PHYSICAL REVIEW D

VOLUME 44, NUMBER 12

15 DECEMBER 1991

Renormalization of the § expansion
in curved space-time

Hing Tong Cho*
Department of Physics and Astronomy, University of Oklahoma, Norman, Oklahoma 73019
(Received 17 April 1991)

Renormalization of a recently proposed § expansion for a self-interacting scalar field theory in
curved space-time is examined. The explicit calculation is carried out up to order §2, which indicates
that the expansion is renormalizable, but reduces to essentially the A¢* theory when the cutoff is
removed. A similar conclusion has been reached in a previous paper where the case of flat space-time

is considered.

I. INTRODUCTION

A new perturbative expansion [1, 2] in quantum field
theory has recently been proposed. In the case of self-
interacting scalar theory in four dimensions, this expan-
sion, called the § expansion, amounts to replacing the
interacting term A¢* in the Lagrangian by A¢2(1+8) The
relevant quantities, such as the Green’s functions, of this
theory are then evaluated as power series in §. This
expansion has been proven to be renormalizable using
a momentum-cutoff regularization scheme [3]. In fact,
when the cutoff is taken to go to infinity, the renormalized
Green’s functions reduce to the ones in the A¢* theory.
Thus it has been argued that all theories with the poten-
tial Ap2(1+8) for § < 1, are equivalent. The problem of
renormalization of the é expansion from other points of
view has also been discussed in Refs. [4] and [5].

In this paper we would like to address the question of
renormalization of the § expansion in curved space-time
following the treatment in Ref. [3]. The interest in study-
ing quantum fields in general background space-time is
twofold. It may be considered as a first step towards con-
structing a consistent theory of quantum gravity. Hope-
fully it will provide some hint on how to deal with the un-
controllable ultraviolet divergences present in quantizing
Einstein gravity. On the other hand, there are physical
situations, for example, the evolution of the early Uni-
verse or phenomena near a black hole, where the effects
of curved space-time are crucial and must be taken into
account [6]. To apply the é expansion to these more gen-
eral conditions, one has to first resolve the question of
renormalization.

To begin with we have to adopt an appropiate regular-
ization scheme. In Ref. [3] a momentum-cutoff regular-
ization was used. In curved space-time the formalism is
much simpler if we stay in coordinate space. Thus we use
instead a coordinate-space cutoff, or point-splitting reg-
ularization [7-9]. Since we stay in coordinate space, we
will work with the connected Green’s functions instead
of the one-particle-irreducible ones.

The paper is organized as follows. In the next section
we give the Feynman rules for the § expansion [10]. In

4

particular, the divergent parts of the propagator and the
vertex functions are discussed in some detail. In Sec. III,
we calculate the connected Green’s functions of up to 62
and show that the theory is renormalizable at least up to
this order. In the last section we summarize our results
and give some discussion on the behavior of the Green’s
functions in higher powers of §. In the two appendices, we
evaluate a divergent integral and an infinite sum which
are frequently used in Sec. III.

II. FEYNMAN RULES

In this section we give the Feynman rules for the 6
expansion [10] generalized to curved space-time. The
asymptotic behavior of the Feynman propagator is dis-
cussed using the Schwinger-DeWitt expansion [11, 12].
The regularization scheme we adopt here is the covariant
coordinate, or point-splitting, regularization.

To construct the 6 expansion for a self-interacting
scalar field, we begin by replacing the A¢* Lagrangian
(in Euclidean signature)

L= %(W)Z + %MZ + %%R# + g%, (2.1)

L= 2(V6)2+ L4767 + 26 R® + AM?9? (ﬁ>6
2 2 20 M2)

(2.2)

where V, is the covariant derivative and M is some arbi-
trary mass parameter. To renormalize the theory order
by order in 8, we add counterterms to Eq. (2.2) to form
the renormalized Lagrangian

L= 31+ A)T) + 3m?” + 2ER?

+,\ZM2¢2§:éi 1n—di "
o n! M?2 ’

where the renormalization constants are defined by

(2.3)
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A=5A1+62A2+~~-,
m? = m2 4+ ém? 4+ 2mi + .-,
(2.4)
E=E+66+86+ -,
Z=20+8Z\+ 625,
with m2 = p? + 2AM2.
The Feynman propagator is given by

1
G =
oo = (= | e rER )
(e o]
- / dt e~ (g)eH(Tu TH =EoR) |y
0
For the asymptotic region y — =z, we can use the

Schwinger-DeWitt expansion to express the matrix el-
ement:

(2.5)

(e (T 7" ~Eom))y)

_ 1
T (4wt)?

