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Energy loss of a heavy fermion in a hot QED plasma
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The energy loss dE/dx for a heavy lepton propagating through a high-temperature QED plasma is
calculated to leading order in the QED coupling constant. The screening effects of the plasma are com-
puted consistently using a resummation of perturbation theory in the small-momentum-transfer region.
At large momentum transfer, recoil effects are properly taken into account. Our complete leading-order
calculation differs significantly from previous calculations.

I. INTRODUCTION

One promising signature for the formation of a quark-
gluon plasma in relativistic heavy-ion collisions is a
change in the characteristics of the jets emitted in the col-
lision. For example, the energy loss dE/dx for a jet
propagating through a quark-gluon plasma could be rath-
er different from one propagating through hadronic
matter [1,2]. The asymptotic freedom of QCD suggests
that for a quark-gluon plasma at sufficiently high temper-
ature T, the energy loss dE/dx should be computable us-
ing perturbation theory in the running coupling constant
g, (T). Unfortunately dE/dx cannot be computed by
straightforwardly evaluating the lowest-order tree-level
Feynman diagrams for scattering off of thermal quarks
and gluons in the plasma because of infrared divergences
due to the long-range interactions mediated by the gluon.
These long-range interactions are screened in the plasma
and in order to compute dE/dx to leading order in g„ it
is necessary to resum the thermal loop corrections which
provide the screening.

It is an open question whether a perturbative calcula-
tion can provide a quantitative prediction for dE/dx at
the temperatures achievable in heavy-ion collisions,
which will not be much higher than the deconfinement
transition temperature. There is reason for optimism, be-
cause perturbative predictions of static properties of the
quark-gluon plasma are in reasonable accord with
lattice-gauge-theory calculations, even at temperatures
rather close to the phase transition [3]. Regardless of the
answer, perturbation theory is valuable as a qualitative
guide to the behavior of the plasma. While lattice gauge
theory allows systematic calculations of the static proper-
ties of the plasma, it is completely impractical for
measuring dynamical properties such as dE/dx. If sup-
plemented by appropriate resummation techniques, per-
turbation theory can be used to systematically calculate
dynamical as well as static properties at high tempera-
ture.

The first perturbative estimate of dE/dx in a quark-
gluon plasma was made by Bjorken [1]. A high-energy

quark or gluon loses energy by scattering off of thermal
quarks and gluons in the plasma. In the tree-level calcu-
lation of dE/dx, gluon-exchange diagrams give rise to
logarithmically infrared-divergent integ rais over the
momentum transfer q of the gluon. Bjorken estimated
dE/dx by keeping only the logarithmically divergent in-
tegral over q and imposing physically reasonable upper
and lower limits q,„and q;„. Although Bjorken only
discussed dE/dx for light quarks and gluons, the corre-
sponding estimate for a heavy quark with velocity u in
the high-temperature limit is

dE 8 + "f 1

dx 3 6 '
u

1 u 1+u qmax
ln ln 7

2u2 1 —u q

where a, =g, /4tr and nf is the number of light-quark
flavors. In the case of a light quark with u =1, Bjorken's
estimates for the upper and lower limits were
q,„=t/4TE, where E is the energy of the quark, and
q;„=A, where A is some constant energy scale on the
order of 0.5 —1.0 GeV.

A complete calculation of dE/dx to leading order in g,
should eliminate the ambiguities due to the choices of
q;„and q,„ in the approximation (1), with the upper
and lower cutoffs on the logarithmic integral being pro-
vided automatically by the physics. A complete calcula-
tion is essential to make (1) into a quantitative estimate of
dE/dx. While the dependence of q,„and q;„on the
variables g„T, E, and u, could be determined by simple
physical reasoning, it is certainly not trivial and indeed
previous estimates have been in error. Furthermore the
neglect in (1) of leading-order contributions other than
those multiplied by the ln(q, „/q;„) is only valid to the
extent that they are made small by suitable choices of the
multiplicative constants in q;„and q,„. These con-
stants can only be determined by a complete calculation
of dE/dx to leading order in g, .

A significant step in this direction was recently made
by Thoma and Cxyulassy [4], who calculated dE/dx for a
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heavy quark using plasma-physics techniques. They
correctly included the plasma effects that screen the in-
frared divergences due to the long-range Coulomb and
magnetic interactions, and thus obtained a result that was
free of the ambiguity associated with the choice of the
lower limit q;„ in (1). However their result still suffered
from an ambiguity associated with the choice of upper
limit q,„ in (1). Furthermore their calculation did not
allow for recoil of the scattered thermal quark or gluon,
which becomes important when the momentum transfer
q becomes large. Thus while it was a complete and
correct calculation of the soft q contribution to dE!dx,
the calculation of Thoma and Gyulassy did not treat the
hard momentum-transfer contribution correctly.

