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H* = W*y and H* = W*Z in two-Higgs-doublet models: Large-fermion-mass limit
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In two-Higgs-doublet models, the H —8'+ V vertex (V=Z or y) does not occur at the tree level, but is
generated at one-loop order. We derive explicit formulas for the contribution of a weak doublet of fer-
mions (t, b} to the H ——+ 8'—Z amplitude in the limit of large fermion masses that appear in the internal
loop. In this limit, the amplitude grows as the square of the fermion masses for m, Wmb, and is constant
if m, =mb. In contrast, the H —~ 8'+—y amplitude approaches a constant (which depends on m, /m&) in
the large-fermion-mass limit. Asymptotic results for the contribution of a heavy supersymmetric family
are also given. The observability of H —~8 —Z at a future supercollider requires either m + & m, and

a large t-quark mass, or the existence of a fourth-generation nondegenerate quark doublet.

I. INTRQDUCTIQN

The pursuit of the Higgs boson is one of the primary
goals of the present and next generation of colliders [1].
Much effort has been devoted to devising strategies for
discovering the neutral Higgs boson of the standard mod-
el. However, nearly all nonminimal extensions of the
standard model contain charged Higgs bosons as well.
Charged Higgs bosons with m + 5&s /2 can be pro-
duced and detected at an e+e collider with center-of-
mass energy &s. Thus, when the CERN collider LEP II
runs in the mid-1990's, charged Higgs bosons with
m + ~m~ will have been discovered or ruled out. To
probe larger Higgs-boson masses, a supercollider will be
required. In the absence of an e+e supercollider in the
near future, we will have to depend on the Superconduct-
ing Super Collider (SSC) to probe heavier charged Higgs
bosons. This is a daunting task; at present, it is not
known how to detect charged Higgs bosons at a hadron
supercollider if m ~ & m, [2]. Although production
cross sections are large, the dominant decay mode
H+ ~tb will be swamped by the QCD background.
Thus the only hope may be to find some exotic decay
mode with a more promising signature, but with a
branching ratio large enough to provide a sufficient num-
ber of events for detection.

Here we shall focus on the rate decays H ~W~y [3—]
and H+——+8'—Z. In models with only Higgs doublets
and singlets, these decay modes can only occur at the
one-loop level [4]. The absence of a tree-level H —W y
vertex is a consequence of the conservation of the elec-
tromagnetic current. On the other hand, a tree-level
H —8' Z vertex can exist in models with more compli-
cated Higgs multiplets (e.g., triplets). Thus detection of a
charged-Higgs-boson decay into 8'Z at a substantial rate
would imply either that the one-loop decay amplitude in
a multidoublet model was unexpectedly enhanced, or it

would indicate the existence of a more exotic Higgs struc-
ture. In this paper we explore this first possibility by
computing the decay rates for H —~ 8'—y and
H ——+ F—+Z in a two-Higgs-doublet extension of the stan-
dard model.

Our calculations indicate that the branching ratios for
H +—~ 8'—y and H +—~ O' —Z may be large enough such
that these decays could be detected at the SSC. As a
figure of merit, imagine starting with 10 charged Higgs
bosons, which is the expected number [5] produced at the
SSC per year for m +=200 GeV, with an integrated
luminosity of 10 pb '. If we demand that the final-state
W and Z decay to charged leptons (e or p), then we must
require B(H +~W —y) &5—X 10 and B(H ~W~Z)—
~10 in order to produce ten signal events per year.
We have found [6] that in the two-Higgs-doublet model,
the branching ratio for H ——+8'+—y tends to be smaller
than 10, whereas the branching ratio for H —~8'—+Z
can be as large as 10 . The potentially large branching
ratio in the latter case can occur because the H —+~ 8'+—Z
decay amplitude is particularly sensitive to the existence
of very heavy fermions. For example, in the case of the
third generation of quarks (t, b), we find that the ampli-
tude for H —~8' +—Z grows like m, , for m, ))m~. This
enhancement may be large enough to permit the detec-
tion of this decay mode at the SSC. At an e+e super-
collider, discovery of a charged Higgs boson should be
straightforward [7]. However, the total number of
charged-Higgs-boson events will not be large. We note
that [1]o(e+e ~.H+H ) =0.3R (where R =86.8 fb for
a I-TeV linear collider). An integrated luminosity of
5000 R ' per year (see, e.g., Ref. [8]) would correspond
to only 1500 Higgs-boson pairs. Clearly, H —~8 —

y
would not be observable. If the branching ratio for
H —~8'—Z were significantly enhanced, it might be
detectable at an e e supercollider, assuming that the
W —Z pair could be observed (above background) in all of
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its final-state decay modes with good e%ciency.
In this paper we present simple analytical results for

the quark and lepton loop contributions to H —+~8'—
y

and H ——+ 8' Z in a two-Higgs-doublet model, obtained
in the limit of large quark and lepton masses. In Sec. II
we discuss the expected behavior of the one-loop ampli-
tudes in the limit of large fermion masses. In Sec. III we
give the explicit asymptotic expressions for the ampli-
tudes for H+——+ 8'—+y and H +——+ W —+Z due to the contri-
bution of a heavy-fermion doublet (t, b). In Sec. IV we
examine the minimal supersymmetric extension of the
standard model (MSSM), which is a special case of the
general two-Higgs-doublet model, and present the asymp-
totic contributions of a heavy-squark doublet to the H+-

decay amplitudes. In Sec. V, we discuss the implications
of our results and make some concluding remarks. In
Appendix A we present the exact results for the
H +—~8'*y and H +——+ 8'—+Z amplitudes induced by
quark and squark loops, as a function of the loop in-
tegrals. These integrals are defined in Appendix B, and
simple analytic expressions which are valid in the limit of
large internal loop mass are given.

