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Toy-quark mass and a symmetric Cabibbo-Kobayashi-Maskawa matrix
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Phenomenological constraints due to CP violation in the E-E system and the extent of B-Bmixing are
used to determine the constraints on the various parameters of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix given the Ansatz is symmetric. An existing parametrization for the CKM matrix is shown to be
the most general parametrization for the symmetric Ansatz. This Ansatz implies that the mass of the t
quark is at least 180 GeV.

The standard electroweak model, despite its immense
success, is somewhat arbitrary in that the Yukawa cou-
plings of the fermions with the Higgs field are not con-
strained by any symmetry. The only way to determine
the mixing angles and fermion masses is by empirical
methods, although various constraints on the form of the
mass matrices or the mixing angles have been advocated
towards a partial solution of the problem. However, the
phenomenological validity of such A nsatze are not
guaranteed a priori, and comparisons with experimental
results have to be explicitly made in each case.

In this paper we pursue the investigation of symmetric
quark mixing [i.e., a symmetric (CKM) matrix [1,2]] in
conjunction with CP-violatjon in the neutral-kaon system
and the extent of the Bd —Bd mixings. Such a study is of
particular interest for the following reasons. By defining
the asymmetry parameter

V23 I V3$1

(where the latter equalities follow from unitarity in the
three-generation case) it may be shown that the condition
for the symmetric CKM parametrization implies that
A =0 [2]. This actually implies that the CKM matrix is
of symmetric modulus; by use of the rephasing freedom
one can make it symmetric. Within (the quite small) lim-
its of error the values of

I V,2 I
and that of

I V2, are iden-
tical [3] and range between 0.217 and 0.223. This strong-
ly suggests the possibility that the CKM matrix is sym-
metric.

By comparing the constraint of the symmetric CKM
matrix and the results of B-B mixing and measurement of
ex (the parameter associated with CP-violation in the
K IC system) w-e show that a symmetric CKM matrix is
consistent with experiment only if the top-quark mass m,
is higher than 180 GeV. For any given m„ the value of
q = V, 3 I/I V23 and the CP-violating phase 5 is strongly
constrained.

For the three-generation CKM matrix, we adopt the
parametrization [3,4]

C12C13 $12C13
i5

13

i5 i5
12 23 12 23 13 12 23 12 23 13 23 13

i5
12 23 C 12 23 13

i5
12 23 12 23 13 23 13

where c; =cosO;. ; s; =sinO; . The ansatz of a symmetric
CKM mixing matrix can be studied by either constrain-
ing a nonsymmetric parametrization (such as the one
given above) or by using the most general manifestly sym-
metric parametrization possible. This latter parametriza-
tion has only recently been explored [1,2]. Although in
this paper we shall make use of the parametrization (2)
above in deriving the limits on m„ the parametrization of
Ref. [1] is more useful in comparing our results to those
of Refs. [5,6] where a more restricted symmetry on the
CKM matrix was imposed. We shall employ it at the end

of our paper for this purpose.
While O, 2 is very accurately determined from E,3 and

hyperon decays,

s 12 =0.22 1+0.002 (3)

O23 and O, 3 are rather poorly determined. The value of
$/3 may be extracted from a determination of V,b (since
$23 I

V b I
to a very good approximation) from the semi-

leptonic B-meson partial width, under the assumption
that it is given by the 8'-mediated process to be
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I (b~clvI)= F(m, jmb)l v,b
192m

(4)
and y;= m—; IM~(i =c,t). The parameters rl; are QCD
corrections [8]

s 2
23

192~3 %(b ~cl v& )

GF rbmbF(m. Imb )
(5)

Using the experimental results for the branching ratio
and the B-meson lifetime,

where F(x)=1—8x+8x —x —12x ln(x) is a phase-
space factor. Thus

g& =0.7 g2=0. 6 g3 =0.4 (12)