(e
e~ 7@ A2 (2, 4) " than (2, y),
n=0

(2.6)

where o(z,y) and A(z,y) are symmetric biscalar func-
tions defined by

(2.7)

1
- = “
0'_20'”0' y

1
A= ZV;‘(AG“), (2.8)
with the coincident limits o(z,z) = 0 and A(z,z) = 1.
o, = V,o denotes the covariant derivative of . Note
J

Go(z,y) =

lodatoad
{12 Ruv—23=
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oz (14 [+ (50— £) 7] i Goms
m2 [zﬁ(l) + %] -~ (é'o - %)Rwu)} + )
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that in our notation covariant derivatives act on the first
argument of all the bifunctions. o(z,y) is related to the
geodesic distance between z and y. More precisely, if
we take s as the geodesic distance, then o(z,y) = s2/2.
The so-called Schwinger-DeWitt coefficients a,(z,y) are
defined by

otV a9 = 0, (2.9)
(n+ 1)ant1 +0*Viany:
= A"V, VH(AY?a,) — EgRan, n>0,  (2.10)

with the coincident limit ag(z,z) = 1. Thus after doing
the integration over t, Eq. (2.5) can now be written in
terms of the modified Bessel functions K, (z):

(z RS 3 ot )(a(z y))“‘“”’z

XI(n_l(

Go(:c,y)

20m3).

(2.11)

Using the asymptotic behavior of the modified Bessel
functions and the coincident limits [12]

VA2, =0, (2.12)
VuvuAlDIy—*x = 'éR;wa (2~13)
Y ,aoly—z = 0, (2.14)
VuViaoly—z =0, (2.15)
alye = (3-8 R (2.16)

one can expand Go(z,y) in a power series of o(z,y):

(2.17)

where ¥(z) = d InI'(z)/dx. With this form of Gy, the ultraviolet divergences of various Feynman diagrams can be
examined. For example, the one-loop diagram in Fig. 1 gives

I=Go(z,y)ly—z,

(2.18)

which is ultraviolet divergent. To deal with that, we adopt a symmetric point-splitting regularization, which amounts

to make the replacements (9],

2

U,‘O',, bad Zg“,,s .

Then, from Eq. (2.17),

I= 4:2(1+%s {[m?,+ (fo—-%) R] (ln%mus ¢(1)) ——m0+ R}+ )

(2.19)
(2.20)

(2.21)

(2.22)

where the remaining terms are of higher powers of 52 together with some powers of Ins.
Now we can give the Feynman rules for the vertices, which are summarized in Table 1. In the table,
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m) o 07 2.23
Von = o™ v?"((s) ,5:0’ ( )
where
AM?2(26 + 2)1(1/M?)®
van(6) = (6 +1—n)26+i-nn-1" (2.24)
Using the expansion of [ in Eq. (2.22), we can express the vertex functions vg':) in a power series of s2,
vl = 2aMm? [m 1‘2412 +¢(3/2) + 1] = 2AM2L + AM?s2P .-, (2.25)
. 921 2
WP = ‘2/\M2{ [‘“W +9(3/2) + 1] +9(3/2) - 1} = 2AM?2 [L? +9'(3/2) — 1] +2AM2s2LP 4 -, (2.26)
and, for n > 2,
n—1
-1
i) = M2 (=1)*(n — 2)! (%) = 22M?*(=1)*(n — 2)!(8x3s)" ! [1 - (" 5 )s2P + ] (2.27)
(2) 2 n 1 2 n 1 21 ‘
o) = M=) (n - 2! (2 [nm +9(3/2) +1] +9(1) - p(n 1)
=4AM?(=1)"(n — 2)!/(87%s?)* "1 ([L + (1) — (n — 1)]
1
+55H{—(n = DIL+ (1) = p(n = ]+ 1}P+ ), (228)

where
L= —In272M?s? +4(3/2) + 1, (2.29)
— [2 1 1
P = [mo + (Eo ~ % R} [anmgs - 1/)(1)]
1, 1
—§mo + 5 R.
(2.30)

Now we have the Feynman rules for the vertices and the
propagator. Together with the usual symmetry count-
ing, various Feynman diagrams can thus be evaluated.
We shall do that in the next section to calculate the
connected Green’s functions in the § expansion for the
self-interacting scalar theory in Eq. (2.2).

