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W radiative decays and the determination of magnetic dipole
and electric quadrupole moments of the W
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The magnetic dipole moment of the 8'boson is given by p =e(1+re+ A, )/2M~ and its electric quadru-
pole moment is given by Q = —e(lr —A, )/M~. A nonstandard magnetic dipole moment and a nonstand-
ard electric quadrupole moment lead to different differential decay distributions in the radiative decays
of 8'—,8' chevy and 8' ~duy. While hard photons are characteristic signatures of ~&1 there is no
such explicit signal for A,WO. We present a technique for the determination of the values of ~ and A, by
measuring the total number of events in two regions of phase space. This experiment could be done at
the CERN e+e collider LEP II, where a clean source of 8'bosons will be available.

A few years ago it was discovered [1] by Mikaelian,
Samuel, and Sahdev that the angular distribution for
du ~W y (ud~W+y) vanishes at a certain angle pro-
vided the magnetic moment of the W—has the gauge
theory value p=e/Mn . They proposed using this pecu-
liar behavior in pp and pp collisions, pp or pp —+8'—yX,
where a dip persists, as a means of measuring the magnet-
ic moment of the W. Subsequently it was shown [2] that
these radiation amplitude zeros (RAZ's) are due to the
complete destructive interference of the radiation pat-
terns of the processes that contain one real photon, only
like-sign charges, and g =2 for all particles with spin.
These zeros are quite remarkable —the lowest-order am-
plitude vanishes for each spin state and the position of
the zero is independent of photon energy.

Such zeros occur in a variety of processes, including
the radiative W-boson decays W ~dug (W —+udy)
and W~evy, which we write as 8'~q, .q.y. Grose and
Mikaelian [3] have shown that these processes have a
RAZ if g =2 for the W. These previous calculations did
not consider an electric quadrupole moment (EQM) for
the W which is included here. The most general CP-
conserving WWy vertex is given by Kim and Tsai [4],
and depends on the two parameters k and ~. The
standard-model (SM) values are X=0 and tr= 1. The elec-
tric quadrupole moment and magnetic dipole moment are
given in terms of these parameters as

—e (Ic—A, )

Mw

and

e (1+tc+A, )p=

respectively.
The previous calculations, referred to above, all as-

sumed A, =O. For the SM Uahues, ~= 1 and A, =0, we have

—e e

2Mw
p— (3)

and the RAZ is preserved. An experiment to measure ~
and A, could be done at the CERN e+e collider at LEP
II, where a clean source of Wbosons will be available. It
would be much more dificult at hadron colliders where
the Daltz plot would be contaminated by background
events.

We shall consider the general case and allow ~ and k to
vary from their SM values. Consider a general process

W (P)~q;(p;)+q, (p, )+y(k), (4)

where Mw, m;, and m are the masses of W, q;, and q,
respectively, and P, p, , and p are their respective four-
momenta, and k is the photon four-momentum. The fer-
mion electric charges are Q; for q; and Q for q~. In this
paper we shall consider q, ,q to be light quarks or lep-
tons:

X=, Y=2(p;+p ) k (p; —p ) k

M (p;+p. ) k

These are generalizations of the variables used by Samuel
and Tupper [6] and have several advantages over the
variables used in Ref. [3]. These variables are related to
the conventional variables t and u by the simple relations

t+u t —u
M2 t +u

The RAZ (for tr= 1 and A, =0) occurs at

m,. /Mw «1, m /Mw

i.e., the massless limit. We choose to work with the vari-
ables [5]
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J

Q;+Q,
'

which is independent of X or the fermion masses M. ore-
over in the W center-of-mass frame, X is simply the
scaled photon energy:

2EX=
W

The lowest-order partial differential decay rate in the
massless case is

a
2'

r

1 —X —X (1+Y )/4
X(1—Y )

XY 2 X (1—Y )(1+X)

+gA, +&2X(1 X)(3—Y ) 2 X(1—X)(2XY —Y —2X+3)
16 32

(10)

where

N, aM~
12sin Oz

with the color factor N, =3 for the quark case and N, = 1

for the lepton case, and the zero factor

Z=(Y —Q); (12)

V~ is the Kobayashi-Maskawa (KM) matrix element and

Y/
—K 1 (13)

In the massless limit, the interference of A, and SM terms
vanishes and the variables X and Y lie in the range

0&X&1, —1& Y&1 . (14)

It can be seen explicitly from Eq. (10) that, for the SM
values, g =k =0 the differential decay rate has an RAZ at
Z =0 or Y =Q. Our results agree with the previous cal-
culations [5,6] when X=0.

