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Photons in the energy range of about one-half to several GeV have been proposed as a signal of the
formation of a quark-gluon plasma in high-energy collisions. To lowest order the thermal emission
rate is infrared divergent for massless quarks, but we regulate this divergence using the resummation
technique of Braaten and Pisarski. Photons can also be produced in the hadron phase. We find that
the dominant contribution comes from the reactions 7w — pvy and np — wv; the decays w — wy
and p — w7y are also significant. Comparing the thermal emission rates at a temperature 7" = 200
MeV we conclude that the hadron gas shines just as brightly as the quark-gluon plasma.

I. INTRODUCTION

Formation and observation of a quark-gluon plasma in
ultrarelativistic collisions between heavy nuclei is an im-
portant goal of modern nuclear physics. Experiments are
now being carried out at Brookhaven’s Alternate Gra-
diant Synchrotron (AGS) and at CERN’s Super Proton
Synchrotron (SPS), and in the future there will be exper-
iments at Brookhaven’s Relativistic Heavy Ion Collider
(RHIC) and at CERN’s Large Hadron Collider (LHC).
The energies involved range from 14.5 GeV per nucleon
in a fixed-target mode at the AGS to several TeV per
nucleon in a colliding-beam mode with lead nuclei at the
LHC. Even if a quasiequilibrated plasma is created for a
brief time in these collisions it is still a challenge to infer
knowledge of the plasma from particle distributions. In
principle we would like to infer various correlation func-
tions as probes of the dynamics of the plasma in the same
way as correlation functions are studied in condensed-
matter systems. Unfortunately we are at the mercy of
nature because, unlike condensed-matter physicists, we
cannot insert an external probe such as a thermometer
or voltmeter. We are totally dependent upon whatever
particles are thrown out of the collision.

Among the proposed “probes” of the plasma are the
directly produced real photons [1-6]. These could come
from the annihilation process ¢ — g7 and from the QCD
Compton process qg — ¢q7v, 9 — ¢7v. These photons
interact only electromagnetically, unlike pions, and so
their mean free paths are typically much larger than the
transverse size of the region of hot matter created in any
nuclear collision. As a result, high-energy photons pro-
duced in the interior of the plasma usually pass through
the surrounding matter without interacting, carrying in-
formation directly from wherever they were formed to
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the detector. This makes them an interesting object of
study to both theorists and experimenters.

In this paper we do not concern ourselves directly with
the complicated dynamics of nuclear collisions at high
energy. Instead we focus on simpler, but still difficult,
questions: What is the spectral emissivity of quark-gluon
plasma? What is the spectral emissivity of hot hadronic
matter? How do they compare at the same tempera-
ture? These are important questions. Suppose we put
a hadron gas in one box and a quark-gluon plasma in
another, and maintain them at the same temperature T'.
Can we tell which box contains the quark-gluon plasma
by looking through a small window and measuring the
photon spectrum?

If we wait long enough the answer is clearly no. Even
if we do not put any photons into the boxes at the begin-
ning, matter will eventually come to equilibrium under
the electromagnetic interactions. To a good approxima-
tion the final photon distribution will be just the Planck
distribution at temperature 7T'.

Fortunately, in conditions more appropriate to a nu-
clear collision the answer is yes. A closer analogue to a
nuclear collision is to make the boxes smaller than the
photon mean free path and to make the walls transpar-
ent to photons, so that the photons always escape and
the photon distribution stays far from equilibrium. The
spectral emissivity then directly reflects the dynamics of
real photon producing reactions in the matter, which may
be different for the two phases.

The thermal production rates in the two phases are
important in another sense. Suppose that quark-gluon
plasma is formed in a collision. It will expand and even-
tually hadronize in a (presumably first-order) phase tran-
sition. The hadrons themselves may maintain local ther-
mal equilibrium for a while also producing photons. The
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total yield is a sum of the yields from both phases.

In a nucleus-nucleus collision the primary background
for photon production with transverse momentum less
than 2 or 3 GeV are the decays 7° — vy, n — ¥7v;
the decays of w and 7’ would contribute a few percent
more. Generally one might expect meson decays in the
final state to be the dominant source of photons; how-
ever, there is a very real difference between the two
sources. The number of photons contributed by me-
son decay scales with the total number of charged par-
ticles produced in the collision, whereas the number of
photons produced by quark and gluon reactions would
be expected to scale with the square of the number of
charged particles [7]. Another way to think of it is that
the number of photons contributed by the quark-gluon
plasma is obtained by integrating the rate R (number of
reactions per unit time per unit volume which produce
a photon) over the space-time history of the collision.
Roughly speaking, the yield is rate x volume x time.
The yield from final-state meson decays is proportional
to the volume. So, if the plasma “lives” a long time more
photons will be produced.

In this paper we report the following accomplish-
ments. In Sec. II we reconsider the QCD annihilation
and Compton reactions to high-energy photon produc-
tion (£ > 3T). As is well known these rates are divergent
in the limit of vanishingly small quark masses. For the
first time we get an accurate assessment of these rates
by implementing the infrared resummation technique of
Braaten and Pisarski [8]. We find that this technique
works beautifully, as it matches smoothly on to the rate
based on the two-loop photon self-energy (equivalent in
this context to relativistic kinetic theory). In Sec. III
we compute the thermal rate in the hadron phase to the
same order as it has been computed in the quark-gluon-
plasma phase. The dominant reactions turn out to be
the exact analogues of the QCD reactions, namely, anni-
hilation 77 — py and Compton mp — mvy. Surprisingly,
to our knowledge, no one has previously made any esti-
mate of these rates in the hadron phase. We compare the
rates in the two phases at T' = 200 MeV in Sec. IV with a
startling result. In Sec. V we estimate the effect of form
factors on the rates computed in the hadron phase, and
find them to be not very important up to photon energies
of 2 GeV. Our conclusions are given in Sec. VL.

II. PHOTONS FROM QUARK-GLUON PLASMA

The thermal emission rate of photons with energy F
and momentum p from a small system (compared to the
photon mean free path) is

4R _ -2
dp — (2m)3

1
Imﬂf'“ 57— - (1)
where TI®, is the retarded photon self-energy at finite
T. This formula has been derived both perturbatively
[9,10] and nonperturbatively [11]. It is valid to all orders
in the strong interactions, but only to order e? in the
electromagnetic interactions, as in the derivation it was
assumed that the produced photons emerged from the
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FIG. 1. One- and two-loop contributions to the photon
self-energy in QCD.

matter without final-state scattering.

