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Starting from general properties of a spin-2 field, we construct helicity wave functions in the
framework of the Weyl-van der Waerden spinor formalism. We discuss here the cases of massless

and massive spin-2 particles.

A very efficient technique for evaluating multiparticle
amplitudes is achieved by means of the helicity method.
It turns out to be much more simple to calculate helicity
matrix elements rather than evaluating the unpolarized
amplitudes by summing the squared invariant amplitude
over all possible spin states [1].

This method was improved [2, 3] with the use of the
Weyl-van der Waerden SL(2,C) spinors conjointly with
the spinor calculus [4]. This way of dealing with he-
licity amplitudes is capable of eliminating the lengthy
y-matrices algebra by unifying the descriptions of Dirac
spinors and Minkowski four-vectors. With this treatment
it was feasible to obtain exact expressions for amplitudes
containing a large number of external legs [5].

In the present work, we apply the Weyl-van der Waer-
den spinor method to spin-2 bosons. Making use of gen-
eral properties of spin-2 helicity states, we construct he-
licity wave functions in spinorial form for massless and
massive particles. Our results have a smooth interface
to the method of Weyl-van der Waerden spinors applied
for spin-i and spin-1 particles [3] and also for spin—%
fermions [6].

A spin-2 field is described by a symmetric tensor ®*”
which satisfies the Klein-Gordon equation. The tensor
®H¥ is traceless (P#, = 0) and has null four-divergence
(8,9#* = 0). The solution of the Klein-Gordon equation
for the spin-2 field of momentum p, in the absence of a
source, is given by the plane-wave expansion

DM (g) = /dspZ[S“"(p,/\)exp(+ippx“) +Hcl],
A

where £#Y(p, A) is the polarization tensor corresponding
to states of definite helicities (A) which should satisfy

EM(p, A) = E"H(p, A), (1a)
puE? (P, A) = P& (p, A) = 0, (1b)
E* (pA) =0 (1c)
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The following normalization condition for the tensor £#¥
can be adopted:

[‘guu(l‘:»’\)}1L guu(k, /\I) = 6)‘,)\1 . (2)

In order to apply the Weyl-van der Waerden method
to spin-2 particles, we briefly surnmarize some results on
spinor formalism. We use the conventions of Wess and
Bagger [7], with diag(g.,) = (1,—1,—1,—1), vector in-
dices are denoted by Greek letters (u,v,... = 0,1,2,3)
and spinor ones are denoted by Latin letters (a,b,... =
1,2). We define the inner product between two spinors
as

(Pg) = €’ poga = %40, (PO)' = ¥ Bida =73, (3)

where €% is the metric spinor

e=(00) @

Any four-vector p# = (p°, p') can be expressed as
p“ = %Fr“"‘be;, s (5)

where P = ‘751;17;4- Therefore, the Lorentz invariant
p¥p, can be written as

o = %Pb(-,f’""’ = %{P,Is} . (6)

We start by analyzing massless spin-2 particles. In this
case, we require the invariance under the gauge transfor-
mation

BHY — BHY — GHAY — OYAH (7)
where A# are four arbitrary functions. This gauge trans-
formation is able to decouple the vector and scalar parts

of the tensor field [8]. We end up with only two physical
helicity states, i.e., A = 42, which satisfy

(£ (p, £2)]" = £ (p,72) . (8)

3990 ©1991 The American Physical Society



44 BRIEF REPORTS

Using Eq. (5) for each vectorial index of £/, we can
write the helicity tensor as

EM (p,+2) = (364% Eyy) (36744 Fy.),
' _ (9)
g”“’(p, —2) = (%5’“0bi6‘,)(%5‘”€de€') ,
where F, F, G, and H are arbitrary spinors to be de-
termined. Equations (la)-(1c), (2), and (8) impose some

constraints on these spinors. For instance, the conditions
(1la)—(1c) require

Eal;Fczi. —_ Ecd.Fab, (].Od)
ab ab
P Eal;Fcti =P bGaizHcd = 0’
(10b)
cd cd
E i PYF,i= G PH ;= 0,
EjF® =G, ;H® =0, (10c)

whereas the normalization and Hermiticity conditions de-
mand

E,GYF jH = 4, (10d)