X

FIG. 1. One-loop diagrams.

III. RENORMALIZATION

Here we consider the renormalization of the § expan-
sion for the theory given by Eq. (2.2) up to 62. Since we
are in general curved space-time, it is much simpler to
stay in coordinate space. We choose the covariant coor-
dinate, or point-splitting, regularization. In addition, we
have to consider the connected Green’s functions instead
of the one-particle-irreducible ones. Higher-order behav-
iors of the Green’s functions will be discussed in the next
section.

TABLE I. Feynman rules for the vertices.

Vertex Feynman rules

AV, V* §2A,V,VH .

—6m?, —862m2, ...

—86R, —8°&:R, ...
—611§1)Zo, —621)%2)20/2,
-8z, ...
2n 1
—6vi1) Zo, —620§)2Z5/2, ...
: 2 %Nz, ..
4" 3
(nz2)
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A. Order é

First we look at the 4-point connected Green’s func-

tion Gg4). At order 6, the only contribution comes from
the Feynman diagram as shown in Fig. 2(a). Using the
Feynman rules given in the last section and Table I, we
have

Ggq)(wl,$2,$3,$4)

4
= [ /e [[ Goav) (=50§"20). (3.1)
=1

As we can see from Eq. (2.27),

vi ~ s, (3.2)

where s is the geodesic distance, our regularization pa-

rameter. To render G nonzero to order 6, we have to
choose at least

1
Zo~ =

(3.3)

Here we specify our renormalization prescription by
choosing
1

Zo= ——.
® = T6n2M2s?

(3.4)

Then,

1

G\ (z,,22) = Golz1,z9) + /d‘ly\/g(y)Go(zl,y) [6A1V“V“ — 6m? — 66, R(y) — 5v§1>zo] Goly, 2).

From Egs. (2.25) and (3.4), we see that

A A

(1) _
vz 2o = 87r232L 1672

P, (3.7)

where L and P are defined in Egs. (2.29) and (2.30). Here
we adopt an oversubtraction scheme and set

(3.8)

A Am? 1 1
2 . __ 7 _ 20 - — _ =
1= 87r282L 1672 (In2mos ¥(1) 2), (3.9)

& = "Té\ﬁ [(50 - é) (ln-;-mos - ¢(1)) + 51—4] (3.10)

The second term in Eq. (3.6) vanishes, and

G (z1,22) = Go(z1,22)- (3.11)
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x, X,
(a)
y
X, x,
Xy Xz X, y Xz
(c)

(n>3)

FIG. 2. Order-6 diagrams for (a) G (b) G¥® and (c)
GP™ n > 3.

4
G(21,22,23,24) = —5/\/0'411\/!1(1/) I1Go(=i,v),
1=1

(3.5)

which is now finite.

Next we consider the 2-point Green’s function. The
relevant Feynman diagrams are shown in Fig. 2(b), which
gives

(3.6)

For n > 3, Fig. 2(c) is the only Feynman diagram that
contributes to the n-point Green’s function. Since

v 20 ~ (2 /s* = 0 (3.12)
as s — 0, we have
GSZ")(-’L‘x, v Zon) =0, forn>3. (3.13)

B. Order 62

Now we consider the Green’s functions to order §2.
For the 4-point function, we have the Feynman diagrams
shown in Fig. 3. Because of the oversubtraction scheme
we have adopted, the contributions from Figs. 3(b) and
3(c) vanish. Using the Feynman rules in Sec. II and the
usual symmetry counting, Fig. 3(d) gives
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Z o} [a/aw [ v HGo(ruy){ézvgfiwzz)Zo [Goty, )]}
— 1
ZT / d*y/s(y) HGo(x.,y) 8205) 105 Z2000(y), (3.14)
[
where 4
n Csq = /d"y\/g(y)H Go(zi,v)
Onp(y) = /d:c g(z) 20’(1: y)] [Go(:c,y)] , i=1
N Z 82Tl - 1)
(3.15) 2 128732 (1 — DI(1 + 1/2)°
and is evaluated in Appendix A. From Egs. (2.27) and (3.17)
(3.4),
The infinite sum above and its generalized form
vﬁi‘;vm)zo (s*)*2. (3.16)
rdg+1
With the asymptotic behavior of Og o as shown in Ap- f(a) = g a+ a)(P(I +)3/2) (3.18)

