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Chiral Yukawa models on the lattice and decoupling
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A new formulation on the lattice of a theory with a chiral fermion-scalar coupling and minimal field
content is proposed. The arbitrariness in the regularization is used in order to decouple the replica fer-
mions from the scalar. A continuum limit with just one fermion coupled to the scalar is obtained in per-
turbation theory and a Golterman-Petcher-like symmetry related to the decoupling of the replica fer-
mions is identified.

I. INTRODUCTION

The only sector, if any, of the standard electroweak
model (SM) in which one has to go beyond the perturba-
tive treatment based on the renormalizability of the
theory, is in the scalar-fermion sector. The formulation
of the model on the lattice is an appropriate framework
where one can study the possibility of having a strong
scalar self-coupling and/or a strong Yukawa coupling.
The relevance of the implications of such studies such as
the limitations on the masses of the scalars and fermions
as well as the possible inAuence of heavy fermions on our
present understanding of the Higgs mechanism is on the
basis of the recent activity in this area [1—3].

In order to obtain upper bounds on the masses of the
scalars and fermions in the standard model through nu-
merical lattice simulations (going beyond the upper
bounds determined perturbatively) a definition of a Yu-
kawa model on the lattice with a global chiral symmetry
is required. The chira1 Yukawa models considered in the
literature go from the simplest toy model with one real
scalar field and a Z(2) global symmetry to the complete
scalar sector of the standard electroweak model. Anoth-
er way of classifying these models is according to the
solution used for the doubling problem that one finds
with fermion fields on the lattice.

Studies of a Yukawa model with one real scalar field
coupled to staggered lattice fermions [4] have shown how
a combination of analytic and numerical results can be
used to determine the rich phase structure of the model
and to put limits on the renormalized Yukawa and scalar
couplings on the phase boundary connected with the per-
turbative region (small Yukawa coupling). Another in-
teresting feature of this model is that while the continu-
um limit defined at the "perturbative phase boundary"

does not depend on the details of the lattice regulariza-
tion, the phase structure at large Yukawa couplings and
the related possible nonperturbative continuum limit are
sensitive to the type of lattice regularization used [4].

A different formulation of lattice chiral Yukawa mod-
els, which makes contact with perturbation theory, is
based on the introduction of explicit mirror fermions in
order to use the standard Wilson term [5) to avoid the
fermion doubling and using the spontaneous symmetry
breaking of the global symmetry to give large masses to
the mirror fermions [6] or alternatively tune parameters
in order to decouple the mirror fermions from the scalar
field [7]. The introduction of new parameters and their
required tuning make the study of the phase diagram and
cutoff-dependent upper limit on the renormalized cou-
plings quite difFicult to determine.

The last class of lattice Yukawa models essentially rely
on the Wilson method [8], now used in a manifestly
chiral-invariant way, with the scalar field, in the so-called
Wilson-Yukawa term. The main idea is that one can use
the strong Yukawa coupling phase structure to get a
mass for the replica fermions of the order of the cutoff
and at the same time to approach to the continuum limit
with a vanishing vacuum expectation value for the scalar
field in lattice units. The phase structure of a
SU(2)SU(2) fermion scalar model which correspond to
the standard model with mass degenerated doublets has
been studied by a combination of analytical and numeri-
cal methods and arguments in favor of the possibility to
approach the continuum limit with a finite mass for the
physical fermion while the doublers get a mass of the or-
der of the cutoff have been given, both in the quenched
[9] and unquenched approach [10,11]. But in contrast
with the fermion-scalar sector of the perturbative stan-
dard model, the Yukawa coupling is a relevant parameter
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in the Wilson- Yukawa Inodel. Also the crucial role
played by the definition of the continuum limit on the
phase boundary located in the strong Wilson-Yukawa
coupling region makes the studies of nonperturbative
effects quite involved, especially if one thinks of the SM
as an effective theory with a cutoff A- 1 TeV, not much
higher than the scale which generates all the masses
(solution to the fine-tuning problem based on triviality).
Note that in this case the meaning of the decoupling of
the doublers would not be so clear.

One can ask whether the conclusions obtained so far
(additional fields are required in order to make direct
contact with perturbation theory which is the basis of our
understanding of the SM) are general to any lattice for-
mulation of the scalar-fermion sector of the SM or if they
are a consequence of the Wilson formulation. In other
words, the main question we address in this paper is the
following. Can we define a lattice Yukawa chiral model
with a minimal field content which allows us to define the
continuum limit around the Gaussian fixed point with
just one fermion for each fermion field coupled to the sca-
lar field?

