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Gravitational breather and topological properties of gravisolitons
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It is shown that for a wide class of cosmological solutions to the vacuum Einstein equations the no-
tions of gravisolitons and antigravisolitons with respect to some topological charge can be introduced.
The presence of attractive forces between two gravitational solitons with charges of opposite signs and
repulsive forces between solitons of the same charges is shown. The construction of the gravitational
breather as a bound state of the gravisoliton and antigravisoliton is described.

I. INTRODUCTION

In Ref. [1], the application of the inverse scattering
method to general relativity and the procedure for calcu-
lating the exact solitonic solutions to the Einstein equa-
tions was described. It was established that, from the
mathematical point of view, these solutions have the full
status of solitons, although they possess a number of
unusual features. Perhaps because of the latter reason,
the theory of gravisolitons has received minor attention
so far. In particular, up to now it was unclear whether
the gravisoliton can represent a topological object and, if
so, whether topological charge can be associated with it.
If the gravitational topological charge exists, can one in-
troduce the notions of the gravisoliton (S) and antigrav-
isoliton (A) with respect to this charge and, if so, can this
charge give rise to a repulsive force between gravisolitons
of the same charge (SS or AA system) and an attractive
force between a gravisoliton and antigravisoliton (SA sys-
tem)? If this were the case, would it permit the existence
of a time-oscillating gravisoliton-antigravisoliton bound
state, i.e., a solution to the Einstein equations which
would be the gravitational analogue of the breather?

I am going to give arguments in favor of positive
answers to all these questions for a wide class of gravita-
tional solitonic solutions. This class constitutes the solu-
tions of a cosmological type which (i) describes inhomo-
geneous cosmological models containing "normal" soli-
tonic waves, i.e., waves propagating with subluminal ve-
locity [2], and (ii) are solutions to the essentially non-
linear field equations, i.e., for the essentially nondiagonal
metric.

The nonstationary integrable metrics are

ds =f(t,z)( dt +—dz )+g—,„(t,z)dx'dx

where a, b =1,2. The function f is positive, the signature
of g,b is (++ ), and the square of the norm of the time-
like vector is negative. The Einstein equations for (1) in a
vacuum give, for the matrix g (with components g,b),

(ag &g
') „+(ag„g ') &=0,

Here and below a comma denotes the usual partial
derivative and power exponent —, indicates only positive
values of the square root. We are forced to consider only
half of the 0, axis because, in general, the points a =0 cor-
respond to the physical singularity through which the
metric cannot be extended. After we solve problem (2),
the calculation of the metric component f does not
represent any principal difficulties [1,3].

The trace of (2) gives

(4)

In addition to u, we need a second independent solution
p of the wave equation (4). These two solutions are

a=a(g)+b(g), P=a(g) b(g), —
where a and b are arbitrary functions. Because of the
freedom of coordinate transformation g= g(g'), g= g(7)'),
which is still permitted in (1), one can specialize a and b
to any form consistent with the adopted structure of the
spacetime.

In order to have cosmological-type solutions, o. should
be timelike everywhere in spacetime (a ~ n(0). In this
case, the curve 0, =0 corresponds to the cosmological
singularity. The variable f3 will be automatically space-
like everywhere. We also postulate that a,P form the sin-
gle patch of the natural coordinates which cover the
whole related two-dimensional section of the maximally
extended physical spacetime and each pair of real num-
bers a,p from the ranges a & 0, —00 (p (+ ~ represent
one and only one point of this spacetime and vice versa.
The variables t, z we consider as a second equivalent coor-
dinate system in the same spacetime, which means that
the map between t, z and a,p is smooth everywhere and
one to one in both directions. As a consequence we have
the right to use only those functions a(t, z) and p(t, z) for
which the Jacobian

a,p, a,p, = ,'(a &—p„ag—&)=—a—~ „

has nowhere zeros or infinities.

II. GRAVISOLITON'S TOPOLOGICAL CHARGE

g= —,'(z+t), g= —,'(z —t), a=(detg)' (3)
To construct a one-soliton solution for (1), we need to

"dress" some background metric [1]. Let us take this
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seed solution in diagonal form:

d—s = fo( d—t +dz )+ae '(dx') +ae '(dx )

(6)

where a(t, z) is a solution of (4) and uo(t, z), as follows

from (2), should satisfy

(auo g) &+(auo &) g=O .

