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Ranges of predicted masses for as yet unseen particles containing b quarks are obtained and compared

with previous estimates.

Nonrelativistic models are found to yield likely values in the ranges

M (B,)=5345-5388 MeV, M (B¥)=5400-5433 MeV, M (B,)=6194-6292 MeV, M (B*)=6284-6357
MeV, M (A,)=5600-5630 MeV, with £, and £} not far above 5800 MeV.

I. INTRODUCTION

The recent observation of B mesons in hadronic col-
lisions [1] has provided encouragement that other states
containing b quarks may be visible soon. The B mesons
were observed in the final states J/¢¥+K and J/¢y+K*,
indicating that the subprocess b —J /¢¥+s plays an im-
portant role in b decays. If so, one might hope to detect

B, =b5 via its decay to J /¢ +(s5) (e.g., J /Y +¢), B,=bT
via its decay to J /¥ +(c5) (e.g., J/Y+D; or J/¢py+DJ),
and A, =bud via its decay to J /Y +sud (e.g., J/Pp+ A or
J/Yy+K ™ +p).

A hint of B, production in e e~ interactions at the
energy of the Y(5S) has been obtained by the CUSB
group [2]. At this c.m. energy, E_, =10.86610.020
GeV/c?, not only B and B* mesons but also B, and B/}*
mesons appear to be produced. The photons emitted in
B* B,y decays at this c.m. energy would be less
Doppler shifted than those in B*—By decays. By de-
tailed study of the spectrum shape of photons in the
range of E,, ~47 MeV, the CUSB group claims evidence
for the presence of a mixture of B*—By and B — B,y
transitions. However, they do not obtain a unique solu-
tion for B, and B;* masses.

In this work we summarize what can be said about the
masses of B'*), B*), A,, =,, and 3} on the basis of non-
relativistic models, and compare our results with those of
some previous approaches [3-12]. Our approach is
closest in spirit to that of Ref. [4]; in a sense we are mere-
ly updating the results of that work in the light of more
recent information on particle masses. However, we also
make use of the fact that enough states are already
known so that the masses of mixed-flavor states like the
B, and B, can be anticipated by interpolation, without
recourse to specific models. In addition to the states B
and B, with J®=07, we shall discuss the vector mesons
B* and B} with JP'=1".

We first evaluate the masses of vector mesons in Sec.
II. We then estimate hyperfine splittings in Sec. III to
obtain masses for pseudoscalar mesons. A brief discus-
sion of the A,, =, and =} masses occupies Sec. IV. We
summarize and compare our results with others in Sec. V.
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II. VECTOR-MESON MASSES

We adopt three distinct approaches, hoping thereby to
illustrate the range of uncertainties in mass predictions.

(1) A simple interpolation technique is used to fit parti-
cle masses on the basis of static quark masses and param-
etrizations of the binding energy in terms of the reduced
mass. This approach is in the spirit of semiempirical
mass formulas for nuclei.

(2) An estimate is performed using a logarithmic poten-
tial, for which the effects of changes in reduced mass are
particularly easy to calculate.

(3) The general theorems and bounds of Ref. [4] are
utilized. New information is available which permits
somewhat more restrictive estimates than those made in
Ref. [4].

A. Interpolation method

The interpolation method begins with the circumstance
that numerous masses of 1~ mesons are known. We then
interpolate using a formula of the form

M(q,g9,)=m;+m,+E(u), (1)

where m; is the mass of quark 7/ and E (u) is some func-
tion of the reduced mass u=m;m,/(m,+m,). We use
two forms of E (u):

quadratic:
E(u)=A +Bu+Cu?, )
Padé:
—A+tBu 3

both containing three parameters. We fit the masses of
p=~w, K*, ¢, D*, DF, J/¥, B*, and Y (eight quantities)
using the four quark masses m,=m,, m;, m,, and m,
and three parameters in E (u). A quantity

S§= 2 [M(lﬁ)ﬁt—‘M(l_)expt]z s

which sums over the eight vector mesons, is minimized
by allowing all seven parameters to vary freely. The
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TABLE I. Results of fits to masses of 1~ particles with E = 4 +Bu+ Cu? for given values of 4.

