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Radiative corrections to B(Z = bb) in the minimal supersymmetric standard model
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We examine one-loop vertex corrections to the process Z~bb in the minimal supersymmetric stan-
dard model. The amplitude for this process may be enhanced by large Yukawa couplings which arise in
the ease of a heavy top or a very large value of tanP. This leads to the possibility that supersymmetry
might be observed indirectly by precision measurements of B{,Z~bb ).

I. INTRODUCTION

A precise measurement of the decay rate for Z~bb
has a number of advantages as an indirect test for physics
beyond the standard model. It is well known that a
heavy top quark gives large contributions to the Z partial
widths through its appearance in vacuum-polarization di-
agrams. These corrections grow as m, , but, since they
appear only as an overall rescaling of the partial widths
and a renormalization of sin 0~, these effects are essen-
tially universal among fermion species. However, the de-
cay to bottom quarks receives an additional, unique
correction, also proportional to m, , arising from the
direct coupling of the b to the top quark in vertex and
external leg diagrams. This correction has been calculat-
ed by a number of authors [1—3], who find that it results
in a 1% reduction in the Z +bb part—ial width for
m, = 150 GeV, increasing to a 3% reduction as m, goes
to 250 GeV. Measurement of the effect is thus dificult
but feasible. Once the top-quark mass is known, this
effect could be used as an indirect test between the
minimal standard model and other models which include
new direct couplings to the bottom quark. One interest-
ing model of this sort is the minimal supersymmetric ex-
tension of the standard model. In a recent paper,
Djouadi et al. [4] gave a survey of the effects of a variety
of models of new physics on the Z~bb partial width. In
this paper, we will reexamine the effects of supersym-
metry in somewhat more detail.

Since we are interested in the vertex correction, we
would like to consider a measurement which is insensitive
to corrections entering indirectly via loops in the Z prop-
agator. An ideal quantity would be the ratio
I (Z~bb)/l"(Z —+ss); clearly all indirect, or oblique,
corrections would be the same for both the b and the s,

I

and would cancel in this ratio. Unfortunately this is not
measurable in practice, and instead one must look at the
ratio I (Z~bb)/I (Z~hadrons), henceforth called Rb.
This quantity has only a weak dependence on oblique
corrections. To see this, following Boudjema, Djouadi,
and Verzegnassi [5], let us write the Z ebb p—artial width

2

V'„"(m, ) =—200. m~

13m
(1.2)

for large m„while Ap'" contains the oblique corrections
from a large top mass and has the behavior

2

gp(t)
PZt

(1.3)

It can then be shown that the branching ratio is given by

f'(Z bb )

I (Z~hadrons)
=0.2196[1+0.78Vb"(m, )

—0.066,p'"] . (1.4)

We see that for m, =250 GeV the oblique term only gives
a 0.1% correction, which is negligible when we consider
measurements at the 1% level of accuracy. When we add
supersymmetry (SUSY), we will obtain new vertex contri-
butions Vb (m, ), new oblique corrections bp, and
the supersymmetric corrections to the branching ratio
will be

I (Z +bb ) =I—''b '(I+ Vb"(m, )+ 1.49bp'"),

where I b is calculated in the standard model using a
small value of the top mass, say m, =50 GeV. Vb"(m, )

contains the m, -dependent parts of the vertex diagrams
and behaves as

b, '"' (R, )=0.2196[0.78[V',"' (m, ) —V',"' (0)]+0.34[V',"'Y(0)—V'„"'Y(Q)]—() 06/ '"'v] (1.5)

where V„d (0) are the vertex contributions for up- and
down-type quarks, u, d&t, b. The oblique correction is,
again, highly suppressed. Vd (0)—V'„(0) is also a
negligible quantity, so the supersymmetric contribution

to the branching ratio is determined simply by the m, -

dependent part of the vertex function, V& (m, )
—V'b (0), which will henceforth be denoted by V'b

The fact that we need only consider the m, -dependent
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parts of vertex diagrams greatly simplifies our task. In
the minimal supersymmetric model the top mass appears
in only a limited number of new couplings, and the num-
ber of new diagrams we must evaluate is small. In partic-
ular, diagrams involving neutral particles in their loops
need not be considered. A possible exception to this rule,
the case of large tanP, will be discussed in Sec. IV.

This paper is organized as follows. We briefly review
the standard-model calculation, and the relevant details
of the minimal su per symmetric extension. We then
present results for diagrams containing chargino and
charged-Higgs-boson loops. Finally, we look at the
high-tanP case and diagrams involving neutralinos and
neutral Higgs scalars.