If the photon self-energy is approximated by carrying
out a loop expansion to some finite order then the for-
mulation of Eq. (1) is equivalent to relativistic kinetic
theory. Let M be the amplitude for a reaction m par-
ticles — n particles + one photon. The contribution of
this reaction to the total rate R is

N [ s @m)t ot~ ph) MP @

Here d® is the phase space: a factor d°>p/2E(2m)3 for
each particle and the photon, a Bose-Einstein or Fermi-
Dirac distribution for each particle in the initial state,
and a Bose-enhancement or Pauli-suppression factor for
each particle in the final state. The overall degeneracy
factor A depends on the specific reaction. Expanding the
photon self-energy up to and including L loops is equiv-
alent to computing the contribution from all reactions
with n+m < L +1, with each amplitude computed only
to order gL—1t.

In Sec. IT A the thermal rate is computed using the ki-
netic theory formalism for the QCD Compton and anni-
hilation reactions. Because the quark masses m, and mg
are set to zero, an infrared cutoff —k2 must be placed on
the four-momentum transfer. In Sec. II B the infrared di-
vergence is regulated by an infinite resummation of finite-
temperature Feynman diagrams following Braaten and
Pisarski [8]. This amounts to a careful treatment of the
small part of phase space left out of the kinetic theory
calculation when the infrared cutoff is imposed. In Sec.
IIC we add the contributions from the two regions of
phase space: the result is independent of the cutoff. The
thermal QCD rate is thus well defined even for massless
quarks.

A. QCD kinetic theory

The one- and two-loop contributions to II,, are shown
in Fig. 1. The imaginary part is obtained by cutting the
diagrams. Cutting the one-loop diagram gives zero when
the photon is on mass shell since ¢¢ — 4 has no phase
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FIG. 2. QCD Compton and annihilation reactions for

photon production arising from the imaginary parts of the
two-loop diagrams in Fig. 1.
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space. Certain cuts of the two-loop diagrams give order  and §g — vy as shown in Fig. 2. Let M; represent the
g2 corrections to the nonexistent reaction ¢§ — v, while  amplitude for one of these. The contribution to the rate
other cuts correspond to the reactions ¢¢ — gv, ¢9 — ¢7, is

o d®py d®ps
Bi= N/ 2F,(27)3 2E4(27)3

where the f’s are the Fermi-Dirac or Bose-Einstein distribution functions as appropriate, and there is either a Bose
enhancement or Pauli suppression of the strongly interacting particle in the final state.

This rate can be simplified. Define s = (p; + p2)? and t = (p; — p)?. Insert integrations over s and ¢ with a delta
function for each of these identities. This is a natural thing to do because the invariant amplitude depends only on
these two variables. Converting the total rate to a differential one, all but four of the integrations can be done without
approximation:

d>p3 d>p
2E5(27)3 2B (27)3

F1(EL) f2(B2)(2m)*6(pY + ph — P — p*) | My | 1+ f3(E3)], (3)

dR; N 1
E—— = ———— [ dsdt i(5,t) |? dFE, dE E E
B = GapToE | it | Mis,) P [ dBy dE fi(B) (B
X[L £ f3(E1 + By — E)|0(Ey + Ez — E)(aE? 4+ bE;, +¢)~'/? (4)
[
where cross section. But, the total cross section involving the
_ 0?2 exchange of a massless particle is infinite. The differential
a=—(s+1)°, cross sections have a pole at ¢t and/or u = 0. Many-body
b=2(s+1t)(Es — Est) , ) (5) effects are necessary to screen this divergence. We will
c=st(s+t)—(Es+ Egt)z. show how this works in the next subsection. For now we

delete that region of phase space causing the divergence.

Presently we are interested in the case where the pho- We integrate over

ton energy is large, E; + E5 > E > T'. In this limit it is

a good approximation to replace —s+kI<t< —k?, (11)
F1(Br) fo(Bp) — e~ Ut BT (6)
2k <s < o0, (12)
Even though F; or E; separately need not be large, phase
space is unfavorable for it. Corrections to Eq. (6) should where 72 > k2 > 0 is an infrared cutoff. This way of
be suppressed when E' is large compared to 7. This ap-  regulating the divergence treats u and t symmetrically
proximation can be checked numerically (Sec. II C). Then and maintains the identity s + ¢ + u = 0 appropriate for
the integrations over E; and E5 can be done with the rel- all massless particles.
atively simple result In the limit that k2 — 0 we find
dRz N T -E/T / ds —s/4ET\*1 dRCompton 5
—_— = =o€ —In(l+e™* _98Cs 3 _EJT .2
Pp ~ (@0 2B o ( ) B = g 17 TIAET k) + Cr)
x/ dt | Mi(s,t) | . (7) (13)
The upper sign is for particle 3 a fermion, the lower sign dRanvihilation 5 5 _E
is for particle 3 a boson. E d3p-m - = 5_37r23 T?e /T[ln(4ET/kf) +Cs],
For massless particles the amplitude is related to the
differential cross section by (14)
do | M |2 8 where
dt ~ 16ms? ®) 1 12 N (=)
For the annihilation diagram Cr= 27 CBuler + ) Zz 2 In n = 0.0460...
n=
do _ 8maa, u’ +¢2 (9) (15)
dt ~  9s2 ut
and A = 20 when summing over u and d quarks. For the 6 1
Compton reaction Cp = 1= Cpuer — — > —lnn=-21472... (16)
n=2
do _ —maa, w4 s (10)  Th i the full Fermi.Di B
7= 3.2 e ese expressions use the fu ermi-Dirac or Bose-

Einstein distribution functions in the final state. Al-

and N = %. The integral over ¢ just gives the total though £ > T, it is not necessarily so that E3 > T.
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Then one gets slightly different results if one uses the
Boltzmann distribution in the final state instead:

dRCompton _ 5 2avar T2 —E/T
d3p 9 74
x[In(4ET/k2) + 1 — Cpuer] , (17)
dRannihilation 5 2o TQG“E/T
d3p 9 Al
x[In(4ET/k?) — 1 — Cruler] - (18)

Corrections to these formulas vanish in the limit k., — 0.