A calculation which involves only the fermion loops
and neglects the contributions of the gauge- and Higgs-
boson loops is incomplete. In this paper we show that
the fermion-loop contribution alone is an accurate ap-
proximation to the H+—~8'+—Z amplitude only when
there exists a heavy-mass-nondegenerate fermion doublet.
On the other hand, it is only an order of magnitude esti-
mate for the H +—~8' +—

y amplitude. The full calculation,
with all numerical results, will be given in a forthcoming
paper [6]. In that paper we will present the computation
of the gauge- and Higgs-boson loops and the contribu-
tions of the supersymmetric partners of the MSSM. A
complete discussion of the phenomenological implica-
tions of our results will be given there. Recently, the
evaluation of the one-loop-induced H +——+ 8' +—Z vertex in
the MSSM has been presented by Mendez and Pomarol
[9]. Where our analyses overlap, our results are in quali-
tative agreement.

b)

H+

FIG. 1. Quark-loop graphs (excluding the tadpole graphs) for
H+~8'+V, with V=Zor y.

guarantee the absence of Higgs-boson-mediated tree-level
flavor-changing neutral currents, at most one Higgs dou-
blet can couple to all quarks of a given electric charge
[11]. We choose a Higgs-boson —fermion coupling in
which the first doublet (N, ) couples only to down-type
quarks and charged leptons, and the second doublet (N2)
couples only to up-type quarks and neutrinos. An impor-
tant parameter of this model is

U2
tang=

U)

where U, = (4&; ) are the corresponding vacuum expecta-
tion values. The Higgs-boson —fermion coupling specified
above is also the coupling pattern which appears in the
minimal supersymmetric extension of the standard mod-
el. However, in the computation of the fermion-loop dia-
grams, we will not have to specify our model further.

The amplitudes for a charged scalar decaying into 8'V,
where V=Zor y, can be written as

3+ 'pQ p)jc

JR = JR„, ,
16& m prcosOgr

where the number of colors, X, =3(1), for a quark (lep-
ton) internal loop and

Jkt„=g„&,+p~ p~ JM, +ie„pfpg, At, .

II. CALCULATION OF H*~ S'+Z AND H*—+ W y

We examine the decay of H to 8'—Z and 8'—y in a
two-Higgs-doublet extension of the standard model. The
fermion-loop graphs for these processes (in the unitary
gauge) are shown in Fig. 1.

In our notation, (t, b) represents a generic fermion (i.e.,
quark or lepton) doublet. Any one-loop graph with bub-
bles on the external legs of the gauge bosons gives no con-
tribution; their amplitudes, by Lorentz invariance, must
be proportional to p.e(p)=0. The sum of all graphs in-
volving fermion loops forms a gauge-invariant set. Thus
we are free to use one gauge choice for this subset of
graphs and a different choice for diagrams involving
gauge- and Higgs-boson loops. Clearly, for fermion
loops, the unitary gauge is the most convenient choice.
In this gauge we find that all tadpole graphs sum to zero
[10].

We begin by specifying our model. First, we have to
choose the Higgs-boson —fermion coupling. In order to

Note that AL& has dimension of mass squared and receives
contribution from all the diagrams of Fig. 1; At2 and JK3
are dimensionless and originate from the triangle graphs
[Figs. 1(b) and 1(c)]. In the large-fermion-mass limit, di-
mensionless quantities depend on fermion masses only
through the ratio

m,R=
mb

(4)

All fermion-mass dependence comes from the H+tb cou-
pling and the fermion propagators.

The behavior of AL„ in the large-fermion-mass limit is
one of the primary goals of this paper. Simple dimen-
sional arguments tell us what to expect. Consider first
the case of H ——+ 8'—y. In this case gauge invariance re-
quires

p "Af„=0,
which implies that
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Al, ——p p~A12 ———'(m + —mlb, )A12 . (6)

That is, there are only two independent invariant ampli-
tudes. In terms of an effective interaction, gauge invari-
ance requires

independent. In terms of an efFective interaction, in addi-
tion to replacing F~r' with Fg' in Eq. (7), we must also al-
low for

m
(g2F~& F„,+&g3&»~pF~& Fg),&.tt=

Pl p
(7)

where the factor m, /m~ originates from the K+tb ver-
tex. The operators in Eq. (7) have dimension 5, which
implies that as m&, m, —+~, g2 and g3 must be of the
form g (R ) /m„where g (R ) is a dimensionless function of
the fermion masses. Hence it follows that Af,„must also
be a dimensionless function of the fermion masses, which
approaches a fixed R-dependent constant, in the large-
fermion-mass limit.

