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We have examined the branching ratios of the decays J/g~ VP and J/Q~Py in order to determine
the magnitudes of components other than N={uu+dd )/&2 and S=ss in g and g', using the data of
the world average in 1990. Although the possibility that these magnitudes are very small is not exclud-
ed, there is a solution in which these magnitudes are not small, suggesting that g and g have glueball
origins. Then, one state of two or more states in the g (1440) region is considered to be a glueball. The
mixing angle 0& corresponding to the mixing angle Op between g and g' is estimated to be about —20'.
The estimated N component in this glueball is larger than S. Using the mixing angles obtained, we have
calculated the decay widths for various P~yy, P~ Vy, and V~Py decays. The results are, in gen-
eral, consistent with experiments.

I. INTRODUCTION

@CD predicts the existence of the glueball. The most
probable candidate for the glueball is ri(1440) [which was
named t(1440) previously]. Since this is a pseudoscalar
and isoscalar meson, it can mix with the qq pseudoscalar
and isoscalar mesons g and q'. On the other hand,
rl(1440) can also be a partner of g(1295) which has been
established recently as the radially excited pseudoscalar
meson [1]. Experimentally, the mass region near g(1440)
has a complicated aspect as there may be two or more
pseudoscalar states in this region [2—5]. Then, there also
is the possibility that a glueball and a radially excited
state exist in this region. Therefore, it is very important
to study the mixing among g, g', and g(1440).

The value of the g and q' mixing angle has been deter-
mined as 0 ——10' by the quadratic Gell-Mann —Okubo
mass formula and many experimental results have advo-
cated this value [6]. However, in the past few years, new
data of J/p~g(Tl')y [7] and q(g')~yy decays [8] and

p charge-exchange reactions [9] have accumulated,
which favor a mixing angle of 0 ——20 . From these sit-
uations it is important to determine the mixing angle be-
tween them.

Several experimental groups [10] have studied the
gluonic contents in g and g' by analyzing the J/g decays
into a vector meson V (p, K*,co, g) plus a pseudoscalar
meson P (~,K, g, rl'), J/g~ VP, with the use of their ex-
perimental data. Their results are that the gluonic con-
tents in g and g' are very small and the mixing angle Hz
is about —20 . In this paper, we examine not only the de-
cay J/P~VP but also the radiative decay J/P ~yP in
order to determine possible glueball contents or/and radi-
ally excited meson contents in g and g'. Since J/g is al-
most a cc quarkonium, the decays to hadrons composed
of noncharmed quarks are believed to proceed mainly
through a virtual photon, two gluons, and three gluons,
as shown in Figs. 1 and 2. We here use the data of the
world average in 1990 [11].

The obtained result is as follows: though the possibili-
ty that contents other than X and S in g and g' are very
small is not excluded, there is a solution in which these
contents are not very small, suggesting that these have
glueball origins. Of course, these may have both a glue-
ball origin and a radially excited state. Then, one state of
two or more states in the g(1440) region is considered to
be a glueball. The estimated X component in this glue-
ball is larger than S. The obtained mixing angle 0& corre-
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FIG. 1. Diagrams contributing to J/g~ VP decays: (a)
Three-gluon-annihilation diagram. (b) Electromagnetic dia-
gram. (c) Double-OZI-suppression diagram connected to qq
states. (d) Double-OZI-suppression diagram connected to a
pure glueball state.

(C)

FIG. 2. Diagrams contributing to J/g~yP decays: (a)
Two-gluon-annihilation diagram connected to qq states. (b)
Two-gluon-annihilation diagram connected to a pure glueball
state. (c) Three-gluon-annihilation diagram.
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sponding to the mixing angle 6 z between q and q' is
about —20 . We calculated the decay widths for various
P~ Vy, V—+Py, and P~y' y decays using the calculat-
ed mixing parameters. The results are, in general, con-
sistent with experiment.

The paper is organized as follows. Section II is devot-
ed to the interrelation between the branching ratios of
J/g decays and the mixing angles of the pseudoscalar
mesons P. Section III is devoted to the numerical
analysis and the discussions. The Appendix is devoted to
the discussions of radially excited states.