1 D
+ g
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1 n

X+/, + ' ' +jQ-
1 n

(2.6)

and then the interaction does not spread out over the
whole lattice. The arbitrariness in the regularization al-
lows many other options for the f(0) function, but the
expression in (2.5) corresponds to the most local and rota-
tional invariant possibility. The fermion-scalar vertex of
the model in (2.1)—(2.5) is given by V(0, 0)=yF(0)F(0)
and it vanishes for all replica ferrnions (0„=rr), due to
the choice of f(0) in (2.5). The model has a global
U(1)s U(1) symmetry
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(2.7)

defined in an elemental hypercube in the positive direc-
tion

+„'"=f exp i 0 x+ —,
' g p F(0)%'(0)

p,

II. LATTICE CHIRAL- YUKAWA MODEL
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is the naive free fermion action with the replica fermions
at 0„=~, 0 being the momentum in lattice units, and
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is the naive free fermion action with the replica fermions
at O„=n, 8 being the momentum in lattice units, and

gives the coupling of the fermions and the scalars.
The way to implement the decoupling of the replica

fermions is based [12] on the use of the component 4'",

e'"(0)=F(0)%'(0), F(0)=/ f(0„),

f(0)= cos —,0&( rr, rr], —0

in the interaction term. In coordinate space the fields
corresponds to an average over the 4 components(&)

In order to answer this question we will consider a lat-
tice chiral Yukawa model, where we will handle the repli-
ca fermions in a different way from the Wilson method.
Let us consider a theory with a fermion field 4 and a
complex scalar field 4 interacting through the lattice ac-
tion

and could be immediately generalized to the fermion-
scalar sector of the SM by adding appropriate fermion
and scalar fields, but all the properties of this sector are
already present in this simplified model.

The crucial point in order to prove the validity of the
model in (2.1) as a way to solve the doubling problem, at
the level of the scalar-fermion interaction, is to see
whether quantum corrections do not destroy the decou-
pling of the replica fermions implemented at the classical
level.

This problem can be studied in perturbation theory
and the result is that, as a consequence of the extension
to the lattice of the standard power-counting theorem
[13], the continuum limit of any Crreen's function calcu-
lated with the model (2.1) coincides after renormalization
with the Green's function of the Yukawa model in the
continuum with one fermion [14]. The only thing one has
to check is that all properties in order to establish the
power-counting theorem on the lattice are satisfied by the
lattice Yukawa model in (2.1). The reason why the proof
does not work in the case of the naive fermions is that the
denominator DF of the fermion propagator is of order 1

at some points at the boundary of the Brillouin zone
(doubling problem). The proof of the power-counting
theorem [13] requires that, for lattice spacing a, smaller
than some value ao, ~DF(k, a )~

~ Ak, for some constant
3, where k„=(2/a) sin(ak„/2). For k& near ~/a, the
denominator DF is of order one, while Ak can be arbi-
trarily large for a ~0. On the contrary, in the case of the
model in (2.1), this proof works. The reason is that for
any Feynman diagram, an internal propagator is always
accompanied by F(0) factors coming from the vertices,
and then, in the power-counting arguments, the naive
denominator is replaced by D =Dz(k, a )/F (ak ), which
now can be bounded by Ak in all the Brillouin zone. As
an example, an explicit one-loop calculation can be found
in the Appendix.

The former result (i.e., that the continuum limit of any
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i g(0
(2.8)

where 0„"=O,m and at least one component is diferent
from zero (momenta corresponding to the replica fer-
mions).

The naive free term, I~ in (2.3), is invariant under this
transformation, in fact it is also invariant under the trans-
formations with e +&=e . The invariance of the interac-
tion term I~ follows from the invariance of the +'" com-
ponent under the transformation (2.8).

In order to see the implications of this symmetry, we
consider the partition function with sources g, g, J, and
J coupled to the elementary fields

Z(ri, q, J,J )=fDC&DVD+exp(I~),
(2.9)

I~=I(%,4)+ g (4 g +g 4 +J„4„+@J ) .