Second, we consider the case of H —+~8'+—Z. In this
case there is no corresponding gauge-invariance condi-
tion. Thus the three invariant amplitudes of Eq. (3) are

I

This is a dimension-3 operator, which implies that g&
must be of the form m, g(R), in the limit of large mb and
m, . Hence, in this case, At, will grow quadratically with
the fermion mass. The nonvanishing of the fermion-loop
contributions in the large-fermion-mass limit is an exam-
ple of the violation of decoupling which can occur in
spontaneously broken gauge theories with axial-vector
couplings [12]. In the next section, we provide the expli-
cit limiting formulas which demonstrate the above re-
marks.

For completeness, we record here the formulas for the
charged-Higgs-boson partial widths in terms of the in-
variant amplitudes defined above:

6~2g1/2

, [4(~+12m mz ) lail'+~'IA(pl'+ g~m t'b mz IA131'+4~(mtt —m w
—mz )ReAt iA1 f ]

2 K Pl ~Pl~

(9)

where k=(ma mw mz) 4mwmz and

6~2 3

I (H ~8'—+y)=
2 & Pl icos 0p

x (IA(, I' + IAI, I'),

2 3
77k p

(10)

ponent of the weak isospin. However, we will use
T3t + T3$ 0 in deriving our final expressions.

A. Quarks with m, » mb

H+— 8'—y:

where we have used Eq. (6) to eliminate At, . One can
easily check that by applying Eq. (6) to Eq. (9) and setting
mz =0, we recover Eq. (10).

III. LARGE-FERMION-MASS LIMIT

From the exact expressions for the amplitude
coefficients At, „At,2, and At, 3 given in Appendix A, we
have derived the leading terms in the limit of large fer-
mion masses in the loops by using the asymptotic formu-
las for the loop integrals given in Appendix B. We use
the notation (t, b) to denote a generic fermion weak dou-
blet with corresponding electric charges Q, and Qb Thus.
the formulas presented below can be evaluated for both
quark and lepton loops. Note that Q, —

Qb =1, which is
sometimes used in the derivation of the formulas given
below. We present asymptotic formulas for At, „At2, and
At, 3 in three cases: (i) a quark doublet with m, »mb, (ii)
a quark doublet with mb »m„and (iii) a doublet of near-
ly mass-degenerate quarks. Using the formulas of Ap-
pendixes A and 8, it is straightforward to derive more
general asymptotic results which are applicable for any
value of R =m, /mb. We will u—se such results in our nu-
merical comparisons in Sec. V, although we will not
display the more general formulas here [13]. To fully ex-
hibit the symmetry between cases (i) and (ii), we also use
the notation T3g 2 and T»= —

—,
' for the third com-

H*~ S'+—y:

B. Quarks with mb »m,

At, = —
—,'(m 2+ —m~2)A1, ,

At2= —
—,', (Q, +2Qb)sin28~tanP,

At, = „'(Q, +Qb )—»n-28~tanP .

H —~8'—Z:

Af, , = ,mbtanpT3b, —

At ~
=

—,', [ T3b + ( Q, +2Qb )2 sin 8g ]tanP,

Af 3 g [ T3b + ( Q, + Qb )2 sin 8~ ]tanp

At, = —
—,'(m, + —m~)At2,

A1,2= —
—,', (2Q, + Qb )sin28~cotP,

A(3 = „' ( Q, + Q—b )sin28 ~cotp .

H +——+8'—Z:
At) = ,' m, cotP T3,—,

Af2= —,', [T3,+(2Q, +Qb)2 sin 8~]cotP,

At 3 4 [T3,+(Q, +Qb )2 sm 8~]cotP

(12)

(13)

(14)
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It is easy to show that At& and Alz are invariant and A1, 3

changes sign under the interchange t~b and tanp+-+cotp.
The latter sign change is due to the behavior under the
above interchange of the term proportional to y~ in the
H+ tb coupling:

t
H

b)

H+

[(mb tanp+ m, cotp)lg

2 2m'

+(mbtanp —m, cotp)y, ] . (15)

H'
b

I

I

I

b

This provides us with an additional check of our calcula-
tion. For example, the two limiting cases just given are
related by the above interchange. Thus we disagree with
the conclusions of Ref. [14] that the H +~ W—+—Z ampli-
tude vanishes in the limit mb ~0.

FIG. 2. Squark-loop graphs (excluding the tadpole graphs)
for H+ ~ 8'+ V, with V=z or y.

C. Nearly mass-degenerate quarks

H —~8'—y:

At, = —
—,'(m'+ m~—)At, ,

JR~ = —
—,', sin28~[(Q, + 3Qb )tanp

+ (3Q, + Qb )cotp],

JR3 )p sln28g/[ ( Q +2Qb )tanp

—(2Q, + Qb )cotP] .

H ——+8'—Z:

A. , = —,', (m, —mb )(tanp+ cotp)( T„—T3b )

—,'(m + mu, mz)JK~

(16)

ence, we will employ the term "squarks" to describe the
members of this generic doublet. ) Since squarks are sca-
lars, there is no contribution to Jk3. The squark-loop
contributions to the H —decay amplitudes are given in
Appendix A. In this section we first examine the super-
symmetric (SUSY) limit, where M =m . We follow the

notation and conventions of the previous section. In the
large-quark-mass (and therefore large-squark-mass) limit,
the leading terms for the squark-loop contributions to At i
and Alz are easily obtained. Note that the quark masses
enter via the H+t b couplings (which are given in Ref.
[16]).