The experimental result lax. I
=2.3 X 10 gives a para-

bola in the q-6 plane for given Bz, s23 and m, . The bag
factor Bz is very poorly determined and various theoreti-
cal estimates only find the bounds —,

' ~Bz ~1. The ex-
pression for the Bd —Bd mixing parameters xd =AM/I
is, on the other hand,

%(b ~cl v i ) =0. 121+0.008,

rb =(1.16+0.16)X 10 ' sec,

and the estimation for the quark masses

m, =1.5+0.2 GeV, mb =5.0+0.3 GeV,

(6)

(7)

G2
s( sf') wyif2(y, )l,b6~

(13)

where Ms=5. 28 GeV, Bsfb=(0. 15+0.05 GeV) and
the QCD correction ri =0.85. Experimentally

I V,b I
= 1 to

a high degree of accuracy and

we get

s p3
=0.044+0.009 ~ (8)

Vpd I $23 ($ $2 +q
—2$,2 qcos5 ) (14)

0.05 ~s)3/sp3 ~0. 13 . (9)

The charmless B-meson decay width imposes the limit The ARGUS result

xd =0.73+0.18 (15)

where

(GFf~M~) Mx.
C=-

6m. &2(b,Mx. )

3 y, (1+y, )f, (y, )=1——
4 (1—y, )'

2gt
1 + ln(y, )

1 —pt

f3(y, ) =ln 3
4 1 —y,

1 + ln(y, )
3't

1 —p,

The CP violating phase 5 is allowed to adopt any value in
the range [O,m] by these current experimental results.

The relation
I V, 2 I

=
I V2, I

obviously restricts one to a
three-dimensional hypersurface in the parameter space
sp»ned by $», $23 q =

I V(31 II V23I »d 5. While
J= Im( V» V22 V f2V2, ), the rephasing-invariant measure
of CP violation does vary with s23, q and 5 do not show
any such variations, as their dependence on 023 is very
weak. Taking s,2 and s23 as phenomenological inputs
from (3) and (8) leaves us with a curve in the q-5 plane for
fixed values of s&2 and sz3. For the situation described in
Ref. [5] the curve shrinks to a point. By determining
whether this curve lies within the region in the q-5 plane
allowed by the e~ and B-B mixing data, we are therefore
able to obtain limits on the mass m, of the t quark as a
consequence of the symmetric CKM ansatz since these
latter quantities depend upon m, .

The E -K system indirect CP violating measure ez in
the CKM picture is expressed as [7]

I ~~ I

=CB~$23q»n (~) [ [g&3(y, ) —q~]y, s ~2

+n2ytf2(yt )$23 [$» qcos(&) H

(10)

thus gives another curve in the q-5 plane for given s23 and
m, .

It is straightforward to see that the symmetric Ansatz
implies a strong lower bound on m, . Equation (13) shows
that xd=m, IV»I which by the symmetric Ansatz is

m, I V» I
. However Eqs. (8 and 9) impose a severe upper

limit on
I V, 3 I, in turn yielding a strong lower bound on

m, .
In our numerical analysis we hold Bz and m, fixed and

consider the total variation of all other parameters, taken
in quadrature. Thus we get two interesting bands in the
q-5 plane coming from ez and xd. If this zone does con-
tain the curve obtained from the symmetrical Ansatz,
then the assumptions are obviously valid for the given
choice of m, and Bz.

A plot of the curve in the q-6 plane for the symmetric
Ansatz (henceforth called the symmetric curve) is given in
Fig. 1. We find a very narrow curve considering all the
variations of s,2 and sz3. We next superimpose on the
symmetric curve in the q-5 plane curves pararnetrizing
the regions allowed by the experiments with B-B mixing
and the measurement of ex [9].

