&L)(@";&Llxklco,nl)
& ~(ki)~(k2) IE;Ek I0&

&KL

= 3 g g a„o„ia„o„,&, ( —1 ) ~ (2L + 1)[(21+1 )(21+1)(21'+1)]'
n, l, n', l' L, l, m

1 1 1 1 l

@pe gpss . —
pyg l I '

1

I I' I L 1 l L 1 l'

1 1 L 0 0 0 0 0 0
E

X [ —&3c,k", k2 5To+2c2( —1) A' (k„k2)5(2]f„(„.i. , (25)

(26)

with R and R' the radial wave functions of @o and @",respectively, the rank 1 irreducible tensor A (ki, k2) is defined
as

where n, , n, nf, n', and K are principal quantum numbers, I, I', and L are orbital-angular-momentum quantum num-
bers, m, and m& are magnetic quantum numbers of the total angular momenta in the initial and final state,

I
4;EL ) is

the string vibrational state with energy eigenvalue EKL,

I Rn, i,(r)RxL(r)r dr I Rni(r)Rg L(r)r dr

M -E"
K i KL

ping ~ ~ +mm) Pl2ml, m2

with

1
A ' (k„k2)= g ( —1) (21+ I )'~~ (27)

y,"'(k)=k„~P(k)=+ (k„+ k, ),1

and c &, c2 are two unknown constants in the soft-pion approach to the hadronization matrix element
(~(ki)vr(k2)IE, 'Ek IO) [3]. In the free-gluon approximation [3]

c2I —3lc, I, (28)

(25) differs from the naive single-channel formula by the existence of the contributions from the transitions between
various nl and n'1' states. This causes a change of the M distribution. We know that for n (n')A n(n )I, 1(l')%0, the
mixing coefficients a„o„&(a„o„.&. ) are of second order of (2)2);vlH&pc I@o',A, ) and they are about an order of magnitude

smaller than a„o„o(a„o„o)[2]. Therefore in (25) the main contributions are from various S-state-to-S-state, S-state-to-
D-state, and D-state-to-S-state transitions, while the D-state-to-D-state transitions are negligibly small.

The second term in (17) represents two kinds of diagrams; namely, Figs. 1(b) and l(c). Let us first consider Fig. 1(b).
It contains two diagrams and their contributions are equal. Since each of the diagrams contains extra 4-2)-2) vertices,
the state-mixing contributions in this term are negligibly small compared with %ME. Neglecting state mixings, the con-
tribution of the two diagrams in Fig. 1(b) is

2
(b~ 4 YQPC + 1
ME 3 4

77 ~ g g)u +2coi2co2
( —1) ~(2Sg) +1)(2Sg +1)(2S~g +1)

1 2 1 2

2

0 1
X 0 m, .

1 1

2 2

1 1

2 2

S~

3c i 1 2pf n on o.
2 p n,. n+

(29)

1 1 S~~
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where S&, S&, and S&& are the spins of 2), 2), and 2)2) systems, respectively,

f R& (r)Rr3(r)r dr I, (k)I&(k)
0

0 [M, E—~ g (k)][M/ E—~g (k)][M, E~.—~ (k)]
(30)

in which 2)" means the vibrational state,

(
2 +k2)1/2+(m2 +k2)1/2

Xl12)2 nl X'2

A

I, (f)(k)= f dp p f dr r R„O1„01(r)R&(p)R& (p) 2pj1(prj)1 kr +h&kjo(pr)j 0 r

(31)

(32)

with j& the spherical Bessel function,

2m& 2m
A = hg=

mg+mq mg+mq
(33)

and
OO 2R& 1& 1(p)= R&1& 1(r)jo(pr)r dr . (34)

Here we have neglected the recoil of heavy mesons.
In Ref. [2] the contributions of the 1%0 excitations of 2)2) [e.g. , D ~* (D **

), B ** (B**)]are neglected in the calcu-
lations of the mass shifts, state mixings, etc. , since it is argued that the contributions of such mesons to the @-2)-2) ver-
tices are small [2]. To be consistent with Ref. [2], we also neglect the contribution of such mesons in our calculations of
the 4-2)-2) vertices. Now in Fig. 1(c) the mesons 2)2,2)4 at the vertex 4J-2)2-2)4 must be the l = 1 excitations due to the
selection rule ~b, l