A. Squarks with m, »mb (SUSY limit)

—
—,', sin 8u mz(tanP+ cotP),

JR&= —,', sin 8~[(Q, +3Qb )tanp+(3Q, +Qb )cotp],
(17)

lg3= —,'sin28~[(Q, +2Qb )tanp —(2Q, + Qb )cotp] .

Note that the leading quadratic fermion-mass depen-
dence in Eq. (17) vanishes in the limit m, ~mb, although
terms which are constant in the large-fermion-mass limit
remain. One check of our calculation is that the ampli-
tudes above respect the symmetry t~b, tanp~cotp (up
to a sign change in AI, 3), as previously noted. As an addi-
tional check, we observe that these amplitudes also satis-
fy the gauge-invariance condition given in Eq. (6) when
mz=0 and m, =mb. It is for this reason that the leading
quadratic fermion-mass dependence in Ai, ,(H+~ W —Z)
must vanish when m, =mb.

IV. LARGE-MASS SUPKRSYMMETRIC LIMIT

H +——+ 8' +—y:

At, = —
—,'(m + —mu, )At~,

A(2= —hsin28u (Q, +2Qb )cotp .

H +——+8'—Z:

At, , = —,'m, cotP T3, ,

JR2= —,'[T3, +(Q, +2Qb)sin 8u, ]cotp .
(19)

B. Squarks with m„»m, (SUSY limit)

H —+—+8 —y:

Note that Q, +2Qb =0 for Q, =—,'and Qb = —
—,', and so

the leading term cancels in this case and both amplitudes
are of 0(1/m, ).

The minimal supersymmetric model (MSSM) is
perhaps the best motivated two-Higgs-doublet model [15,
16]. In this model the fermions f are accompanied by
scalar partners f. We therefore examine the effects of
squark and slepton loop contributions to H —+—+ 8'—y and
H —~ W —Z shown in Fig. 2. In the unitary gauge, the
tadpole graphs sum to zero, and so we omit them.

As before, we shall use the notation (t, b) to denote a
generic squark or slepton weak doublet. (For conveni-

Jkt, , = —
—,'(m + m~)JR~—,

A, z= —
—,', sin28u (2Q, + Qb )tanP .

H+-~ ~+Z.

At i
—

—,mb tanp T3b

6 [ T3b + (2Q, + Qb )sin 8 g ]tanp

(20)

(21)
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C. Nearly mass-degenerate squarks (SUSY limit)

H +—~ 8'—+y:

Jkt, = —
—,'(m + —mw)JR2,

(22)

must be equal [since these are SU(2) XU(l)-conserving
masses], so that the mass splitting between tI and bL can
only come from electroweak eft'ects. Thus it follows that
the squark-loop contributions decouple in the limit of

JN2= —
—,
' (Q, + Qb )sin28w(tanp+coti3) .

H ——+8 —Z.

JR, = —,', (m, —mb)(c otP+t an/3)(T 3t T3b)

—
—,'(m, —mw —mz)u22 2 2

Az= —,', (Q, +Qb )sin Ow[tanP+cotP] .

The structure of these amplitudes are very similar to
those found in Sec. III. As before, we note the invariance
of the amplitudes under t~b and cotP~tanP. Moreover,
as in the quark case, the leading quadratic fermion-mass
dependence of JR,(H ~W~Z) vanishes in the limit
m, ~mb. To obtain the contribution of one heavy super-
symmetric family of fermions and their scalars partners,
one simply adds these results to those obtained in Sec.
III. Note in particular that as long as m, Wmb, the quad-
ratic behavior of JM, on m, and mb survives, even in the
supersymmetric limit.

D. Squarks ~ith large SUSY breaking

We now brieAy turn to the case where supersymmetry
is broken. For simplicity, we shall ignore squark mixing
and assume that qL and q~ are the appropriate squark-
mass eigenstates. Then, in our calculation, only ql ap-
pears, since qz does not couple to the 8'—. Let us as-
sume that the squarks acquire large soft-symmetry-
breaking scalar masses, so that M &&m . Using the

q
squark-loop formulas given in Appendix A, we can easily
derive the asymptotic formula appropriate for the large-
squark-mass limit. In contrast with the results given
above, the fermion masses (which appear squared in the
H+t b coupling) are held fixed. As a result, amplitudes
which were formerly constant in the large-squark-mass
limit will now vanish quadratically with M . Only one
amplitude survives in the large-squark-mass limit:

V. RESULTS AND CONCLUSIONS

106

1O5

mH. = 200
tanP=2

I

GeV

1O4

We have presented simple analytic formulas for the in-
variant amplitudes of H —+—+ 8' +—

y and H +—~ O'+—Z in the
large-fermion-mass limit in the two-Higgs-doublet model.
The accuracy of these formulas are illustrated in Figs. 3
and 4. In both figures we assume m +=200 GeV and

tanP =2.
In Fig. 3 we plot the contributions of a generic quark

doublet ( r, b ) to A, „the coefficient of the g„ term in the
amplitude in Eq. (3), as a function of m, . Four cases are
shown: H ~W~Z —for mb =100 GeV (exact and asymp-
totic results), H +~ W ——Z for mb =m, (exact), and
H +~W —

y
—for mb=100 GeV (exact). The asymptotic

results for H +——+8'—Z were computed by making use of
the results of Appendix B and are valid to leading order
in m, and/or mb for arbitrary m, /mb. Special cases of
these formulas were presented in Sec. III. Comparing the
asymptotic result ( A ) to the exact one-loop result (E), we
find that ~E —3 ~E is 30% for m, =200 GeV and de-
creases quadratically to 1% for m, =10 GeV. The plot
for H —~8'—Z, with mb =m„shows that in this case A,

