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We present a systematic study of potential long-baseline (distances )300 km) neutrino-oscillation
experiments performed with v„and v„beams from the Fermilab Main Injector ((E„) 10—20
GeV). The effects of matter enhancement are included where appropriate. We find that there are
three key variables for such an experiment: the length of the baseline, the muon energy threshold,
and the minimum measurable oscillation probability. An advantage in one of these variables can
easily be negated by a disadvantage in one of the others. Finally, for any long-baseline experiment
at these energies to conclusively confirm or refute the interpretation of the atmospheric neutrino
deficit as neutrino oscillations it must have a low energy threshold and a low minimum measurable
oscillation probability.

I. INTRODUCTION

The recent indications of a deficit in the v„Aux of at-
mospheric neutrinos and the long-standing solar-neutrino
problem have motivated new searches for neutrino oscil-
lations with small neutrino Am2 (( 1 eV~) [1]. The
neutrino beams available from the I'ermilab Main Injec-
tor [2] will provide a unique laboratory for the study
of such effects. They will be intense, well-understood
beams with neutrino energies from 10 to 50 GeV and
by constructing experiments at large distances (hundreds
of kilometers) the experiments can probe regions of pa-
rameter space relevant to these puzzles. One feature of
such experiments is that the neutrino beams would pass
through the Earth's crust, permitting matter enhance-
ment to affect the oscillations. This paper addresses the
physics accessible at such experiments. We first review
the phenomenon of neutrino oscillations with an empha-
sis on matter enhancement; next we describe the likely
experimental errors and conclude with a description of
the potential power of such searches. We find that the
ability of experiments to search for matter enhancement
must include excellent systematic controls or these effects
cannot be detected [3].

II. REVIEW OF NEUTRINO
OSCILLATION PHENOMENOLOGY

A. Review of neutrino oscillations in vacuum

. d vo& gK'+ m' p ) t'vilol=v,o y P QI~'+ m,') o I (2.2)

(2 3)
where Amo = m2 —m& and the minus (plus) sign is
for the 1 (2) eigenstate. Notice that in this expression
[I&+ (mi +m2)/4I&] is common to both mass eigenstates
and can be removed by changing the overall phase of the
neutrino state by an amount

(2.4)

After this change of phase the time evolution is governed
by

(2.5)

In general the vacuum mass eigenstates are not iden-
tical to the flavor eigenstates but are related by

:I =(-"::)(:;)
where 00 is the vacuum mixing angle. In this flavor basis
the time evolution is

In the ultrarelativistic limit we can use the approxima-
tion that

m', + m', & Am(')

The time evolution of an ultrarelativistic plane-wave
neutrino state propagating in a vacuum with momentum
IC in the mass-eigenstate basis is given by the trivial
relation

2
sin20, (v,

2

~~' cos 20o)

(2.7)

(v(t)) = vo(t) )vo) + v'(t) ~vo). (2.1)

The Dirac equation for this state reduces to the
Schrodinger-type equation

From Eqs. (2.5) and (2.6) it is easy to calculate the
probability of producing one fl.avor of neutrino v~ at the
source, letting the neutrino propagate to the detector, a
distance I away, and then detecting the neutrino as a
different Aavor vp. This transition probability is
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Psy = slI1 20p sin
~

l.27
Em2oL

(2 8)

where Amo2, Ix, and I are measured in eV, GeV, and
kilometers, respectively (we use these units through-
out). The experiments measure this probability and
either measure a finite value for P,~ or assign a limit( 6; the value of e, the neutrino energy spectrum,
and the source-to-detector distance then define a region
in the (sin 20u, Amo) plane for each experiment. This
e should be thought of as a minimum measurable oscil-
lation probability for the experiment;.