~

=1 in the color electric-dipole gluon emission. Therefore, Fig. 1(c) should be ignored in our calcula-
tions. For the same reason, the third and fourth terms in (17) [Fig. 1(d)] should also be ignored. Hence the total ME
amplitude is just

~ME ~ME+~ME ' (35)

The last term in (17) [Figs. 1(e) and 1(f)] gives the QPC amplitudes. Similar to the case of Al, M1 "E, the state-mixing con-
tributions in the QPC amplitudes are also negligibly small compared with A(, M1'E so that we neglect them. We also
neglect the recoil of the heavy mesons, while the Lorentz boost factors (m /co, )'/, (m /co2)' will be taken into ac-
count for the pion wave functions.

Let us first consider the two diagrams in Fig. 1(e). Their contributions are equal. If we take into account only the
contributions of the S-state 2) (2)) mesons, the contribution of the two diagrams in Fig. 1(e) is

wrt (e)&-
UFcqpc

3&3m ygpc

~ +~1~2 ZI,n, ,n, ,X,

m&+S +S +S +S& &
1) & 4 1 4 3 4

X(2Sr3 +1)(2S~ + l)(2S~ +1)(2Sg +1)(2S~~ +1)(2S~g +1)
1 2 3 4 1 4 3 4

0 1
X 0 m; —

my
1

2
1

2
1

2
1

2
1

2
1

2

S~ 1 S~ S~ 1 S~
'1 S~~ 1

1 4

0 S~g Sg) ~0 1. S~ S~ 0

S — 1
'

1 1 S~ S~
3 4 2 4

0 1

1 SQX,

S~1 1 1 1

2 2 1 2 2 S~
3

S~, . ~ 2 S~,f n On 0(co1 )k1 'k2+ (k1~k2 )

1 1 S~~
1 4

1 1 S~~
3 4

(36)
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where

dpp R& pR& pR„p dpp R& pR pR pI; kIf k
f '„'~'„o(o~, ) = dk k

[M; E—~~ (k)][M~ E—~~ (k)][M; —co, E—~~ (k)]
1 4 3 4 2 4

(37)

and the definition of R (p) is given in (34). In (36) we have neglected a small contribution from the rank-2 irreducible
tensor A (k„kz). AQpc is just the Lipkin-Tuan [13] amplitude, and its k, kz dependence comes from the fact that
the emitted pions are in the P wave due to parity conservation. If the meson 2)2 (2)2) in Fig. 1(e) is taken to be the 1 = 1

excitation of 2) (2)) [e.g. , D** (D **),B ** (B"*)],the emitted pions can be in the S wave and the k& kz dependence
will no longer be there. We shall take into account this l =1 excitation contribution specially to the 2)2 (X)2) meson in
Fig. 1(e) for the following reasons: (a) this is not inconsistent with Ref. [2], since the pion wave function is fatter than
the wave function of @ so that the I =1 excitation contribution in the ~-2)-2) vertex is larger than that in the @-2)-I)
vertex; (b) although in the 7r 2) 2) -ve-rtex the l =1 excitation contribution is smaller than the S state 2), 2) contribution,
the phase space of the former is larger than that of the latter due to the absence of k& k2, so that the final contributions
of them are comparable; (c) it gives different M dependence of the rates. The result of the / =1 excitation to the two
diagrams in Fig. 1(e) is

QPC

3&3m y' m~ +S~ +S~ +S~ ~ +S~ gQPc
( 1) z 4 & 4 i 4

9 r'
7T V N1C02 2)1 X2,2)3X4

X(2S~ +1)(2S~ +1)(2S~ +1)(2S~ +1)(2S~g + l)(2S~ ~ +1)
1 2 3 4 1 4 3 4

0 1 1
X 0 I; fPzf

Sg) 1 Sg) S~ 1 Sg)

1 1 1 1 1 1

2 2 2 2 2 2

0
'1 S~~ 1

1 4 j

S~ S~ 0

S~ g 1 1 1 S~
3 4 2

0 1

1 SX, X

1 1

2 2

1 1

S~~

S~1 1

2 2 3

, , 2 2 S&,f „on p(co])k~.kg+(k~~kp), (38)f
1 1 S~~

where

j ':,o'.,o(~i)