II. THE BRANCHING RATIOS
AND THE MIXING ANGLES

A. J/g~ VP decays

First, we consider the case in which there is a glueball
which we call ~ and there are no radially excited states.
Since J/g meson is an almost pure cc state, its decays
into V and P are the Okubo-Zweig-Iizuka- (OZI) rule-
suppressed ones shown in Fig. 1(a) (a three-gluon-
annihilation diagram) and Fig. 1(b) (an electromagnetic-
interaction diagram). Aside from the OZI-suppression
diagrams common to all hadronic J/g decays, the doubly
disconnected diagrams shown in Figs. 1(c) and 1(d) are
also expected to contribute to the J/g decays, where Fig.
1(c) represents the diagram connected to qq states N, S
and Fig. 1(d) represents the diagram connected to a possi-
ble glueba11 state.

The amplitudes for the J /g~ VP decays are expressed
in terms of an SU(3)-symmetric coupling strength g [12)
which is contributed from the three-gluon diagram with a
small probable SU(3)-symmetry breaking s, an elec-
tromagnetic coupling strength e which is contributed
from the electromagnetic interaction diagram with a
small probable SU(3)-symmetry breaking s, and another
SU(3)-symmetric coupling strength which is written by g
with suppression factors r and r ' contributed from the
doubly disconnected diagrams. The coupling strength e
may have a relative phase to the strength g because these
are produced from different origins. The SU(3)-
symmetry-breaking term s is taken into account by pure
octet-SU(3) breaking; then this is equivalent to reducing g
for each strange quark in the final state. The s's of V and
P are written as s, and s, respectively. s, can be deter-
mined as the ratio of the quark magnetic moment p, and

p, for the strange and nonstrange quarks, as

Ps
1 s

Pu

where m„and m, are the nonstrange- and strange-quark
masses.

The effective Lagrangian for the J/f V P interac-— —
tion without the kinematical quantities is expressed as
[12]

T ([P][[V] [S,]])+
2

T ([P][[V) [S ]])

+rg Tr([P][S ])Tr([V][S„])+r'gGOTr([V][S,]),
(2)

where [P] and [ V] are the following matrices of fields P;
and V; composed of qq:

[P]= —A;P;, , [V]= —A, ;V, .
2

'''
2

(3)

Go is a pure glueball field. [S„],[S'], and [S,] are the
matrices of spurious fields corresponding to the three-,
two-gluon-annihilation interaction, and the electromag-
netic interaction, respectively, expressed as

1 0 0
[S.]=

3
0 1 0
0 0 1 —s,
1 0 0

(4a)

[S ]= — 0
3

0
1 0
0 1 —sP

02 0
1[S ]=—0 —1 0e 3

0 0 —(1—s, )

(4b)

In the case where there are radially excited states, we
consider the Lagrangian similar to Eq. (2) containing the
interactions of the radially excited states. (See Appen-
dix. )

Vector mesons V may be thought as the almost ideal
nonet, but pseudoscalar mesons P are not ideal and the
isoscalar mesons in P mix with each other. Furthermore,
they can mix with the glueball or/and the radially excited
contents, if they exist near the g and g' mass regions.
First, we treat the case in which the glueball ~ mixes with

g and g' in P. In Rosner's notation, the meson states can
be written as

g =X„X+F„s+Z„G
g'=X„.N+ F„.S+Z„.Gp

t, =X,X+ F,S+Z, Gp

where the basis states are

N=(uu+dd)/&2, S=ss, Go= pure glueball state .

We introduce the mixing angles 0„02, and 03 on the
basis gs, rlo, and Go as

'g =cxs'g s + exp Y/p +o 66p

g —p8gs+ popo+ pG Go,

&
=Xsn's+ Xpno+ Xo Go

where

CXg =C] C2 CLp C ]$2S3 S
$ C3 CXG = C ]$2C3 +$]$3
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ps=sic& po= siszs3+cic3 = —s, s~c3 —cps

8 $2 XO 2 3 Vg

c;—=cos8;, s;—= sin9, (i =1,2, 3) .