The size of e, or the limit in our ability to measure
Pst„arises from four sources (assuming the statistical er-
rors are small compared to the systematic uncertainties):
(1) the contamination of the beam with other neutrino
species, (2) the fractional uncertainty in the neutrino flux
calculations, (3) the knowledge of the experimental ac-
ceptance for the different neutrino species, and (4) back-
grounds to the vy signal; we discuss these issues in Sec.
II. Then for large Am~&an experiment can explore any

sin 200 P 2 E. (2.9)
The factor of two comes from averaging the
sin (1.27Amo~ I,/I~) term in Eq. (2.8).

For sin 200 — 1 the limit on the mass difkrence
squared is

assuming e (( 1. Note the momentum factor in the nu-
merator as this will be important to us later. For smaller
sin 200 a good approximation to the probability contour
is a straight line with slope —

&
in a log-log plot in the

(sin 20o, b, mo) plane until this line intersects the verti-
cal line from Eq. (2.9). In Fig. 1 this region is shown for
various values of I and c keeping the neutrino momentum
fixed at 20 GeV.

B. Neutrino osci11ations in uniform matter

+V2GF N, . (2.11)

Once again it is convenient to make the diagonal elements
of the evolution matrix equal in magnitude but opposite
in sign by changing the overall phase of the neutrino state
by

. Gy N, tl
exp

~

~

2
(2.12)

The eKect of matter on the neutrino evolution is seen
easily in the flavor basis. The electron neutrino can elas-
tically forward scatter ofF the electrons in the matter
through the charged-current interaction [4] whereas the
muon neutrinos cannot. The term that must be added
to the top diagonal element of the evolution matrix in
Eq. (2.7) is [5]

~e I~

1.27 L ' (2.1O) Then the neutrino evolution equation becomes

2
sin 200

d ( vg ) 1 I
—2' cos 200 + ~2G~&g

dt (~) 2(
2~' sin 20o ('v, )

2~" cos 20o —~2G~N, j E~o)
(2.13)

If N, is a constant or simple function this evolution equa-
tion can be solved analytically; otherwise it must, be in-
tegrated numerically.

For uniform matter the matter mass eigenstates are
the natural basis. They are obtained by finding Arnj2

and 0~ such that

Am~o
cos 20~ = — . cos 20o —V 2G~N„2K

Am~ . Emo. sin26r = sin20o,2'

(2.14)
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FIG. 1. The approximate range in the (sin 280, Amo) plane for experiments in vacuum with e = 1Fo, 3%%uo, 10%, for
distances of 300, 600, 1200, 3000, 6000, and 9000 km (from top to bottom) with a 20-GeV neutrino or antineutrino beam.
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FIG. 2. The approximate range in the (sin 28o, Amo) plane for experiments in the Earth's crust (solid curve) with e

1'%, 3%, 10%, for distances of 300, 600, 1200, 3000, 6000, and 9000 km (from top to bottom) with a 20-GeV neutrino beam.
The dashed curves give the ranges in the (sin 28', AmN) plane. Recall that the (sin 28', AmN) contours are identical to
the (sin 280, Arno) contours for the corresponding vacuum experiment (the same L/E but no intervening matter).

where 0~ is the matter mixing angle that determines the
matter mass eigenstates in terms of the flavor eigenstates:

'P
q

—sin 28N sin 1.27—~ Q ~

K (2.19)

(vP l cos 8N sin 8N (v~ ~

q v2N ) —sin 8N cos 8N q v„p
' (2.15)

In terms of these matter parameters
(sin 28N, AmN ) the limits on the experiment are the
same as before:

Am~icos 200

21~ ~2G~
The time evolution in terms of these mass eigenstates is

(2.17)

(&N) 1 ( &ma
O ) (&No,--) & ~

(2.18)

From Eqs. (2.15) and (2.18) it is easy to see that the
form of the transition probability is the same as before

[Eq. (2.8)], but with the matter angles and matter mass
diA'erence squared replacing their vacuum values:

The resonance density is the density which makes the
diagonal elements of Eq. (2.13) zero and hence maximally
mixes the two neutrino species