&

is asymptotically independent of m„as indicated by the
limiting formulas of Sec. III. Similarly, the curve for
H +——+ 8'+—y also shows no asymptotic dependence on m„
as expected. The use of mb =100 GeV in this figure is

T3t ( mb tang+ m, cotp mwsin2p—)
JR,(H ~ W +—Z) =

2(M-, —
Mb )

102

W'y (m, =&00 GeV)

H ~w z (mb=mt)

2M M-

M,——M-
b

M-
t

M-
b

(24)

101 I I I I I I I I I I I I I I I I I I

200 400 600 800 1000

mt (GeV)

Note that in the limit of M-, =Mb, this amplitude also
vanishes, in which case the leading term which survives is
of O(1/M ). Equation (24) indicates that infinitely mas-
sive (mass-nondegenerate) squark loops would contribute
a constant amount to At, (H ~W~Z), whereas they
decouple from all other one-loop-mediated Higgs-boson
decays. However, this violation of decoupling is illusory.
The soft-supersymmetry-breaking masses of tz and bl

FIG. 3. Contribution of a (,t, b) quark loop to the amplitude
Jk& as a function of m, , a generic top-quark mass. The solid
line is a plot of AL&(H —~8'—Z), computed exactly at one loop,
with mb=100 GeV, and the dotted line is the corresponding
asymptotic result (valid in the large-fermion-mass limit). The
dashed line is the exact result for H ——+8'—Z with mb=m„
and the short-dashed line is the exact one-loop result for
H —~8 —

y with mb = 100 GeV.
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tanP=2
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B(H' W'q) (-----)

merely illustrative, in order to exhibit the asymptotic be-
havior of A,

&
for the case of nondegenerate quarks. In

particular, m, —mb ~ 200 GeV is not consistent with the
experimental constraints on the p parameter (we assume

I p —1I -0.01 I17]).
In Fig. 4 we examine the effect of a fourth generation

of quarks (t', b'). We plot the branching ratios of
H+~tb, H+~W+Z (exact and asymptotic), and
H+~W+y (exact), as a function of m, For the third
family top quark, we assume m, =100 GeV, and for the
fourth family, we take m, —mb =160 GeV, in order that
Ip

—1I 50.01. In this case, m +)m, +mb, and H+~tb
is the dominant decay mode. The branching ratios to
W+Z and W+y were computed by evaluating the
fermion-loop contributions only. This is an excellent ap-
proximation in the W+Z case because of the quadratic
sensitivity to the fourth-generation quark mass. For
W+y the result is less reliable; the effects of the gauge-
and Higgs-boson loops are at least as important as the
fermion loops. We find

I 6] that a typical result is
B(H+~ W+y) —10 . The branching ratio required for
H+~8'+Z detection at the SSC, +10, can be ob-
tained for m, ~ 500 GeV. (Note that the branching ratio
decreases as m, . mb —is taken smaller. ) If
m, +mb )m +, H+ ~tb is forbidden, and the contribu-
tion of the third family alone in H+ ~ W+Z is enough to
make this one of the dominant H+ decay modes. (The
other major decay mode would be H+ ~ W+h, where
i't is the lightest neutral CP-even Higgs scalar. ) We find
B(H+~ W+Z ) =6 X 10 for m, ~ m + =200 GeV and

tang=2; even larger values of the branching ratio are
possible as tanP approaches unity. Further phenomeno-
logical implications will be discussed in a forthcoming
publication I6], where we will examine the eff'ects of

gauge- and Higgs-boson loops and the effects of including
the supersymmetric partners of the MSSM. We already
noted at the end of Sec. IV that the effects of very mas-
sive squarks and sleptons decouple. The same is true for
very heavy neutralinos and charginos (the fermionic
partners of the gauge and Higgs bosons). For moderately
sized supersymmetric masses, all these effects are roughly
of the same order of magnitude, and a complete computa-
tion is required.

In summary, the H —~ W —Z sensitivity to very heavy
fermions can impose nontrivial constraints on Higgs
models and the possible existence of new generations of
quarks (and leptons). If m + ~ m„H+~tb is the dom-

inant decay mode, and detection of H +—~W —+Z at the
SSC would indicate either an exotic Higgs structure con-
sisting of triplets or higher-dimensional multiplets or the
existence of a new heavy generation of fermions in the
case of a multi-Higgs-doublet model (with or without su-
persymmetry). If m + m, +mb, H ~W——Z can be
one of the dominant decay modes of H+ and may be
detectable at the SSC. At a future e+e supercollider,
the limits on machine luminosity impose severe restric-
tions on the observability of rare decays of the charged
Higgs boson. However, backgrounds are less severe
(compared to the SSC), and it might be possible to detect
H ——+ W +—Z if its branching ratio is significantly
enhanced. Clearly, the discovery of the one-loop decays
studied in this paper would put strong constraints on our
understanding of the physics beyond the standard model.
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APPENDIX A: EXACT QUARK
AND SQUARK ONE-LOOP AMPLITUDES
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FIG. 4. Contribution of a fourth-generation quark doublet
(t', b') to the branching ratios for H —~R' —Z and H —~8'—y.
We assume that m, =100 GeV and m, —mb =160 GeV. The
decay H ~tb occurs with nearly 100% branching ratio (dot-
dashed line). Also shown are the exact (solid line) and asymp-
totic {dotted line) one-loop results for H —~8'—Z and the exact
one-loop result for H —~8'—y {dashed line).