In the following we will present a way to determine ~

and I,, and, hence, the magnetic and quadrupole mo-
ments of the 8'boson, from radiative S"decay measure-
ments. We show the contributions of the various terms
in Eq. (10) in the form of scatter plots in X and Y, where
the density of the marks is proportional to the magnitude
of each term. The scale used is such that the number of
marks in each square of size hX =0.1 and AY=0. 1, di-
vided by 300, equals 8 I /BXBY. We first consider the
decay 8'+

~ugly.

The RAZ for this process occurs at

Y —
Q

—+ I

(For W ~du y it occurs at Y = —
—,'.) Figure 1 shows

the contributions from the SM term [first term in Eq.
(10)]. The RAZ at Y= —,

' is clearly seen. Figure 2 shows
the contribution of the g term, for g=9. The coefficient
of this term is large close to X = 1. Figure 3 shows the A,

contribution, for A. =10. The coefficient of this term is
significant in the range 0.2&X «0.7. Figure 4 shows all
the terms in Eq. (10). It can be seen that the separate
terms are confined to separate parts of the scatter plot
and can, in principle, be separated.
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FIG. 1. Scatter plot for 8'+judy in X and Y for the SM
term.

FIG. 2. Scatter plot for 8'+ —+udy in X and Y for the q
term.
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FIG. 3. Scatter plot for 8'+~udge in X and Y for the A,

term.
FIG. 5. Scatter plot for W+~e+vy in X and Y for the SM

term.

For the decay W+ —+e+vy or W —+e vy the RAZ
occurs at

Y= =1.
Figure 5 shows the SM contribution. The RAZ at
Y =+1 is clearly visible. Figure 6 shows the sum of all
terms (i.e., total contribution). Again the separate terms
are confined to separate parts of the scatter plot and can,
in principle, be distinguished. The g and A, are the same
as in the W+ —judy case, shown in Figs. 2 and 3, respec-
tively.

Events with hard photons (i.e., E=M~/2) come dom-
inantly from the g terms in Eq. (10). Such hard-photon

events are signatures of new physics —in particular, they
would indicate rlAO (Ir&1). Thus by cutting close to
X = 1, the value of g can be determined as long as A, (g
(see Figs. 4 and 6). The absence of hard photons does not
necessarily indicate that the W is a standard-model bo-
son. A signature for A, WO is not so explicit, and its value
much harder to extract. In the range of phase space
where the A, coefficient is most significant, there is also a
sizable g-A, interference term, which does not allow a
similar determination of the parameter A, .

We present below a technique for the determination of
both g and A, , by estimation of the number of events in
two separate regions of phase space. We integrate the

Y 000-

1.00—
~&+ m+ ~g & ~~~ so~ o

+ ~ & ~k ~A 0 80 0
o

0.50— q o
~o Q ~ P, o

ohio
o ooo

o o~a @ cn g ~ oa oo

0 0
a I-l 0 O

00 0 0
++ 0 & 0

+ 00++ + +0 ~0 + 0+&0+a ~ n) ZB 0 ~ 0 0
~+.D o +~ +«0&0~ ++ 0 ~- 0 0

0 0
0&

Q+ + Q 4~ gO + + +

0.00 0.20 0.40 0.60 0.80 1.00

1.00— 0 0o ~cz)
0

0 0
+ oo 0 0

Rg, 8, & & o
+a ~o&& ~op o~o

0.50- ~& ~ P~ gd o& o ~ o4
+ Aa 0 +~ ~ & 00

+' h &&~o~o &o ~oo g
++ Q 0 ~ 00A++ ~ AZg+ OO 0 0 Z &0~ 0

—$ QQ . . .. W4P+~W~ ~+~ vw~Cw.
0.00 0.20 0.40 0.60 0.80 1.00

FIG. 4. Scatter plot for W+ —judy in X and Y for the sum of
all the terms (total). The codes used are AA EAE, qA, interfer-
ence; 0Ã&00, ASM interference; o o o o o, vP;
+++++,SM .

FIG. 6. Scatter plot for 8'+~e vy in X and Yfor the sum
of all the terms (Total). The codes used are AB AGA, gA, in-
terference; 00000, ASM interference; o o o o o, rI';

0~~~, A, ; +++++,SM .
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differential width in Eq. (10) over two different regions of
phase space, specified by cut I and cut II, and normalize
it with respect to I ( W~ev) to get the number of events
n, and n&& in the respective cut regions. In each case we

get a quadratic form in g and A, , which results in an el-
lipse in the g-A, plane. Corresponding to the different
number of events, we get a series of concentric ellipses.