The resumrnation methods required to calculate
dE/dx to leading order in g, have only recently been
developed. Their development was stimulated by the
"plasrnon problem, " that one-loop calculations of the
gluon damping rate give gauge-dependent answers.
Braaten and Pisarski [5] resolved the problem by showing
that thermal corrections from higher-loop diagrams con-
tribute to the damping rate at leading order in g, and
must be resurnrned. They developed a method for carry-
ing out the resurnrnation, proved that the result was
gauge invariant [5], and computed the damping rate ex-
plicitly to leading order in g, (Ref. [6]). The resummation
method was based on a distinction between "hard" mo-
menta of order T and "soft" momenta of order g, T. If a
tree amplitude has soft external momenta of order g, T,
the one-loop thermal corrections proportional to T con-
tribute at the same order in g, as the tree amplitude. It is
these corrections that must be resummed. They are
called "hard thermal loops, " because they arise from in-
tegration regions where the loop momentum is hard. The
resurnmation of the geometric series of hard thermal loop
corrections to a propagator results in an effective propa-
gator for soft particles. Braaten and Pisarski [5]
developed a resummed perturbation expansion in which
effective propagators are used for soft particles and tree-
level propagators are used for hard particles. If all lines
entering a vertex are soft, then it is replaced by an
effective vertex which includes a hard thermal loop
correction.

The effective propagator for soft gluons was calculated
long ago by Klimov [7] and Weldon [8]. It screens the
static Coulomb interaction, thus eliminating infrared
divergences due to the long-range Coulomb force. The
inverse of the electric screening length is +I+nf /6 g, T.
The purely static magnetic interaction is not screened,
but there is screening at nonzero frequencies [8]. The in-

verse of the magnetic screening length behaves like co'

as the frequency co goes to zero. The approach to zero is
sufficiently slow that the dynamical screening cuts off the
infrared divergence due to the long-range magnetic in-
teraction if the divergence is only logarithmic, as is the
case for transport coefficients [9]. Thoma and Gyulassy
showed that it is also true for dE /dx (Ref. [4]).

A new method for computing the effects of screening in
a hot gauge theory has recently been developed by
Braaten and Yuan [10]. It is applicable to any quantity
for which the dynamical screening of the magnetic in-

teraction cuts off the static magnetic divergence at the
scale g, T, and therefore can be applied to dE/dx. An ar-
bitrary mornenturn scale q is introduced to separate the
hard and soft regions of the momentum transfer q. The
contribution from hard momentum transfer q)q* is
computed using a tree-level propagator for the exchanged
gluon, while the contribution from the soft region q (q
is computed using an effective gluon propagator. The
dependence on the arbitrary scale q

* cancels upon adding
the hard and soft contributions to get the complete result
to leading order in g, .

In this paper we apply the method of Braaten and
Yuan [10] to compute to leading order in the QED cou-
pling constant e the energy loss dE /dx for a heavy lepton
propagating through a hot QED plasma of electrons, pos-
itrons, and photons. We focus on hot QED instead of hot
QCD because it is simpler and the main purpose of the
paper is to expose the calculational methods required to
compute dE/dx. The calculation of the energy loss for a
heavy-quark propagating through a hot quark-gluon
plasma is a straightforward extension of the QED calcu-
lation. It will be presented elsewhere together with the
phenornenological implications for heavy-ion collisions
[11]

The outline of the paper is as follows. In Sec. II, the
energy loss dE/dx is defined in terms of field-theoretical
quantities which can be expressed perturbatively as sums
of Feynman diagrams. In Sec. III, the contribution to
dE/dx from the exchange of photons with hard momen-
tum transfer q is calculated. A lower limit q' on the
momentum transfer is used to cut off the infrared diver-
gences. In Sec. IV, the soft q contribution to dE/dx is

computed using the imaginary-time formalism of thermal
field theory. An effective photon propagator provides the
screening that cuts off the infrared divergences at the
scale eT. In Sec. V, an alternative method for calculating
the soft contribution without using the imaginary-time
formalism is presented. In Sec. VI, the hard and soft con-
tributions are added to give the complete result for
dE/dx to leading order in e. The additional calculations
required to extend this result to the QCD plasma are de-
scribed.

II. FIELD-THEORETIC DEFINITION OF dE /dx

Our first task is to express the energy loss dE/dx of a
heavy fermion in terms of field-theoretic quantities. The
calculation of dE/dx then reduces to analyzing and
evaluating Feynman diagrams. We will present two for-
mulas for dE/dx. The first formula expresses dE/dx in
terms of a weighted integral of the differential interaction
rate. It is used in Sec. III to compute the hard contribu-
tion to dE/dx. The second formula expresses dE/dx in
terms of the imaginary part of the self-energy of the
heavy ferrnion, which is a quantity that can be computed
using the imaginary-time formalism. This formula is
used in Sec. IV to compute the soft contribution to
dE /dx.

We consider a high-energy muon (or any other heavy
lepton) of mass M and momentum p propagating through
a plasma of electrons, positrons, and photons in thermal
equilibrium at a temperature T. The muon has energy E
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and velocity v=p/E W. e assume that m, ((eT and set
the electron mass m, to zero. We also assume that
T «M, p and work to leading order in T!M and T/p.
The muon loses energy by scattering off of thermal elec-

trons, positrons, and photons. The interaction rate I (E)
for the muon can be expressed in terms of Feynman dia-
grams in the standard way. For example, the contribu-
tion to I (E) from the process e p~e p is

d3 ' d k d k'
I (E)= f f n (k)f [1—n (k')](2m) 5"(P+J P' —K'—) ,' g —~Jkf,

~2E (2m )32E' (2m')32k (2m') 2k'

where P=(E,p) and IC=(k, k) are the four-momenta of
the incoming muon and electron, respectively, while P'
and K' are the momenta of the outgoing muon and elec-
tron. The phase space is weighted by a Fermi distribu-
tion nF(k)=(e" +1) ' for the incoming electron and a
Pauli-blocking factor 1 nF(—k') for the outgoing elec-
tron. The matrix element Af is given by a sum of Feyn-
man diagrams, beginning with the tree-level diagram in
Fig. 1. The square of Afis su, mmed over the spins of the
electrons and the outgoing muon and averaged over the
spin of the initial muon.