pendix A [Eq. (AT7)], it is easy to see that, in the limit
s — 0, the surviving term in Cjq is finite and is equal to

o X
y
® ¢
x, Y 2

(c) x,

X3 A
@
2 y z
X4 2
122
X3 1
Yy z
x‘l 2141

1
i) A
S
(| > 1)
FIG.3. Order-6° diagrams for G, There are three other

similar diagrams in (c), 3 in (e) and 2 in (f) with permutations
of the z’s.

are discussed in Appendix B. The values of different sim-
ilar sums that we need in this section are tabulated in
Table II. In the above equation

N ()
> Tooras s =2l - 16/2)

- %«p'(a/z). (3.19)
Therefore,
4 242
Cag = /dqu 9(v) HGO(‘“’ Y) [24;\..2 ¢'(3/2)] :
(3.20)

Now the contributions from Figs. 3(e) and 3(f) (with { >
2) can be obtained similarly, giving

Y

-6 - 1),

%:/@wwﬂammP
(3.21)

where G = 0.9 is the Catalan’s constant, and

TABLE II. Specific values of the function defined in Ap-
pendix B and the corresponding derivatives. G is the Cata-
lan’s constant and ¢'(z) = d*InT'/d=z?.

T f(z) f'(z)
1 8G/ /7 —5.07
1 W) +4/v= —~1.49
2 4/ /T —0.76
2 ¥'(3) +6]/2v/7 —0.48
2 28/9/7 —0.34
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12872

Cor122) = [ d4/ow) [[ Golss) | 335z (2~ #(3/2) | (3.22)

For | =1, Fig. 3(f) gives

1
Corll=1) = 5 [ Y /aEGole1,1)Go(22,)Goles, 2)Go(za, 2)67vP0S) 230n0(0) + -, (3-23)
[
where the remaining terms come from two other simi- 1 L
lar diagrams with permutations of the z’s. The vertex O2,0(y) = W[—ln;mos + B(y)], (3.25)
functions

v‘(ll)v‘(;l)Zg s (3.24) rl/here B(y).is the finite part of 02,0(:1/) and is spa'ce-time
’ ependent in general. Note that with [ = 1, Fig. 3(f)

and this combination does not vanish as s — 0. Thus to is exactly the same Feynman diagram that one will en-

evaluate C37(! = 1), we need to find both the divergent  counter in the A¢* theory.

and the finite parts of O3 0. From Appendix A [Eq. (A9)], To summarize, we have

EX\ N imos + 1y(3/2)+ 166 — 11 - B( )] (3.26)
6an? gMmes Ty vl '

4
C3q + C3e + Cay5 = /dqu 9(y) HGO(-”:U y) (‘

[

This is of course divergent as s — 0. The 4-point function 21

can be rendered finite to order 62 by choosing an appropi- Caa = Z (2! / d%yV9(y)Go(21,y)Go(z2,)

ate Z) in the remaining Feynman diagram in Fig. 3(a), =2

where the vertex functions give x&zvgizvg})ZgOm,o(y). (3.30)

Using Egs. (2.27), (3.4), and (A7), and the value of f(z)
in Table II, we can evaluate the above equation following
the procedure similar to that in calculating the 4-point
function, and we have

2
—%vgz)Zo - (52'0511)21
= —62AL — §2A(1672M%s?)Z, [1 + 0(52)] . (3.27)

Hence, choosing

(@

1

Z1 = —
! 1672 M2s2

A ] 1,
[L+ 6an? (1n2m03+ —2-1/) (3/2)