A C m, m; m, m, M(BX) M(BFX) S(A)
(MeV) B (107* MeV™) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV?)
—1000 —0.949 1.53 1128 1282 2526 5964 5416 6288 0.20

—800 —0.854 1.43 976 1128 2352 5767 5416 6291 0.15
—600 —0.763 1.32 832 981 2187 5581 5417 6295 0.11
—400 —0.676 1.20 695 841 2030 5406 5418 6299 0.11
—200 —0.594 1.07 565 708 1880 5240 5420 6304 0.16
0 —0.516 0.93 439 581 1737 5084 5421 6310 0.34

200 —0.443 0.79 319 458 1600 4937 5423 6317 0.77
400 —0.374 0.63 203 340 1469 4797 5425 6325 1.90

minimum value S

min

is obtained. For illustrative pur-

B. A specific potential

pose, we show in Tables I and II the quantity S(A4)
which is the variation of S.;, when the parameters 4 in
Egs. (2) and (3) are assigned fixed values.

The ranges of M(BJ) and M(B}) are remarkably
small over a wide range of quark masses. This illustrates
the familiar observation that a constant in the binding en-
ergy can usually be absorbed by adjusting the quark
masses. To find the 1o range of M(B*) and M (B}), we
use the method outlined in the Appendix. Values of
M (B}) or M(B}) were included as one of the data
points. The quantity S in (A1), now summed over nine
vector mesons, is minimized to obtain S[M(BJ)] or
S[M(BX)] as a function of M(BJ) or M(B}). The re-
sults are shown in Figs. 1 and 2. Since S,;, itself has
only one degree of freedom, we have from Table VI the
1o value of S[M (B})]:

S,,[M(B*)]=4.39S ., - 4)

For Eq. (2), this is 0.448 MeV2, which translates into
M (B*)=541813% MeV; the corresponding value for B}
is M (B¥)=6297113 MeV. For Eq. (3), S;, =25.54 MeV?
and M (B*)=5422"11 MeV; the corresponding value for
B} is M(B})=6330"15 MeV.

Potentials which satisfactorily describe the known 1~
S5, ¢5, c¢, and bb states include the power-law potential
V ~r01 (see Refs. [8] and [13]) and the potential [14]

V(r)=Cln(r/ry) , (5)

for which the masses of the bound states are given by
simple scaling relations:

M,=m;+m,+C(e,—InV2uCry) . (6)

The values of €, are (Ref. [14]) (1.044 32, 1.643, 1.8474,
2.151, 2.2897, 2.5957) for n =(18, 1P, 25, 2P, 35, 4S). If
we fit the observed masses of ¢z 15, 1P, 28 levels and bb
1S, 1P, 25, 2P, 35, 4S levels with expression (6), we obtain
an error per degree of freedom of V432/(9—4)=9.3
MeV; we also obtain a value of C =722+8 MeV.

To treat the heavy and light mesons on equal footing,
we may fit (6) to the eight ground-state mesons p, K*, ¢,
D*, D}, J/y, B*, and Y and obtained an average error
per degree of freedom of V40.7/(8—6)=4.5 MeV
C =824117¢ MeV.

It is a little surprising that Eq. (6), taken as an empiri-
cal mass formula, fits ground states of both heavy and
light mesons better than the excited states of just the
heavy mesons alone. The constant C, however, is more

TABLE II. Results of fits to masses of 1~ particles with E =(A4 +Bpu)/(1+Cu) for given values of

A.
A C m, m, m, m, M(BY) M(BX) S(4A)
(MeV) B (107* MeV™!H)  (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV?)
—400 —2.631 9.04 966 1136 2403 5840 5416 6322 22.3
—300 —2.186 9.00 822 987 2232 5644 5415 6320 12.0
—200 —1.589 8.19 672 831 2045 5430 5415 6321 9.2
0 —0.893 6.60 477 626 1801 5156 5418 6323 7.0
200 —0.515 5.26 332 475 1625 4964 5420 6327 5.9
308 —0.379 4.58 263 404 1543 4876 5422 6330 5.7
400 —0.291 4,01 207 346 1477 4806 5423 6333 5.9
600 —0.169 2.82 92 228 1344 4668 5427 6340 9.4
700 —0.138 2.22 37 172 1281 4604 5429 6344 18.0
800 —0.130 1.53 —-17 116 1220 4543 5431 6351 72.7