The essential factors in these rates are easy to under-
stand. There is a factor g from the sum of the squares of
the electric charges of the u and d quarks, a factor aa,
coming from the topological structure of the diagrams, a
factor T2 from phase space which gives the overall dimen-
sion to the rate, a ubiquitous Boltzmann factor e=£/T for
photons of energy F, and a logarithm due to the infrared
behavior.

These rates agree with those previously reported in
the literature [5,12] at least for the dominant logarithmic
term. The constant terms are sometimes not given. Or,
they may be different if the infrared divergence is regu-
lated by giving the quarks a mass rather than putting a
cutoff on the four-momentum transfer.

B. The infrared contribution

The infrared divergence in the photon production rate
discussed above is caused by a diverging differential cross
section when the momentum transfer goes to zero. Often-
times long-ranged forces can be screened by many-body
effects at finite temperature. Braaten and Pisarski have
analyzed problems such as this one in QCD [8]. They
have argued that a cure can be found in reordering per-
turbation theory: by expanding correlation functions in
terms of effective propagators and vertices instead of bare
ones. These effective propagators and vertices are just
the bare ones plus one-loop corrections, with the caveat
that the one-loop corrections are evaluated in the high-
temperature limit. This makes them relatively simple
functions.

For our application we would begin by replacing the
bare propagators and vertices in the one-loop diagram
of Fig. 1 with effective propagators and vertices. The
analysis of Braaten and Pisarski shows that a propaga-
tor must be dressed if the momentum flowing through it
is soft, where soft means small compared to 7. This is
because propagation of soft momenta is connected with
infrared divergences in loops; if we do not dress these
propagators we get infinite answers, so the corrections
due to the dressing of the propagators are also infinite
and therefore necessary. Thus, the results with soft prop-

]
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FIG. 3. Braaten-Pisarski dressing of the high-energy pho-
ton self-energy.

agators dressed are really the lowest-order finite results.
In our case it is necessary to dress one of the quark prop-
agators because our results diverge otherwise. It is not
necessary to dress both, nor is it necessary to dress either
of the vertices, because these produce only finite correc-
tions that are of higher order in g. We are thus led to
evaluate the diagram shown in Fig. 3. Some insight can
be had by expanding the diagram as a power series in
g%. The zeroth-order term reproduces the one-loop dia-
gram of Fig. 1. The order g2 term reproduces one of the
two-loop diagrams of Fig. 1, with the recognition that the
quark self-energy is not the exact one-loop self-energy but
is approximated by its high-temperature limit. Clearly
this is a summation of an infinite set of diagrams that is
purposely designed to regulate infrared problems of the
type encountered here.

Starting with Fig. 3, and summing over u and d quarks,
we find

11 (p) = —3x—e2TZ [ s mls (oo,

(19)
where

1 yo—k-~ 1 y+k-v

RO R (20)

ST(k) = D_(k) 2

is the dressed propagator for
momentum & [13], and

a quark with four-

_ 1 yo-4-~ 1 yo+d-v
W=z 2 ‘g 2z &

is the bare propagator for a quark with four-momentum
¢ = p — k. In these equations

D (k) = —ko £ [k] 4+ [QO (1) 7o ()
(22)

where Qo and @ are the Legendre functions of the sge-
ond kind, and

di(q) = —go£|q| . (23)

Using these expressions for the quark propagators, and
doing the traces, we obtain

4 l+4k-q 1 1+k-q
T )+D_<k>( d:(9)

1-k-q
+ @ )} (24)
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The retarded self-energy means that pg has a small positive imaginary part, as is appropriate in linear response
analysis.
We then follow Braaten, Pisarski, and Yuan [14] to compute the imaginary part in the following elegant way:

1.
ImT > Fi(ko) Fa(po — ko) = ZDISCTZ Fy (ko) Fo(po — ko)
ko ko

+ oo + o0
:W(1_CE/T)/_ dw/__ du' Fon(w) fen (') §(E — w — w') p1(w) pa(e’) - (25)

Here frp is the Fermi-Dirac occupation number and p; and ps are the spectral densities for Fy and Fy. Specifically
the latter are related by

Ry = [ ), (26)

w—k'o—if

We need the spectral density functions p4 and 74 for the dressed (1/D.) and bare (1/d+) propagators, respectively.
They are

w? — k2
pa(,J0) = L (6w — wa (kD) + 8w + wr (k)] + B (w0, KO0 — ) (27)
q
with
smg (k| Fw)
Bi(w, k) = — > : 28
=W = T or KD - 2 Qo) 7 @)+ (17 7)) )
where z = w/ |k|, and
re(w',q) = 86(w'F |al) (29)

The w4 (|k|) represent the two branches of the dispersion relation for dressed quarks propagating through the plasma.
These are determined by setting D4 (w,|k|) = 0 [15]. The plus branch is a monotonically increasing function of
momentum; the minus branch has a minimum at nonzero momentum. They have the same effective thermal mass as
defined at zero momentum, wy (0) = w_(0) = m, = gT/+/6. Both branches always lie within a distance of order gT
above the light cone. Putting this information together we obtain

Ime"‘ =— mTﬂ-ez(eE/T -1
d3k' + oo + oo R
* / W/_oo e /_oo dw' 6(E —w — ') frp (@) fep (@)[(1+ @ K)(pyr— + pory)

+(1—a-k)(pyry + poro)). (30)

In this expression the p’s are evaluated at (w,k) and the »’s at (w’, q).

In the kinetic theory calculation of Sec. Il A we were forced to put a cutoff k2 on the four-momentum transfer ¢
(and u) to avoid an infrared divergence. It is only the small piece of phase space left out by Eqgs. (11) and (12) that
we need to study here. Anything else must necessarily be higher order in g. Inspection of Figs. 2 and 3 shows that
the exchanged quark must be dressed and must satisfy

-k <w?-k*<0. (31)

This means that the delta functions (representing poles) in the spectral densities p4 do not contribute to this order,
only the functions 4 (representing branch cuts).