In this Appendix we present the exact expressions for
the invariant amplitudes A, „JM2, and A, 3, defined in Eq.
(3), as a function of the loop integrals defined in Appen-
dix B. We use the notation (t, b) to denote a generic fer-
mion weak doublet, with corresponding electric charges
Q, and Qb (in units of e) 0) and third component of
weak isospin T3, = —T3b 2

Note that, in general,

Q, —Qb= l. The Zff tree-level coupling is defined by
ig y„(Gf Pi +Gf Pit ) /cos0ii, , where Pz I =

—,
' (1+y~) and

Gf = —T3f+Qfsin Oii

Gf =Qfsin Hii
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From the kinematics with pH =p ~+pz,

PH Pw. = ,™—+™w ™z),2 2 2

PH pz= —(m + mw+mz)

Pz .p w
= -,

'
( m„'+ —m w

—mz' )

In each formula presented below, all the 8,. functions
in the same formula have the same arguments; arguments
of C and Care defined as

2 2 2 . 2 2 2
0;ij CO;ij (PW&PZ&PH'& mt &mb & mb )

( 2 2 2 . 2 2 2 xCo gJ Co fJ Kp~, pz, p&, m, ,mb, m»

In H —+~ 8'*y, replace pz with p ~ and m z with

m =0. Each graph will be referenced via a superscript.
in JK with the letter that labels its figure. Our results for
H —~8'—y are in slight disagreement with those in Ref.
[3] (see Ref. [18]). In regard to the quark- and squark-

loop contributions, we only differ on the sign of JR3
presented below.

1. H +—+ 8'+y

Quark loops (factoring out a common factor of
+—,

' sin28w ):

JRi = m, c—otp[Bo(m + &m, &m'b )+B~ ]—mbtanp(Bi ),
JM, = —

Qb m, cotP[(PH Pw . mb—)Co+ (PH +Pw ) PwC„+ (PH +Pw ) Pr C,z +m wCz,

+2Pw Pr Cz3 +2Cz4 —
—,
' ]+Qb mbtanP(Pw. Pr C» +2Cz& ),

Af z
=Qb m, cotP( Co +C

& &
+2Ciz +2Czz ) + Qb mb tanP( —C» +2Ciz +2Cz3 )

JR3
= —

Qb m, cot/3( Co +C» ) —Qb m b tanP( C, i ),
Q, m,'co—tP(PH Pr Co+Pw Pr C,z 2Cz, )—
Qi mbtanP( mi Co +P w Pr C,z +m wCzz + 2P w.Pr Cz3 +2Cz4 —

—,
' ),

Atz =Q, m, cotP( Co +3C tz +2Cz3 ) +Q, mb tanP( C)z +2Cz3 ),
JK3 —Q, m, cotp( Co +C, z )

—Q, m„ tanp( C,z ) .

Squark loops [factoring out a common factor of —,
' sin28w( mb tanp+ m, cotp —m wsin2p)]:

JR;=—,'Bo(mH+'m mb )+B i -~i=
z (Qi+ Qb )Bo(mH+, m-, , mb ), Af;= —2Qb(Cz4 )

Atz ——
2Qb ( Ciz +Cz3 ), Af, — 2Q, ( C—z4 )& Jkz —2Q, (—Ciz +Cz3 ) .

To simplify the expressions for JM, , and A1,t, one can make use of the exact relations

mwCz& +mzCzz +2pw pzCz3+4Cz4 ,' =Bo(mz, m—i„—mb)+m, Co

zC21 +mwCzz +2pw'pzCz3+4Cz4 ,' =Bo(mw, —m,—.mb )+m, Cp

We make use of these relations in our numerical analysis. However, in order to calculate the large-fermion-mass lim-

it using the formulas for the loop integrals given in Appendix 8, it is more convenient not to make the above substitu-

tions. We then find the fol lowing:

Quark loops:

Jlti=sin 8w[m, cotp[Bo(m + , m, , mb )+B,]'+mbtanpB, ],
mi 'o'p b [PH'Pw 0+(PH +Pw)'PwC&i +(PH +pw) pzC]z +mwC» +mzCzz +2pw pzCz3+2Cz4 ,']-—

mi cotpGb —( mb Co )+mb tanpGb ( m wCi i +P w 'Pz C,z +m wCz] +mz Czz + 2p w'pz Cz3 +2Cz4 —
—,
'

)

—mbtanPGb (PH PwCi, +PH Pz C&z +m wCzi +mzCzz +2Pw Pz Cz3 +4Cz4 —
—,
' )

At& = —m, cotpGb ( Co +C» +2Ciz +2Cz3 ) —mbtanpGb ( C iz +2Cz3 )+mbtanpGb ( C
& i