+16G — 11)], (3.28)
(b)
y z
and with Eq. (3.26), we see that the renormalized 4-point
y
1

function to order 62 is

4
GM(21, 2y, 23,24) = /d‘*y\/g(y)HGo(wi,y) @
i=1

(52/\2 2
X [—-6/\ + oan? B(y)] . (3.29) ) T
Yy o z
The choice of Z; here is consistent with the oversubtrac- X, 2,
tion scheme that we have adopted so far. Note again that =2
this renormalized 4-point function is basically the same 1

one in the A¢* theory. (e) 2 TN

The Feynman diagrams relevant to the connected 2- . yZ X2

point function are shown in Fig. 4. The contributions 2141
from Figs. 4(b) and 4(c) vanish because of our oversub- t=1

traction scheme. Consider first the Feynman diagrams in
Fig. 4(d), FIG. 4. Order-§? diagrams for G$.
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212
Caa = / dy\/9(®) Go(xl,y)Go(wz,y)< oA )

102474
[N PP A 1,
x{ 53303/ = 2] + P|-50/(3/2) +8G -5
N 2 1 1 11, 4 }
_vT - ——)R| - =R|= =G -1|¢}.
+[- /2 2G +1) [mf + (& - R| 6R[6¢(3/2)+ =G ]
Next let us consider the Feynman diagram in Fig. 4(e). The contribution is
2141
Z (21+ 1)! /d“y Go(l‘l,y)Go(Iz,z)6zvg}lzvg}1220 [Go(y, 2)] +

First, we covariantly Taylor expand Go(z2, z),

1
Go(z,22) = Go(y,x2) — [VuGo(y, z2)|o*(y, 2) + 3 [V.V.Go(y, .7:2)] ot (y,z)o"(y,z2) + -,
in order to separate the divergent part of Eq. (3.32). Then,

oo
1
C4e = Z (21—%——1)'/ d4y GQ(:L'l, y)Go(l‘g, y)&zvglzvgizngm.*_l’o
=1 ’

X E (21 +1)! /d‘*y Go(zl;y) [V.V*Go(y, 1'2)] 621)&3_2 g?J)rzZOOZHl o+

S

(3.31)

(3.32)

(3.33)

(3.34)

Again for | = 1, the combination of the vertex functions vg},)nvm) ZZ2 does not vanish as s — 0, and we have to treat

+2
this case separately. For { > 2, the surviving terms are

C4e(122)=/d"‘y\/y(y Go(?«'hy)Go(’”?’y)( 25(;\w4)

X{EIE [v'(3/2) - 4G + '2‘] + [%f’(3/2) + 21&’(3/2) - %]P

136 [+ (&0 - l)R] [vs/2) - 2] - iR{«/}'(:%/?) - 1—0]}

/ /() Go(21,9) [V, V*Goy, 22)] (- 409%4)[1& (3/2)———].
Forl =1,
Cacll = 1) = / dy/309)Go(z1, ¥)Gol2, )80 ui) 2203 0
+4_8 ]d“y\/ 9(¥)Go(z1,9) [V“V"Go(y,xz)]ézvgl)vgl)Zg(Dg,g 4+

Only the first two terms above are divergent. From Egs. (A8) and (A9),

1 13 1 1 ?
Os(6) = { 353 = 3 [+ (60~ §) ] (ingrmoo)

g+ (-] + - dg s 500},

and

1
m[—lﬂ%mos + Ea(y)],

where Ej(y) and E(y) are the finite parts of O30(y) and O3 2(y), respectively. Thus we have

Os,2(y) =

(3.35)

(3.36)

(3.37)

(3.38)
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Cult=1) = [ A9/a0Gala1,)Ga(e20) (s )

38474

{"15 - %[mo + (&0 - —61-)13] (ln%mo.s')?
[l

1 1 1
2 1 1, 1 1
+ m0+(§0—6)R]w(1)+2m0 24R+2E1}
u §2)2 1
+/ YV 9(¥)Go(z1,y) [V V#Gol(y, 132)] 53677 —1n-2-mos+Ez + E3(z1,z5), (3.39)

where F3 is the finite contribution from the remaining terms in Eq. (3.36). Now we come to the last diagram for G

in Fig. 4(a):
Claa = /d‘*y\/g@jGo(x,,y) (62A2V,,V“ — §2m2 — §26,R — ‘5—221;9)20 - 620§1)Z1)G0(y, z2)
= /d‘*y\/g(_y)c:o(xl, y)(82 42V, V" — 82m3 — 8%€,R) Go(y, 2)
+ [ @ /a@0uennGotenn) (1o ) { [ - v +1)