The energy-conserving delta function, together with the mass-shell delta functions of 74, can be used to evaluate
the integral over w’ and the integral over the angle between k and p in Eq. (30). Then, making use of the inequalities
E>Tand 0 <k?—-w? < k2K T? we get

” 5e2 _ ke |k]|
I = -2 (P17 1) e E/T/O d|k| /_Ikldw (1] ~w) By (w, k) + (k| +w) f—(w, k)] (32)

The integral involving S_ is the same as the integral involving B, so we only need to determine the latter and multiply
by 2. Furthermore it is convenient to make the change of variables |k|= 7coshn and w = 7sinhn. Then the double
integral above becomes
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+ 00 ke m2 +o00
2 [ an [Trar(xl o) pawr) =5 [

oo cosh?y

where
2 Qo(sinh 1) — @Q1(sinh )
0=- ,
T 1—tanhyp
and
2
Ye = Tme

q
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In (© + y. cosh?n)? + 1
02+1

—20 [arctan(© + y, cosh®n) — arctan(@)]] , (33)
(34)

(35)

We still have some freedom in choosing the cutoff k.. Since ¢ is supposed to be perturbatively small for all of this
analysis to make sense let us choose k. to lie somewhere in the interval

my L ke KT

(36)

Then we are allowed to take the limit y. 3> 1 in Eq. (33). Doing so, and dropping terms which vanish in the limit

y. — 00, we find

k2 m? [ dy 4 cosh'p T
2 c - ke S — - - =
my In ( g) + osh? [ln ( 5 =3 1) 20 (2 arctan(@))] . (37)

This remaining integral is a pure number. We have not
been able to evaluate it in closed form, but up to the ac-
curacy of our numerical integration (6 significant figures)
it is just —41n 2.

Now we have all the pieces we need to write down
the contribution to the rate coming from the infrared-
sensitive part of phase space. Taking Egs. (1), (32), (33),
and (37),

dRP?  baas, 5 _pr k2
= - - In [ —&
E Ty 9 n2 T e n om3 ) (38)
where
2m? = 3¢°T>. (39)

This is telling us that in the kinetic theory calculation the
effective infrared cutoff is kZ = 2m2. In earlier works an
infrared cutoff has been imposed by giving the exchanged
quark an effective temperature-dependent mass. In Ref.
[16] it was taken to be exactly Eq. (39) because the posi-
tive branch of the dispersion relation has the asymptotic
form at high momentum,

2m?
4 4 ...

2k ’

wilk>gT) = k+ (40)
implying an effective mass of \/imq. The negative branch
has a dispersion curve which approaches the light cone
exponentially at high momentum. Inspection of the spec-
tral densities p+ shows that its contribution therefore will
be exponentially suppressed at typical momenta of order
T. In Ref. [5] the infrared cutoff was taken to be k2 = m?
because this is the energy of a quark (positive or negative
branch) at zero momentum in the plasma. In Ref. [12]
many-body effects were not considered at all, and the
u and d quarks were given their current-quark masses

of 5-7 MeV. The Braaten-Pisarski approach used here
includes the full momentum dependence of the dressed
quark propagator and gives the precise normalization of
the logarithm appearing in the rate.

C. Net rate from hard and soft momentum transfers

Adding the contributions from both the hard momen-
tum transfers, Egs. (13) and (14), and soft momentum
transfers, Eq. (38), we get the net rate

dR 5 ooy _F 2912 F
-El—?;—p = 5%2—{1—'26 E[T In (T-j;) . (41)
This is independent of the cutoff k.. The Braaten-
Pisarski method works beautifully to screen the infrared
divergence.

Consider a temperature 77 = 200 MeV. This is ap-
proximately the temperature at which one expects the
deconfinement and/or chiral-symmetry-restoring phase
transition. The value of a, at this temperature is not

known with much certainty, but a; = 0.4 is consistent
with a comparison between perturbation theory and lat-
tice gauge simulations [17]. This means that g* = 5.

Whether or not the results obtained here for g << 1 can be
extrapolated to such large values of g is dubious. Perhaps
unjustifiably, we think that the results of this section do
represent the radiation from QCD plasma to within a
factor of 2 or 3 at high photon energy. Anyway we plot
the rate Eq. (41) in Fig. 4.

It is apparent that our asymptotic formula breaks
down when E < ¢2T/2.9 because the logarithm goes
negative. To avoid the assumption that E > T we have
gone back to the kinetic theory of Sec. IT A and evaluated
Eq. (4) numerically. We delete the regions —k2 <t <0
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Quarks and Gluons T = 200 MeV
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FIG. 4. Thermal production rate of photons in QCD aris-

ing from the infrared regulation of Fig. 3 applied to the pro-
cesses of Fig. 2. The points represent numerical integration
of a four-dimensional integral, the solid line is the asymptotic
limit (£ >> T), Eq. (41), and the dashed line modifies that
formula by adding 1 to the argument of the logarithm so as
to represent the points better for smaller F.

and —k? < u < 0 for ¢ and u divergences, respectively,
with k2 = g?T'?/3. This gives us the “data points” shown
in Fig. 4. The error bars represent an estimate of the
statistical uncertainty in evaluating the four-dimensional
integral. In the same figure we also show an interpolat-
ing curve obtained by adding 1 to the argument of the
logarithm in Eq. (41). This represents the numerical in-
tegration very well for £ > T". For photon energies less
than 7" we no longer have confidence that our calculation
represents the true rate of radiation from QCD plasma
for two reasons. First, bremsstrahlung processes were not
included and they will certainly be important at low pho-
ton energy. Second, the effective cutoff was determined
under the assumption that the photon energy was large.
If it is not, then all propagators and vertices in Fig. 3
must be dressed. That is outside the scope of this paper.

III. PHOTONS FROM HOT HADRONIC GAS

The thermal emission rate of photons from hot
hadronic gas can be treated in a manner analogous to
the way we treated QCD plasma in Sec. II. In partic-
ular the rate is proportional to the imaginary part of
the retarded photon self-energy as given by Eq. (1). If
we approximate the self-energy by carrying out a loop
expansion to finite order then we reproduce relativistic
kinetic theory, as outlined in Eq. (2). The discussion of
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the first two paragraphs of Sec. II can be repeated be-
cause up to that point we did not specify the nature of
the strong interactions. It is clear that photons will be
emitted from hot hadronic gas because many hadrons are
electrically charged and hence couple to the electromag-
netic field. In particular #’s and p mesons are important
constituents of such a gas. These mesons will undergo
reactions and decays and will occasionally produce pho-
tons. As in Sec. II we are interested only in baryon-free
matter. Thus nucleons and other more massive baryons
will not be considered as relevant and will be ignored in
the following analysis: They are simply too heavy to be
pair produced with much probability at temperatures of
order 200 MeV or less.