We find that when the top-quark mass is lighter than
180 GeV, the symmetric curve does not intersect with the
ARGUS measurement of xd, implying that the top quark
must be at least this heavy if the symmetric Ansatz is
correct. Imposing the K-E mixing result we find that for
Bz=—,', the sym. metric Ansatz implies m, ) 275 GeV (al-
though for Bz =—', and 1, the lower limit of 180 GeV is
unaltered). Alternatively, for given values of m„when
the symmetric curve overlaps with the measurements of
xd and ez we find that the symmetric Ansatz allows only
a restricted range of values for q and 5, i.e., the CP violat-
ing phase is not completely arbitrary. The value of 5 lies
between 8 and 31, while q is restricted to lie between
0.113 and 0.13. We have shown the allowed regions of q



2862 SAMAL, CHOUDHURY, SARKAR, AND MANN

0.160

O. I 55

0.150--I

0.1 45-

22-

cI 0. I 35- BK=2/3

0.1 30—

0 f l5

6
170 190 2'IO 250

Top-quark mass
270

FIG. 1. The symmetric curve for q vs 5. Note that existing
data implies that 8' 5 ~ 31.1 .

FIG. 3. Allowed region of 5 as a function of m, for B~ =1
(solid line) and B&=—, (dashed line). The dotted line is the

upper limit on 6, valid for all B&.

and 6 for different m, values in Figs. 2 and 3 for two
difFerent values of Bz, namely, Bz =

—,
' and 1.

We have also checked the above results using the pa-
rarnetrization of Ref. I1] which is related to (2) by a re-
phasing V=P& VP2 where P, and P2 are phase matrices.
This parametrization is given in terms of the eigenvalues
and eigenvectors of the CKM matrix itself. If A, are the
eigenvalues and co; the normalized eigenfunctions, then

C)

W) = $(Cp

$1$2

$1C3

W2 = C)C2C3 $2$3e

C )S2C3 +CQ$3e

$)$3
lA

W3 C] C2$3 SQC3e

C ysgs3 +CPC3e

3
V= g A, ;co;co;,

where

(16) where c;=cos(p;) and s,. =sin(p, . ). By an appropriate
redefinition of the quark phases the angles p,. can be con-
strained to be in the first quadrant.

The Ansatz s3 =0 yields a manifestly symmetric CKM
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FIG. 2. Allowed region of q as a function of m, for B&=1
(solid line) and Bz =2/3 (dashed line). The dotted line is the
upper limit on q, valid for all Bz.

FICx. 4. Allowed region of x as a function of rn, for B&=1
(solid line) and Bz = — (dashed line). The dotted line is the

upper limit on x, valid for all Bz.
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matrix whose elements may be expressed in terms of P&,

Pz, and tr V =x where the trace of V may be chosen to be
real [1]. A special case was considered by Kielanowski
[5], who made the further assumption that V was trace-
less to have a two angle parametrization. It is straight-
forward to show that parameters of the Wolfenstein-type
parametrization for a general symmetric CKM matrix as
given in [2] are in 1-1 correspondence with x, sin P„and
sin Pz, showing that the choice s3 =0 yields the most gen-
eral symmetric CKM matrix possible for the parametriz-
ation (16).

Plotting q in terms of P„P2, and x we again obtain the
symmetric curve in Fig. 1, providing a numerical check
on our results. The experimental constraints imply that x
must lie between —0.882 and 0.02. We also show the al-
lowed regions of the parameter x for different values of
m, in Fig 4. From the allowed region of x for different

0. 130~ q ~ 0. 113, 8.0' ~ 5 ~ 31.1' (18)

for the symmetric CKM matrix over the allowed range of
the top-quark mass.

This work was supported in part by the Natural Sci-
ences and Engineering Research Council of Canada.

m„we can immediately conclude that x =0 is allowed
for I, about 185 GeV, in accord with an earlier result of
Rosner and Kielanowski [6].

In conclusion, we find that if the CKM matrix is sym-
metric then the top-quark mass has to be heavier than
180 GeV, to be consistent with the experiments on B-B
mixing and the measurement of ez, if the bag constant
Bz =

—,
' then m, &275 GeV. The parameters q and 5 are

constrained to be in the range
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