—C iz ),

JR3 m, cotpGb ( Co+ Ci i ) +mbtanpGb ( C ~z )+mbtanpGb ( C~i —Ciz ),
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A] =m, cotPG, [PH PzC0+(PH+Pz)'PzCii+(PH+Pz)'PwCu ™zCzt™wCzz+2Pw'PzC23+2Cz& —
—,
' ]

—m, cotPGt (PH'PzCii+PH'PwCiz ™zCzi™wCzz+2pw'PzCz3+4Cz4

+mbtani3G, (mzCi i +Pw'PzCiz+mzCzi +m wCzz+2Pw PzC23+2Cz~ —
—,
'

)
—mbtanPGt (m, C0),

Atz= —m, cot13Gt (C0+C„+2C,z+2Cz3)+m, cotPGi (C„—C,z) —mbtanPGt (C,z+2Cz3),

W3 m,'cotpGt ( Co +Cii ) m, cotpG, ( C» —Ciz ) +mbtanpGt ( Ciz )

Squark loops [factoring out a common factor of (mbtan13+m, cotp —m wsin2p)]:

JKi= —sin Ow[ —,'80(m +, m-, , mb)+8, ]), JK, = —
—,'sin Ow(Qt+Qb)80(mH~&m-, &mb ),

JR;=2Gb (Cz~), Atz=2Gb (C,z+Cz3), JN i =2G, (Cz~), JKz=2Gt (C,z+Cz3) .

APPENDIX 8: ONE-LOOP INTEGRALS

We use the standard notation for one-loop integrals
[19]. However, in contrast to Ref. 19, we employ the
metric and y matrix conventions of Bjorken and Drell
[20]. We define

d q 1
A0(m )= —16mi.

(2~)" D~

d"z. z z) 16 z ~ q
)n D

. CP Citv( 2 2 2. 2 2 2)

d "q 1;q",q "q
(2~)" Dc

where

D~=(qz —m ),
Ds =(qz —m, )[(q+p) —mb],

Dc=(qz —m, )[(q+p, ) —mb][(q+pi+pz) —m, ],
for p= —(p, +pz), with all momenta fiowing into the
graphs. By Lorentz invariance, B", C", and C" can be
decomposed as follows:

BI =B,+P

C"=C»S i+Cia z

C" =Cz, p",p ', + Czzp zp z + Cz3(p",p z +p zp, ) + Cz~g"

In order to simplify notation for the B's and C's given in
the Appendixes, we define

8; =8; (pH,' mt, mb )

8, =8, (pH; mb, m, ),2. 2 2

2 2 2. 2 2 2
CO;ij CO;ij (Pw&pz&PH& mt & mb & mb

2 2 2. 2 2 2q

with the H+, 8' and Z momenta taken on shell. Bo is
symmetric under the interchange of m, and lb. The
symmetries of the Co under permutation of its arguments
and other useful relations are given in Ref. [21]. Note
that

Bi = —Bo —B

Furthermore, the C; can be expressed as linear combina-
tions of the C;j. See Ref. [13]for these and additional re-
lations among the loop functions.

In the large-fermion-mass limit, at least one of the
internal fermion masses is much larger than m &, m~,
and mz, and the B's and C's reduce to rather simple ex-
pressions. 5 is the divergent term b, :—2/(4 —n) —yE
+ln4~, where yz is the Euler constant and n is the num-
ber of space-time dimensions; p is the mass parameter in-
troduced by dimensional regularization.

S. (m, ym, )'—=ZAO, ~

The results given below are valid for arbitrary R as
long as m„mb &&m~, mz, m~. Thus the cases of R =0
(m, =0) and R = txt (mb =0) must be treated separately.
Nevertheless, one can check that those expressions below
which have finite limits at R =0 or ~ do indeed give the
correct answers in these limits. The limit R =1 may ap-
pear singular, but all expressions below are in fact well
behaved in this limit. However, for convenience, we shall
list separately the behavior of the loop integrals near
R =1.

A0 = [b, —ln(m /p )+ 1]m
2

P7l

80 = b. —ln( mb /p ) + 1 — + +
R —1 2m R —1

b

8, = ——b. —ln(mb/p )+—', +1 R 2lnR
i R —1 (R —1)

2

(R —1)
2

PEH +

6mb

2R lnR

(R —1)'

2 9
R 1 (R —1) (R 1)

6R lnR

(R —1)
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1 1Co=
m2 R —1

b
2

mb

R 1nR 1

(R —1)

3
2 1 R 1nR

(R —1) (R —1)

C12 p C11 & C21

11 S
1 6 2 1

R —1 (R —1)' (R —1)'
R 1nR

(R —1)

C22 3C2I C23 =
—,
'

C2&

++mw2 2

+
24mb

mz 11
2

+
72m'

6R 1nR

(R —1)
2 ~ 9 6

(R —1) (R —1)

1S 6

(R —1) (R —1)'
6R 1nR

(R —1)

C&~ =—b, —ln( m b /p ) +—+1 2 2 3 1 R 1nR
'4 4 ' 2 R —1 (R —1)'

B,= ——b, —1 n( m& /p)+ —'—1 2

2 R —1

R (R —2)lnR

(R —1)

2a+ 1

6m'
b

3

(R —1)
6 6R 1nR

(R —1) (R —1)

1Co=
mb

1 1nR — 1 z 1

R 1 (R 1)2, „2mb2 R 1 (R 1)2
(2R —1)lnR

(R —1)

1

2 +
m2 R —1

b

1 R 1nR

(R —1) (R —1)

1
21

3m 2

11
6

R —1 (R —1)~
1 3R 1nR 1nR

(R —1) (R —1) (R —1)

1
C22 =

mb

1
C23 =

m b

1

3

5
12

(R —1P
1 R 1nR

(R —1) (R —1)

R (R —
—,
' )lnR

(R —1) (R —1)3
+

C =—5—ln(m /p, )+——1 2 2 1 1

4
R (R —2)lnR

(R —1)

(m ~+m~)
+

24m 2 R —].