In the leptonic decay mode 8 chevy, we choose the
two cuts as

cutI, E, 02G V, Ey 5G V, Oy 5

cut II, E, ~0.2 GeV, Ez ~20 GeV, O,z
& 130';

(16)

where E„E are the electron and photon energies, and

0, is the angle between the electron and the photon. Cut
I is chosen to include almost the entire phase space, ex-
cept the singular points in Eq. (10), and to account for the
experimental resolutions. To reduce errors in determina-
tion of g and A., cut II is optimized so that the angle be-
tween the major axis of the two sets of ellipses is maxim-
ized and yet there are enough (observable) events. The
integrations in the above specified regions results in

n, =NB ( 168.5+7.45' —0.08g+0. 19K,2'
+0.53gA, ) X 10

n&&=NB ( 15.54+7.27') +0.59g+0. 39K,

(17)

+1.21gA, ) X 10

where N =100000 is the total number of 8"s produced
and B is the branching ratio for W —+ev (B =0.11).
The ellipses corresponding to various values of n

&
and n&&

are plotted in Fig. 7, where the solid line ellipses corre-

cut I Eq (E )~1 Gev Oqz (8 )~20

cut II, Eq (E~)~0 4M~, 8. ~110
(18)

where Eq (E ) are the quark (antiquark) energies, 0
q

(8 ) is the quark- (antiquark-) photon angle, and 8 is
qr qq

the angle between q and q. Again cut I includes almost

spond to cut I, while the dashed ones to cut II. If g and
A, are both zero, i.e., from SM alone, one finds n, =215.3.
One would therefore expect a minimum of 216 events.
Once the number of events n& and n» are measured the
bounds on g and A, can be read off from Fig. 7. Further,
the intersection points of the two sets of ellipses would
yield exact solutions for g and k. For example, the four
points of intersection of the ellipses labeled 240 and 5
give the four possible values of g and k:

(i) r)=1.44, A, = —7. 15,
(ii) g= —1.40, A, = —3.38,
(iii) g=1.48, A, =2.43,
(iv) g= —1.35, A, =7.78 .

To narrow down the correct value from the four
members of the set would require at least one more con-
straint equation of the type Eq. (17). We note that the
values of g and A, determined would have a spread due to
statistical errors in the number of events. Consider the
interesting scenario where no events are observed in
the cut II region. With 90% C.L. this means n» ~2.3.
This would yield the values —0.66 ~ g ~ 0.60 and
—2.72~ A, ~2.73, allowing us to probe very close to the
SM values.

A similar procedure is carried out for the quark decay
mode. In this case we choose the cuts
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FIG. 7. Contours for number of events in the g-1 plane for
8'~evy. The larger numbers correspond to ellipses with solid
lines obtained from cut I, while the smaller numbers correspond
to the dashed ellipses of cut II (see text for details).

FIG. 8. Contours for number of events in the g-A. plane for
8'+judy and 8' judy. The larger numbers correspond to
ellipses with solid lines obtained from cut I, while the smaller
numbers correspond to the dashed ellipses of cut II (see text for
details).
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the entire phase space, except the singular points and ex-
perimental resolutions. Here we cut at higher quark (an-
tiquark) energies and quark- (antiquark-) photon angle
due to restrictions on jet identification. These more
stringent cuts result in substantial reduction in the num-
ber of events in comparison to the lepton case. We once
again optimize cut II as in the lepton decay mode. The
two cuts result in the following number of events:

n, =NB ( 13.1+5.28' —0.63g+0. 14K,2'
+0.36rii, ) X 10

rln =NB ( 2.63+5.50ri —0.59' +0. 12K,

(19)

+0.52qA. ) X 10

where B is the branching ratio for W—+ev. The ellipses
for X = 100000 are shown in Fig. 8.

We wish to emphasize that the determination of the pa
rameters g and A, does not require explicit identtfication of
the up-type jet and down-type jet, nor the distinction be-
tween the processes W+ —judy or W —judy. To en-
sure this, cuts on events required for measuring g and A,

have to be symmetric in t and u; the phase-space distribu-
tion of W events can be obtained from that of W+
events by a t~u(X~ —X) exchange. To estimate q and

A, we only need to know jet energies and opening angles.
Finally we would like to comment on the experimental

situation. In the case of the hadronic decay mode, the
RAZ occurs in the interior of phase space (Y=—,', for
W+

judy�),
while for the leptonic decay mode it is on

the edge of phase space ( Y =+1, for W+~e+vy).
However, experimentally, the leptonic decay mode is
cleaner. This experiment could be done at LEP II where
a clean source of Wbosons will be available via the reac-
tion e+e ~W+W and where the 8 s are produced
nearly at rest.

It will therefore be possible to test the W to see if it is
really the SM W boson with a=1 and A, =O and to ob-
serve the RAZ's. Our aim here has been to present a gen-
eral technique for determining the values of g and k from
the relatively smaller number of W's produced (even
without having the full spectrum). Some recent related
work can be found in Ref. [7] and references therein.
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