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The neutrino energy-loss rates during pair annihilation in the early Universe are calculated using
the formulation of Herrera and Hacyan and assuming neutrinos to be massless. The work is extend-
ed to include the neutrinos of the muon and tauon families, and a method to calculate the evolution
of neutrino temperatures is suggested. It is found that neutrinos of the electron family decouple at
1.5X10' K, and those of the other families at 2.5X10' K. The former component is heated by
about 0.36%, resulting in a reduction of the primordial abundance by a mass fraction of helium ( F~ )
in the standard hot big-bang model by about 0.003.

I. INTRODUCTION

In the standard hot big-bang model of the early
Universe, it is generally assumed that neutrinos decou-
pled from the primordial soup well before the freezing
out of the neutron-to-proton ratio. However, Dicus
et al. ' showed that during e —pair annihilation a fraction
of the entropy goes into forming pairs of neutrinos and
thereby heating the decoupled neutrino gas by about
0.3%. Recently, Herrera and Hacyan have computed
the relaxation time of neutrinos in the early Universe.
Using a method described in an earlier paper, they have
formulated the problem of the elastic electron-neutrino
scattering and inelastic neutrino pair formation from e +—

pair annihilation. Although they must have computed
the individual relaxation times for e v„e V„e e
—+v, V, processes, in their paper, they have presented
the results in a graphical form only for the combined re-
laxation time.

In this work we recompute the neutrino energy-loss
rates and relaxation times separately for each component
of the binary mixture and extend the computation to in-
clude the neutrinos of the muon and tauon families. It is
important to know the neutrino energy-loss rates in order
to compute the full effect of neutrino heating on the ele-
ment synthesis in the hot big bang. Dicus et al. con-
sidered the effect of neutrino heating only on the weak-
interaction rates through the implied changes in the neu-
trino temperature. However, the energy loss due to neu-
trinos is also going to affect the temperature evolution of
the matter segment. We have used the value of the
Weinberg mixing angle, given by sin 0~=0.23, instead
of Herrera and Hacyan's adopted value 0.25 and, finally,
computed both the effects of neutrino energy loss, as
mentioned above.

In Sec. II we merely present the formulas which are
taken from Herrera and Hacyan for v, v, processes and
include the modifications needed for the other families of
neutrinos. In Sec. III we present a method of calculating
neutrino heating and in Sec. IV the results of our calcula-
tion and the conclusion.

II. FORMULATION OF HKRRERA AND HACYAN
FOR NEUTRINO RELAXATION

Following the method of Herrera and Hacyan, we
consider a system composed of four types of particles, of
which particle indices 1 and 2 are electrons and positrons
at a temperature T, = T2 = T, and the indices 3 and 4 are
neutrinos and antineutrinos of any one family at a slight-
ly different temperature T3 = T4 = T +5T, with
5T/T ((1. In thermodynamic equilibrium the Lorentz-
scalar distribution function f; (i =1,. . . , 4) for the ith
constituent in nondegenerate conditions must follow the
usual Fermi-Dirac distribution, given by

f; = [exp[P;(pt'U„)+ 1]}

where 13; =(ktt T; ) ', kit is Boltzmann's constant, and U"
the hydrodynamic four-velocity. The distribution func-
tion f; satisfies the relativistically invariant Boltzmann
equation

IPPf;,„=gC;,
J

where p,~ is the four-momentum of particles i and C," are
the collision terms. The energy-momentum tensor of the
ith-type particles, T~, is given by

Cg;
T,i.=,' Jf,I tI,.dr, .

Herrera and Hacyan defined the relaxation time ~ of the
above mixture as

—I y —I

J

where ~J-'s are the relaxation times due to the different
microscopic interactions involving electrons and are
given by ~. '=I /Cz-, I. being the rate of energy transfer
per unit volume per unit temperature difference (5T) due
to the binary interactions of electrons with particles j,
and the total heat capacity Cz being given by

C, '=C, '+C.-' .