0~ ——— (2.16)

sin 20~ &2 ~

and

(2.20)

LIP/ ) e

+E Ix
(2.21)

In terms of the (sin 28o, Amo) plane we have to use
Eq. (2.14) to make the transformation between the two.
This is straightforward except in the case that cos 20~ is
negative. This occurs when the number density of elec-
trons is larger than the resonance density of Eq. (2.17).
In Figs. 2 and 3 the mapped regions for v and v are
shown together with the region explored in the vacuum
for various detector distances, I, and limits on system-
atic uncertainties e, for fixed momentum I~ = 20 GeV.
The number density of electrons N, is calculated using
the average density times proton fraction for each chord
in the Earth's mantle. The average density along the
various chords used varies from 2.7 to 4.5 g cm [6], but
the root-mean-square variation is less than 15'%%uo of the
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FIG. 3. The approximate range in the (sin 28O, Amo) plane for experiments in the Earth's crust (solid curve) with c

1%, 3%, 10%, for distances of 300, 600, 1200, 3000, 6000, and 9000 km with a 20-GeV antineutrino beam. For an explanation

of the dashed curves, see Fig. 2.
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FIG. 4. The approximate range in the (sin 28o, Amo)
plane for the fallowing conditions: I. = 6000 km and e

3% with the energy of the beam E = 30 GeV (upper curve)
and E = 10 GeV (lower curve), for (a) neutrinos and (b)
antineutrinos, assuming Amo & 0, For an explanation of the
dashed curves, see Fig. 2.

C. Antineutrino-oscillation
experiments in uniform matter

For antineutrinos propagating through matter, the sit-
uation is the same as for neutrinos but with

~2GF N, v2GF N, . — (2.23)

Figure 4(b) is the same as Fig. 4(a) except for antineu-
trinos instead of neutrinos. We have implicitly assumed
Amo is positive; if it is negative then the roles of neutri-
nos and antineutrinos are reversed.

III. EXPERIMENT

average density for that chord. None of the chords used
enter the Earth's core.

If we fix the detector distance L and the minimum
measurable probability e but vary the momentum K the
plot is scaled up or down without any change in shape.
This is because the bulge on the left of the plot is caused
by the mass difference being close to the value needed for
resonance

2I& ~RGB N,
fTL 0 2.22

go

This Lm& scales with momentum in exactly the same
way as does the minimum Amos of Eq. (2.10). The size
of the bulge is determined by the distance between the
source and the detector and the number density of elec-
trons in the mantle of the Earth. Figure 4(a) is an exam-
ple of the same experiment with two diA'erent rnomenta
for the neutrinos, all other variables held fixed.

with a small admixture of v, . Hence appearance exper-
iments at accelerators have concentrated on the oscilla-
tion v& ~ v, and disappearance experiments have stud-
ied v& ~ v~. A v, appearance experiment requires a
well-understood initial v, Aux and detectors capable of
precise detection and isolation of the v, component. The
experiments have been limited to P(v„~ v, ) ) 0.5%
by backgrounds to the v, signal and uncertainty in the
initial Aux.

Disappearance measurements from v& use two detec-
tors at different locations: the first detector measures the
v& flux in the beam. The observed rate in the upstream
detector is then used to predict the rate in the second,
downstream detector. After correcting for solid angle,
acceptance, and other effects the experiment searches for
a dependence of rate with I/E Here. the detectors need
not be as complicated because muons, detected in both
locations, are easier to identify than electrons. This class
of experiments has been limited by the statistical error in
the second detector; in order to reach an interesting range
of I/E, the second detector must be well downstream of
the first, but then the smaller solid angle of the second
detector results in correspondingly fewer events.