4f dpp R ~ (p)R (p) f dxx R~ (x)j, (px) f dpp Rri (p)R (p) f dxx Rr (x)j~(px)I, (k)I~(k)

0 [M, E~ ~ (k)][M—~ E~ ~ (k)][M; —o—~, E~ ~ (k)]—
(39)

with 2)2 being the l = 1 excitation of 2/. This is just the constant amplitude considered by Moxhay [14].
Note that there is no unknown parameter in A, &pc and /@&PC so that they are completely calculable.
The l = 1 excitation contribution in Fig. 1(f) should be ignored since it appears in the @-2)-2) vertices. The result of

the two diagrams in Fig. 1(f) is
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3&3m y4qpc mf+S& & S& +S& S& +S&
(
—1) ' '[( —1) ' '+( —1) ' ']

21T t/co~co~

X(2S~ +1)(2S~ +1)(2S~ +1)(2S~ +1)(2S~~ +1)(2S~g +1)
1 2 3 4 1 3 2 4

0 1 1
X 0 m, —mf 1

2
1

2
1

2

S~ 1 Sg)

1

2
1

2
1

2

4 1

'1
0

S~~ S~~ 0
1 0
1 Sx,,x,,

1 0
1

''1 S~
SX2) Sg x 2

S~ Sg

Sg)2 2 1

1 1 S~~
1 3

S~2 2

S—

1 1 S~~
2 4

f'.fo.,o(~i).ki kz+«i kz» (40)

where

f dpp Rr, (p)Rr, (p)R (p) f dpp Rg (p)R~ (p)R (p)I,.(k)If(k)
1 2 0 3 4

[M, E~ ~ (k)—][Mf E~ ~ (k)][M—, —co, E~ g (k)—]
(41)

JRgpc JRgpc+ JR@pc+JR/pc

and the total amplitude is

JR ACME+ Jkqpc

(42)

(43)

When calculating the transition rates, the amplitude
containing the rank-2 irreducible tensor A (k&, k2) (the

part of JAIME containing c2) does not interfere with the
other amplitudes; however, there is interference between
the other amplitudes. Thus the phase of the constant c2
is irrelevant while the magnitude and the phase of the
constant c

&
wiH both affect the final results. Let

A small contribution from the rank-2 irreducible tensor
(k„k2) is also neglected in (40).

The total QPC amplitude is then

data are listed in Table II. We see that the theory is in
good agreement with the experiment. The rates obtained
from the naive single-channel theory [3] are smaller than
the present values and the new experiment data. So that
the inclusion of coupled-channel effects does improve the
theory.

2.5-

2.0—

l.5—

l.0—
Cy

=
/Cy /e (44)

~c
& ~

and 8 are two unknown parameters in the present
theory [~c2 is related to ~c, ~ by (28)]. We shall take the
well-measured rate I (g'~J/g~~) [6] and distribution
dI'(g'~J/guar)/dM [7] as inputs to determine the
two parameters. Figure 2 shows that 0 can be deter-
mined within the range —1&cosO( —0.676 by the da-
tum of d I (f'~ J/g nn )/dM . The corresponding
values of ~c, ~

are listed in Table I. With the determined
0 and ~c, ~

we can predict all the m.m. transition rates and
M distributions in the bb system.

The comparison of the calculated rates for Y'~ Ymm,
Y"~Y~+~, and Y"~Y'w+m with the experimental

5-

0.2 04 06
M mvr- 2m'

X=
My'- Mtrr -2m m

0.8 I.O

FIG. 2. Comparison of the theoretical curves of
dl (P'~ Jgrrrr)/dM with the experiment t7]. The solid,
dash-dotted and dotted lines stand for cosO= —1,
cosO= —0.676, and cos0=1, respectively. The dashed line is
the naive single-channel result for comparison.
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TABLE I. Values of c, ~
corresponding to cos6= —1 and

cosO = —0.676.
TABLE III. Comparison of the rates calculated from

difFerent amplitudes. I ME, I"&pc, and I &pc are calculated from
JRMF Jkf Qpc and A, &pc, respectively.