C, and C are the specific heat of electrons and neutrinos
at a constant volume per unit volume of the mixture, re-
spectively. The I 's are given by
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I = Jdl dI dl dI (p U)(p+q) [(q' q—).U]5'"'(p+q —p' —q')o, „fNf 'N',
32~ k~T A

I = f dl dl dI dI, (p U)(p+q) [(q
' q).—U]5' '(p+q p—' q—')o„fNf 'N',

T g g g

I = jdl dl dl dI (p U)(p+P) [(q+q) U)5' '(p+p —
q q)o—+ffAN,

7T

where p, q,p, q are the four-momenta of electrons and neutrinos and their respective antiparticles, N and X being the
distribution function of neutrinos and antineutrinos, respectively; the quantities with carets are the available phase-
space factor, that is, f= 1 f an—d 8= 1 —

¹

The differential cross section for the process e +~=e+ v is given by

s m 2c~)2
o „=4cro ( A, + A2 cos8+ 3, cos 8),

mec s

where s =p„pi', p" is the total four-momentum of the collision, m, the rest mass of the electron, o.o=(GFm, /8m%' ),
GF being the Fermi coupling constant for weak interaction, 0 the scattering angle in the center-of-momentum frame,
and

S +meC2 2 2

a, =(c,+c„)'+(c~—c„)'
2$

2 2
2 2 mec—«v —C~) (2a)

s' —m 4c4 m c
A~=(ci —C„) +(Ci,—C„)

2s s
(2b)

and

22 2
s mec

A3=(CV —C„)
2s

(2c)

with C~ and C„ to be defined later. The differential cross section for the process e+v—e+v is given by the same for-
mula (1), but in Eq. (2) C~ has to be replaced by —C~, and this rule is valid for all the three families of neutrinos,
namely, for the processes e+v, „—e+v, , and e+v, ,—e+v, „,. For the different families of neutrinos, the ex-
pressions for Cv and C~ are different. It was originally t Hooft who had shown that for muonic and tauonic types of
neutrino interaction which mediate only via neutral currents or by exchange of Z bosons, Cv= —0.5+2sin 0~ and
Cz = —0.5, 0~ being Weinberg s mixing angle. For electron types of neutrino interaction, both charged- and neutral-
current processes are responsible and effectively both Cv and C~ change to Cv+ 1 and C~ + 1, respectively, that is,
Cv=0. 5+2 sin 0~ and Cz =0.5. The most up-to-date value of sin 0~ is found to range from 0.21 to 0.23, and we
have taken sin 0~=0.23.

So far as the pair annihilation processes, namely, e++e —v, +v„e++e —v„+v„, and e++e —v, +v„with aH

the neutrinos and their antiparticles being assumed to be essentially massless, the cross sections are again identical for
the muon and tauon types of neutrino, but differ for the electron-type neutrinos because of the additional charged-
current channel for the latter. The differential cross section for each of the three processes is given by

S (S)1/2+=oo,2, (C, +C2 cos8+C3 cos 0)
m,'c'(s —4m,'c')'"

where

4 2 2

C, =(Cv+C„)+(Ci,—C„)
s

C2=4CvC~

1/2
4m, c

C3=(ci,+C„) 1—4m ce

and Ci, =0.5+2sin gii, and C„=0.5 for e —~v, v„but Ci, = —0.5+2sin Oii and C~ = —0.5 for e —~v„v„(v,v, ).
We use Herrera and Hacyan's final expressions for the neutrino power-loss rates per unit volume per unit tempera-

ture difference to be given by
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I =7T co PkB
3 mec oo 4 oo (u2 —1)6z' dw sinh w du, H (a&,a2, a3)

p 1 v
(3)

I +=1024m co.pkB
Ale C

z2f dw sinh2w cosh w f du v (u 1—) H ~(c&,c2,c3),
p 1

where z =m, c /k~ T and the integrals H and H + are given by

x (x —x')[2A, +2A2xx'+ A3(3x x' —x —x' +1)]dx dx'

cosha, +cosh a2 —a3x cosha, +cosh a2 —a3x'

[(2C, +C3)+C3(3x x' —x —x' )]dx dx'
H-= '

(coshc, +coshc2x)(coshc, +coshc3x')

C, =4m
m, c

k z dw sinh w cosh wB

C =84m
3

k~ g(4)z

X [cosh(z coshw )+ 1]

where g(4) =~ /90.