The average time between muon interactions is 1/I, so
the average distance travelled by the muon between in-
teractions is b,x =v/I, where v is the velocity of the
muon. The average energy lost by the muon per interac-
tion is

only logarithmic. The use of an effective propagator for
the exchanged photon softens the divergences, so that I
is only logarithmically divergent [12] while dE/dx be-
comes infrared finite [4]. Thus for dE/dx, infrared diver-
gences are screened by plasma effects at the scale eT, and
the resummation of hard thermal loops is sufficient to
calculate it to leading order in e. For I, screening also
involves the smaller energy scale e T, and its calculation
to leading order in e requires more elaborate resumma-
tion methods [13].

The energy loss can also be expressed in terms of the
muon self-energy X(P). As shown by Weldon [14], the
interaction rate averaged over the two spin states of the
muon is

I (E)=—1 1
gu (P,s )ImX(E+ i e, p)u (P,s ),2E1+~- "

bE =—f dE'(E E'), (E—,E'),1 ~, , dI'
I dE' (3)

where dI /dE' is the differential interaction rate with
respect to the final-state muon energy E'. The integral
extends over all energies E', because there is a small
probability that the muon will gain energy in the col-
lision. The rate of energy loss dE/dx per distance trav-
eled is the ratio of AE to hx:

where u(P, s ) is the spinor for a muon with four-
momentum P =(E,p ) and spin s. Representing the sum
over the spin s by a Dirac trace, the interaction rate be-
comes

I (E)= — [1 nz(E)]tr[—(P y +M)I mX(E +i ep)] .
1

f dE'(E E'), (E,E—') .
dx v M dE' (4) (6)

For example, the contribution to —dE/dx from the pro-
cess e p~e p is given by (2) with (E E)/v inserted-
in the integrand.

The factor of E E' in (4) is —essential in making
dE/dx calculable with presently available methods for
resumming perturbation theory. If the interaction rate I
is calculated using the tree-level scattering diagram in
Fig. 1, it has a quadratic infrared divergence. The extra
factor of E E' makes the in—frared divergence in dE /dx

FIG. 1. Tree-level Feynman diagram for the scattering pro-
cess e p~e p.

The imaginary part of X(P) can be expressed as a sum of
integrals over phase space weighted by statistical distri-
butions [14]. The integrands are squares of amplitudes
for processes of the form X@~X'p, where X and X' are
initial and final states containing one or more electrons,
positrons, or photons. For each such term, the energy of
the final-state muon E' can be identified, and dE/dx is-
obtained as in (4) by inserting (E—E )/v inside the in-
tegrand in ImX.

The advantage of the formula (6) for I (E) is that X(P)
can be calculated using the imaginary-time formalism for
thermal field theory. This is important, because the
resummation methods required to compute the effects of
screening have been developed using the imaginary-time
formalism and have not yet been extended to the real-
time formalism.

The formula (4) gives the energy loss of a heavy fer-
mion. At relativistic temperatures, the energy loss of a
light particle, such as a high-energy electron or photon, is
not as easy to define. The problem is that there is a
significant probability for a high-energy electron or pho-
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ton to lose a large fraction of its energy without that en-

ergy being dispersed in the plasma. For example, a high-
energy electron with four-momentum P can scatter off of
a thermal electron, positron, or photon via the processes
e e*~e e* and e y —+e y and produce a pair of al-
most collinear particles with momenta (1—x)P and xP.
While the electron loses a fraction x of its energy and
momentum, this energy and momentum is not dispersed
into the plasma. Instead it is merely transferred to a col-
linear particle. In this ultrarelativistic situation, the con-
cept of dE/dx for an individual light particle loses its
usefulness. It is more appropriate to consider dE/dx for
a jet, which is defined to be a collection of particles with
collinear momenta. A scattering event in which a high-
energy electron splits into a collinear pair of particles
corresponds to evolution of the jet and not to a large loss
of energy. The problem of defining dE/dx for the jet as-
sociated with a high-energy light particle and calculating
it to leading order in the coupling constant is under in-
vestigation [11]. In this paper, we consider only the ener-

gy loss of a heavy particle where kinematics prevents
splitting into collinear particles.