214 WAIKWOK KWONG AND JONATHAN L. ROSNER 44

constrained by the level spacing with the excited states.
We present, in Table III, results from the fit to the
ground states of heavy and light mesons, to compare with
those obtained in the previous subsection.

The errors on M(B}) and M (B}) are obtained from
Fig. 3 which shows the variation of S with M (B}) and
M(B}); we get M(Bf)=5412£10 MeV and
M (B}X)=6328+8 MeV. In a potential ~ %1 Martin [8]
finds M (B})=5408-5410 MeV, M (B} )=6318 MeV.

C. Model-independent method

The last method we employ is based on an attempt to
estimate the change in energy E =M — M, — M, with the

0.0 t T T T T
6280 6290 6300 6310 6320

M(Bg)

FIG. 1. Results of fits of 15 17 particle masses using an ex-
pression E(u)= A +Bu+ Cu®. (a) The results of minimization
of S[M(B*)]=3 (M — M., )* with respect to all other pa-
rameters are shown, with M (B/*) included as the ninth data
point. The horizontal line shows the 1o level. (b) Same as (a)
for S[M(BX)].

change in reduced mass on the basis of the Feynman-
Hellmann theorem [15]:

dE _ _(T)
du [

where (T ) is the expectation value of the kinetic energy.
This was the method employed in Ref. [4]. By the virial
theorem [16]

(T)=<§%> . 8)

@)

We see that { T)=C /2 (a constant) for the potential (5),
so (T) ranges from 350 to 375 MeV for C between 0.7
and 0.75 GeV. If (T) were indeed constant, we could in-

5440

6310 6320 6330 6340 6350
M(Bg)

FIG. 2. Same as Fig. 1 for E(u)=(4 +Bu)/(1+Cpu).
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TABLE III. Results of fits to masses of 1~ ground-state particles with Eq. (6) for given values of C.

C 7o m, m m, m, M(B}) M (B}) S(C)

(MeV) (Gev™h (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV?)

600 5.68 362 552 1764 5107 5398 6320 187.6

700 6.20 457 643 1868 5231 5406 6324 76.7

800 6.53 554 737 1973 5354 5411 6327 41.9

824 6.58 578 760 1999 5384 5412 6328 40.7

900 6.71 651 832 2078 5476 5416 6331 49.8

1000 6.80 748 928 2182 5596 5419 6334 82.3
tegrate (7), finding quark masses. We shall use methods of Ref. [4] to esti-
1y mate that, for the interpolation we wish to perform,
E(uy)—E(u;)=—(T)ln—, 9) (T )=300-400 MeV, and will then use the approximate

1231

and we would simply reproduce the results based on the
potential (5) as long as we took a corresponding range of

250

200

1507

100 1

50

5410 5420 5430

M (B})

5390 5400

(b) i

200

150 B

100 3

50 1

6330 6340
M(B})

FIG. 3. Same as Fig. 1 for the potential (5).

form (9) to estimate the range of possible binding effects.
The use of (9) is only justified, of course, if the potential is
fairly close to the form (4), which the results of Refs. [13]
and [14] show it to be.

In Ref. [4] it was shown that

<T1$)2%(E]P_EIS) .

For the spin-triplet c& system, E,;p=~2.41 GeV (Ref.
[17]), E;s=2.01 GeV, so { T;s) 2300 MeV. For the c§
system, with Ep =~2.54 GeV (Ref. [18]), E,g=2.11 GeV,
(T,s) %320 MeV. We expect level spacings in the b3
system to be rather similar to those in the ¢§ system.