No accelerator experiment, given the combination of
experimental errors, beam energies, and distances, has
been able to search for oscillations with Arn 0.1 eV;
experiments at reactors have been able to reach Lmo2

0.01 eV2, but only for large mixing angles [8].
The atmospheric neutrino deficit described earlier may

indicate oscillations with either 452 10 +0 eV Qr

Am„10 + eV with sin 20 ) 0.2 [9, 10]. This re-
gion of parameter space is up to an order of magnitude
below existing searches. The evidence for oscillations pre-
sented by these experiments is not conclusive because of
a variety of systematic errors; a well-understood beam
with a known spectrum would be invaluable in confirm-
ing or refuting the idea that neutrino oscillations are re-
sponsible for the effects. This situation has motivated
suggestions for experiments using the intense neutrino
beams available at the Fermilab Main Injector [2, 11]. In
order to reach the relevant region, the experiments must
search at large I/E; hence the name "long baseline. "

The Fermilab Main Injector neutrino beams will have
energies of approximately 10—50 GeV with a mean of 16
GeV; a typical spectrum is displayed in Fig. 5. Values
of I (baselines) of more than a few hundred kilometers
are then required to map out the interesting region. In
this paper, we choose two values of L motivated by a
range of possible experiments: 600 and 6000 km. The
Main Injector neutrino beam will yield approximately
800 events/ktonyr for a detector with solid angle of 1
nsr; a one-year run at the Main Injector would provide
2 x 10 protons [2).

Oscillation experiments are one of two types: appear-
ance or disappearance. Appearance experiments search
for the presence of a particular species of neutrino where
none was expected. Disappearance experiments measure
the Aux of a given species at two or more locations and
search for a variation with I/E [7].

High-energy neutrino beams are generally & 9570 v„

A. Disappearance experiments

The suggested disappearance experiments will measure
the initial v„ flux at some short distance ( 0.6 km) with
high statistics and then remeasure it a distance I down-
stream. One interesting proposal is to use a proposed
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FIG. 5. The v„and v~ spectra used in the calculation. The events have been weighted for the linearly rising neutrino and
antineutrino cross sections. The incident proton energy at the Fermilab Main Injector is taken to be 120 GeV.

v& ~ v search [12] as the near detector, combining a
variety of oscillation experiments along one beam line;
in this case, the errors on the initial measurement can
probably be kept to +1%.

The second measurement, at the long-baseline detec-
tor itself, has a variety of systematic errors. We do
not present an exhaustive list, but concentrate on those
which we think will determine e.

This class of experiments will form a ratio to give the
change in muon-neutrino flux. The numerator is derived
from the number of charged-current interactions taking
place in the surrounding medium where the resulting
muon passes through and triggers the detector; we de-
note the acceptance for these muons by A„. The v& flux
is then

and the systematic error is the error in the acceptance
A&. The rate of v& interactions in the upstream detector
(which we take to have negligible error for simplicity)
can then be used to predict the flux in the downstream
detector to search for oscillations.

Measurements of the absolute flux of parent m''s and
K's in neutrino beams are typically no better than a few
percent and are notoriously diFicult, to check. It is there-
fore unlikely that a signal for v„disappearance could be
established by comparing the observed v& rate to the
Aux-normalized prediction. A measurement of v& +-+ v,
based on a prediction of the initial v, /v& fraction could
have significant systematic errors arising from errors in
the simulation of the beam-defining train. The history of
such experiments leads us to believe that an upstream de-

tector which sr'muttaneous/y measures the v& flux and/or
v, fraction is essential.

The value of A& and its energy dependence are func-
tions of the individual experiment, . The nature of the
detector and of the surrounding medium will determine
how well these acceptances can be understood. One im-
portant variable is the threshold energy for the detection
of a muon; a large detector may require a correspondingly
larger threshold energy unless the detector is densely in-
strumented.

Internal checks on the acceptance will be problem-
atic because of the small statistical samples available.
Depending on distance, between 100—6000 contained
events/yr are expected in prototypical detectors and al-
though the statistical limits on e are good, the statisti-
cal limit on estimation of the systematic errors will be
no better than 1—3%. The experiments normally quote
90% C.L exclusion contours, and so we choose a range
of e which reflect likely 90% C.L. limits. A limit of 1%
seems the best which is ideally achievable given that nei-
ther the flux nor the acceptance error is expected to be
smaller than 1%, and a reasonable worst-case error is c
= 10% at 90% C.L. We have also chosen to present e =
3% as a "middle" value.