H + =cosP H,+ +sinP H z+, (2.1)

~sM g~~ ~sM g~b

&2M~ &2M~
(2.2)

where P characterizes the relative sizes of the two vacu-
um expectation values, tanP= u, /u2. The charged Gold-
stone boson is the state orthogonal to this. The minimal
model predicts that H+ will have a mass MH+ which is

greater than M~ [7]. The second consequence of the
two-doublet structure is that relationships between the
Yukawa couplings and the quark masses are modified.
Whereas in the standard model (SM) the top and bottom
Yukawa couplings were given by

II. THE CALCULATION

In the standard model, the diagrams for the vertex
correction to Z —+bb involving top quarks and charged
bosons are those shown in Fig. 1. Several features are
worth noting. Since these diagrams involve the exchange
of 8 s, and since the b mass is negligible at the scale we
are considering, only the production of left-handed b's
will be affected. However, this does not result in any
significant change in the weak asymmetries, since the
tree-level amplitude overwhelmingly favored left-handed
b's to begin with [6]. It is also worth noting that even
though the top mass appears in the denominators of top
propagators, these diagrams grow with m, . This is most
easily seen in the 't Hooft —Feynman gauge, where m, ap-
pears in the Yukawa coupling of the b to a charged un-
physical Goldstone boson [1].

Before discussing the additional corrections let us
brieAy review the relevant features of the minimal super-
symmetric model. It is well known that, in supersym-
metric models, one cannot give mass to both the top and
bottom quarks with a single Higgs doublet. In the
minimal case, two separate Higgs doublets are required.
This has two consequences for our calculation. First, in
addition to the unphysical Goldstone boson which arises
in the standard model, there is a physical charged Higgs
boson which will enter our diagrams in loops with the top
quark. If H& and Hz are the Higgs doublets giving mass
to the top and bottom quarks, respectively, the physical
charged Higgs boson is given by

with the addition of a second doublet these become

gm, gal b

v 2M' sin/3 v 2M' cosP
(2.3)

It follows that H+ has a coupling to a left-handed b pro-
portional to m, cotP and to a right-handed b proportional
to m& tanP. We note that values of 13 for which tanP)) 1

will lead to a greatly enhanced kb. This situation is ana-

lyzed in Sec. IV. For now we assume tanP is of order one
and the bottom coupling can be neglected.

The diagrams involving the charged Higgs scalar ap-
pear in Fig. 2. All diagrams are proportional to m, cot P
and their sum is finite. As was the case for the standard
model, only left-handed b's are affected. We give explicit
formulas in Appendix B. These diagrams have been stud-
ied in some detail by Hollik [8] in the context of the gen-
eral two-doublet model, and our results are in agreement.

Finally we consider the effects of the supersymmetric
particles themselves. Supersymmetry requires that when-
ever we have a cubic coupling involving two fermions
and a scalar, P, %'&'0, +H. c. , it must be part of a larger
term P, O'I, 4, +P, 4,4& +PI,4, '0, +H. c. , where 4, and

P, are supersymmetric partners. Thus the coupling be-
tween the Higgs boson, right-handed top quark, and left-
handed bottom quark, proportional to X„will be accom-
panied by a coupling of the same strength between the
bottom quark, Higgsino, and "right" top squark. A more
detailed description is given in Appendix A. The only
complication is that a mixing term arises between the
gauginos and Higgsinos, and we must take as mass-

H (a)

H

~'t

H

FIG. l. Standard-model diagrams contributing to Z~bb in

unitary gauge. In renormalizable gauges these are accompanied
by diagrams with unphysical charged Cxoldstone bosons.

FIG. 2. Charged-Iiiggs-boson diagrams contributing to
Z~bb.
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eigenstates charginos, designated g—,which are mixtures
of Higgsinos and W-inos.

Figure 3 shows the supersymmetric diagrams contrib-
uting to I (Z~bb). Note that all these diagrams are
proportional to m, /sin p, and have a finite sum. Our ex-
plicit result for the supersymmetric contribution is given
in Appendix B. For the special case of unmixed squarks,
this agrees with the result of Djouadi et al. [4], except
that we find the opposite overall sign. We defend our
choice of sign in Appendix B.

In addition to tanp and M +, there are a number of
other parameters in the supersymmetric Lagrangian
which enter into this calculation. A coupling p between
the two Higgs fields and a supersymmetry breaking 8'-
ino mass parameter M enter via the chargino mass ma-
trix. There are also squark mass terms, including in gen-
eral mixing between the left and right squarks. This is a
large number of free parameters, and we shall explore
which regions of parameter space yield a significant
effect, .