If 82 and 83 are 0, then ~ is disconnected from (g, g ) and 0, is reduced to an 8-0 mixing angle 0 . However, it should be
stressed that 0, is not the 8-0 mixing angle 0, if 02 and 03 are not 0. These are related to Xz, etc. , as follows:

X„=as/&3++—,'ao, Fz = —Q T—2as+ao/&3, Zz =aG,

X„,=Ps/V3++ —', Po, Y~ = Q ',—Ps+—Po/&3, Z„=PG,
X.=rs/&3+V' ,'r o-I'.= V—' 3r s-+so/&3 Z, =rG

(8)

The decay width of J/P —+ VP is given by

I (J/g~VP)=—
3 4m pyz

(9)

H~vp = E„p"E~(p)k~E y(k),
my

(10)

where g&zz is the coupling constant defined by the ampli-
tude

and various g&v~'s are tabulated in Table I. q is the
center-of-mass momentum of I'.

The case where there are radially excited states is ar-

Decay mode

p 7T ~ p 7T ~ p 77

z*+z-, z*-z+

TABLE I. Amplitudes for the decays of J/f~ VP and J/g~yP.
AIYlplltUde

g e
~3+. 6

g sU e
1 ——+—(1+s, )v'3 2 6

sU e Se
1 ———— 1 ——

v'3 2 3 2
1/2

g e 2 v'2
v'3 +—+ —rg X + rg(1 —s )Y„+ — r'gZ

' 1/2

g e 2 v2 2—+ —+—rg X ~ + rg (1—s ) Y ~ + — r'gZ ~

v'2 g e
3

rg(1 —s, )X + (1—s, ) ——(1—s, )
3

+—(1 —s )(1—s ) Y+ —(1—s )Zrg r'g
P U 'g +3 U 'g

v'2 g e

3 ' " v'3 ' 3
rg(1 —s)X + (1—s)——(1—s)

+—(1-$ )(1-$ ) Y +
'

(1—$ )Zrg r'g
P v Yj +3 U 7f

p 'l7

p

e—X
2
e—X ~

2

2
2 f 1d+ —X ~ + — (1—s )d ——(1—s„)(1—s, ) Y +—dZf r'

&6 3 " v'3 ' 3 " ' " r

2 f 1d+ —X + (1—s )d ——(1—s, )(1—s, ) Y +—dZf r'
v'6 3 " v'3 ' 3 ' ' " r
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gued in the Appendix. We write the radially excited
mesons as P. We consider a simple model in which the
mixing angles between rr and rr, between K and K (the ra-
dially excited state of K), and between (r), g') and (g, g ')

are the same. The most probable candidates for g
' and q

are ones of two or more states in the g(1440) and the
g(1295) regions, respectively. Making an appropriate re-
placement of the coupling constants, the amplitudes for
the decays containing ~ and K which mix with F and K
are written by the same expression as the ones for the
case containing the glueball. The amplitudes for the de-
cays containing g and g' that mix with g and g' dift'er
from the ones of the case containing the glueball only in
the terms for the mixing of glueball, i.e., the terms con-
taining Z„and Z„.

B. J/g~yP decays

L =d Tr([S~ ][P])+—Tr([S„]j [S,], [P]J )+ dGc .—

The decay width of J/g~yP decay is given by

I (J/P~yP)=—1 gpss~ q
3 4m m

(12)

where g&zz is the coupling constant defined by

H~y p
= E„p"E~(p)k% (k),

my
(13)

First, we consider the case in which there is a glueba11.
The radiative decays proceed through the virtual two-
gluon and three-gluon annihilation diagrams as shown in
Figs. 2(a), 2(b) and 2(c). The amplitudes for these radia-
tive decays are expressed in terms of an SU(3)-symmetric
electromagnetic coupling strength d with small SU(3)
breaking s [contributed from Fig. 2(a)] and another elec-
tromagnetic coupling strength f with small SU(3) break-
ing s, and s, [contributed from Fig. 2(c)]. The amplitude
produced from the pure glueball Go in P is expressed by
'the electromagnetic coupling strength d altered by r'/r
contributed from the diagram Fig. 2(b). The eft'ective La-
grangian L for these interactions without the kinematical
quantities is expressed as

m p~ECKmn, the KXm system has two narrow g reso-
nances in the 1410—1480 MeV region [2], and in the reac-
tion m p~rlnmn, . the gm. m. system [3] has the state of
mass 1388 MeV. In the J/P radiative decay, the KKn.
channel in the reaction J/P~g(1440)y~KKmy is de-
scribed by the two-Breit-Wigner fit [4], and the rime
channel in the reaction J/f~r)(1440)y~gmmy peaks at
1390 MeV [5].