The one-solitonic metric on this background can be writ-
ten in the form

g11 g12 1

g12 g22 p coshp

f =foa' p coshp(a —p2)

(p e~+a e ~)e ' a —p
(a e~+p e ~)e

(8)

(9)

It is necessary to keep in mind that, for any solution g
of Eq. (2), the matrix —g is also a solution and the same
symmetry is valid for the metric component f. Because
of this freedom, one can always choose the correct signs
in front of g and f in (8) and (9) in order to ensure posi-
tivity for f and a (++) signature for g.

The function p(t, z) is a solution to the quadratic equa-
tion

@2+2(P w)@+a —=0 (10)

in which w is an arbitrary real constant. This function
has to be substituted into (8} and (9) only in those parts of
the a, p plane where it is real. In the region
(p —w) —a & 0, the quantity p becomes complex and the
real physical continuation of the solution (8) and (9) into
this region coincides with the unperturbed seed metric
(6). On the borders (p—w) —a =0, the one-soliton
metric (8) is continuous but its first derivatives are not
(see the details in Ref. [1]).

The function p(t, z) can be found by quadratures from
the following differential equations [4]:

~,~=(a+a)(a —V) 'uo, ~

p „=(a—p)(a+p) 'uo„.
To ensure subluminal soliton speed, it is necessary to

choose the background metric coefficient uo(t, z) to have
spacelike character (uo &uo z )0). In this case, as follows
from (11), the variable p(t, z) also has spacelike character
and the curve p=0 is timelike. This curve should be con-
sidered qua1itatively as the soliton world line. Indeed, it
can be seen from (8) that the field of the soliton perturba-
tion is concentrated at the points where p=O (which is
especially clear in the approximation where a and p can
be considered as slowly varying functions with respect to
p and uo, see below) [5].

So, we shall use in what follows only the background
solutions having spacelike uo and also only those func-
tions uo(t, z) for which the pair a, uo can serve as accept-
able time and space coordinates, i.e., for which the Jaco-
bian a &u o „—a „u0 &

vanishes or diverges nowhere.
There are two solutions to Eq. (10) for p: if the first

one is p, the second is a p '. Consequently, if the first
solution, which can be denoted by p =p;„,belongs to the

interval [ —a, a], the second one p =p „,is out of this in-
terval. By definition these solutions are

p;„=(w—P)[1—[1—a (P—w) ]'~ ],
p,„,=(w —P)I1+[1—a (P—w) ]' ] .

(12)

It can be seen that, under the earlier adopted spacetime
topological restrictions and due to general continuity re-
quirements, the property of the pole trajectory p(t, z) to
be p;„orp,„,is global: if, at some spacetime point,
p =p;„,then p will remain p;„everywhere (and the same
for p,„,) [6]. It follows from (12) that both solutions have
positive values in the "left" causal domain p —w & —a
and they are negative in the "right" region p —w) a.
This should be taken into account in choosing the correct
signs for g and f in (8) and (9) for each causal domain.

So, there exist two one-solitonic solutions: the metric
(8) and (9) for p=p;„and p=p, „„respectively. It can be
shown now that there is enough evidence to consider
these two solutions as belonging to different topological
sectors and, consequently, having different topological in-
dices. In other words, it can be assumed that there is no
homotopy between these two solutions. If such homoto-
py were to exist, it should also manifest itself (at least in
some way} in the approximation where the function a (to-
gether with p and Iu) is slowly varying with respect to the
functions p and uo. However, in this extremal case, the
theory based on Eqs. (2)—(4) tends to coincide with sine-
Gordon theory for which solutions with p =p;„and
p =p,„,em.erge as well-known topologically different
solutions associated with topological charges plus one
and minus one. This correspondence is of help in finding,
for the exact gravitational case, those one-dimensional
manifolds between which one-soliton maps act, which is
necessary for the homotopy notion to be sensible.

To verify these assertions, we need to pass from the
metric matrix g to more appropriate field variables which
do not depend on arbitrary linear transformations of the
dummy coordinates x ' and x . It is possible to construct
such invariants only from the matrices g &g

' and
g „g . The first three nontrivial quantities of this kind
are Tr[(g &g

') ], Tr[(g zg ') ], and Tr(g &g
'g „g

[The simplest invariants Tr(g &g
'

) =2a ~ ' and
Tr(g g ') =2a a ' are trivial, because they do not car-
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ry any information about the soliton's behavior. ] With
the notation

[ln(g»a ')] &=R,cos(y/2+co/2),

invariant with respect to this transformation). Indeed,
after calculating the g matrix from (13), it is easy to see
that, in this way, the transformed matrix g can be made
diagonal

(ging, ,
'

) gg„a '=R isin(y/2+co/2),

[ln(gila )],g R2cos(7'/2 —Co/2),
which means that y„,„=2m.m (m is an integer). Any di-
agonal solution for g has this form so we conclude that
any diagonal matrix g represents one of the vacuum
states with respect to the invariant solitonic field co. This
picture conforms to our intuitive desire to consider the
solutions to Eq. (2) with diagonal g as containing no real
solitons because the Einstein field equations for g in this
case are linear.