~ c, ~

=78.6 X 10 is tak-
en for calculating I ME.

cosO= —1

cos0 = —0.676
87.8 X 10
78.6 X 10

I ME (keV) r~(;", (keV) I ~pc (keV)

To have an idea of how big the Lipkin-Tuan amplitude
(JN Qpc ) and Moxhay's constant amplitude (A gpss ) are,
we list in Table III the rates calculated from the single
amplitudes MME (with ~c& ~

=78.6X 10 ), A&z'c and

t/RQpc respectively. We see that, for Y"—+Y~+~, I Qpc
and I Qpc are smaller than I ME by 2 orders of magnitude.
The smallness of I Qpc and I Qpc is caused by the nodes of
the Y" wave function, which makes the overlapping in-
tegral (22) small. Therefore neither can JR&zc be dom-
inant nor can JMQpg be comparable to /MME, so that the
Lipkin-Tuan and Moxhay mechanisms for explaining the
CLEO data are not realized in the present model.

The predicted dI (Y' —+Ymm)/dM is shown in Fig.
3, together with the ARGUS datum [8]. We see that the
agreement is perfect. In the naive single-channel theory,
the approach of Ref. [3] gives the same curve for
d 1 (g'~ J/g vrvr)/dM and d I (Y'~Yern)/dM
which cannot account for the tiny difference between the
two data [8]. In Ref. [8] an alternative approach to the
hadronization matrix element by Novikov and Shifman
[5] is preferred since it contains an unknown parameter s,
and the tiny difference between the two data can be ex-
plained by assuming a certain running of a [8]. Now in
our coupled-channel theory we take the same approach
to the hadronization matrix element as that in Ref. [3],
but coupled-channel corrections to P'~ J /P am and
Y'~Y~~ are different due to the difFerent spectra and
wave functions. After determining the parameters 0 and
c, ~ by the inputs I (p' +J/p~~) [6—] and dl (1t'~J/

/mal)/dM

[7], the curve of dI (Y'~Ymir)/dM is
definitely predicted. Therefore the present theory pre-
dicts exactly the tiny difference between the two data.

The predicted curves of dI (Y"~Yrr+rr )/dM and
dI (Y" +Y'~+rr )/dM— are shown in Fig. 4, together
with the new CLEO data [9] and the naive single-channel
results. We see that dl (Y"~Y~+~ )/dM does get
improved by the coupled-channel corrections. The low-
M„„distribution is increased a little, but it is still too
small to account for the CLEO data. The present correc-

g'~ J/Q crier

Y'~Y777T
Y"~Ym+7T
Y"~Y'~+~

147
18
0.9
0.5

0.19
2.4X 10
9 X10-"
7X10-'

5.1

0.14
1.2X10 '
0.11

tion to the low-M distribution comes partly from the
S-D mixing effects in A, ME and partly from the small
JR@pc. Our results shows that in the present model the
CLEO data cannot be explained simply by coupled-
channel effects. Further theoretical investigations are
still needed to account for the CLEO data.

IV. DISCUSSIONS AND CONCLUSIONS

%'e have made a systematic study of the coupled-
channel effects in hadronic transitions in the heavy-QQ
systems. Several discussions of our results are in order.

(1) In the coupled-channel theory the total roan transi-
tion amplitude is contributed by many Feynman dia-
grams depicted in Fig. 1. Different diagrams give
different behaviors of M distribution, so that the total
M distribution is sensitive to the relative strengths of
the diagrams. At present there is hardly a reliable
model-independent way of determining the relative
strengths of the diagrams. Therefore, to examine wheth-
er the CLEO data on Y"~Ym+m can be explained sim-
ply by coupled-channel efFects in the conventional sense,
quantitative calculations based on certian known realistic
coupled-channel models are really needed. There are two
well-accepted realistic coupled-channel models in the
literature, namely, the UQM [2] and the Cornell
coupled-channel model [1] (CCCM). Our calculation is
based on one of them [2]. It is interesting to discuss
whether our conclusion on Y"~Ym+ ~ is strongly
model dependent. The CCCM is different from the UQM
both on the mechanism and the results. Compared with
the UQM, the CCCM gives larger S-S mixings but small-
er S Dmixings and -smaller values of Xz (more continu-
ous sector in the physical state) [1,2]. However, in our
calculation we take the data of g'~J/ger~ as inputs.
Therefore what is relevant is to compare the two models
on the ratios (X3Q)bb/(Xzo) and (a3o,z/a3o3Q)gs/