—0.222

O
L

0.218
N

~ 0.214

N

0.210
50 100

I I I

150
m t (GeV)

200 250

FIG. 4. Rb as a function of top mass for the minimal stan-
dard model (MSM), the standard model with a second Higgs
doublet (2HD), and the minimal supersymmetric standard mod-
el (MSSM), assuming tanP = 1, M =50 GeV, p, =30 GeV,
m, =M + = 100 GeV.

III. RESULTS

Now let us consider the size of the effects. Figure 4 is a
plot of Rb versus top mass, for sample values of parame-
ters which are chosen to show a rnaxirnal effect. Results
are shown for the minimal standard model (MSM), the
two-doublet model, and the minimal supersymmetric
standard model (MSSM).

We see from Fig. 4 that in the standard model the
branching ratio is decreased from the tree-level predic-
tion. Adding a second Higgs boson enhances the effect.
However adding the supersymmetric particles increases
the width 1 (Z~bb ), canceling out to some degree the
contribution of the H+ and the MSM radiative correc-
tions. The fact that the supersymmetric contribution is
positive unfortunately makes the detection of such effects
more difficult. However, the fact that this sign is unique
to the supersyrnmetric contribution would, if observed,
provide a clear distinction between this and a nonsuper-
symmetric two-doublet model. We note that for different
parameter values, the MSSM result could be anywhere
between the two-doublet and MSSM curves of Fig. 4, and
for some parameters the H+ and chargino contributions
could cancel, leaving the MSM prediction unchanged.

Numerical results for the H+ diagrams can be found in
Hollik's paper on the two-doublet model [8]. For refer-
ence we include a plot of V&

' as a function of M +

(Fig. 5). We note that while it can be quite large for
tanp= 1, it falls off as tan p and is negligible for
tanp) 2.

Now let us examine the dependence of supersymmetric
diagrams on parameter space. This is difficult to plot as
the number of parameters is large. The dependence on
m, however, corning only from Yukawa couplings, is sim-

ply quadratic, so we shall take m, = 150 GeV. For
different values of m, our results simply scale as
(m, /150) . The effects of tanP, M, and p, are more subtle
as they become mixed up both in the masses of the char-
ginos and in the mixing angles defining the chargino cou-
plings. Perhaps most useful are plots describing the
effects of these three variables. Raising the squark mass
m, lowers the magnitude of the effect but changes the
dependences on the other parameters very little. For the
moment we assume there is no mixing between right and
left squarks.

In Figs. 6 and 7 we plot contours for 7&+ ' as a func-
tion of M and p, for tanp= 1 and tanp= 10, respectively.
For reference, we have also plotted the limits in parame-
ter space coming from past and future direct searches for
supersymmetry. The fact that supersymmetric particles

0
I

-0.002

-0.004

'VAR/Q

-0.006

100 200 300 400 500
MH+ (GeV)

FIG. 3. Chargino diagrams contributing to Z~bb.
FIG. 5. Vb as a function of M +, assuming m, =1SC

GeV.
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FIG. 6. Contours for 100V&~ ' as a function of M and p for
tanP= 1 and m, = 100 GeV. Lowest dashed lines show limits set
from current bounds on chargino masses, as explained in the
text. Higher set of dashed lines shows the corresponding limits
which would be set by LEP 2. Dotted lines show corresponding
limits set by neutralino masses.

250

have not been observed in Z decay allows us to exclude
regions in the M, p plane which give chargino masses
below 45 GeV. This is shown by the first set of dashed
lines. Neutralino masses depend on another
supersymmetry-breaking parameter, the U(1) gaugino
mass M', as well as M and p. If we assume our model is
embedded in a grand unified theory, we may relate M' to
M [9], and then put a stronger limit by asserting that the
two lightest neutralinos must have a total mass greater
than 90 GeV. This is shown by the dotted lines. The
second set of dashed and dotted lines show what these
same limits will be if supersymmetric particles are not ob-
served directly at the CERN e+e collider LEP 2, as-
suming a center-of-mass energy of 180 GeV.

From Fig. 6, taking into account the factor of 0.78 ap-
pearing in (1.5), we see the maximal chargino contribu- t2= —sinOtz+cosOtL .