Because the function p(t, z) satisfies the difFerential
equations p &=2a &p(a —p) ' and p „=2a„p(a+p)
(see Ref. [1] or just differentiate relation (10)), it is easy
to show that, for timelike a, the variable pa is also
timelike. Then it can be seen that, for solution (8), the
variables pa ' and p also form a pair of acceptable time
and space coordinates. The analysis shows that, for each
fixed value of the new time pa ' [i.e., on the straight
lines (P—io)a '=const in the a,P plane], the function
co(p) acts as a regular map between the one-dimensional p
space and the co circle: the map is one to one in both
directions and the angle co covers exactly one time seg-
ment [0,2m. ] when p runs between its natural boundaries
(from p o to p ). It turns out that, for this map, the
integer quantity sgn(a —p, ) corresponds to the Brouwer
degree. This quantity is equal to plus one for p=p;„and
to minus one for p=p,„,. The above arguments show
that two related one-solitonic solutions are associated
with diferent topological indices and act like bridges be-
tween neighboring vacuums of the field co, which is in
agreement with general properties of topological solitons.

These assertions can be supported by the qualitative
picture for the extreme case where a [or a and b in (5)]
can be considered as a slowly varying variable with
respect to p and uo. In this case, the variables P and p
are also slowly varying because they are expressed in
terms of a and b algebraically. In the first approxima-
tion, (16) gives R~ &=0, R2 ~=0, and without essential
loss of generality one can take R, =const, R2=const.
From (15) it follows co &„=R,Rzsinco and the Backlund
transformation (17) for y. Solution (8) has its own natu-
ral place in this approximation. Equation (7) gives
u o g~ 0, and for the spacelike u 0 one can choose the
coordinates in such a way that uo =mz, where m & 0 is an
arbitrary constant. Integrating (11), which is trivial in
the first-order approximation (a and p are constants),
and substituting (8) into (13) (at this step we differentiate
only the rapidly varying functions p and uo), we get
R

&
=R2 =m and

(g,~g, ,
'

) g»a '=R2sin(y/2 —co/2),

we get

Tr[(g &g
') ]=2R i +2(a &) a

Tr[(g „g ') ]=2Rz+2(a „)a (14)

Tr(g &g 'g „g ')=2R, R2cosco+2a ~ „a
Thus, the invariants we need are R i, R2, and co. It is re-
markable that Eq. (2) [together with self-consistency con-
ditions for (13)] splits into the system containing invari-
ants only:

Ri„a„ R2~ ag
CO g&+ + CO g+ + CO

&R
&

2a ' R2 2a

a gR2

2aR i

a„Ri+
2aR 2

+R iR2 simo, (15)

2aR, „+a„R,+a &R2cosco=O,

2aR2 &+a &R2+a „R,cosco=O,
(16)

and the system from which the function y can be found
by quadratures involving the given invariants

(y/2+co/2) „=—R2sin(y/2 —co/2)

+a &R 2 (2aR, ) 'since,

(y/2 —co/2) &= —R isin(y/2+co/2)
—a „Ri(2aR2) 'since

[the self-consistency of (17) is ensured by (15) and (16)].
It is reasonable to consider the field co(mod2m. ) as the

main gravisolitonic characteristic. Just this field has
qualitative features we usually associate with solitons.
Indeed, one can define the solitonic vacuum states as
those exact solutions of the system (15)—(17) which corre-
spond to the discrete set of the constant values of the co

field: m=2mn, where n is an integer. With these values
of co, Eqs. (15)—(17) can be solved exactly. For the func-
tions R, and R2 we get Ri=g &, R2=$ „,where P
should be a solution to the equation (ap ~) „+(ap„)g=0. Equations (17) are now equivalent to the Backlund
transformation and gives, for y, the solitonic-type solu-
tion