A2 /L P\[ 1 1, }
Z 42 = ~9/(3/2) + 16G — 11| b.
+327r2(32 + 2)[ln2m°s+2w(3/ )+ ]

(3.40)

Finally, ng)(:cl,xg) is given by the sum of the contributions in Eq. (3.40), (3.31), (3.39), and (3.35). To render it
finite we choose counterterms
A2 1 3, 5
A2 = Trag [ln§m°s +3¥(3/2) - ﬁ]
(3.41)

AL A2
m2 = m{x [L2 —'(3/2) + 1] o3 [ln;mos +59/(3/2) + 16G — ] + 553 [—7¢'(3/2) +16G — 6]}

1’:)22’;1”54 { -3 (ln—;—mgs> ’ (ln;mos) [-{%’(3/2) +7p(1) + 8G — -g-]
[ L6/ 86 +8| + L ra) + L ram+ e -6+ 5] 3

2 2
£y = ﬁ{ ({0 - é) [—3 (ln%mw) + (ln—%mw) (—41/1'(3/2) + 7Y(1) + 8G — 8)

+(1) (ﬁf’(sm) _8C+ 8) + %—;f’(l/Q) + §¢'(3/2) +26 - %]

. (ln-21-mgs> - £ £(3/2) + = 1/1 (3/2) + ZG— ;g}
(3.43)

Then,
G£2)(x1a$2):G0(x1»m2)+/ diy\/g—@—GO(mhy)GO(ﬂ?%y)(?)M 2 1(y))
+ [ Va@Go(e1,) [Vav Gotw, 2] 1oz B2) ) + Balen,22). (344
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Note that E;, E3, and E3 all come from Fig. 4(e) with { = 1, and this is the same diagram one would encounter in
the A¢* theory.
For n > 3, we need the Feynman diagrams in Fig. 5 to calculate the n-point Green’s function. For Fig. 5(a),

2n
(52
Csa = ] d%y/9(v) [] Go(z:,v) (~3v§i’zo - 6%%1321). (3.45)
=1

From Egs. (2.28), (3.4), (2.27) and (3.28),

Vi) Zo ~ (s7)" 72 =0, (3.46)
W8 71 ~ (s%)*2Ins — 0, (3.47)

as s — 0 for n > 3. Thus Cs, = 0. For Fig. 5(b), with [ > 2, a typical diagram gives

G =3 [ @/ [ @ /a [[Gotai,v) 10 Go(as,2) (878082128 6ot )] ). (3.48)
i=1 j=r+1

From the asymptotic behavior of O, ,(x) in Appendix A, we see that, for [ = 2,

v st 22010 ~ (s7)"Ins — 0, (3.49)
and, for [ > 3,

vl 23000 ~ (7)) =0, (3.50)
as s — 0. Thus Cs;(I > 2) = 0 also. Finally, for I = 1 in Fig. 5(b), we have

T 2n
Canlt=1)= [ €9/5T0) [ /o [ Gotesr) T Gles, ) (90082 01 2860t 2) ), (3.51)
i=1 j=r+1

and

v vl 4128 ~ ()8, (3.52)

which vanishes as s — 0 except for n = 3. That is, up to order 62,
G (), ... x0n) =0, (3.53)
for n > 4. For Ggs)(:cl, ...,xg), we can have r = 1 or r = 3 in Fig. 5(b) with [ = 1. However, in our oversubtraction

scheme, the diagrams with » = 1 vanish. Thus the only surviving diagrams are the ones with three external lines on
each side, and

3 6
GONxy,... zg) = / d*y\/g(y) / d*2\/g(2) H Go(zi,y) H Go(z;, z)62v,(,1)v§1)Z§Go(y, z)+ .-
i=1 j=4

3 6
= [ /s [ ¢=a@ [] Golaiw) T] Goles, )Go(w,2) (63) + -+, (3.5
i=1 j=4

where the ellipsis represents nine other similar diagrams X X,
with permutations of the z’s. Again all these diagrams

are exactly the ones we have in the A¢* theory. This con- (@

cludes our calculation of the n-point connected Green’s X x

functions up to order §2.