(3.1)

In Fig. 9 we assume t, to have a mass of 100 GeV, and

tion to Rb is about 1.2% for m, =150 GeV. This is a
significant effect, slightly larger than the standard-model
correction. However, this large contribution occurs for
values of M and p along the edge of the region allowed by
current char gino mass limits. For these parameters,
charginos would soon be directly observable. Perhaps it
is more useful to consider how large the effect could be in
regions of parameter space which will not be accessible to
LEP 2. From Fig. 6 we see that the maximum contribu-
tion above the second set of limits would be approximate-
ly 0.6%. This could still be significant, especially for a
top mass somewhat higher than 150 GeV; however, we
must not forget that it will be partially canceled by the
H+ contribution. In fact, from Fig. 5 we see that a 0.6%
chargino contribution would be almost completely can-
celed for M + ——100 GeV.H

For tanP = 10, we see from Fig. 7 that the maximum
chargino contribution to Rb would be 0.5%. This is
somewhat smaller than the tanP=1 case, mostly because
of the (sinP) ' dependence of top Yukawa coupling. In
the region inaccessible to LEP 2, the maximum is 0.3%,
which is unmeasurably small. For a 250-GeV top quark,
however, this grows to a 0.7% effect, none of which will
be canceled since the H contribution is negligible for
large tan/3. These results change very little with tanP for
tanP) 3.

Finally, let us consider the effect of squark masses and
mixings on these results. The above results all assumed
that there was no mixing between tz and tL, and that tz,
which couples to the left-handed b, has a mass of 100
GeV. In Fig. 8 we show the dependence of the chargino
graphs on the mass of the right-handed squark, for sam-
ple values of M, p. The chargino contribution falls off
rapidly with the squark mass, decreasing by 33% as m, is
increased to 150 GeV, and by 50% when it is increased to
200 GeV. In the case of mixed L and R squarks, we will
have mass eigenstates

t, =cosO t~ +sinO t~,

200 0.015

0.010

0.005

-200 -100 0
p. (GeV)

100 200
0
100 200 300

mt (Gev)
400

(+)FIG. 7. Contours for 100VIP ' for tanP=10, m, =100 GeV.
FIG 8 (xG. 8. Vb as a function of m, for tanp= 1 and (a)

M, p=50, 30 GeV, (b) M,p=80, —80 GeV.
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FIG. 11. Neutralino diagrams contributing to Z~bb.
FIG. 13. Contours showing neutralino contribution to

10031g.

H =sina Re(H& )+cosa Re(H2),

h =cosa Re(H& ) —sina Re(Hz) .

(4.4)

(4.5)

—P= —m/2, M 0)Mz,
a=

M„0&Mz . (4.8)

H and h have Yukawa couplings to b proportional to
A, & cosa and A, b sina, respectively, and A has a coupling
proportional to kb sinpy, so the diagrams in Fig. 14 give
contributions proportional to mb tan P. These diagrams
are studied in some detail in a recent paper by Denner
et al. on the nonsupersymmetric two-doublet model [10].
The MSSM gives tree-level relations between the masses
of these particles [7], which are rather simple in the limit
of large tanP:

In Fig. 15 we plot V'& ', which includes the effects of both
charged and neutral Higgs scalars, and the scalar contri-
bution to ALz, as a function of M 0, using these tree-
level relations. For a pseudoscalar mass near 45 GeV
there would be a large positive contribution to Rb which
would enhance the chargino and neutralino contribu-
tions, while for larger M 0 it would be smaller and nega-

tive. The scalar contribution to ALz would be positive
and would add constructively with the chargino contribu-
tion.

250

200—

) 150 —.. . '

~ 100—

f r

t
~ 1
I

I

04

: 1.6

~ (

;
'~ 0.8

~ )
:l

'~

0.4

M +=M~+M &,

M =maxIM, M j, M =minIM, M

with

0 ~

(4.6)

(4.7) V. CONCLUSION

In the minimal supersymmetric standard model, radia-
tive corrections to the ratio I (Z~bb)/I (Z~hadrons)
could result in an increase in this quantity over the
standard-model prediction. However, this effect would
be detectable at the l%%uo level of experimental accuracy
only in a limited region of supersymmetry parameter
space, much of which will be ruled out if supersymmetric
particles are not observed directly at I.EP 2. The useful-
ness of this process as a complement to direct searches
for supersymmetry ultimately depends on the top mass;

-200 -100
I

0
N. (GeV)

I

100 200
h', A'

H', h'r'
b

A

FICx. 12. Contours for 100V~P ' for tanP=70 and a squark
mass of 100 GeV. FIG. 14. Neutral-scalar diagrams contributing to Z~bb.
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H 2
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—0.01
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I I I I I
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200