An empirical result for {T,5) in power-law potentials
V~rY, which fits the oscillator (v=2) and Coulomb
(v=—1) results exactly, is [4]

(T1s)=HEp—Es)1+1Cy), (10)
2
_ E,s+E\s—2Ep
0= (11)
Ezs'_Els

The term ZC, is O for the oscillator, 0.016 for the linear
potential (v=1), and 0.187 for the potential (5)
(equivalent to v=0). Equation (10) would give
(T)=0.533C for the potential (5), to be compared with
the exact value 0.5C. We expect that an effective poten-
tial describing light-heavy quark systems (such as b3) lies
somewhere between the linear (v=1) form, appropriate
for light quarks, and the logarithmic form, appropriate
for interpolating between cc and bb bound states [13].
Thus, an estimate for (T,g) for such systems is that it
lies between 2(E p —E 5)==320 MeV and

3(E,p—E,5)X1.187X(0.5)/(0.533)
=0.84(E,p—E ) ~360 MeV

if E\p —E ;¢ =430 MeV, as we noted for the ¢5 system.

One might argue, since the J¥=17 1S levels are raised
slightly by hyperfine splittings but the P-wave levels
presumably are much less affected, that one should esti-
mate E,p —E g using the spin-weighted average of the
17 and 0™ 1S levels. For c# and c5 levels, this average is
about 35 MeV below the 17 level, leading to an increase
of E\p—E s by 35 MeV and of (T,g) by up to 30 MeV.
We thus feel safe in any event in estimating
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300<{T) <400 MeV (12)

for use in Eq. (9) when estimating the B mass. For bc
we shall use a similar range, but we will use Eq. (9) in a
slightly different manner.

To estimate the B mass using Eq. (9), we use the
known values of M (D*), M(B*), and M (D), in order
to cancel out the effects of quark masses except in the re-
duced mass u. We then find

M(B})=M(B*)+M(D})—M(D*)

—(TMM . (13)
w(DF)u(B*)
The ratio
w(BX)u(D*) _ mg+m, m,+m, (14)
wDXu(B*) mgtmy m,+m,

ranges from 1.07 to about 1.03 as quarks range in mass
from current-quark to (heavy) constituent-quark values in
accord with the results of Tables I and II. The familiar
result [4] that quark mass differences are more tightly
constrained than the quark masses themselves is a prop-
erty of the masses in Tables I and II, and has been used in
obtaining this range of the ratio (14). Thus,

M(B})=M(B*)+M(D})—M(D*)—(0.05+0.02){ T)
=5.4140.01 GeV , (15)

in accord with the range of estimates given above.

For the B mass, a different combination of masses can
be used to eliminate effects of additive quark masses. We
find

M(B*)= MJ/P)+M(Y) (T)In 2V u(J /P)u(Y)

2 w(Br)
J/9)+M (Y 2V mm,
= MUZPTEMO) _ (pyg 22T (16)
2 m,+m,

Since the argument of the logarithm is less than 1,
M (B}) must exceed the average of the J/¢¥ and Y
masses, in accord with the bounds of Ref. [3]. We then
seek estimates of ( 7') and m,/m, for use in Eq. (16).

The range of m,./m, associated with acceptable x>
values and u-quark masses between several MeV and
about 600 MeV in Tables I and II is about 0.28-0.36.
The masses of observed spin-triplet c¢¢ and bb states,
when Egs. (10) and (11) are used, yield the estimates
(T)5) =367 MeV; (T5), ;=411 MeV. Using the
full range of both these quantities, we find
M(B})=6324-6357 MeV, or

M (B})=6340%£17 MeV , (17)

in accord with the result of Ref. [3].

D. Overall range

Combining the results from Secs. II A, II B, and IIC,
we find that M (B*)=5400-5433 MeV, M(B})=6284~

6357 MeV. We have quoted a range compatible with all
four mass determinations order to get some idea of the
systematic error inherent in nonrelativistic models.