IV. CONCLUSIONS 2n

In the last section we have obtained the renormalized (b) x
connected n-point Green’s functions in the é expansion r2
up to order §2. We stay in coordinate space throughout X1

. . . A 121
the calculation and adopt the covariant point-splitting (=1
regularization in which the geodesic distance s is used FIG. 5. Order-62 diagrams for G®™, n > 3. There are
as the regularization parameter. There is no apparent again similar diagrams with permutations of the z’s in (b).
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obstacle to carry out this renormalization procedure to
higher orders in . This result leads us to believe that the
§ expansion is renormalizable for a general space-time, at
least for the self-interacting scalar theory discussed here.
This extends the result obtained in Ref. [3] where flat
space-time is considered.

It is curious to see [for example, from Egs. (3.29) and
(3.44)] that the contributions to the renormalized Green’s
functions come from diagrams which are the same ones
present in the A¢* theory. It seems likely that for higher
orders in 6, the same pattern will be followed. That is,
solely those diagrams with only four-particle interactions
will contribute to the connected n-point Green’s func-
tions. Therefore the class of theories with § < 1 all
degenerate to the A¢* theory once the cutoff is removed
upon renormalization. A similar conclusion has also been
reached in the flat-space-time case.
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APPENDIX A

In this appendix we would like to give the asymptotic
behavior of an integral which we come across frequently
in Sec. III. This integral,

Onp@)= [ dW/a@)l20 )" [Gole, )], (A1

comes from Feynman diagrams such as the one in Fig.
3(e). To extract the ultraviolet-divergent part of this
integral, we resort to using the Riemann normal coordi-
nates around z. To simplify the notation we shall call
this particular coordinate y again. Then we can expand
the relevant quantities in a power series of the Riemann
tensor:

where y = (y#y,)'/2. Making these replacements in Eq. (A1), we have

272 [ 34 n 1
- p—2n - 2 S
Ons =g [, v {145 lmi+ (0-5) 7

2 2

24

+—1—.1;2R(E ~1) + 3¢

We have to consider this integral for three separate cases. For n > 4 + p/2,

Oor = o (=) {1+ [ ma ) | (4 (6= 3)) (s o0+ 1)

(A2)

(A3)

(A4)

1 (AB)
Pk

[-m3(vr+3) - (-3 vnr]+ ) o)

- (”2;n2>3] + } (A7)

where we have shown only the two most ultraviolet-divergent terms. s is the geodesic distance which is used as the

regularization parameter here. For n = 3 + p/2,

One= i = (o~ ) (o}

n

+ [§¢(1)(m§ + (50 - %)R) +

2 — 1
m2 + nR]ln—-mgs+-~~}.

1 )2
mos

(A8)

48 2
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The remaining terms are finite as s — 0. Finally, for
n=2+p/2,

o2m? 1
On,2n—4 = m (—lnEmos “+ - ) R (Ag)

where we have again only shown the divergent part of
the integral.

APPENDIX B

In this appendix we evaluate the sums

= Tl +1)
fla)= ZI:O I+ a)(l + 3/2) (B1)
and
s e Tl +1)
flay=- leo T+a)T(+3/2) (B2)

Using the integral representations of both the ratio of the
" functions and 1/({ + a) in f(a), we get

o0 1 1 1
a) = dt (1 — )-V2 I+a—1
f(a) ;‘”_m/?)/o t1'(1—¢) /0 dX A

1 ! a-1 k . .
"F(?/_fﬁ/o dA AU F(1153/2,0),  (B3)

HING TONG CHO
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where F(a,b;c;z) is the hypergeometric function. In ar-
riving at the above expression, we have made use of the
integral representation of F(a,b;c;z),

I'(c) 1 b1 b1
F(a,bjc;2) = —t—= [ dtt*"'(1—1¢)°
(@i659) = TRy J, 700
x(1—tz)"%, (B4)
where Re(c) > Re(b) > 0 and |arg(l — 2z)| < m. Now
using the fact that
F(l,l;%;sian)::—.—-—z—————, (B5)
sinz cosz
we have
4 w/2
fla)= -—\/—; dz z(sinz)?%™?
and
8 1[/2 .
fl(a) = —= dz z(sinz)?*~?In(sinz);
™ Jo
f(a) can be evaluated easily for a = %, 1, %, ..., whereas

the corresponding f’(a) has to be solved numerically.
The values of f and f’ that we need in Sec. III are listed
in Table II.
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