3 6 6R lnR

(R —1) (R —1) (R —1)
2

+ mz

72m 2

3 6

(R —l)~ (R —1)
6 1nR

(R —1)

2. m, = m b (R = 1) 1CI2=
6mb

R —1 1 R —1
2~ » 2 2~24m b 4mb 20m b

2m +
Bo= b, ln( mb /p ) + —

—,
' —(R —1 ),

6mb'

2
1 mH~

B,= ——b, ln(mb/p )+-+—'(R —1),
2 6m b

1 R —1C = — +22 2 23C
12mb 60mb

1 R —1

8m,' 40mb'
'

—
—,', (R —1),

1
m ~ +mw+mz2 2 2

C =—b, —ln(m /p )+24

1 R —1 1Co=—,+
2mb 6mb 3mb

R —1

12mb2
'

2.
1 mH~

B = ——5 ln(mb/p )+ —+ —,'(R —1),
2 6mb
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1C =—
0 22mb

1C
6m

R —1 — 1 5(R —1)
2 'P 11 26mb 3mb 24mb

R —1 — 1 3(R —1)
C21 = — 2+ 212mb 4mb 20mb

C24= —5 —ln(mb/p )+—

+,ln( m—
b lmz)

3mb

C22
1 R —1 — 1 7(R —1)

12mb 30mb 8mb 120mb

m + +mpr+mz2 2 2

C = —b —ln(m /p )+24 4 b

6m +6m ~+ 5mz

18mb

4. m„=0 (R =00)

——'(R —1) .
6

m +8 =b —ln(mq Ip )+ 1+
2mb

r

8, = —
—,
' b, —ln(m~/p )+

1 1
Co =—,C11=

mb 2mb

2m
1

7

6mb

1

4mb

1

3mb

1 I

9mb 6mb

1 2 2 1C =—b, —ln(m /p )+—24 4 b

3. m, =0 (R =0)

One cannot simply take the R ~0 limit of the formulas
of Appendix 8 1 since some of the results would diverge.
A separate calculation shows that these divergences are
cut o8' by mz. The results below are valid for
m~ &&mz m~ m& &&mb.

One cannot simply take the 8 ~ ~ limit of the formu-
las of Appendix 81 since some of the results would
diverge. A separate calculation shows that these diver-
gences are cut o6'by mz. The results below are valid for
mb «mz, mg, m~ &&m, :

2m
80

= b, —ln( m, /p ) + 1+
2m,

2m +
8, = —

—,'[6—ln(m, Ip )+—,']—

Co= — [ln( —m, /mz)+1],1

m]

1
C}}= [ln{—m /mz )+—'],

m,

C, 2
= [ln( —m, /mz )+ —,

' ],1

2m]

Cq} = [ln( m~ /mz)+ 6]
1

mt

3m + +3m~+2mz

18mb

m
8, = —

—,}[6—ln(mblp )+—,']-
3mb

Co = — [ln( —mb /mz )+1],
mb

C„= [ln( —mb /mz )+—', ],
2mb

1

2mb

Cz2 = — [ln( —m, /mz)+ —,
' ],1

3mt

C23 = —
[ln( —m, /m z ) + —,

' ],1

2m(

2

Czz= —b, —ln(m, /p )+—+ ln( —m, /mz)
3m]

6m + +6m w+5mz
+

18m

m 2

8}= —
—,}[5—ln(m, /p )+—,']-

m,

C2, = — [ln( —m„/mz)+ —", ],1

3mb

1 — 3 — 1
CO 2& C11 2& C12

m, 4m, 2m~

1 — 1C22 23C
26mb 3mb

C21
11 C

1 8 2 22
1

3m]

5

12m,
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C =—b, —1n(m /p )+—2
24 2

heavy-fermion-mass limit, C2& =3C2z. By explicit com-
putation we find

3m + +3mw+2mz

18m,

Note the negative argument in ln( —m, /mz) which ap-
pears in Co and C; above. The imaginary part of the log-
arithm is a consequence of the existence of an on-shell de-
cay H —+~8'—+bb, followed by tt ~Z.

It is important to note that the limits mz~0 and
m&~0 do not always commute. As an example, in Ap-
pendix B1, we noted that for the leading term in the

C2i 3C22—- dx 3x —6x+2
m

mb x(1——x )mz
Xln

P7l

If we set mz =0, the above integral vanishes. However, if
we set mb=0, we find Czi —3C22=1/(6m, ), in agree-
ment with the results just obtained for the loop integrals
in the E.~~ limit. Thus, in applying the above results,
care is needed in deciding the correct order of the limits.
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