In Sec. IIlA we present some general considerations
regarding the production of photons by hadrons. In Sec.
III B we compute the differential cross sections for the
reactions hh — hy where h can be one of the hadrons
™, p, or 1. We focus on these mesons because they are
expected to be the most abundant in high-temperature
matter as they are in high-energy collisions. We then use
these to compute the thermal rate of emission of pho-
tons. In Sec. IIIC we compute the contribution to the
emission rate from the decay processes p° — 7+t7~ v and
w — w%y. Other decays one may think of are too slow
to contribute a significant amount to the thermal rate,
although they may contribute a lot to the total yield in a
high-energy nucleus-nucleus collision as discussed in Sec.

I. Comparison of these results to a QCD plasma is re-
served for Sec. IV.

A. General considerations

So far, to our knowledge, there have been no estimates
made of the emission rate from hot hadronic gas. At
temperatures of the order of the 7 mass the most impor-
tant mesonic constituents of the gas will be 7’s, because
they are so light, and p mesons, because of their large
spin-isospin degeneracy. Furthermore the w-p interac-
tion is relatively strong and so it ought to be taken into
account. For purposes of illustration let us consider a
theory of charged 7’s interacting with neutral p mesons.
This is a renormalizable theory so that loop diagrams of
all orders make sense.

We couple the neutral rho field p, and the electromag-
netic field A, to the pion current. The Lagrangian is

1 , 1 1 )
L= |Duq>|2 —m; || —Zp,“,p“ +§m;2>/’upﬂ_'ZFqu#

(42)

where D, = 8, —ieA, —1ig,p, is the covariant derivative,
@ is the complex pion field, p,, is the rho field-strength
tensor and F),, is the photon field-strength tensor. Fol-
lowing Eq. (1) we want to compute the photon self-energy
to order e?. The diagrammatic expansion is shown in Fig.
5. The one-loop diagrams are of order e2, the two-loop
diagrams of order ezgg. These are the analogues of the
QCD diagrams shown in Fig. 1.

Cutting the loop diagrams corresponds to taking the
imaginary part or the discontinuity. As usual the one-
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FIG. 5. One- and two-loop contributions to the photon
self-energy in a theory of interacting charged pions (dashed
lines) and neutral p mesons (solid lines).

loop diagrams contribute nothing when the photon is on
its mass shell. Imagine cutting the first of the two-loop
diagrams in half. We see that this gives one photon, one
p meson, and two 7’s as external particles. We insist that
the photon be in the final state but the other particles
may be in the initial or final states as long as kinemat-
ics allows it. The possibilities are 77 — pvy, 7p — 77,
p — wmy. Cutting all the two-loop diagrams we end
up with the scattering diagrams shown in Fig. 6. There
are three categories, the first two of which are analogues
of the QCD processes depicted in Fig. 2. The first set
is annihilation (7#¥7~ — pv), the second is Compton
(m%p — w%y), and the third is p decay (p — 7T 7~ 7).
Numerically g§/47r = 2.9 based on the decay rate for

p— T
3
Po
(&)

Here py and wy are the momentum and energy of a 7 in
the rest frame of the p. Although one may argue whether
this is considered strong or weak coupling, we can make
the-following observations. Since g, is inferred from ex-
periment one could say that it effectively includes certain
higher-order effects such as vertex corrections. Higher-

_ 9%

T (43)
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FIG. 6. Photon producing reactions and decays which
arise from taking the imaginary parts of the diagrams in Fig.
5.

order effects also include the possibility of three-particle
collisions to produce a photon plus something else. At
low T the density of particles is sufficiently small that
two-particle collisions dominate. Finally we remark that
order gg corrections to the properties of the p meson have
been shown to be relatively minor up to temperatures of
the order of 150 MeV [11].

B. Hadron collisions

We have calculated the differential cross sections for
all annihilation and Compton processes which produce
a photon and which involve the mesons 7%, 7%, p*, p°,
and 7. We do not take the space in this paper to show
all the Feynman diagrams. They are of the generic type
discussed in Sec. IIT A, with the additional complication
that charged p’s can couple to photons. Also the 7 is
supposed to couple predominantly to two p mesons, but
one of them converts directly to a photon. We have
checked that our results are gauge invariant by ensur-
ing that k, M*# = 0, where k, is the photon momentum
and M*# is the sum of amplitudes. The results are

do ag? s — 2m?2 1 1 m2 m?2
a4 0 — ) — (2 — 4m? 7 T s
ai (777™ —p’y) Tsp? {2 (mp — 4my) [ s—m3 \t—mZ u—m2 * (t—m3)? M (u—mZ)? ,
(44)
do do
— (7t 70 — pt = (7 7% = p~
(7T =Ty = (T = pTy)
_ agf, (s —2m2)(t —m2)? (s — Gmf,)(t —m2) m?2 9
T 16sp2,, m2(s — m2)? m2(s — m2) m2 2
4(m2 — 4m2)s  4(m2 —4m2) s m2 ) (45)
(s —m2)? t—m2 s—m2  t—m2 ’
do do
@0+ 0 _ o 4N_3T o -
T oy = (nTpt = 7y)
2 2 2 2 2
%% |y (m2 —4m2)s (m? — am? s—ms+m; 1 m2 , (46)
12sp2 .. (s —m2)? ’ s—m2 u—-m2 (u—m2)?
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do do
4o~ b 0N_%0 4 0
(TP = my)= (T — )
2 2
ag, 9 9 U t m, 1 1
=——7r 2_ 4 -
48sp2 . {4(”1” ™) [(u —m2)? + (t—=m2)2 s—m2 \u—m2 + t —m?
s—m2\ s —m? 1 s s—m2\>
3 T Rt el 47

+(+ m2 )t—m% 2+1n§ (t—mg) (47
do 0+ + -‘dO' 0 — -
(TPt = ay) = (T —wTy)

_ ag? g__f__él(mi—-@nfr)s (s —m2)? — 4m2(m2 — 4m?)
48sp2 ., |2 m32 (s —m2)? (t —m2)?
—m2)2  4(m? — 4m2)(s — m2 + m?