(13) g =diag[a exp[( —1)"p+C],a exp[ —
(
—1)"p—C]],

y =4 arctan exp[ —( —1)"P—C], co =4 arctane~,

where C =const. However, it turns out that this is a
fictitious or pure gauge soliton because it can be removed
by a linear transformation (with constant coefficients) of
the dummy coordinates x' and x (i.e., because y is not

p=m z+ t+za +p 2ap
a —p a+p

where zo depends only on the slowly varying quantities a,
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P, p, i.e., is a constant in the first approximation. Be-
cause of the obvious identity

2 2 —1

o,' +p
cz p

2cxp

cx +p

III. INTERACTION
BETWEEN TWO GRAVISOLITONS

Following the previous line of thinking, we may call
the solutions (8) and (9) for the case p =p;„agravisoliton
(S) and for the case p=p,„,an antigravisoliton (A).
However, the real physical manifestation of the topologi-
cal charge can be seen only in the collision process of two
such objects. If the notion of topological charge was in-
troduced in the correct way, the attractive forces in the
system SA and the repulsion for the combinations SS or

expression (18) describes the sine-Gordon soliton with
mass m and local velocity U = —2ap(a +p ) '. It is
now clear that the "a-slow" approximation is valid when
this soliton is heavy enough, i.e., when its mass m is
much bigger than the spacetime derivatives of a (and we
are not too close to the singularity a=O). We see also
that a topological charge sgn(a —p ) can be associated
with this soliton, which coincides with the result of our
previous exact analysis.

A A should be expected to appear. It is somewhat prob-
lematic to see this in a direct way, but we can use the
same trick as in sine-Gordon theory. First of all we need
to show that there exist three types of two-soliton solu-
tions: the first one describing the SS-scattering state, a
second for the SA-scattering process, and a third describ-
ing the oscillating-in-time bound state of two gravisoli-
tons. The latter, if it exists, can be called the grauibreath-
er, a term which precisely expresses the fact that this
solution is the direct gravitational analogue of the sine-
Gordon breather. If it turns out that the gravibreather
can represent the SA-bound state only, i.e., if, for the
combinations SS and A A, it would be impossible to have
a solution of this kind, this would be a proof of the pres-
ence of an attraction between gravisolitons and antigrav-
isolitons and a repulsion between gravisolitons of the
same charge. If so, the real metric of correct signature
for the gravibreather should follow from the SA-
scattering solution by its analytic continuation to purely
imaginary values of the relative collision velocity of the
colliding gravisolitons. At the same time, the analogous
analytic continuation of the SS- and AA-type solutions
should lead to an unphysical (complex) metric tensor.
Let us show that all this is really the case.

The two-solitonic solution for the metric (1) on the
background (6) can be written as

QQ

g» =
I 1+D '[ cosh2r+(p, +p2)(p, —p2) 'sinh2r+cosh2o —(a +p,p2)(a —p,p2) 'sinh20 ]Iae ',

"o
g22

=
I 1+D '[ cosh2r —(p, +p2)(p, —p2) 'sinh2r+cosh2o +(a +p,p2)(a —p, ,p2) 'sinh20 ] Iae

g,2=2aD '[ (pl+p2)(p, —p2) 'sinho sinhr+(a +p,p2)(a —p,p2) 'cosho cosh'],

f =fopip2D«' —pi) '«' —p2)
'

(20)

(21)

where

D =4p, lp2[ & (& plp2) cosh —o +(pl —p2) sinh r]

(22)

real or complex conjugate to each other. Because P can
be replaced by P+const without any physical conse-
quences, we can set 1111=1', F12= —ul in (23), which now
gives

The pole trajectories p&, pz follow from the quadratic
equations

p, +2(p —w)p, +a =0, p2+2(/3+u1)p2+a =0 (26)

p, +2(P—w, )p, +a =0,
p2+2(/3 —w2)p2+a =0, (23)

Plp'2)(~ Pl ) ( P2) +O, g'
~,„=(~'—Pi 2)(~+Pi) '(~+P2) '~O,

„

~(P1 P2)(~ Pl ) (~ P'2) +O, g

~(Pl P2)(~+Pl ) (~+P2) +0

(24)

(25)

In Ref. [1] it was shown that p, and p2 can be either both

where w, and wz are arbitrary constants. The functions
o., ~ can be found by quadrature from the following
differential equations [7]:

and for the real p„pz we should take real w, while the

complex-conjugate p pair corresponds to the purely
imaginary values of w.