III. HARD CONTRIBUTION TO dE /dA

The method of calculating the effects of screening
developed by Braaten and Yuan [10] involves introducing
an arbitrary momentum scale q

* to separate the region of
hard momentum transfer q —T from the soft region

q -eT. It should be chosen so that eT «q* « T, which
is possible in the weak-coupling limit e~0. The contri-
bution from the hard region q)q* is calculated using
tree-level scattering diagrams. The lower limit q* acts as
an infrared cutoff, so the result of integrating over hard q
has the form Ah„d+B ln(T/q'). The contribution from
soft momentum transfer q &q* is computed using an
effective photon propagator, which cuts off the logarith-
mic divergence at the scale eT. In order to match onto
the hard contribution, the result of integrating over soft q
must have the form B ln(q*/eT)+ A»«. The depen-
dence on the arbitrary scale q cancels between the soft
and hard contributions, and the complete result to lead-
ing order in e is Ah„d+B ln(1/e)+ A»«. The logarithm

of 1/e is simply a refiection of the fact that this quantity
receives contributions from all momentum scales from T
down to eT.

In this section, we calculate the hard contribution to
dE/dx. At temperatures T much smaller than the muon
mass M, the only processes that contribute to dE/dx at
leading order in e are scattering from electrons and posi-
trons: e*p~e*p. The only other process that is not ob-
viously of higher order in e is Compton scattering:
yp —+yp. The tree-level Feynman diagrams for yp~yp
are shown in Fig. 2, and the matrix element is

iiR= —ie e„(K',A,')*e,(K,A)u(P', s')

X y"[(P+K).y+M]y'1

2P-K

2P'.K y [(P' K) y+—M]y" u (P,s ),

(7)

where P, s, K, and k are the four-momenta and spins of
the incoming muon and photon, and the corresponding
primed variables refer to the outgoing muon and elec-
tron. Since the incoming photon is thermal, factors of K
in the numerator give rise to terms that are suppressed by
T/M and can be dropped. Using the Dirac equation
(P.y —M )u (P, s ) =0, the matrix element in (7) reduces to

iJkf= i e, e„(K—', A') *e,(K, A,).
pp p'p

X —, u(P', s')y u(P, s) .

Since P' =P to leading order in T/M, there is a cancella-
tion between the two diagrams in Fig. 2. Thus the contri-
bution to dE/dx from Compton scattering is suppressed
by (T/M)

The calculation of the hard contribution to dE/dx
from e*p~e*p is straightforward. It is given by insert-
ing (E E')/u inside —the integral in (2) and multiplying
by 2 to take into account scattering of e+ as well as e

dE 1 dp' d k
(k)

d k
[1 (k)]

dx h„d E (2m. ) 2E' (2m. ) 2k (2n. ) 2k'

X(27T) 5 (P+K P' K') —,
' y ~JR——

~

—e(q —q*),
spins

(9)

where cu =E—E' and q =p —p' are the energy and
momentum of the virtual photon. The 0 function im-
poses the restriction to the region of hard momentum
transfer q )q'. The differential interaction rate d I /d q
is an observable and hence gauge invariant. As a conse-
quence, the separation of I or dE/dx into contributions
from soft and hard momentum transfer q is also gauge in-

variant. Thus each contribution can be calculated in any
convenient gauge. In this section, we use the covariant
Feynman gauge to calculate the hard contribution to
dE/dx. In Sec. IV, the Coulomb gauge will be used to
calculate the soft contribution.

The matrix element Ai in (9) is given by the tree dia-
gram in Fig. 1. In the Feynman gauge, the matrix ele-
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FIG. 2. Tree-level Feynman diagrams for the scattering pro-
cess yp~yp.

ment is
2

u (P', s')y u (P,s )u (K', A, ')y„u (J,A, ),
(10)

where Q=(co, q) and Q =co —
q . Squaring the matrix

element, averaging over the spin s of the incoming muon,
and summing over the spins s', A, , and X' of the other
three particles, we get

e4
, (P ZP' Z'+P rC'P' rC M'rC —rC') .

spins Q

The muon is assumed to have large momentum p ))T as
well as large mass M ))T. The Fermi distribution nF(k)
in (9) restricts the energy k to be at most of order T.
Conservation of energy and momentum, together with
the condition p, M )&T then constrains the energy k' to
also be on the order of T. The di6'erence between the ini-
tial and final quark velocities v and v' is therefore of or-
der T/E. Assuming v ))T/E and setting v'=v, the ex-
pression in (11) reduces to

e'
—,
' g iaaf~ =16 EE' 2(k —v k)(k' —v k')

SPlllS

+ (
2 2)2 2

2
(12)

where v=p/E is the velocity of the muon. The momen-
tum 5 function can be used to compute the integral over
p'. Inserting the approximation E'=E —v.q, the energy
6 function reduces to 6(cv —v q). The expression (9) for
dE/dx has now been reduced to

dE
dx f —n~(k)f, [1—nF(k')]5(co —v q)

v (2~) k (2~)' k' (
2 2)2

2

X 2(k —v k)(k' —v k')+ (co —q2) 8(q —q*),
2

(13)

where co=k' —k and q=k' —k. In the Pauli-blocking factor 1 —nF(k'), the term n~(k') can be dropped because the
corresponding term in the integrand is odd under the interchange of j and 1' and integrates to zero. This simplification
makes it possible to evaluate the integrals in (13) analytically.