As calculated in the last section and the Appendix, the
amplitudes for J/P +PV—and Py where P's mix with a
glueball and radially excited states are represented by two
parts. One part does not contain the mixing parameters
and another part is proportional to the mixing parame-
ters. Although the P's mix with the glueball or radially
excited states, the part not containing the mixing param-
eters has the same expression for either case. If there are
both the glueball and radially excited states, the part con-
taining the mixing parameters is a superposition of the
term for the glueball mixing and the term for radially ex-
cited states mixing. However, the part containing the ra-
dially excited states mixing is not so large, and the mixing
angle is considered to be smaller than about 10'. In fact,
the mixing angle between p and the radially excited state
p' is calculated to be less than 9.5' from the following
analysis. We adopt p(1450) for p'. A part of p'~err
decay is caused through the p~mw decay of the p in the
p' meson. Using the experimental data I (p'~me )
Xl (p'~e+e )/I (p' —+all)=0. 12 keV [11] and the as-
sumption

I (p' —+e+e )/I (p~e+e )

=I (J/f(3685)~e+e )/I (J/g(3097) —+e+e ),
the above result is obtained. Then, we analyze a case in
which there is only glueball mixing. If the glueball mix-
ing angle obtained is not so small and larger than about
10', then part of the radially excited states mixing is hid-
den by part of the glueball, although there exist radially

TABLE II. Branching ratios for the decays of J/f~ VP and
J/P~yP. The experimental data are the world average cited
by the Particle Data Group [11]. The calculated values are
given by using the results (15) and (16) obtained in the least-
squares method.

which is proportional to the amplitude. Various g&~p's
are tabulated in Table I.

For the case in which there are radially excited states,
see Appendix.

III. NUMERICAL ANALYSIS AND DISCUSSION

In this section, we determine the coupling strengths
and the mixing angles using the experimental data for the
J/P~VP and J/g~yP decays. We use the data [11]
listed in Table II, which are the world average in 1990.
We do not use the experimental data concerning 71(1440),
because the mass region near g(1440) has a complicated
aspect as there may be two or more pseudoscalar states in
this region. In fact, in the hadronic reaction

Decay mode

p7T
K*+K +c.c.
K K +c.c.

12.8+1.0
3.8+0.7
3.7+0.8
1.71+0.22
0.166+0.025
0.714+0.030
0.38+0.04
0.193+0.032
0.096+0.018
0.48+0.07
4.2+0.4
0.86+0.08
0.039+0.013

11.5
4.7
4.8
1.4
0.17
0.67
0.36
0.22
0.089
0.43
4.2
0.85
0.04

Branching ratios (10 )

Expt. Calc.
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s, =0.30, (14)

for the quark masses m„=350 MeV and m, =500 MeV.
In order to determine the coupling strengths and mixing
angles, we use the method of least squares. The results
obtained are

excited states. If the glueball mixing angle obtained is
small, then both glueball mixing and radially excited
states mixing can exist and we cannot estimate these mix-
ing angles explicitly in the present analysis.

The s, defined in (1) is given as

Igl =9.67X10 ', (e/g[ =0.351,
P(relative phase between e and g ) =77.3',
r = —0. 196, r'=0. 197, s =O.331,
0)= — .9, 02=8. 1 ', 83= .9',

g =0.793K 0.564S 0.228Gp

g' =0.528%+0.825S —0.2036o,

e =0.303%+0.041S+0.9526o .

(17)

Igl=9. 58X 1o-', le/gl =o.389,

P(relative phase between e and g)=91.0',
r = —0.416, r'= —0.353, s =0.319,

0I = —19.O', 82 =7.06, t93 =20.7',

~
d

~

= 1.22 X 10, f /d =0. 102,

(15)

8, = —20.2', 0 =0.0', 0 =0.0

Solution II (g for 1 degree of freedom is 1.48):

~g [
=9.58 X 10,

~
e /g( =0.351,

P(relative phase between e and g)=80.3',
r = —0.277, r'=0. 0, s =0.323,

(18)

with a y of 4.4 for 2 degrees of freedom. The mixing pa-
rameters for the obtained angles are given as

g =0.757' —0.613S—0.2246o,
q' =0.547N+0. 783S—0.296Gp,

a =0.357%+0.102S+0.9296p .