FICx. 15. Contributions to V'b ' and AL& from charged and
neutral scalars for tan/3=70.

and ihe squarks t~, t~ and bL, b~. Fermions are
represented here by two-component left-handed Weyl
spinors. The Higgs and Higgsinos are taken to be
members of the conjugate representation of SU(2)I . The
squarks are chosen to have the conventional quantum
numbers of their spin- —,

' partners.
Let b, t represent the left-handed components of quark

fields, and b, t the right-handed components, all in the
left-handed Weyl representation. The Higgs-quark cou-
plings and their supersymmetric counterparts are then

for m, =150 GeV its usefulness would be rather limited,
while if the top mass were surprisingly large, say
m, =250 GeV, it might still provide a significant oppor-
tunity.

&qH = —~, I H,'"(rQ, )+ tg (H,"'Q, )+Q, (H,"'t )]

~b[H (bQ )+by(H; Q; )+Q;(H 'b)]+H. c. ,
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( i W, H —)
&2M~ sinP; W+

(A4)

where Q, 2
= t, b. Here, for two spinors 1' and

(@X)=E ttgg. .
The Higgsinos and 8'-inos have the mass term

APPENDIX A The mass eigenstates form two Dirac fermions:

W = —(W'+iW ), W, 8,v'2 (A 1)

For reference, we give the parts of the supersymmetric
Lagrangian relevant to this calculation. For a more com-
plete treatment, see, for example, Cxunion and Haber [11].
We borrow much of our notation from Haber and Kane
[9].

The supersymmetric particles entering this calculation
are the following: the gauginos

+l
io. (y, )' i =1,2, (A5)

y,+=V, .Q+, g, =U; P (A6)

where g —, 2
= i W, H —Explicit . expressions for

V;., U;, and the mass eigenvalues M; can be found in
Ref. [9]. The neutralino mass term is

1
( qO) TMOyO

(A7)

—M~ sinP(g'/g) M~ sinP

Mp cosp(g /g) Mgr cosp

sinp(g'/g) M cosp(g'/g)

M~ sinP —M~ cosP

0 p

(A8)

0

—iB
—i8'

H'
2
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The mass eigenstates are the four Majorana fermions

+7
X7= . 2 Oe ~

)=1-4,
LH Xi

(A9) Io. b* io t

In four-component notation, the quark fields are

(A12)

X';=N;, WJ . (A10)

L2m2+ m2
(-t -t

)
Ammt

Amm,

R2m2+m2 (A 1 1)

The mass eigenstates are t; =T; p, wh.ere p, 2=PL R. An
explicit expression for T,J. can be found in Ref. [9].

The N, . must be calculated numerically. The squark
mass matrix is conventionally parametrized as

r

The coupling of the charged Higgs scalar to the bottom
quark is

H+t(m, cotpPL+mt, tanpPR )b+H. c. ,2M~

(A13)

where PI =
—,'(1—y ) and PR =

—,'(1+y ). The couplings
of the b quark to supersymmetric particles are

X,„,= g Vt1~L (Xt PL b ) —A t Vt2tR (X;PL b ) —A b Ut 2~L(X; PR b ) + g 'N;, bR (X,PR b ) —A bNt4bL (X,PR b )

+ ' g
N, l gN, 2 bL—(X~PLb) AbN—,4bR, (X,PLb)+H c.t1 t2 L t L tt t4 R t L (A14)

X7
iver (X,+)* (A15)

where we have included gaugino couplings as well as
Higgsino couplings. Feynman rules for the quark-
squark-gaugino/Higgsino vertices follow readily from
this expression. This Lagrangian uses the convention
X) =t) igT W—.P P P'

APPENDIX B

FL, R bl(M + mt mb)vL, R~L, R
(a) 2 2

F(b)I,R
p2
, c,(M„., m„m, ) ——,

'

PR

The functions for the Higgs-boson contribution are

We give here explicit formulas for the vertex functions.
In the limit of vanishing bottom-quark mass, the effect

of the vertex diagrams can be written as a change in the
effective left- and right-handed couplings between the Z
and the b:

(t)co(M +, m—„m, ) uR L

m
C2(MH+, mt, mt )UL R

PR
(84)

CX

uL =uL+ FL(P, m, ),
4& sin Opr

uR = uR + FR (P, m, ),4' S1Il Op

(81) FL,R =&0(mt MH+, MH+)( —,
' —sin'8~)XL2 R,

where

where

UL
= —+—sin O~, UR

=—sin Ogr
1 1

' 2 —1

The functions FI R are related to the function Vb by

2 3
S1n Opr UR 3

sin O(t) I 2 ~ 2 (t) 2 ~ 2

m, mt, tanp

1/2M11, tanp V'2M~

(BS)

(86)

CXVb= 4' S1n Ogr

2vLFI (Mz, m, )+2vRFR(Mz, m, )

UL +UR2 2

(83)

and pR is the mass scale which arises in dimensional reg-
ularization. Note that mb may be taken as zero except in
those places where it is enhanced by 1/cosp.