In order to simplify the expression (13) further, it is convenient to make use of the fact that dE/dx is independent of
the direction of v. We can therefore average the integrand over the directions of v. The integrals that are required are

f 5(co—v.q)= 8(v q
—co ),dQ 1

4~ 2uq

f 5(co —v q)v'= 8(v q
—~ )—Q',i 1 2 2 2 ~ i

4~ 2uq q

u2 2 ~2 3~2 u2 2

f 6(co —v q)v'vj= 8(v q
—co ) 5'~+

4m 2uq 2q2 2q2

(14)

(15)

(16)

where fd0 represents integration over the angles of v. At this point, it is convenient to change the remaining integra-
tion variables from k, k', and cos8= k k' to k, q, and co. The formula (13) for dE/dx reduces to

dE e~ ~ 2k/(1+v) dq +vq 2k/(1 —v) dq +vq
dknz k d& &+

q
—vq 2k/(1+ v ) q q

—2k

3'
4q

u
2 1 —v q k(k+co) 2 k(k+co)

2 q2 —&2+ q2
'

q2 —m2

The limits of integration arise from taking into account the restriction —uq &co (+uq from the 0 functions in the in-
tegrals (14)—(16), the restriction to hard momentum transfer q )q*, and co )q

—2k which follows from co =k' —k and

q = ~k' —k~. The integrals over co and q can be evaluated analytically. The only integral which is not elementary is

2k/(1 —v ) 1 k
dq —ln =Sp

2k/(1+ v) q q
—k

1+u —Sp
1 —u 11 1+u

1
1 u+—ln ln

2 1 —u 4

where Sp(x) is the dilogarithm or Spence function:
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Sp(x)= —f dt —ln(l —t) .
o t

The remaining integrals over k can also be evaluated analytically:

2T2f dk n~(k)k =

(19)

(20)

f dk nF(k)k ln
p

(21)

where y=0. 57722 is Euler's constant and g(z) is Riemann's zeta function with g'(2)/g(2)= —0.56996. The final re-
sult for the contribution to dE/dx from hard momentum transfer is

dE eT
dx h, d 24m

1 —v 1+v
ln

2v2 1 v
ln ——ln(1 —v )+——y+4T 1 q 3 g'(2)

g(2)

1 —v

4v

1+v
Sp —Sp

2
1 —v 1 1+v 1 —v~+—ln ln

2 2 1 —v 4
2
3

(22)

A logarithmic infrared divergence appears as q* —+0. A calculation in the Coulomb gauge would reveal that the diver-
gence receives contributions both from Coulomb scattering and from magnetic scattering. The Coulomb contribution
to the expression in square brackets multiplying in(4T/q*) is 2v /3, and the remainder comes from the magnetic in-
teraction.

The hard contribution to dE/dx can be written more compactly in the form

dE
dx

e4T2 1 1 —v~ 1+v

24m v 2v2
ln +ln + A„„d(v)

T E
q* M

(23)

where we have used E/M= I/+I —v . The function
Ah„d(v) decreases monotonically as a function of the ve-
locity from 1.239 at v=0 to 1.072 at v=1. If we wish to
approximate (23) by replacing the expression in
parentheses by a simple logarithm ln(q, „/q*) as in (1),
the value of q „that minimizes the maximum error over
the entire range 0(v & I is q,„=3.2T!+I—v . This
value of q „has a dependence on v that differs signi-
ficantly from the estimate q,„=4Tp /(E —p +4T )

=4Tv/(1 —v) of Thoma and Gyulassy [4], which was
based on a consideration of the maximum energy
transferred in the scattering process.

IV. SOFT CONTRIBUTION TO dE /dx

The soft contribution to dE/dx has already been cal-
culated correctly by Thoma and Gyulassy, using a
method borrowed from plasma physics [4]. To use their
result in our calculation, it is necessary only to impose an
upper limit q* on the integral over the momentum
transfer in their expression for dE/dx. In this section,
we verify their result by repeating the calculation using
the imaginary-time formalism for thermal field theory.
The advantage of this approach is that the resummation
methods required to calculate the soft contribution [5]
have only been developed systematically within the
imaginary-time formalism. For example, the power-
counting methods of Ref. [5] can be used to verify that
our calculation does indeed include all terms of leading
order in e. The disadvantage is that the imaginary-time

formalism involves calculation in Euclidean space fol-
lowed by analytic continuation to Minkowski space,
which is not very conducive to intuitive interpretation.
This will be remedied in Sec. V, where an alternative
field-theoretic calculation, which is more intuitive but
less rigorous, will be presented.

To calculate dE/dx using the imaginary-time formal-
ism, we begin with Weldon's formula (6), which expresses
the interaction rate I (E) in terms of the muon self-
energy X(P). The hard contribution calculated in Sec. III
comes from the two-loop self-energy diagram in Fig. 3.
The imaginary part of X comes from cutting the diagram
through the virual muon line and the two electron lines,
thus producing the square of the diagram in Fig. 1. In
the integration region where the momentum q Aowing
through the photon line is soft, hard thermal loop correc-
tions to the photon propagator contribute at leading or-
der in e and must be resummed. The resulting diagram is
shown in Fig. 4, where the blob on the soft photon line
represents an effective photon propagator b," (Q). The
effective propagator is obtained by summing the

FIG. 3. Two-loop Feynman diagram for the muon se1f-

energy X(P).
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v aMnnn = . wwmn~,

FIG. 4. Feynman diagram for the muon self-energy X(P)
with effective photon propagator.

geometric series of one-loop self-energy corrections pro-
portional to e T, as shown diagrammatically in Fig. 5.
The diagram in Fig. 4 includes all loop corrections that
contribute to the imaginary part of X(P) at leading order
in e, as can be verified using the power-counting rules
developed in Ref. [5].