(16)

A change of 30% of s, affects the above results within
5%. The characteristics of the obtained results are as fol-
lows. (a) The mixing angle 8i corresponding to 8& is
rather large, about —20'. (b) The relative phase P be-
tween e and g is about m/2. (c) Mixing angles 82 and 83
are not so small; i.e., the glueball components in g and g'
are appreciably large; then there is a glueball which
mixes with g and g' appreciably, and one state in the
il(1440) region is considered to be the glueball. There
can be also a radially excited state in this region, for
which we cannot say anything. (d) The estimated N com-
ponent in ~ is larger than the S component; then it has
not only a EK*(892) intermediate-state contribution but
also an ao(980)m one, and it should have a character
different from the radially excited state which has an al-
most KK "

( 892 ) intermediate-state contribution because
of ss dominance. (e) r' and r have the same order values;
then the pure glueball creation process and the qq pair
creation process proceeding through the intermediate 2-
gluons state as shown in Figs. 2(b) and 2(a) are the same
order. We have listed the branching ratios calculated for
the above best-fit parameters in Table II.

In the analysis of the J/g~PV decay by the Mark III
and DM2 Collaborations [10], the u-, d-, and s-quark
contents of the q and q' saturate the wave function, rul-
ing out gluonia in the g and g', and the mixing angle Oz
is calculated as about —19. In order to clarify the
difference between the Mark III and DM2 results and our
result, we analyze only the J/P~PV decay using the
DM2 experimental data and our amplitudes in Table I.
Two solutions are obtained.

Solution I (y for 1 degree of freedom is 1.15):

g =0.824' —0.567S —0.OOOGp,

q' =0.567K+0.824S —0.0006o,

L
=0.000%+0.OOOS + 1 ~ OOOGo

The result of solution II is very close to the one of DM2.
Then, the difference between the result of DM2 and
Mark III and our result (15) and (16) can be considered to
arise from the containing of the J/Q~Py decay in the
analysis.

In the above analysis, we have assumed s, =s . How-
ever, if we relax the restriction s, =sz, then we can get
two solutions with y of 4.4 for 1 degree of freedom (DF);
one of which is very close to the Eq. (15) solution and the
other is that

~g~ =9.58 X 1Q 3, ~e/g~ =Q. 388,

/=90. 9', r = —0. 199,

s, =0.318, s =0.004,

r'=0. 113,
(15')

0I = 19~ 1 82=7.28 03=200

(di=0. 580X10 ', f/d=0. 215 .

It is remarkable that the mixing angles 0„02, and 03 for
both solutions are very close. Furthermore, we can get a
solution with y of 4.8 fixing 02=6I3 r 0;

lgl=9 47XIO ', le/gl=0. 373,

/=91. 7', r = —0.264, r'=0. 0 (fixed),

s, =0.301, s =0.078,

8, = —18.3', 82=83=0.0 (fixed),

ides=0. 672xlO ', f/d=0. 186.

(15")

This solution is very similar to (15 ), aside from 82, 83,
and r'. The y in this case is not so large compared with
the one of case (15); then a possibility that the contents
other than N and S in g and g' are very small is not ex-
cluded.
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Decay mode r'"" (keV) I "" (keV)

TABLE III. The widths for the decays of V~yP and
P~yV and P~yy. The experimental data are taken from
Ref. [11]. The datum with superscript a is given by assuming
I (K*+—+all) = I (K* —+a11). The calculated values are taken
by using the results (15) and (16).

where F"for a pseudoscalar meson A is defined by

P "=P' Tr([P][Q)[Q)»
2 0 0

1I:Q]=—
3

0 0 —1

(22)

67.1+7.6
717+43

50.3+4.6
115+10'
56.7+ 10.5
3.96+1.69

56.4+2.8
62.4+7.0

6.24+0.90
& 1.81

7.84 X 10
4.49+0.58
0.463+0.047

74.7
717(input)

62.1

141
50.2
6.51

66.8
59.0
5.27
1.49
7.84 X 10 (input)
4.70
0.508

Aizawa et al. [13] suggested a large value of the mix-
ing angle 0& (-30') from the analysis of the radiative de-
cays of J/g, using the chiral-U(3)XU(3) algebraic ap-
proach, but their conclusion is that the width of ~~yy
decay is very large compared with the experimental one.
One of us (T.T.) studied the mixing problem of the

I, in var—ious approaches, the chiral U(3) XU(3) or
U(4) XU(4) @CD algebraic approach [14] and asymptotic
flavor-SU(3)-symmetry approach [15]. In these ap-
proaches, he has discussed the problems of the masses of
P and branching ratios of the radiative decays of J /g and
c, and obtained the results that the mixing angle O& has
been about —10' and the glueball component in g' has
been significantly large.