III. METHOD OF CALCULATING
THE NEUTRINO HEATING

In order to calculate the amount of neutrino heating at
the time of decoupling of the neutrinos, one usually fol-
lows the method of Lee and Weinberg. The method
used by Dicus et al. ' varies little from the above method
and has been followed by Herrera and Hacyan, and they
obtained the freezing ratio of photon to neutrino temper-
ature about 0.2% smaller than the standard value

and the constants are given by

a& =—,'zv coshw,

a)
Q2 2

v

a3=(a, —a2)tanhw,

c
&
=zv coshw

c2=z (v —1)'~ sinhw,

c3 =c& tanhw .

The dummy variables w and v in these integrals are relat-
ed to s by the equations

u =s and w =arctanhP, ,

except that v =4s for all the cases of pair annihilations,
P, being the speed of electron in the center-of-momentum
frame in units of c.

In the above formulation the chemical potential of the
species are neglected, which is a valid assumption for the
scenario of the early Universe prior to the onset of pri-
mordial nucleosynthesis. The specific heats of the elec-
trons and neutrinos are given by

3

( —", )' =1.401. We think that the Lee-Weinberg7 (LW)
equation for the evolution of the number density of mass-
less neutrinos does not account for the total heating effect
of the neutrino gas because the elastic processes which
also contribute to heating kinematically the neutrino gas
conserve the numbers and therefore we do not use the
LW equation. The fraction of the energy of the primordi-
al soup containing e — and photons is exchanged with
neutrinos through both elastic and inelastic processes.
Therefore, a formulation in terms of the energy-loss in-
tegrals I, I, etc. , is called for and, perhaps, ideally suit-

ed for studying the effect of neutrino heating.
Since matter and radiation interact very strongly via

the electromagnetic interaction, they maintain thermal
equilibrium down to a temperature of the order of 4500
K. So, basically, T, = T~ = T is maintained for T)4500
K. Throughout, the standard procedure of the calcula-
tion of the temperature evolution of the Universe before,
during, and after the nucleosynthesis does not include
neutrinos as a thermodynamically participating species,
but their interactions in terms of energy gain or loss from
the matter-radiation sector are included as an extraneous
term in the expression for the temperature evolution. In
fact, Wagoner's numerical code for the big-bang nu-
cleosynthesis includes such a term as for the energy
losses due to production of neutrino pairs during the
latter's decoupling from matter and radiation. An ex-
pression for the neutrino loss at temperatures greater
than 10' K and at baryonic densities less than 0.1 g/cm
is not yet available. Beaudet, Petrosian, and Salpeter de-
rived fitting formulas for neutrino power losses which
were valid at relatively lower temperatures and at much
higher densities. They also did not include the neutral-
current processes in their formulation. Schinder et al.
and Itoh et al. ' have computed the neutrino-loss terms
using the standard theory of electroweak interaction.
Even in their calculations the temperature and density
ranges do not extend to those pertaining to the era of
neutrino decoupling in the early Universe. Instead, we
find that the integral formulations for neutrino loss pro-
cesses of Herrera and Hacyan are exact and simple
enough to be used for computing the neutrino loss terms
referred to in Wagoner's numerical code, which can now
be written as
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FIG. 1. Relaxation times for neutrinos of electron (~) and
muon/tauon (~') families and the Hubble rate of expansion 7 p

as functions of temperature (T9). Neutrinos of the muon/tauon
family decouple at about 2.5 X 10' K, whereas those of the elec-
tron family at about 1.5 X 10' K.

du du =+I,(T—T,),
dt dt

(4)

provided the difference (T —T )(&T. This assumption
remains perfectly valid during the era of neutrino decou-
pling. Here the summation extends over all families of
neutrinos, each having three terms, two of which are for
scattering and one for pair annihilation.