Let w be real and positive and the real solutions to (26)
be chosen to be pl=(pl);„and p2=(p2),„.Consider on
the a,P plane the interior region of the triangle T with
vertices (a = u1, p=O), (a =0, p= ul), and (a =0,
/3= —w). In this region, as follows from (12) and (26), we
have p, & 0 and pz & 0. Just inside this triangle solution
(20) describes the head-on collision of the two gravisoli-
tons. Indeed, because uo is spacelike from (24) and (2S),
it follows that o is spacelike and ~ is timelike. Let us
look at the asymptotic form of the g matrix (20) in the T
region for large absolute values of 0. and ~ in the case of
slowly varying functions a, p, pl, and p2. It is not
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difficult to prove that, at an early "time" ~&& —1 and in
the space region far enough to the "left" cr « —1 (but in-
side T), the asymptotic form of solution (20) coincides ex-
actly with the functional form of the one-soliton solution
(8) for the seed metric

to decrease) and at r))1 the state (20) decays into two
free solitons again: in the region cr « —1 (20) gives (8)
for the seed

Qo
go =diag[(apz ')ae ', (gaza ')ae ']

go=diag[(api) ae, (gaia ')ae ]

and pole trajectory p=p2. At ~&& —1, but far to the
"right" o &)1, (20) gives the one-soliton solution (8)
which corresponds to the seed metric

go=diag[(iuza ')ae ', (apz ')ae ']
and pole p=a p&

'. When ~ increases, these two solitons
are going to collide (the 0. distance between them is going

and pole p=a pi
' and in the region cr &)1, (20) coin-

cides with (8) for

go=diag[(gaia ')ae, (api ')ae ]

and p =p2. So, if a is sufficiently slowly varying, the pic-
ture is very clear: the two-soliton solution (20) before the
collision and after it describes the pair of free gravisoli-
tons on the background

go =diag[a exp(uo+slow terms), a exp( —uo —slow terms)]

and "free poles" associated with them are a p, ' and pz
instead of p& and p2. This means that the two-soliton
solution (20) in the case pi=(pi);„and pz=(pz);„de-
scribes the collision process between a gravisoliton with
pole p;„=pz and an antigravisoliton with pole

p,„,=a p, ', i.e., scattering in the SA system.
An analogous situation arises in the case where

p, =(p, ),„„pz=(pz),„,. In this case we have scattering
between a gravisoliton with the pole p;„=ap&

' and an
antigravisoliton associated to the pole p,„,=p2.

A similar analysis shows that, in the case p, =(pi),
„„

pz = (iu, z );„(orvice versa), solution (20) describes the

scattering of two gravisolitons of the same charge, i.e.,
scattering in the SS or AA system. In this case, as fol-

lows from (24) and (25}, cr is timelike and r becomes
spacelike. The asymptotics for large absolute values of
a, ~ are the same as in the previous case, and at the initial
(o « —1) and final (o &) 1) stages of collision we have
again a pair of free gravisolitons with "free poles" p2 and
a pi ', but now both of them are in-poles [or out-poles
«r @i=(C i };.S 2 (pz)..)

There also exists the third kind of two-soliton solution
(20). It corresponds to the case when p, and pz form a
complex-conjugate pair. For the spacelike uo, this solu-
tion becomes the gravitational analogue of the breather.
In the case pz=pi (the overbar means complex conjuga-
tion), the variable r and quantity pi —pz become purely
imaginary; however, the metrics (20) and (21) remain real
with correct physical signature. After the substitution
~=i~', we get the real variable ~' which is timelike, as
can be seen from (25), and two-soliton solutions (20) and
(21) appear to be oscillating in time r' (but not periodical-
ly). This solution corresponds to the purely imaginary
values of the constant w in (26). Thus, the gravibreather
can be considered as the analytic continuation in w of one
of the two-soliton solutions with real p, and pz. The
main question now is, of which type, SS ( A A) or SA?

It is a simple task to prove that the gravibreather

p, =w P+F(w —P}—, JLi,z= —w P F(w+P}——

and

(27)

p, =w P+F(w —P),—pz= —w P+F(w+P) —. (28)

On the real w axis in the reality regions of p, and p2, the
choice (27) gives p, i=(p, , ),„„pz=(pz),„,for the first w

sheet and p, = (p, );„,pz= (pz);„for the second. Contrary
to this, in the same reality regions choice (28) corre-
sponds to the "out-in" or "in-out" (depending on the
sheet) pair p, and pz.