III. PSEUDOSCALAR-MESON MASSES

A. Regularity in AM? values
An interesting regularity [19] in values of
AM?*=M*17)—M*0")

occurs for systems with at least one light (u, d, or s)
quark. It appears that AM? ranges between 0.5 and 0.6
GeV2. A constant value of AM? in a system of one light
quark g and one heavy quark Q corresponds to a value of
AM~1/M=1/mg. Since

a,|¥(0)]?
AM ~—+— | (18)
m,mg

a universal value of myAM implies |¥(0)|>~m,. This is

indeed the case for a linear potential when m, <<mg,

since
I\I/(o>|2=4’“‘—<ﬂ> , (19)

4 \ dr

where p is the reduced mass, and in a linear potential
(dV /dr) is just the (universal) force constant.

B. B, mass

For the 17-0" splitting in the b5 system, let us assume
that AM? still lies between 0.5 and 0.6 GeV?2. (It appears
to be larger for systems of greater reduced mass, like ct.)
The results of Ref. [2] suggest that

M(17)—M(07)=47.0£2.6 MeV ,
while AM?=0.6 GeV? would imply
M(17)—M(07)=55 MeV .

We shall thus take M (17 )—M (0™ ) to range between 45
and 55 MeV. Combining this with our estimate of the
overall range of M (BJ), we find M(B,)=5345-5388
MeV.

C. B, mass

The hyperfine splitting in the B, system must be deter-
mined by extrapolation from the ¢ system. A superior
method would involve interpolating between ¢¢ and bb
values, but we must wait until the 7,(07) is discovered
for that.

We neglect variations of a, between the ¢¢ and b¢ sys-
tems, and write

M (bz,17)—M(bz,07) _ WO}
MU/H=MG, WO,

In a power-law potential (Ref.
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|W(0)|2~u3/?*Y), where u is the reduced mass. The ap-
proximate constancy of leptonic widths T';; ~ |W(0)|2 /M3
for vector mesons, once quark charges have been ac-
counted for [14], suggests |W(0)|2~u?, while in a poten-
tial (5), I\I/(O)lz~,u3/2. We shall take these two depen-
dences as upper and lower limits of sensitivity to u with
m./m, =0.3210.04 as mentioned in Sec. II C, and with

M(J/$)—M(n,)=11742 MeV ,

we then find M (bc,1™)— M (b¢,0™ ) to range between ap-
proximately 65 and 90 MeV, and M (B, )=6194-6292
MeV.

IV. THE A,, =,, BARYONS

The A=sud, A, =cud, and A, =bud all are expected to
have the u and d quarks coupled to one another in a state
of zero spin and isospin. Hence, their masses should
differ only because of the differences between s, ¢, and b
masses and because of different reduced-mass effects in
binding.

The question is whether the ud system in each of these
particles can be treated as a single entity with a well-
defined effective mass. We have attempted to incorporate
the observed A and A, into models of the type described
in Sec. I A, with the only new parameter being the mass
of the ud diquark. The results are not self-consistent. A
choice of the ud mass to fit M(A) makes the A, mass
unacceptably low. It appears that binding effects are
overestimated for the A, in that case.

It appears that the spin-averaged difference between ciz
and su# systems is almost the same as the A,— A mass

difference:
3M(D*)+M (D) 3M(K )+M(K)zM(AC)—M(A).

4 4

21

The left-hand side of (21) is about 1.18 GeV, while the
right-hand side is about 1.17 GeV. That suggests the di-
quark is not behaving too differently from an ordinary
nonstrange quark with regard to its effects on binding en-
ergies. In order that a baryon be heavier than a meson, a
baryon must then have some added contribution to its
mass, a circumstance which we will have to take as given.
We would then predict, as in the naive estimate of Ref.
[20], that

_3M(B*)+M(B) 3M(D*)+M(D)
4 4

~3.344 GeV (22)

M(A,)—M(A,)

or M(A,)=5.63 GeV. Based on the small discrepancy
in Eq. (21), we estimate M (A,) could be as low as 5.60
GeV. Numerous predictions of lower values have ap-
peared in the literature quoted in Ref. [20], however. The
total range estimated there is 5379-5659 MeV, with most
predictions lying above 5580 MeV.