Green's function coincides after renormalization with the
Green's function of the continuum Yukawa model with
one fermion), based on the Reisz theorem [13], may be
heuristically understood on the basis of a symmetry of
the action (2.1) which is a consequence of the use of the
component 4"" in the interaction term Iz. Actually, the
action is invariant under the 2 —1 transformation of the
fermion field

In order to avoid complicated nonlinear terms, it is
also convenient to introduce sources y, y coupled to some
composite operator A„=[PL 4&„+Pz 4„]%„"' and its
partner A . Then our starting point is

Z(q, g, J,J;y,g) =fD@D%D%exp(I~), (2.10)

where I~ =I~+y 3 + 2y.
It is simpler to work in momentum space, where

I~(%)+Ir('k, 4)= f +gSg '%g —y f f %P-Q
8 g 8

(2.11)

with

Sg ' = i g—y„sin(9„),
P
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(2.12)

%(0)~%(0)+e(8), 4(8)~%(8)+e(8), (2.13)

we find the Ward identities

the Fourier transform for the scalar is defined
through 4„=jgexpi[8(x+ —,'QP)]@g, and jg= jd 8/

(2m. ) for 9&( —~,~] .
If we consider the two independent transformations for

the fermion fields 4 and 4,

D@D% D% e ' 4, ' —yFgAg+Fg y ~,-+~g ——O,

DN D% D+ e Sg ' 4'8 —yFg d g+Fg g gyg+gg =0 .
8

(2.14)

The reason for the introduction of the extra sources is that we can write the Ward identities in the form of a linear func-
tional differential equation:

a a
Sg —yFg

gg Xg
Fg ~g g g Ffg lnZ: 0

8

(2.15)

Sg —yFg +Fg Qg gag+ gg lnZ =0,a J
a'Qg aug

where

J a a
Qg =PL,

~
+P~

aJg aJ (2.16)

These identities can be written in a more convenient
form by introducing the generating functional I
de~ending only on the classical fields 4', 4', 4 ',

a lnz —, a lnz
a~

' a~»'
a lnZ —, a InZ

X
a lnz, g a lnZ

aJ

(2.18)

I (4', 4', 0&', 4&'; A', A')=1 nZ( tg), ,JJy, j)
+q%'+%'q+J C'

+Q'~J+ 2 'y+y A ',
with the relations

(2.17)

The Ward identities are given in terms of I and the clas-
sical fields by

(2.19)

8
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Now if one takes 0=0"for i =2, . . ., 2 one has

=0. (2.20)

Then, for finite a, one finds that the inverse of the exact
propagator vanishes for 8 exactly equal to 0" and there-
fore the position of the replica ferrnion in momentum
space is not changed (see the Appendix for an explicit
one-loop calculation). Also by taking the functional
derivative of (2.19) with respect to the classical fields, one
finds that any one-particle-irreducible amputated Green's
function vanishes if at least one external fermion line has
0=0". Nevertheless, the control of the limit a —+0 re-
quires one to come back to the former perturbative argu-
ment.

The decoupling symmetry (2.8) is in correspondence
with a similar symmetry found [15] in the case of the
Wilson- Yukawa formulation of the standard model
which allows one to prove the decoupling of the right-
handed neutrino in the continuum limit. The right-
handed neutrino is always required in order to construct
the Wilson term; but because it appears only through
derivative terms, it decouples in the continuum limit for
both the Smit-Swift model and the mirror-fermion model
[16].

III. SUMMARY AND DISCUSSION

The model presented in this paper can be considered
just as a nonperturbative formulation of chiral Yukawa
theories or as a first step in a formulation of a chiral
gauge theory such as the standard electroweak model.

From the first viewpoint (without any reference to
gauge chiral models), we can summarize the discussion in
this paper by saying that a formulation of chiral Yukawa
models on the lattice has been found which allows a
weak-coupling perturbative analysis showing, using
power-counting arguments, that in this weak-coupling re-
gion the doublers are decoupled. The identification of the
decoupling symmetry (2.8) can be used to argue that also
in a nonperturbative regime the replica fermions decou-
ple, if a sensible continuum limit exists with only the
terms of the action (2.1) (i.e., if not unexpected diver-
gences occur).

This mode1 presents very difFerent features from the
most known lattice chiral models (mirror-fermions and
Smit-Swift-Yukawa models); mainly, the way unphysical
fermions are decoupled deals with light replica fermions
instead of heavy doublers. According with our results,
the model (2.1) has in common with Yukawa mirror fer-
mions the fact that the weak-coupling region is sensible
to define a continuum limit with one physical fermion,
and with the Smit-Swift- Yukawa model it shares a
minimal field content. Then, further numerical investiga-
tions should be interesting to figure out whether the mod-
el (2.1) works correctly (numerical evidence of the decou-
pling of the replica) and to compare with the results
known for these other lattice Yukawa models [16].