B. Appearance experiments

An appearance experiment is a far more convincing
method of demonstrating neutrino oscillations than a dis-
appearance measurement. We discuss below two possible
modes for an appearance search.

First, the ability to distinguish v, from v& neutral-
current events would permit searches for v„~ v, ap-
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pearance. A combined appearance-disappearance signal
in one experiment would be strong evidence for an oscil-
lation signal. All of the suggested detectors are in prin-
ciple capable of performing a v„+ v, search but with
less reach than in the disappearance channel. The exper-
iments are difIIcult and require specialized apparatuses
designed for such a signal. The technique has been stud-
ied in v, appearance searches at BNI [7]. One major
source of error, which creates stringent demands on the
detector, is z production in the shower with subsequent
e+e pair production; either of the e+e tracks can eas-
ily be confused with a v, charged-current signal. The
other source of error, the v, contamination in the beam,
will have been measured in the upstream detector, al-
though extrapolation from the v, content at 600 m to
the fraction at 600—6000 km will require a well-measured
targeting angle and accurate geodesy.

It may also be that the most interesting channel is
not v„~ v, but v& &-+ v . Small Am„, values could
explain the atmospheric neutrino deficit. Although mat-
ter enhancement plays no role in the v„~ v channel,
the long baselines available permit searches for oscilla-
tions at small Am~ . Such an experiment would be an
invaluable addition to v& ~ v, searches. A signal in
this channel would be difficult to isolate, because the
charged-current interaction v, N ~ 7X, followed by the
decay 7. —+ pv&v„, would produce a muon dif5cult to dis-
tinguish from the muons resulting from the predominant
v& N —+ pX reaction.

An experiment capable of cleanly distinguishing
charged- from neutral-current events could search for
v„~ v, oscillations through a deviation of the observed
R = o(v&, NC)/o(v„, CC) from the expected value. R
is currently known to ( 2.0% and significant improve-

ments are forthcoming from deep-inelastic measurements
of sin 0~ at Fermilab [13, 14]. The measurement of the
numerator of R, would rely on 7. decays into hadrons.
These decays would look like neutral-current events, and
hence will cause an increase in the ratio over that ex-
pected by standard model electroweak processes, signal-
ing oscillations. A simultaneous measurement, of R, in a
smaller but otherwise identical upstream detector would
remove many systematic diNculties and makes this a
promising technique.

In order to determine the denominator o (v, CC), the
experiment would detect charged-current interactions by
observing the muon exiting from the hadronic shower;
the detectors would need suKcient fiducial mass along
the beam direction to absorb the shower and then detect
the exiting muon. The analysis techniques have been
carefully studied in measurements of R„at the Fermi-
lab and CERN experiments [15, 16] and extrapolation to
the lower energies (50—100 GeV neutrinos for the old ex-
periments vs 10—20 GeV at the Main Injector) would be
straightforward. Such an experiment would also have the
significant advantage of forming f, with solely contained
events, where the knowledge of t, he acceptance and con-
trols over systematic efkcts would be far greater than for
interactions taking place in the surroundings.

IV. RESULTS AND CONCLUSIONS

A detailed evaluation of the systematic errors in long-
baseline oscillation experiments is beyond the scope of
this paper. Our approach has been to assume a probabil-
ity c and calculate the attainable limits; we hope this will
stimulate the experiments to meet these levels and pro-
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FIG. 6. The excluded region in the (sin 280, Amo) plane for v~ ~ v for L = 600 and 6000 km with e = 1, 3, and 10%
and muon-detection thresholds as shown.
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vide a quantitative sense of the potential measurements
of matter-enhanced oscillations [17].