In Minkowski space, the Feynman rules for the self-
energy diagram in Fig. 4 give

d4 1
X(P)= ie f b,""(Q)y„y,.

(2m)4 "(P Q) y ——M (24)

To compute the thermal contributions in the imaginary-
time formalism, we make the replacement f dqo /2m'

~iTQ, where the sum is over the discrete imaginaryqo&

values qo =i2nmT for the photon energy. The sum over

qo is evaluated for discrete imaginary values
po=i(2n+ 1)m T of the muon energy, and only then is po
analytically continued to the real Minkowski energy
pa=E+ie required in (6).

The hard and soft contributions to dE/dx are sepa-
rately gauge invariant. The most convenient gauge for

b~(Q) =b, , (qo, q),
b, "(Q)=b,(qo, q)(5'J —q ™qJ) .

(25)

(26)

The four-momentum of the photon is Q=(qo, q) and

q=q/q. The longitudinal and transverse effective propa-
gators are [7]

b, &(co,q ) '=q ——mr —ln —2
2 ~

q co —
q

b, (co q) '=co —
q + —m ln

3 co(co —
) co+

2 ~ 2q3 ~—
q

(27)

(28)

Inserting (25) and (26) into the self-energy (24), the trace
required in (6) becomes

FIG. 5. Diagrammatic definition of the effective photon
propagator.

evaluating the soft contribution is Coulomb gauge, where
the only nonzero components of the effective propagator
are

d3
tr[(P y+M)X(P)]= —4e T g f [Q((Q)(po+p —

poqo
—p.q+M )

(2~) (P Q) —M—
+2~, (q)[po —poqo+p q —(p q)' —M']] . (29)

The easiest way to compute the sum over qo is to introduce spectral representations for the propagators. For the
muon propagator, the spectral representation is

1

(P —Q) —M
dr'e ' ' [[1—nz(E')]e ' nJ;(E')e+ ' j, — (3O)

b, , (Q)= —f dre ' f drop, (co, q)[1+na(co)]e

(31)

(32)

where nz(co)=(e ~ —1) ' is the Bose distribution. The
spectral functions are defined by p&(co, q )

Imb&(co+ie, q)/m an—d p, (co, q ) = —Imh, (co

+ie, q)/m, and are given 'explicitly in Ref. [15]. They are
odd functions of co and we define them to be positive for

where E'=(/M +(p q) . For the e—ffective propaga-
tors in (27) and (28), the spectral representations are

4&(q)= —f dre ' f drop&(co, q)[1 +n~(co)]e

p&(co, q ) =

positive co. Their support consists of the spacelike inter-
val —

q &co &+q, together with 6-function contributions
at the timelike points co=+co&(q) for p& and co=+co, (q)
for p, . The functions ro&(q) and co, (q) are the dispersion
relations for longitudinal photons, or plasmons, and
transverse photons, respectively. For spacelike frequen-
cies Ico I (q, the spectral functions are proportional to the
squares of the effective propagators in (27) and (28):

3m co
I ~((~+ie,q)l', (33)

2q

3m~co(q —co )

p, (a)q ) = I h, (co+ieq )I . (34)
4q

After introducing the spectral representations, the sum
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over qo reduces to the 5 function 5(r r—') or its deriva-
tive. After using the 5 function to integrate over ~', the
integral over ~ yields an energy denominator

) /T (p 0+ E' ro—)~ (po T F. ' —co)/T 1
d7 e = e

0 po T E' —(o

(35)
At the discrete imaginary energies p 0=i(2n+1)nT, we

Po/T
have e = —1. Only after using this identity to elimi-

1Im, = in—5(E+E'—(o) .E+ie +E' co— (36)

The imaginary part of the trace in (29) now reduces to

nate the exponential ofpo can the muon energy be analyt-
ically continued to the value po=E+ie required in (6).
The imaginary part of the self-energy X(P) in (6) comes
from the imaginary part of the energy denominator in
(35):

tr[(P.y+M )ImX(P) ]
3 +

4vre —(1+e ) f f dco[1+n~(co)], [[1 nF(—E')]5(E E' —c—o) n~(E—')5(E+E' co—) j

X [p, (co, q)(2E' Eco p—.q)+2—p, (co, q)[p' —Eco+p.q —(p q) ]] . (37)

The expression (37) is the result of evaluating the diagram in Fig. 4 without any approximations. We now simplify it
using the assumption that M,p ))T. The second 5 function cannot contribute for co less than or on the order of T, so it
can be dropped. The Fermi distribution nF(E ) is exponentially suppressed, so it can also be deleted. Using
E'=E —v q, the first 5 function reduces to 5(co —v.q), which constrains the frequency co to the spacelike interval—vq &co &+Uq. Using this 5 function to evaluate the angular integral for q and inserting (37) into Weldon s formula
(6), the interaction rate reduces to

r

I (E)= f dq q f dco[1+n~(co)] p)(co, q)+ U
— p, (('o, q)