The study of the corrections to the perturbative bounds
on the renormalized Yukawa and self-scalar coupling ob-
tained by going to the strong-coupling region and the
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APPENDIX

In this appendix, we perform an explicit one-loop com-
putation of the ferrnion propagator to show how the
mechanism described in this paper works. For simplici-
ty, we work in the symmetric phase where ( @) =0; no
mass term is generated for the fermion and the one-loop
vertex correction is 0. The mass of the scalar particle is
called M. The one-loop self-energy is found to be

y ~F(ap)~ S(p,M, a), (Al)

study of the possibility to define a nonperturbative con-
tinuum limit requires one to determine the phase diagram
of the model. This can be done with a mean-field ap-
proach [17]. The next step in the nonperturbative formu-
lation of the standard electroweak model would be to in-
troduce gauge interactions in the scalar-ferrnion model.
There are two possibilities corresponding to having gauge
invariance at the level of the regularization or asking only
for gauge invariance in the continuum hmit after a tuning
of appropriate counterterms on the lattice action. The
first possibility looks more natural, but when applied to
our case it leads to a perturbatively nonrenormalizable
model with similar characteristics to the model based on
the Wilson-Yukawa term [8]. This option is essentially
nonperturbative and therefore escapes the reach of this
work. If we want the present formulation of chiral Yu-
kawa models to be interpreted as a global symmetry limit
of a chiral gauge theory for which a perturbative ap-
proach is possible, only the second possibility remains.
The structure of counterterms required in order to recov-
er gauge invariance (and Lorentz covariance) at the per-
turbative level has been considered in the Wilson-
Yukawa model [7]. In this case, the consistency of the
method at the one-loop level with an anomaly-free fer-
mion field content has been established. A nonperturba-
tive tuning associated with the divergent mass term for
the gauge field is present due to the gauge noninvariance
of the regularization and the structure of counterterms
required to obtain a gauge-invariant continuum limit
only makes sense in the presence of the gauge fixing and
Faddeev-Popov term [7], so that one must keep such
terms also at the nonperturbative level. The main
difference between this Wilson-Yukawa case [7] and our
method is that the ferrnion sector has a global chiral sym-
metry at the level of the regularization; this symmetry
avoids the appearance of a mass counterterm for the fer-
mion field.

It is an open question whether a sensible continuum
limit can be defined along these lines for a formulation of
a chiral gauge theory based on the model presented in
this paper.
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S(p,M, a) =—f „tF(k )t'—
a —~ (2~)" g sin (k„)X,, (A2)2g [1—cos(k —ap )]+a M

P

From this expression, we see that the mass renormaliza-
tion S(O, M, a) vanishes, a direct consequence of the

chiral symmetry of the action. Second, as the factor
~F(ap)t vanishes when the momentum p coincides with
one of the naive replica, (Al) implies that the positions of
the replica in momentum space are not afFected by the
quantum corrections. These E factors come from the ver-
tices and will accompany all the external fermion legs of
any given Green's function; they will prevent the cou-
pling of the replica.

We study next the behavior of t when a ~0 for a fixed
value ofp. We can f1rst subtract and add the integrand at
p =0 and change the variable k into ak; we then have

2(p, M, a)= J(O, M, a)

2
l g sin"a

1—sin(ak„)

2~"
+sin (akim ) g [1—cos(ak )]+M

a

—sin(ak —a )
pp

a P 2

g [1—cos(ak —ap )]+M
Q

1—sin(ak )
a P

2 g [1—cos(ak„)]+M
v

2
I p sin"a

QPp, 2 +~ d"k
2 d —~ (2m)d 2+[1—cos(ak, )]+a M

2
l p sin"a

aP„2 + d k 1

2 d —~ (2vr)d 2g [1—cos(ak„)]+a M
V

(A3)

With the use of the Lebesgue s lemma, it is possible to show that the limit a goes to 0 and the integration can be ex-
changed for the first integral in Eq. (A3) which then converges toward its continuum limit; the expected logarithmic
divergence lies in the last integral which can be studied with usual methods [18]and gives

+ d'k 1 1 2 2
2

t

—~ (2') g [1—cos(ak, )]+a M ' 16~
(A4)

where yz is the Euler constant, and Foooo=4. 369 is a constant defined in [18]. The limit of the second integral is trivial
and gives a constant independent of M but dependent of the explicit choice made for the function I.
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