+ . 5(8——7’77,72‘_)——(5 T;l,r) _ ( P w)( - LS p) ’ (48)

t—mg mg s —mz
do naA | Fr(s)|?

+ - _ w 2 2 2 2\2

E(W iy —>1’]")/) = W [s(u—7n,,)(t——m7r)—m,,(s~mn) ] , (4.9)
do do _ maA | Fr(t)]?
a9 -+ =29 - = Tl T (s — m2)(w — m2) — m2(t — m2)?] .
Ot = ) = G = n9) = T B s = m) (= md) = mi (¢ = ] (50)

In these results we have explicitly verified that cross-
ing symmetry is obeyed. Our notation is that pem. is
the three-momentum of the colliding particles in their
center-of-momentum frame and F; is the pion electro-
magnetic form factor [18]. The numerical value of A =
92,,95/47y2 = 470 £ 0.48 is determined by the full
width 1.19 +0.12 keV of the eta and the branching ratio
4.88+0.15% for the decay n — 7T 7~ 5. For nx collisions
t is the momentum transfer from the =t to the v, or,
if there is no #% in the initial state then from the =~
to the . The 7% 7° reactions have mates where t — w.
For mp or mn collisions ¢ is the momentum transfer from
the p or 5 to the 4. Out of theoretical interest we have
also considered the purely electromagnetic annihilation
of two pions into two photons:

do _
(@t = yy)

_ 21’ 149 9 1 " 1
T osp2 Me \T = m2  u—m2

1 1 )?
4
+2my <t —m2 + u —m?,) J ’

For display purposes we have grouped all reactions
together into four categories: 7w — pv, mp — 77,
mw — 7y, ™ — wy. We have computed the ther-
mal rates for these reactions by inserting the relevant
squared amplitudes (proportional to do/dt) into Eq. (3)
and carrying out the integration using Monte Carlo tech-
niques. The integrals are four dimensional after using
energy-momentum conservation and the isotropy of the
gas. The rates at a temperature of 200 MeV are shown
in Fig. 7. Reactions involving the rho meson are clearly

(51)

[

the dominant ones, as expected. The rate at low pho-
ton energy is dominated by reactions with the rho in
the final state, because these reactions are endothermic
with most of the available energy going into the rho mass
[19]. At high photon energy reactions with the rho in
the initial state are dominant because these reactions are

Hadron Collisions T = 200 MeV
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FIG. 7. The thermal rate for various photon producing
hadron reactions.
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exothermic; most of the rho mass is available for produc-
ing high-energy photons. Similar remarks can be made
concerning reactions involving the 7 meson, but because
the 7 coupling constant is much smaller so are the rates.
One could imagine other mesons contributing via two-
body reactions, such as the w, but they all have coupling
constants much smaller than the p’s. We do not con-
sider them here. Finally we show the rate from pion
annihilation into two photons. This reaction is negligible
compared to those involving the rho. For those wishing
to peek ahead, notice that the scale of Fig. 7 is identical
to that of Fig. 4.

C. Vector-meson decays

As we saw in Sec. IIT A there can be contributions to
the thermal photon yield from the decay of mesons in
matter. One such decay is p° — 7+t7~7. Another is
w — %, which corresponds to a one-loop contribution
to the photon self-energy. In high-energy hadron colli-
sions, important contributors to photons of moderate en-
ergy are the final-state electromagnetic decays 7% — vy
and n — yv. But these decay rates are too small to
compete with those processes listed above at finite tem-
perature.

Let us first consider w decay as it is the simpler one.
In the w rest frame the invariant momentum distribution
of the photon is

AN _ §(E — Eo)

Tp = ank, (52)

where Ej is the photon energy in this frame. We now
must give the w a thermal momentum distribution. Fold-
ing it with the photon distribution in the w rest frame,
multiplying by the width of the w and by the pion Bose-
Einstein enhancement factor, we get the photon distri-
bution in the rest frame of the gas:

de-—wro'y _ Fw—nr“'y 3
d3p 4nEy (2m)3

X /dspw (5( - Eo)
my

x fBE(Ew)[1 + fBE(EW — E)] .

E

EwE—pw ‘P

(53)

Integrating over the angles we are left with a one-
dimensional integral which must be evaluated numeri-

|
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Vector Decays T = 200 MeV
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FIG. 8. The thermal rate for several photon producing
vector-meson decays.
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cally:

dR,,_ o
d3p

3mw Fw__, w0y
16m3EoE

T =

E

. dEw waBE(Ew)
x[1+ fee(Fw — E)],
(54)

where Enin = my(E? + E2)/2EE,;. We can get a good
idea of the behavior of this distribution by neglecting the
Bose-Einstein enhancement and by approximating the
w distribution by a relativistic Boltzmann distribution
function:

g_-_ni _ 3mwT(Emin+T)
Bp 16m3EyE

This distribution goes to zero as £ — 0 and as £ — oo.
The full expression, Eq. (54), is plotted in Fig. 8.

The decay of the p is a little more complicated since it
gives rise to a three-body final state. The invariant decay
rate distribution is [20]

E e~ Bmin/T

(55)

T\ roy

. dr
I(E) = E—£=T"Y
(B) = BEEE
ag? 4m?2 1/2 mZ —4m? [ s — 2m2 Vs + /s — 4m2 Vs(s —4m2)
=—72F7J(1- - In + . (56)
24m3m, s myE s —m2 2my 4m,E
[
Here s = (p4 +p-)? = m,(m, — 2E) is the square of the dRpoyry _ 3 g = EE,—p Py
energy of the 27 system in the 7-7 rest frame. Folding d3p T (2m)3 - m,
this distribution with the thermal p momentum distribu- 5
tion we have X fBE(E,)d p) - (57)
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The integration over the angle ¢ can be done trivially
but a two-dimensional integration remains, to be done
numerically. Actually the astute reader will notice that
this expression does not include the Bose-Einstein en-
hancement of the final-state pions. The reason is that
the decay distribution of Eq. (56) already has integrated
out the pion degrees of freedom. Rather than put the
pions back in and integrate over the full three-body final
state, we have inserted the minimal Bose-Einstein en-
hancement by sharing the energy £, — E equally between
the pions. Unequal sharing increases the enhancement,
so we multiply the integrand by {1 + fge[3(E, — E)]}?.