(B (Fehyt = Grel (10e)

We make use of the fact that, for a massless particle,
the spinor P; associated with the particle momentum ac-
quires a simple form. Since p? = 1{P, P} = 0, P,; should
be written as the product of two momentum spinors: i.e.,

P, = pap; . (11)
We search for an explicit form of F, F', GG, and H writing
Eai)zeaégy Fab:fafj:s
Gab = ga_(j;J , Hab = ha/jl'- R
where g, g’,...,h, b’ are arbitrary spinors. The relation

(10e) constraints e = ¢’, ¢ = €', f = h/, and h = f’.
The relation (10b), taking into account Eq.(11), yields
four possibilities: e = p and f = p; ¢/ = p and f' = p;
e =pand f' = p; or e’ = pand f = p. Nevertheless,
Eq. (10a) makes only the first two possibilities acceptable
with the additional constraint: ¢/ = f’ in the former case
and e = f in the later one. In order to guarantee that
EMY(p,+2) corresponds to a positive-helicity state, the
only possible choice is e’ = f’ = p and e = f, i.e,,

EM(p, +2) = So145 e pseq,

EW(p,—2) = $+%0G"Yeupyéapa -

We can verify that £#¥(p, +2) corresponds indeed to a
massless spin-2 particle with positive helicity [9]. In order
to do this, let us assume that the particle is traveling in
the =z direction, i.e., p* = (£,0,0,FE), where E is its
energy. In this case the momentum spinor is
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pa = Jz_E(‘l’) , (12)

and the helicity tensor can be written as

1 R R
Folatd (P, +2) = Z&“ab&”c‘igbédé

egey —ege) —ieze; egen
_ _E_ —€1€2 €161 i81€1 —€1€2 (13)
2 —ieleg i6161 —e€1€1 —ieleg ’
€9y —e€ge] —i€ge] €n€g

Using the gauge freedom Eq. (7) in the momentum
space, i.e., E¥Y — EHY — {(p*AY + pYA*) we can choose
A# such that

1 _ .€1€2 2 _ -6162 0 _ A3 _ -,6262 .
A_zQ,A_Q,A_A_z4,
with this choice we have
00 0 0
E 01 i 0
pv - =
£ (p,+2)—261€1 0 i -1 0 (14)
00 00

We can see that if we perform a rotation about the z
direction, i.e., & # = R“Q(H,O)R”ﬁ(H,O)SO‘ﬁ we obtain’
&M = exp(+2i0)E* which shows that £#7(p,+2) is a
helicity +2 wave function.

From Eq. (10d) we obtain the normalization condition
|(pe)|* = 4, and consequently (pe) = /2 exp(iw), where
w 1s an arbitrary phase. If we define the spinor » by

eq = exp(iw)\/ﬁm ,

we can write the final result for the helicity states of a
massless spin-2 particle as
1 _ab-vi . \PaTy PeTd
EFY(p,+2) = =5+ 57 exp(2iw) —— ,
2 (pr) (pr)

(15)
(pr)t (pr)t
We see that r is a gauge spinor. For instance, if we

make two different choices of the spinor » (r and ') we
obtain

EX (p,—2) = %&/“"b&"éd exp(—2iw)

Evaac(r’) = Epaas(r) — i (PacAsa + Poalas)
with
2i(r'r)
% = TS
(pr')2(pr)
x({(pr'yrspa + 5(r'r)pspa)-

A

If we take into account the results of Ref. [3] for the
helicity of a massless spin-1 particle [e#(#1)] in spinorial
form, we notice that the helicity states Eq. (15) can be
written as E#¥(p,+2) = e#(p,x1)e’(p,£1). Equation
(15), with w = 0, agrees with Ref. [10] where the graviton
helicity states are considered.