TABLE II. Comparison of the calculated rates of Y'~Y~m, Y"—+Ye.+~, and Y"—+Y'~+~ with
the experiments. The experimental values are obtained from the data of total widths and branching ra-
tios in Ref. [6].

Theoretical rates (keV)
cosO= —1 cosO = —0.676

Experimental rates
(keV)

Y ~Y777T

Y ~Y77 77

Y ~Y VT'

14
1.1
0.1

13
1.0
0.3

12.0+3.3
0.9+0.3
0.6+0.3
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x0
—(r

5-

2.0-

L

I

0.2 0.80.4 0.6
M~+ -2m'

My'-My-2m~

l.Q

(2) The general structure of the mm transition ampli-
tudes has been studied by Brown and Cahn [26] based on
PCAC and the soft-pion technique. An important con-
clusion is that when we take k&, k2~0, the only nonvan-
ishing term in the amplitude is the o. term, which is pro-
portional to I and is thus small. In our result the con-
stant amplitude At&pc is really very small compared with
Af, ME (cf. Table III), so that our result is consistent with
the general structure in Ref. [26]. An assumption of a
large constant amplitude will not be consistent with Ref.
[26].

(3) Comparing the predicted results of I (Y'~Yes) in.
Ref. [21] and in Table II of this paper, we see that the in-
clusion of WME+AL&pc serves to reduce the rate. In Ref.
[4] the rate of g(3770)~

J/gerber

is studied by taking into
account of only ACME. The result is larger than the exper-
imental value by a factor of 2 —3. This deviation may be

FIG. 3. Comparison of the predicted curve of
dl (Y'~Ynvrl/dM with the ARGUS data [8]. The solid and
dash-dotted lines stand for cosO= —1 and cosO= —0.676, re-
spectively. The dashed line is the naive single-channel result for
comparison.

( a 2p & p /a 2p2p ) —.They are listed in Table IV. We see that
the difference between the two models is not substantial
except that the CCCM gives smaller S-D mixings so that
it gives an even smaller low M „distribution. Therefore
both models seem to lead to the same conclusion that it is
unlikely the CLEO data can be explained simply by
coupled-channel effects. This is not surprising. We know
that the experimental data imply that At&pc/A, ME should
be small in the 2S—+1S m~ transition in both the cc and
bb systems. Furthermore, the smallness of the experi-
mental value of I (Y"~Yrr+rr ) (despite the big phase
space) implies that ACME in the 3S—+1S rrrr transition
should be, by some means, suppressed relative to that in
the 2S~1Smm transition. In the present nonrelativistic
potential model description of the heavy-quarkonium sys-
tems, JAIME is described by a certain overlapping integral
related to the initial-state quarkonium wave function.
Theoretically, A, ME in 3S—+1Sm~ is really very much
suppressed by the nodes of the 3S-state wave function [3].
It is this fact that stimulates people to think that
coupled-channel effects may explain the CLEO data if
JRQpc is not suppressed [13,14]. However, at present, the
known successful coupled-channel models (e.g., UQM
and CCCM) are all constructed based on the nonrelativis-
tic potential model description of the heavy-quarkonium

systems and the coupling between the heavy-quarkonium
and its decay channel is described by a certain overlap-
ping integral related to the quarkonium wave function
[e.g. , Eq. (22) in the UQM]. This is a common feature of
this kind of coupled-channel models, although the
specific forms of the overlapping integrals are different
from model to model. Now the nodes of the 3S-state
wave function not only suppresses ACME but suppresses
'Jkqpc as well. This is the reason why the CLEO data can
hardly be explained simply by coupled-channel effects de-
scribed by such kind of realistic coupled-channel models
such as UQM and CCCM.