Finally we calculate the decay widths for various
P~ Vy, V~Py, and P~yy decays using the values of
the parameters (15) and (16) obtained, and tabulate the
results in Table III. In the calculations, we have used re-
lation (12) for the V~Py decay. For the P~ Vy decay,
we have used a similar relation

F is the coupling constant common to all coupling Pyy.
The datum I (n'~yy)=7. 84X 10 keV [11] was used
as input. Almost all the calculated results are consistent
with the experimental data.

IV. CONCLUSION

The branching ratios of the J/g~ VP and Py decays
have been examined in order to determine the magni-
tudes of components other than 1V and S in g and g'. The
data used are the world average in 1990. Although a pos-
sibility that the magnitudes are very small is not exclud-
ed, there is a solution that these magnitudes are found to
be not very small. Therefore, the g and the q' have glue-
ball origins. A state in the g(1440) region is considered
to be the glueball. Radially excited states are not exclud-
ed from existing in this region. The mixing angle O, cor-
responding to the angle Oz between g and q' has been ob-
tained as about —20'. The estimated N component in
this glueball is larger than the component S. Using the
mixing parameters obtained, we have calculated the de-
cay widths for various P —+yy, P~ Vy, and V~Py de-
cays. Almost all the results obtained are consistent with
experiments.
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APPENDIX: THE MIXING BETWEEN THE
GROUND STATES AND THE RADIALLY

EXCITED STATES

2 3

r(p yv)= gvrr q
4' m p2

where gvrz is defined by

(19)
We represent the radially excited states of pseudoscalar

mesons by P and assume the interaction Lagrangian for
J/g —V Pand J/g P —y t—o be—

L=
2

Tr([P)[[V) [S.]) )+
2

Tr(IP]I[V] [S,]I)
gv P 2

Tr([V]I[S,],[P]])
+rg Tr([P][S ])Tr([ V][S,]), (A 1)

and the datum I (co~sr'y ) =717 keV was used as input.
The electromagnetic symmetry-breaking parameter s, in
S, has been estimated to be 0.2 by fitting the ratio
I (K"—~K —y)/r(K* ~K y) to the experimental re-
sult, which is comparable with the value estimated in
(14). We have thus used the value 0.2 in the calculation
of the P~ Vy and V—+Py decay widths. For the two y
decays, we have used the relation

L =d Tr([S„][P])+—Tr([S, ] I [S,],[P]) ) . (A2)

cos0 —sinO

sinO„cosO (A3)

The mixing between the ground states and radially excit-
ed states are written as

3 2
FA r(~' )) ),F770

(21)
cosO~

sinOz

—sin Oz Ko

cosO~ (A4)
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where (mo, Fo) and (Ko,Eo) are the pure ground and radially excited states of rr and E. We assume a simple model for
the mixing between (ri, g') and (q, g '):

0

sin8„

0

cos8„
0

—sinO„

cos8„

0
—sing„

X„Y„
X„. Y„
0 0

0 0

s
(A5)

sinO„ 0 cosO„ 0 X„, Y„, S

Furthermore, we Use a simplification: 8=8 =Oz =8„.
If we make the replacements

g cos8 —g sinO~g,

e cos8 —e sin8 —+e,
d cos8 —d sinO~d,

f cos8 —f sin8~ f,
(A6)

then we can write the amplitudes for the decays J/g —+pm, K E, con. , and ym. by the same expressions as in Table I.
In other amplitudes, the terms involving Z„and Z„are replaced by the terms proportional to sin8: for example,

A(J//~cog)= —+—+ rg X—+ rg(1 —s )Yg 8 2 v'2
v'3 6 3

A (J/P —+cog') =

g e 2 2
v'3 +—+ rg (X——X )+ rg(1 —s )( Y —Y ) sin8,

—+—+ rg X„—+ rg(1 —s )1'„g e 2 v'2

3

(Aj)

—+—+ rg (X„—X,)+ rg(1 —
s~ )( Yz. —Y, ) sin8 . (A8)
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