Numerical results are shown in Fig. 8. The difference
between p and w decays is plain to see. The w decay
dominates at high energy because its final state is two-
body. The p decay dominates at low energy because its
final state is three-body. In fact p decay occurs even in
the absence of an associated photon, so it is no surprise
that the rate increases with decreasing energy. Concern-
ing the Bose-Einstein enhancement, we have found that
including it minimally increases the yield by about 20%.
So including it exactly would increase the yield by some
percent more.

In recent years the decay mode p® — m*t 7~ has been
measured [21]. Its branching ratio is (1.10 + 0.14)%
for photons above 50 MeV. This is in agreement with
Eq. (56).

IV. QUARK-GLUON PLASMA
vs HADRONIC GAS

In Secs. IT and III we calculated the thermal production
rates for high-energy (E > 37") photons from baryon-free
quark-gluon plasma and from a gas of =, 7, p, and w
mesons. In this section we compare these two rates and
discuss possible experimental ramifications.

We begin with our surprising result. The photon pro-
duction rates at 7" = 200 MeV are shown in Fig. 9. The
most obvious feature is that the quark-gluon plasma and
the hadron gas produce photons with energies from 1 to
3 GeV at the same rate. Not only is the shape of the pro-
duction curve the same but the overall magnitude is too.
The hadron gas shines just as brightly as the quark-gluon
plasma.

The conclusion is that high-energy photons make a
good “thermometer” for the hot matter created in high-
energy collisions. The thermal production rate depends
only on the temperature, so any temperature deduced
from the thermally produced photons is nearly indepen-
dent of assumptions about the phase of the matter. If
we know the temperature and volume of the system as
functions of time then

E% = /dt V() E‘jTIZ(p,T(t)). (58)

The momentum distribution of the photons is equal to
the thermal production rate integrated over space-time.
Conversely, based on these results it does not seem likely
that high-energy photons will distinguish between quark-
gluon plasma and hot hadronic gas.

If QCD undergoes a strong first-order phase transi-
tion then the created matter is expected to remain for a
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FIG. 9. Comparison among photon production from a

quark-gluon plasma, from vector-meson decay, and from
vector-meson decay plus hadron reactions, all at the same
temperature of 200 MeV.

long time at the transition temperature 7, [22], and con-
sequently most thermally produced photons will come
from matter at temperature 7.. This would allow us to
determine T%.

For illustration, consider photon production in Pb-Pb
collisions at 100 GeV per nucleon in the center-of-mass
frame, conditions expected at RHIC. In a central colli-
sion the cross-sectional area of created hot matter, o, is
approximately 100 fm?. The temperature at time ¢ = 1
fm/c, Tp, is estimated to be at least 250--300 MeV . Ignor-
ing transverse expansion of the hot matter the volume at
time ¢ is

V() = ot. (59)

The matter reaches the phase transition temperature 7,
at the time

t1 = (To/T.)® fm/c, (60)
and remains at T, until the time
t2 = Ttl, (61)

where 7 is the ratio of the number of degrees of freedom of
quark-gluon plasma to hadron gas. Typically r is taken
to be about 10.

Using the conservative estimate of 7y = 250 MeV, and
T, = 200 MeV, we find that the energy radiated as pho-
tons in the interval from 1 to 3 GeV is about 0.4 GeV per
collision. This falls to 0.25 GeV if T, = 170 MeV instead.
If we take Tp = 300 MeV the energy radiated is a factor 3
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larger in both cases. The rate falls off very quickly with
energy so most of these photons will have energies near
1 GeV, and the number of emitted photons is estimated
to be from 0.1 to 1 per collision for this parameter range.

Looking at Fig. 9 again we see that the rate falls by
roughly a factor 10 from 1 to 3 GeV. We estimate at
least 1 photon with £ > 1 GeV per 10 collisions, so we
expect to see at least 1 photon with E > 3 GeV every
105 collisions. Therefore, if thermally produced photons
can be extracted experimentally from 107 collisions, we
will obtain the thermal production rate from 1 to 3 GeV
with a statistical error of less than 0.1% at 1 GeV and
10% at 3 GeV.

These experimental uncertainties are much smaller
than the theoretical ones in current calculations. How-
ever, this level of experimental accuracy would not be
wasted. Although we cannot claim to know the absolute
yield to even within a factor of 2, the relationship between
the exponential falloff and 7, seems quite firm, and if
this exponential decrease is measured experimentally it
will provide a very good determination of T,. Even a
pessimistic estimate of 100% error in the rate at 3 GeV
results in only about a 10% error in the estimate of T%.

The main experimental difficulty will be the extraction
of the thermally produced photons from the background
[23,24]. There will be a large background of photons
coming from final-state 7% and 7 decays that must be
removed from the data. There may also be a substantial
background from high-energy photons produced in jets.

It is interesting to figure out how long it would take
photons to come to equilibrium with the strongly inter-
acting particles. Using detailed balance, and ignoring
expansion of the matter, the photon number distribution
in six-dimensional phase space (dn/d3p = dN/d3z d3p)

satisfies the rate equation
d (d dn/d3
d(dn\ _dR [ dn/dp \ (62)
dt \ d3p d3p dneq/d3p

The equilibrium distribution is just the Planck distribu-

tion

dn®® 2 1
dBp — (2m)3 eE/T —1°

Starting with no photons at ¢ = 0, the solution to the
rate equation (at fixed temperature) is

(63)

dn dn®d —t)r
7y = wp (=) (64)
where the equilibration time is
_ dn®1/d%p
T = AR (65)

Recalling Eq. (41), and modifying the logarithm so as to
represent better the rate for all £ > 27", we obtain

9F 1
T = y . (66)
107raa,T? |, (%22% + 1)

At T = 200 MeV this is 270, 356, 505, and 639 fm/c for
E =0.5,1, 2 and 3 GeV, respectively. Thus high-energy
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photons will not be anywhere near equilibrium in high-
energy nuclear collisions, as stated in the Introduction.
The same conclusion applies in the hadronic phase since
production rates are comparable. These times also give
us the mean free paths. We point out that these are large
compared to the size of the system, so that high-energy
photons will escape from the system without interaction.