27TV 0 —
Uq

(38)

T 11+n~((o) =—+—+
CO

(39)

and keep only the leading term T/co. Aside from this ex-
plicit factor of T, the only scale in the integral is eT. By
dimensional analysis, the soft contribution to I must be
of order e T. Thus the hard contribution to I is
suppressed relative to the soft contribution by a factor of
e . Unfortunately, the transverse term in the integral in

I

We first determine the order of magnitude of the con-
tribution to I in (38) from the integration region where q
and m are hard. With q and co of order T, the efT'ective

propagators appearing in the spectral functions (33) and
(34) reduce to the tree-level propagators b, (

-—1/q and
6, =1/(co —

q ). Aside from a multiplicative factor of
m in the spectral functions, the only scale in the integral
is T. By dimensional analysis since I has dimensions of
energy, the hard contribution to I must be of order
e m /T-e T. This estimate is identical to that which
would be obtained by considering the contribution to the
interaction rate from the tree-level scattering process in
Fig. 1. We next consider the contribution to I from the
integration region where q and co are soft. Since co is of
order eT, we can expand the Bose factor in (38) around
co =0,

(38) has a logarithmic infrared divergence from the end
point q —+0. This arises because the dynamical screening
of the magnetic interaction provided by the transverse
effective propagator (28) is not sufficient to completely
screen the divergence from the long-range static magnetic
interaction. The logarithmic divergence is a big irnprove-
ment over the quadratic infrared divergence that appears
if the interaction rate I is calculated from the tree-level
scattering diagram in Fig. 1. Nevertheless it indicates
that the screening involves not only the scale eT but also
the scale e T. Thus the resummation of hard thermal
loops is not sufficient to calculate I to leading order in e.
It is necessary to develop more powerful resurnmation
methods that can handle the scale e T (Ref. [13]).

The soft contribution to dE/dx is obta—ined from (38)
by inserting the factor co/U inside the integral and impos-
ing an upper limit q* on the momentum transfer q. Since
~co~ & uq, co is also restricted to be soft, and the Bose fac-
tor can be expanded as in (39). In the case of dE/dx, the
T/co term in (39) does not contribute because it gives a
term in the integrand which is an odd function of ~ and
integrates to 0. The leading contribution comes instead
from the 1/2 term in (39). As noted by Thoma and Gyu-
lassy [4], the net result is that the soft contribution to
dE/dx differs from I (E) in (38) by a factor of co /2UT in
the integrand:

dE e q* +uq CO

dq q des co p((co, q )+ U
— p, (co, q )—vq q

(40)
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This result agrees up to a color factor and change in coupling constant with that of Thoma and Gyulassy [4] for the
quark-gluon plasma. They calculated dE/dx for a heavy quark by computing the chromoelectric field induced by a
classical source consisting of a colored point charge moving at fixed velocity. The agreement holds only after using the
small co approximation in (40), which is equivalent to a high-temperature approximation. A similar correspondence be-
tween a high-temperature approximation and a classical approximation has been observed by Heinz [16] in the case of
the gluon polarization function and the color response function.

To further simplify (40), it is convenient to change integration variables from q and co to q and x =co/q. The integral
over q can then be evaluated analytically revealing a logarithmic dependence on q*. In the logarithmic term, the in-
tegral over x can also be evaluated analytically. Our final result for the soft contribution to dE/dx is

dE 3e 2 1 1 —v 1+v qln ln
1 v m

f dx x2 ln +—ln[1+QI(x) ]+Q&(x) ——arctan[Q&(x)]

2 — 2

J dx x~ ln + —ln[1+Q, (x) ]+Q,(x) ——arctan[Q, (x)]
2v2 p 1 —x2 4 2

(41)

where the functions Q&(x) and Q, (x) are

Qi(x) =——ln +—1 1+x 2
7T 1 x x

(42)

1
1

1+x 2x
1 —x

(43)

The remaining integrals over x in (41) must be evaluated
numerically. Note that the dependence on the arbitrary
scale q* cancels between the hard contribution in (22)
and the soft contribution in (41).

The soft contribution to dE/dx in (41) can be written
more compactly in the form

dE
dx

e4T2 1 1 —v' 1+v

24m v 2v 1

x ln q + A„«(U)T (44)

where we have used mr =eT/3. The function A»«(v)
begins at 0.049 at v =0, increases to a maximum of 0.292
at v=0. 96, and then decreases to 0.256 at v=1. If we
wish to approximate the expression ln(q*/eT)+ A»«(U)
in (44) by a simple logarithm ln(q*/q;„) as in (1), the
choice of q;„ that minimizes the maximum error over
the range 0 (v ( 1 is q;„=0.84eT.

Our starting point is (9), which gives the contribution to
dE/dx from e~p~e —

p scattering. In the region of
phase space where the exchanged photon in Fig. 1 has
soft momentum, hard thermal loop corrections to the
photon propagator are not higher order in e and must be
resummed. We assume that the net effect of the resum-
mation is that the photon propagator in Fig. 1 is replaced
by the effective propagator 5" (Q), as illustrated in Fig.
6. Our justification for this prescription is that it repro-
duces the results obtained in Sec. IV using the
imaginary-time formalism.