The 2, and =} are expected to be heavy enough to de-
cay to A, +, and may well be visible in the same experi-
ments where A, is first seen for just this reason. Esti-

mates of M(2,)—M(A,) typically range from 180 to
210 MeV, with

M(Z,)—M(A,)>M(Z,)—M(A,)=168 MeV

a firm prediction [12, 20] of quark models. 2} (the lowest
spin-2 state of a b quark and two nonstrange quarks) is
expected to lie only 10-40 MeV above 2°. The reason is
that, aside from wave-function effects which might vary
from the case of the strange quark to that of the b quark,
one expects

M(Z})—M(Z,)=(m, /m,)[M(Z*)—M ()]
~(0.1)(190 MeV)=~20 MeV . (23)

A summary of A,, 2,, and =} predictions was given in
Ref. [20]. In Table IV we present results quoted by those
authors along with some others. Aside from the anoma-
lously high values quoted in Ref. [22] (commented up on
in Ref. [20]), we find general agreement with our estimate
for M(A,), with =, and 2} expected to lie not far above
5800 MeV.

V. SUMMARY AND COMPARISONS

We summarize our results for mesons and compare
them with those obtained previously in Table V. There is
remarkably little spread. All the results except those of
Ref. [5] are based on the common assumption that a non-
relativistic potential description is valid. Some discussion
in Refs. [11] and [12] addresses what would happen when
this assumption is relaxed; predictive power is then ap-
parently greatly eroded. The successes of nonrelativistic
potential models for earlier predictions, even of masses of
states containing strange quarks [8,13], makes us reluc-
tant to abandon them as a phenomenological tool for in-
terpolation among particle masses unless absolutely
forced to do so.

To summarize the spread of values obtained, we find
M (B,)=5345-5388 MeV M (B})=5400-5433 MeV,
M(B,)=6194-6292 MeV, M (B})=6284-6357 MeV,
M(A,)=5600-5630 MeV. The A, mass is based on a
guess regarding binding systematics in baryons, and is
less firm than the others. Previous investigations have
found M(3,) and M(Z}) not far above 5800 MeV.

TABLE IV. Comparison of mass predictions for baryons (in
MeV).

Reference M(A,) M(=,) M)
9] 5596 5859 5877
[10] 5640 5780 5820
[12] < 563030 > A,+168
[20] <5629 56705826 >5710
[21] 5580 5800 5841
[22] 590135 5970+20 5988+25
(23] 5547 5714 5766
[24] 5605 5815 5825
[25] 5620 5800 5820
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TABLE V. Summary of present and previous results. Pre-
dicted masses in MeV.

1~ mesons M(BJ}) M(B}) Reference
Quadratic 5418*38 6297113 Present work
Padé 542211 6330112 Present work
Log potential 5412410 6328138 Present work
Model independent 541010 6340t17  Present work
Overall range 5440-5433 6284-6357 Present work
Nussinov 634020 [3]
Regge trajectory 5420 6370 [5]
Godfrey-Isgur 5420 6310 [6]*
Byers-Hwang 5435 [7]
Martin 5408-5410 6318 (8]
Stanley-Robson 5400 6318 [91°
Bag model 5420 [10]
Rel. Corrs. 5360-5440 [11]

0~ mesons M (By) M(B,) Reference
Overall range 5345-5388 6194-6292 Present work
Regge trajectory 5360 6320 [5]
Godfrey-Isgur 5360 6240 (612
Byers-Hwang 5383 [7]
Martin 5353-5374 6250 [8]
Stanley-Robson 5360 6265 [97°
Bag model 5360 [10]
Rel. Corrs. 5300-5390 [11]

07-1" average M (b5) M (bt) Reference

Various potls. 5407-5413 6308-6318 [12]

?Scale offset by —30 MeV to agree with M (B).
®Scale offset by —28 MeV to agree with M (B).

Discovery of mesons outside the limits quoted above, in
our opinion, would cast serious doubt on the usefulness of
nonrelativistic potential models for anticipating the
masses of the states in questions.