The chargino contributions are
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i,R= y y bi(m, M mb)Ui, glA,';"I',
i =1,2 j=1,2

co(Mi„m;, mj )(—', sin Oii 5;.——,'T;*,T, )A~I,. A'P ~,
i =1,2 j=1,2 k =1,2

(87)

Fi'~= X X X
i =1,2 j=1,2 k =1,2

where

p2
z c6(mk, M;,M. ) ,——co—(mk, M;, MJ ) OJ' +

z c2(mk, M;, MJ )0~' Ak,'"Ak~ '",
PR PR

A"=T. Vij i1 j1
m,

&2M', sinP

mb

T;2V 2,
(88)

M; are the chargino masses, 0;., 0;. are defined by

0, . ——cos 0~6;j+—,
' U;2UJ2,

0,. = —cos 6I~5, + —,
' V;2V2,

(89)

and T, is the squark mixing matrix defined in Appendix A. These expressions should be subtracted at
m, =mb /cosp=o when used to calculate the branching ratio Rb.

These expressions disagree with those appearing previously in the literature I4] by an overall minus sign. The overall
sign can be checked by considering those diagrams involving b self-energy corrections. If we increase the b mass until it
exceeds the sum of the top squark and chargino masses, the b will acquire a width into these particles, and this width
will be related to the imaginary part of the b self-energy II(g ) as

r(b r~ )= —2lmlI(m (810)

The imaginary part of II(mb ) must therefore be negative in this case, and this provides a check on the overall sign of
our expression. Once the sign of the external leg diagrams has been established, the signs of the other diagrams are
fixed by the cancellation of divergences.

Finally, we give expressions for the neutralino diagrams:

Fl. g g g bi(m)~Mi~mb)&L, g IAj~('

i =1,4 j=1,2

Fl ~ = g g g co(Mk, m, , m )( —,'8;*,8,—
—,'sin Oii5;J)A;k Ajk

i =1,2 j=1,2 k =1,4
(811)

i =1,4 j=1,4 k =1,2

2 M;M~
2 c6(mi„M;, M) ) ,' co(mk, M—;,—M—

J ) 0~' +
2 c2(mk, M;, M& )OJ'" Ak,' Ag~

'

PR PR

L 1
A;~ = —( —,

' tang~NJ*, —N 2 )8;,—
2

mb

+2Miv cosP

(812)

A;- = tanH~X-18;2—
mb

+2Mii cosP

0;, = ,'(N ~NJ~ N;3NJ. 3),——
OR OL

'J J&

Here m; are the bottom-squark masses and 8;J is the bottom-squark mixing matrix defined analogously to T; .
The b's and c's here are reduced Passarino-Veltman functions [12],defined by

(813)
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1

[bp, b„b2, b3](m&, mz, q )=f dx in[[ q—x(1 x—)+xm &+(I—x)mz —ie]/pz][l, x, (1—x),x(1—x)],
0

[cp c& ](m~, m2, m3) f dx dy dz 5(x +y +z —1)ln(b/p~& )[l,z],

[c2,c3,c4, c&,c6,c7](m&, m2, m3)= f dx dy dz 5(x +y+z —1)(p~ /b )[l,z z,z,x,xy],

where

6=zm
&
+xm 2+ym 3

—z( 1 z—)mb —xyP

(B14)

(B15)

(B16)

For the reader s convenience we give expressions for the functions used here in terms of the conventiona& passarino-
Veltman functions [13]:

b~(m ~, m2) =B&(m2, m
&
)+—,'(b, —Inpz ),

cp(m&, m2, m&)= —2C24(m2, m&, m3)+ —,'(6 —
lnpz ),

2c2(m] m2 m3 ) pg Cp(mz m„m3)

c6(mi, m2, m3)= —
@~[C23+C„](m~,m&, m3),

where b, = 1/(2 —d /2) —y —in~ is the divergence which arises in dimensional regularization.

(B17)
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