V. FORM FACTORS

In Sec. III we studied photon production by hadrons.
The interactions were modeled by local relativistic quan-
tum field theory. We know that hadrons are compos-
ite objects, so they may need form factors at high-
momentum transfer. How much will form factors influ-
ence our results? Form factors are a very delicate sub-
ject, especially when electromagnetism and its gauge in-
variance are involved. We restrict our attention to the
reaction 7t7~ — p®y. This reaction provides a good
testing ground for the importance of form factors because
the incoming pions must provide the energy necessary to
create the heavy p meson plus a high momentum pho-
ton. Also the interaction is renormalizable so perhaps it
makes sense to think of the form factors as arising from
higher-order effects.

The most general form of the wmy vertex is shown in
Fig. 10. It involves two scalar functions, hy and h_, that
depend on the three invariants p?, p?, and k2 [25]:

TH(ps,ps, k) = (pi + ps)*he(p}, 0}, k%)
+(pi — pr)*h-(p},p}, k") .

This vertex is related to the dressed pion propagator A
by the Ward-Takahashi identity [26]:

(pi — pp)uT*(pi,ps k) = A7 (pi) — A7 (py) -

For both pion lines on mass shell A_ must vanish and
hi(m2,m2 k%) = Fr(k?) is the pion electromagnetic
form factor. For simplicity we assume h_ = 0 for all
momentum configurations. This is not necessarily true
but it suffices to get an estimate of the importance of
form factors. For our calculations we need only h; when
one pion is off mass shell while both the other pion
and the photon are on mass shell. Given the function
h4(p?,m2,0), the pion propagator is determined by the
Ward-Takahashi identity (68):

1 1
p2 —m2 hy(p?,m2,0)

(67)

(68)

Alp) = (69)

Next we need the wmwpy vertex, shown in Fig. 11. Its

Py “.\
@VWW\/ = T*p; py, k)
A
P
FIG. 10. The wrvy vertex.
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FIG. 11. The nwpy vertex.

general form can be taken to be
XH = ag"” +b(pips +P{py) + c(pPipy +pops) +dpHk”.
(70)

We do not include terms proportional to k# because the
photon is on mass-shell so that the photon polarization €,
is transverse (e,k# = 0). When we compute amplitudes,
X*# is contracted with €, so these terms vanish.

The amplitude for 7t7~ — pOy is M* = MY” +
MEY + X# | where MY” and M%” are given in Fig. 12
and are evaluated to be

v _ he(d? y
Mt = ZHE) gy — g+ ), (1)
uy h’+(ql2 n N\
My = 7% — m2 (pr+9")(p2 — )", (72)

g=k—pr=p1—p ¢ =p-p2=p—k (73)
Here we assume that hy(p?,m2,k? = 0) =
hy(p?,m2,k* = m2). This is not true in general, but
it is true whenever the w7y and wmp form factors are

P4
\@/
- PV
¥
& - ot
q ¥
> \k,u
'pz
P4
o

v
=:7V[2"1

q
A
P2
FIG. 12. Two amplitudes contributing to the reaction
xtr~™ — p®v including dressing of the vertices and the ex-
changed pion.
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equal. Gauge invariance requires that k£, M#*” = 0. This
constrains the functions a, b, ¢, and d if A is considered
as given. For simplicity we assume that d = 0, obtaining

a = hy(¢®) +he(d”?) (74)
and
hi(¢?) = hi(d®)
b= —c=—t : 75
k-(q+4q) %)
Thus the 77 py vertex has the form
XM = ag"” —b(p1 — p2)*(p1 — p2)". (76)

Finally, for definiteness, we take hy to be a monopole
with m, as the cutoff mass:

2 2
hi(q?) = ——x 77
+(q ) m/z) _ qz ( )
With the form factors as constructed above we have
computed do/dt with the help of the algebraic manip-
ulator REDUCE. (The final expression is too lengthy to
present here.) Then the thermal rate was computed just
as in Sec. III. The result is shown in Fig. 13. We observe
that the form factors become increasingly important as
the photon energy increases, as expected. However, the
effect is not so great: at photon energies of order 2-2.5
GeV the suppression is only about a factor of 2.8. The
explanation is that do /dt is peaked at ¢ = 0 and at u = 0.
[See Eq. (44).] If all hadron reactions were suppressed by
the same amount as shown in Fig. 13, we would conclude
from Fig. 8 that the quark and hadron curves would lie
even closer to each other.
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VI. SUMMARY

In Sec. IT we calculated the thermal production rate for
high-energy (E > T') photons from baryon-free quark-
gluon plasma, including all terms up to first order in «
and as;. We removed the divergences from this rate by
using the thermal propagator approach of Braaten and
Pisarski. In Sec. III we calculated the same rate for a gas
of 7, p, w and 7 mesons. This was done to effectively the
same order as for a quark-gluon plasma, both of them
arising from two-loop contributions to the photon self-
energy at finite temperature.

In Sec. IV we showed that the production rate for high-
energy photons from hot, strongly-interacting matter is,
within theoretical uncertainties, independent of the phase
of that matter. This conclusion is based on our numerical
results at T' = 200 MeV. By continuity it must be true for
nearby temperatures too. Consequently, if the thermally
produced photon component can be extracted from the
background, it will provide an excellent thermometer for
ultrarelativistic nuclear collisions. Conversely high mo-
mentum photons would not seem to distinguish between
a quark-gluon plasma and hadron gas. Finally, in Sec.
V we estimated the effect of form factors on our hadron
gas calculation, concluding that they give only relatively
small changes in the photon production rate for £ < 3
GeV.

Further work is clearly justified by our results. The-
oretically a more complete analysis of strong and elec-
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tromagnetic form factors of mesons at finite temperature
would be useful. We should also consider the inclusion
of heavier mesons such as the a, [27] as well as the kaons
and other strange mesons. Then the microscopic cross
sections or rates for photon production should be used in
dynamical models of nuclear collisions to predict absolute
yields. The simple estimates made in Sec. IV suggest that
if QCD exhibits a first-order phase transition the experi-
mental measurement of high-energy photons should allow
an accurate determination of 7%.
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