In the high-temperature limit z &(1, I,. ~z . This is
consistent with the expression of Beaudet et a/. for
du ldt =g o-z except that the net rate of energy Row
must be proportional to the temperature difference in a
binary mixture rather than the temperature itself. Since

CT du dT
and =4C

dt dt

where T is the temperature of the electron gas, H the
Hubble constant, and w the total relaxation time for a
given family of neutrinos. The second term comes from
the usual expansion of the Universe, the temperature fall-
ing in proportion to the rate of expansion. The tempera-
ture evolution for v, 's and v„'s (or v, 's) are slightly
different because of the small difference between ~ and ~',
where ~ is the total relaxation time for neutrinos of elec-
tron type and ~' for the other two families.

from Eq. (2) we can write, for the evolution of neutrino
temperature T,

dT CT T —T —IIT
dt C
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We have inserted these new equations in Wagoner's
code and evolved it numerically to determine the time
evolution of T and T

e P

IV. RESULTS AND DISCUSSIONS

The integrations in Eq. (3) are carried out using the
32-point Gauss-Legendre quadrature method with 10—20
logarithmic subintervals for covering the range of the
variables v and w. An upper limit to w =8 has been
sufficient, and its lower limit has suitably been chosen de-
pending on the value of the temperatures. Using the
Cyber 170 main frame computer, the evaluation of the in-
tegrals down to an accuracy of 1 part in 10 took about 2
h for each run of temperature and reaction types. The re-
sults of the computation for all the I,I, I +, I, , I

e Ve e ' p' Vp

I'+, QI; (=I +I, +I ++2I, +2I, +2I'+ ), C„C„
~, and ~' are presented in Table I for temperatures in
units of 10 K, T9 = 100, 50, 30, 20, 10, 5, 3, 2, 1, 0.5, 0.3,
0.2, and 0.1. The total relaxation time ~ of the electron-
type neutrinos, electrons, and their antiparticles is found
to follow the expected power law ~=91.5z sec. This
compares very well with the result of Herrera and Ha-
cyan, namely, ~=87. 1z sec, granting that they assumed
sin 0~=0.25 instead of our 0.23. This power law devi-
ates from its z law at the onset of the pair annihilation
and seems to go smoothly over to another power law of
the form z at T9 (0.4 (as seen in Fig. 1). For the
muonic (or tauonic) type of neutrinos, the total relaxation

time ~' =426z sec for T9 & 30.
Defining the decoupling temperature for the neutrinos

Td to be the one at which the relaxation time for the neu-
trino interactions becomes equal to Hubble expansion
time of the Universe ~„given by

r,„=5.69z sec (for z~ 1) .

The value of Td for the electron type of neutrinos turns
out to be 1.50X10' K, and that for the v„and v,
Td=2. 50X10' K. However, our result for Td differs
from the H err era-Hacyan calculated value of Td
=2. 1 X 10' K for the electron type of neutrinos simply
because there was an error in their expression for the ex-
pansion time scale ~„=2.08z sec. The final freezing
value for the ratio T /T turns out to be 1.396, which is

e

about 0.36% lower than the canonical value 1.401, com-
pared to the Herrera-Hacyan value 0.18%%uo. The heating
of the neutrinos of the other families is about 0.1% only.
In the process a total of about 1.1% of the entropy of
matter and radiation is transferred to the neutrinos.

We also have computed the primordial yield by mass
fraction ( Y ) of He which is found to be lower by 0.003
because of the effect of neutrino heating during the pair
annihilation.
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