In Ref. [2], two solutions were obtained for M (B;) and
M(B})=M(B,)+47 MeV, on the basis of models [26]
for production of B'*’ mesons in e te ™ collisions above
flavor threshold. In one solution, M (B,)—M(B)
=82.5%2.5 MeV. This solution is the one favored by
our result, which implies M (B;)—M (B)=88+22 MeV.
The other solution of Ref. [2], with M (B,)—M (B)
=12149 MeV, is disfavored by our result.
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APPENDIX

In the fitting of empirical or phenomenological rela-
tions to experimental data, one often faces situations in

which the experimental errors on the data points are
negligibly small; any discrepancies with data can only be
attributed to the crudeness or inaccuracy of the theories.
In particular, when the theoretical models do not provide
means of estimating “probable errors,” one is left without
a criterion for determining the goodness of the fits. Nev-
ertheless, one would like to be able to compare such mod-
els and/or make predictions or extrapolations with them.
In this appendix, we would like to concentrate on obtain-
ing reasonable error estimates on the fitted parameters
and any predicted quantities.

We start by assuming that a least-squares fit has been
performed by minimizing the quantity

S = é (yl_theory _yidata)2

i=1

(A1)

and that the minimum S_;, is obtained. Lacking a better
method, we next assume the individual deviations of
theory from data to be distributed randomly with com-
mon but unknown variance o2 It is obvious that
S min /0% is statistically distributed as a normalized y? dis-
tribution of v degrees of freedom, where v is the number
of data points minus the number of parameters deter-
mined from the fit. We write S,;, ~o**(v), where ~
reads is distributed as.

To find the error of a parameter, say, a, of the fit, we
follow the usual method of giving a various fixed values
and minimizing (A1) again to obtain S (a) as a function of
the parameter a. The difference dS =S (a)—S,,;, would
be distributed as o2y*(1), with one degree of freedom.
x%(1) is a well-known distribution and we only need to
find an estimate for o2. A naive way would be to assume
that we have an ‘“average” fit. Since (y*(v))=wv, we
have S,;,~o%v so that dS~x*(1)S;,/v or, approxi-
mately,

xi(1)

S(Q)NSmin ll+_—
v

(A2)

At the 1o level, or the 68.33% C.L., Y%(1)=1 and we
have

S(a)y,~Syn(1+1/v) .

We will see that this is not such a bad estimate for large
v.

To do a better job, we notice that ¢ drops out of the
ratio

dS /S in ~ X 1) /X)) .

The distribution of this ratio of y*’s is the well-known F
distribution defined as

2
X (v /v
Flv,v)=5——1. (A3)
X ('Vz)/'Vz
Thus, we have dS /S, ;, ~F(1,v)/vor
S(a)~S i 1+w (A4)
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The F distribution can be worked out from its definition
(A3), and integrals for 90% confidence level upward are
tabulated in all statistics textbooks. We have calculated
values corresponding to 68.33% C.L. and the results are
shown in Table VI. Notice that, for v> 5, (A2) is a rather
good approximation. In fact, F(1,v)—x2(1) as v— o so
that (A2) reduces exactly to (A4) at large v.

Quantities predicted by the model depend on all of the
fitted parameters. Instead of finding the errors and corre-
lations of all the parameters and then doing error propa-
gation properly, we can treat the predicted quantity as
one of the data points and do something very similar to
what we have discussed. To be more specific, let us as-
sume that, for a certain value of x our model predicts a
value y(x)=b,;,. Values b different from b, ;, are as-
signed to y(x) and added to the original data set as the

TABLE VI. The 68.33% C.L. of S(a)/S,,, for the variation
of a.

v 1+F(1,v)/v 1+x3(v) /v
1 4.391 2

2 1.876 1.5

3 1.479 1.333

4 1.327 1.25

5 1.247 1.20

(n +1)th data point 232 =y (x)=b. The quantity S in
(A1) is then minimized to obtain S(b) with the sum now
going from 1 to n +1. The difference dS =S(b)—S,,;,
will again have the property dS~o?y%(1) so that
S(b)~Sin(1+F(1,v)/v).

*Present address: Department of Physics, University of
Texas, Arlington TX 76019.
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