We have calculated the limits with v& and v@ spectra
given in Fig. 5. The neutrinos and antineutrinos then
produced muons through charged-current interactions
using the appropriate y distribution for deep-inelastic
scattering [18].

The acceptance for muons is a complicated and
experiment-dependent quantity. We modeled it with a
0 function; if the muon energy was less than 5, 10, or
20 GeV (each of three cases) the muon was considered
lost; for energies greater than the appropriate value the
acceptance was assumed perfect. The neutrinos oscil-
lated according to Eq. (2.13) and a grid of probabilities
was then calculated, leading to the contours. We have
included the eA'ects of the varying density of the Earth
by integrating this equation over the chords of interest;
4p/p ( 15% and the effects are small [6].

We first present the results for v& +-+ v, oscillations.
Since these oscillations are unaffected by matter enhance-
ment, the contours scale in a simple way. We plot
v& ~ v, contours at 600 and 6000 km for e = 1%, 3%,
and 10% in Figs. 6 and 7 for neutrinos and antineutri-
nos, respectively. These figures are very similar but differ
slightly due to diferent spectra and y distributions for
the neutrinos and antineutrinos.

The results for v& +-+ v, oscillations at 600 and 6000 km
are shown in Fig. 8 for neutrinos and Fig. 9 for antineutri-
nos. We see immediately that for a given experiment the
region of sensitivity is enlarged due to matter enhance-
ment for neutrinos and reduced by matter enhancement

for antineutrinos. Both of these eAects could be investi-
gated in an appropriate experiment. However, the statis-
tics of an antineutrino run would suR'er from the smaller
cross section (cr„-/o„0.5) and from a less intense v„
beam; hence an antineutrino experiment would need to
run for six times as long as its neutrino counterpart to
achieve the same statistical power.

Finally, the region of sensitivity of any long-baseline
experiment could be greatly reduced by increased sys-
tematic errors and/or higher energy thresholds. As an
example of this, we have compared two idealized experi-
ments in Fig. 10 which diA'er only in their distance from
the source. We vary systematics and energy thresholds to
determine the sensitivity vs distance for the possible os-
cillation modes v„~ v, v„~ v„and v„+-+ v, (v„~ v,
would be almost identical to v„~ v, ). The solid and
dotted-dashed curves show the neutrino-oscillation con-
tours for 600- and 6000-km experiments where both have
a 5-GeV muon energy threshold and e = 1%. The 6000-
km experiment has an extra region of accessible param-
eter space for v& ~ v, v„~ v, , and v„~ v, arising
from Che greater distance and matter-enhanced oscilla-
tions. For v& ~ v, osciHations matter enhancement re-
duces the region of sensitivity and thus the advantage of
the 6000-km experiment is marginal in this channel.

The above discussion assumes that the systematic ef-
fects would be independent of L. However, as we have
argued, the systematic errors and thresholds are likely to
be worse for the longer-baseline experiment. The dashed
contours of Fig. 10 show the regions for a 6000-km ex-
periment with a 10-GeV muon detection and threshold
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FIG. 9. The exclusion region in the (sin 280, Amo) plane for v„~ v, oscillations in the Earth for I = 600 and 6000 km
w'ith e = 1, 3, and 10 Pp and muon-detection thresholds as shovrn.
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and e = 3%. Now the advantages of the longer-baseline
experiment are clearly reduced. In addition, the statis-
tical errors of the 6000-km experiment would be much
larger than the same experiment at 600 km. The change
in solid angle would reduce the data sample by a fac-
tor of approximately 100, yielding no more than 8
events/ktonyr; to ensure an equal statistical sample, a
larger detector and jor a proportionately longer running
time are required. Hence any long-baseline oscillation ex-
periment must have low-energy detection thresholds as

well as overcome both statistical and systematic barriers
to be successful. While such difhculties could undoubt-
edly be managed, they present formidable experimental
hurdles.
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