We can write the sum over the helicities as
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> Eaied@ N gi (2, ]
A==%2

4 o
= o [raByrebiFepsTipn + (p = 1))

which is equivalent to the vectorial form

S e (p, 0 [E%(p, )

A=%2
= L (propvh 4 prepre — prrpef) - (16)
where
pHY — _guu + ptrY + p’r#
p-r '

We can see that the sum over the polarizations depends
on the gauge spinor 7 and that only the physical states
[11] contribute to Eq. (16).

Let us now treat the case of a massive spin-2 particle.
As in the massless case, we give a spinorial description of
the polarization vectors, by writing the following decom-
positions for all the physical helicity states:

1 . .
EW (k,+2) = EaH“bA,,d-;-&"chdé,
1_. 1_ .
g‘“/(k,-f-l) = 55’““0),;1-2-5'”“11)‘16,

1

E# (k,0) = 5&#""’&%6"“&&, (7)

—

£44 (k, —1) = 234 Gua 30" Hae,

EXY (k,+2) = _&udblbd%&uédeé :

BN | =
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Notice that the pairs of spinors (A, B) - -- (I, J) play sim-
ilar roles. Therefore, in what follows, we will concentrate
just on the first pair.

We can take advantage of the simple form of a lightlike
vector in spinorial notation, Eq. (11), by writing the spin-
2 massive boson momentum k as a sum of two momenta
p and ¢, with p2 = ¢2 =0, i.e.,

k* =p* +¢*,

(18)

with k#k, = m? = 2p#q,. In spinorial form, Eq. (18)
becomes
Ko = Pojy + Qaj = PaPj + 9adj (19)

with
Lo = 2 2
1K K} = [(pg)|” = m?,
and therefore,
(pg) = p°¢a = mexp(iw) .
We can expand the pair (A4, B) in terms of the momen-

tum spinors p and g¢:

Agi = (a1Pa + a29a)(a5P; + 043),
(20)
B = (b1pa + b24a)(b3p; + bagy) -

If we substitute this expansion in Egs. (1a)-(1c) we ob-
tain the following constraints: a3z = a2, a4 = —ai,
bs = by, by = —by, and a1bs = azb;. Therefore, A ;
and B,; become

(21)

9 (a1 1 . ai 1 k1)) = a%B .
A, = maj ;—;Eab(k,())-{-?-éfab(k,—%-l)—Zg-\TiEab( ,—1) -_b-%— b
where ¢_;(k, A) are the helicity spinors of a massive spin-1 particle of momentum k [6], i.e.,

V2 o 1, _ V2
€ap (K +1) = ——qab} , €a5(k,0) = —(PaPj — 9ad;), €45(K,—1) = ——Palj -

(22)

We obtain similar results for the remaining pairs of spinors of Eq. (17). If we take into account the normalization
condition Eq. (2), we obtain the normalized helicity wave function for a massive spin-2 particle in the Weyl-van der

Waerden notation, up to a phase factor

1_ . 2
EFY (k,+2) = Zc‘r““”r‘f”““;;;paqbpeqd,

R o o )
£ (k,+1) = 754267 —[(paps — 4aqs)Peqa + Pats (Pepa — d:94)),
T o ) o o
EM (k,0) = —g#ab5%d [(Paps — §aqs)(PePa — Gcqa) — Padsdepa — daPvPedal,
4 m2/6
11 o L _
EW(k,—1) = *Zl?“"b&”d — [(Paps — §aqs)@:pa + @aps(Pepa — 4:4a)],

M (k,—2) = ia“‘“’&"éd 2

oz 3aPb gépd -

(23)
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We can verify that the sum over the polarization states,
in vectorial form, is given by

STEM (k, MITEXP (k, \)

A
= L(KHFaK"P + KHOKY™ — ZK™KP),  (24)
where
, k* kY
K#Y = —gh m2

Our results, Eqgs. (15) and (23), can be very useful in
the evaluation of invariant amplitudes involving massless
and massive spin-2 particles. In the first case, we can
take advantage of the freedom in the choice of the gauge
spinor 7 to eliminate some Feynman diagrams contribut-
ing to a given process. In the massive case, we can make
convenient choices of the momenta p and ¢, defined in
Eq. (18), to reduce the number of contributions.
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