c9

I

(a) rw
r

I
I

I
I

I
l

I

~l
I

I

l

0.2
I 1

0.4 0.6 0.8
Mm v (GeV)

l.0

30-

c3 20-

10-

0.28
1 t I I I

0.3Q 0.32 0.34
M v m'(GeV)

FIG. 4. Comparison of the predicted curves of d I (Y"
Y~+~ ) /dM and d I (Y" Y'~+~ ) /dM with the

CLEO data [9]. The solid and dashed-dotted lines stand for
cosO= —1 and cosO= —0.676, respectively. The dashed line is
the naive single-channel result for comparison. (a)
Y"~Ym+~, (b) Y"~Y'~+n.
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TABLE IV. Comparison of the Cornell coupled-channel

model (CCCM) with the UQM on the ratios (Xgp)br, /(Nip), —,

and (a,p, i/a, p,o)bb/(azoi2/a2ozo), , obtained from Refs. [1]»d
[2].

CCCM
UQM

(&3O)bb

(&2p )„-

1.03
1.07

(a 3o&z /a 3o3o ) b

( a 2012 /a 2020 )—

0.07
0.16

partly due to the relation (28) which comes from the
free-gluon approximation and partly due to the neglect of
JAIME +JRqpc. Since g( 3770 ) lies above the charmed
threshold, the effect of A, ME+A, &pc may be more
significant. Therefore it is interesting to make a
quantitative study of the A, M(E)+ At&pc correction to
g(3770)~J/ll ~m so that we can see how good the rela-
tion (28) really is. This will be given in a separate paper.
Of course we expect a more accurate measurement of
I ( t(t3i770) ~J / tie err)i

(4) Although the four-quark state Yi has not been
found in Y(4S) decays, we cannot rule out the existence
of Y& since the estimated branching ratio 1% is rather
uncertain. It is based on the oversimphAed assumptions
that Y, couples with Y, Y", and Y(4S) with the same
strength and Y"~Ym+~ is dominated by the mecha-
nism Y"—+Y&~~Y~m. Since the wave function of
higher radial excitation has more nodes, it is unlikely that
the coupling between Yi and Y(4S) is as strong as that
between Y& and Y or Y". Furthermore, from our results
in Table II we see that it is also unlikely that Y"—+Ynm

is dominated by the Y& mechanism. It is interesting to
see whether a combination of the coupled-channel mech-

anism and the Y& mechanism can explain the CLEO data.
Finally we summarize our main conclusions in this pa-

per.
(1) We have given a general formula (15) for the S-

matrix element in heavy-quarkonium decays including
multipole-gluon emissions and coupled-channel effects.
It can be applied to study various hadronic transition

processes and even some other decay processes [19,24].
(2) The inclusion of coupled-channel effects described

by the UQM improves the theory of hadronic transitions.
By taking the data of I (tt/~J/ttvr~) and
dl (llj'~J/1(jar~)/dM as inputs to determine the un-

known parameters 0 and ~c, ~
in the theory, we have cal-

culated the rates and M distributions of the spin-triplet
S-state-to-5-state transitions in the bb system and the ob-
tained rates for Y'~Y~n, Y"~Ye+a, and
Y"~Y'ir+vr (cf. Table II} and the distribution
dl (Y'~Yrrtr)/dM (cf. Fig. 3) are all in very good
agreement with the experiments. This success of the
coupled-channel theory described by the UQM is con-
sistent with those in the study of energy spectra, leptonic
widths, etc.

(3) The distribution d I (Y"~Yrr ~r }/dM also

gets improved from the coupled-channel corrections but
the low-M „distribution is still too small to At the CLEO
data (cf. Fig. 4). The smallness of 91gpc/JAIME is due to
the nodes of the Y" wave function, and from the above
discussion we see that UQM and CCCM seem to lead to
similar conclusions. Thus we conclude that within the
framework of the known realistic coupled-channel mod-

els UQM and CCCM, the CLEO data cannot be ex-

plained simply by coupled-channel effects. The suggested
coupled-channel mechanisms [13,14] for explaining the
CLEO data cannot be consistent with all the known
successes of the realistic coupled-channel models UQM
and CCCM in other heavy-quarkonium processes.
Therefore, further theoretical investigation is still needed.
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