Using the definition of F, it easy to prove that, on the
imaginary w axis, this function has the property

F(w+P)= —F(w —P) . (29)

Consequently, (27) and only this choice give the
complex-conjugate pair p2=p& when w becomes purely
imaginary. This means that the gravibreather follows
from (20) by analytic continuation from the real to purely
imaginary values of w only in those cases where, for the
real values of w, the "interactive poles" pi and pz in (20)
form an "in-in" or "out-out" pair, i.e., (as was already

emerges in this way from the gravisoliton-
antigravisoliton state only. The analytic continuation we
need comes from the general solution to Eqs. (26) for ar-
bitrary complex values of the constant w. Let us define
the function F(s) by the equation F =s a, where—s is
complex valued and a is considered formally as a fixed
real parameter. This function is analytic on the Riemann
surface containing two sheets glued across each other at
the cut between the points s =a and —o, . On the first
sheet we have F)0 for (Ims =0, Res &a); F &0 for
(Ims =0, Res & —a ), and ImF & 0 for (Ims & 0, Res =0);
ImF &0 for (Ims &0, Res =0). At the corresponding
points of the second sheet, F has opposite signs. Using
the function F(s), we get two principally distinct pairs of
the w analytical solutions to Eqs. (26):
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shown), just in those cases in which (20) represents the
collision between a gravisoliton and an antigravisoliton.

Choice (28) corresponds to the collision of gravisolitons
of the same charge. However, in these cases p, and p2
for imaginary w cannot be complex conjugate to each
other; i.e., we shall get in this u region an unphysical
solution with complex-valued metric tensor.

The last thing we need to show is that the above w con-
tinuation is equivalent to the analytic continuation of
solution (20) from the real to imaginary values of the rela-
tive collision velocity of the colliding gravisolitons. It
has been shown before that the measure of the local soli-
tion velocity is —2ap(a +p ) '. This expression is in-
variant under the interchange p —+0. p ', so it is the
same for a gravisoliton and an antigravisoliton. Because
of this property and the previous analysis, we conclude
that solution (20) for any pair of real p, and p2 describes
the collision of two gravisolitons with the initial velocities

i= —2aj i(a'+V[) '=a(p —w) '

and

v2= —2ap2(a +pz) '=a(P+w)

Inside the triangle T, i.e., in the collision area, we have
v, (0, vz) 0. (The quantities a and p in these formulas
should be referred to that symbolic point in the T interior
where the world lines of the colliding solitons intersect. )

The relativistic formula for the relative velocity gives

v„,=(v2 —v, )(1+v,v2) '=2aw(w —a —P )

So, the purely imaginary values of w indeed correspond
to the purely imaginary values of the relative velocity of
the colliding gravisolitons.

Independently of the topological properties, the gravi-
breather can be interesting enough in its own right. Let
us write this solution here in a more suitable form,
simpler than general expressions (20) and (21). It is con-
venient to choose coordinates in such a way that
a =q sinht coshz and p=q cosht sinhz, where q )0 is an
arbitrary constant. The spacelike solution uo to Eq. (7)
we take as simple as possible, i.e., u 0

=2kP, where
k =const. Then the two-solitonic perturbation on the
background (6) with the poles p, =q (sinhz —i)(1
—cosht), pz=q(si nhz+i)(l —cosht) [they are solutions
to Eqs. (26), in which w = iq] —gives the following exact
solution to the vacuum Einstein equations:

—ds = (q sinht coshz) '~ D exp(k q sinh t cosh z)( dt +dz—)

+q sinht coshzD 'I [(cosht cosho. —sinhcr ) +(sinhz sinr —cosr) ]exp(2kqcosht sinhz)(dx ')

+ [(cosht cosho. + sinho ) + (sinhz sin~+ cos~) ]exp( —2kq cosht sinhz)(dx )

+4(cosht cosho. cosr —sinhz sinho sin&)dx 'dx (30)

where

D =sinh t cosh 0.+cosh z sin ~,
o- =2kq sinhz +o.o,
~=2kq (cosht —1)+q1p,

(31)

and oo, wo are arbitrary constants. [The substitution

t~t/iw, z~z/iw, q~iw would replace (30) by the
two-soliton solution related to the SA-scattering process
inside the triangle T.]

The gravibreather (30) represents the inhomogeneous
cosmological model which starts at the instant t =0 by
the big bang with anisotropic Kasner-like asymptotics
and, at t ~+ 00, approaches the background solution (6).
In between, the model oscillates in time.
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tacts even through the singular points) between the
complex-generalized p;„trajectories (for which ~p, ~

(a)
and p,„,curves (for ~p, ~

& a). Passing continuously to the
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o. and w. However, the latter variables are more con-
venient for the calculational purposes in what follows.