This prescription has been used previously without
justification by Baym et al. [9], who showed that it pro-
vides sufficient screening to eliminate infrared diver-
gences from transport coefficients. However the prescrip-
tion cannot be trivially derived from the Feynman rules
of the real-time formalism for thermal field theory. It
also cannot be derived easily from the corresponding re-
sult in the imaginary-time formalism. For example,
Weldon's formula (6) gives an exact relation between the
muon interaction rate I (E) calculated from the tree-level
diagram in Fig. 1 and the two-loop diagram for the muon
self-energy X(P) in Fig. 3. There is no corresponding ex-
act relation between I calculated from the resummed
diagram in Fig. 6 and the resummed diagram for X in
Fig. 4. These quantities satisfy Weldon s formula only in
the limit of soft momentum transfer. While our results
suggest that the simple prescription of using an effective
propagator for the photon is correct, a rigorous

V. ALTERNATIVE CALCULATION OF THE SOFT
CONTRIBUTION

In this section, we repeat the calculation of the soft
contribution to dE/dx using a more intuitive approach.

FIG. 6. Feynman diagram for the scattering process
e p —+e p with effective photon propagator.
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justification must await the development of resummation
methods for the real-time formalism that are as powerful
as the resummation methods for the imaginary-time for-
malism developed in Ref. [5].

The calculation of the contribution to dE/dx from the
Feynman diagram in Fig. 6 is most easily calculated in
Coulomb gauge, where the only nonzero components of
the effective propagator are given in (25) and (26). The
matrix element in Coulomb gauge is

iJk=e 6,(Q)u(P', s')y u(P, s)u(K', A, ')y u(K, A)

+e b, (Q)(5" q™—q J)u(P', s')y'u(P, s)
Xu(K', A, ')y~u(K, A, ) . (45)

This matrix element must be squared, averaged over the
initial muon spin s, and summed over the other spins.
Evaluating the resulting Dirac traces and using the con-
ditions M,p ))T to simplify the expression, we get

—,
' y I~ I'=16e'[

I ~i(Q) I'E'(kk'+k k')
spins

+2Re[h&(Q)b, ,(Q)*]E[k(p k' —p qq. k')+k'(p. k —p.qq k)]

+lb, , (Q)l [2(p k —p qq k)(p k' —p qq k') —(kk' —k k')(p —p qq p)]] . (46)

Using the momentum 5 function in (9) to integrate over p' and using M,p ))T to reduce the energy 5 function to
5(co —v q), the soft contribution to the energy loss reduces to

dE ~ dk 1 dk' 1f —n~(k) f 3, [1 n~(k—')]5(co—v q)co —' g lAtl 8(q* —q) . (47)
dx „~, 4vE (2') k (2m )

Note that g Aflin , (46) is symmetric under the interchange of k and k'. The integrand in (47) can therefore be sym-
metrized by replacing the thermal distribution factors n~(k) [1 n~(k—') ] by [n~(k) nF(k—')]/2.

We now make use of the restriction of the momentum transfer q to the soft region q (q . The leading-order contri-
butions to the integrals in (47) come from the region where k and k are hard (i.e., of order T) while their difference
co =k' —k is soft (i.e., of order eT). The thermal distribution factor can be expanded to lowest order in co:

n~(k) n~(k')—
CO n' (k)+— (48)

After changing the integration variable k' in (47) to q and using the approximation k'= k —k q, the energy loss reduces
to

d3 d k
2 f 3 (v q) 8(q* —q)f, z [—nF(k)]5(v q —k q) —'

dx „8vE (2~)' (2~)' k

The matrix element in (46) can also be simplified by setting k'=k:

$ lJKl =32e E k I lb&(Q)l +2Re[bi(Q)b, , (Q)*](v.f—v qq. k)+lh, (Q) (v k —v qq. k) I .
splns

The integrals over the angles of k are

f 5(co—k q)=dQ 1

4~ 2q

dO g
5(co —k q) v k ——q.k =0,

4~ q

(49)

(50)

(51)

(52)

dQ g
5(co —kq) vk ——qk

4m q

2
1 co21—

4q q2

2
CO

U (53)

where co =v-q and d 0 is the angular integration element for k. The integral over the magnitude of k is

2T2
dk k'[ —n~(k)]= (54)

Changing the remaining integration variables in (49) from q and cosO=v q to q and co=v.q, the soft contribution to
dE/dx reduces to

, f '
dq f "'deco' lb, ,(Q)l'+-

soft

(55)
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This agrees with the result (40) in the imaginary-time for-
malism after inserting (33) and (34) for the spectral func-
tions pi and p, in (40) and setting mr =eT/3.

VI. COMPLETE LEADING-ORDER RESULT
FOR dE/dx

The complete result for dE/dx to leading order in e
and T/M for a heavy lepton propagating through a hot
QED plasma is the sum of the hard contribution in (23)
and the soft contribution in (44):

CQ

I

ln
dx 247T v 2v 1 —v 0

0.0 0.2 0.6 0.8 1.0

X ln +ln —+ A (v)
E 1

M e
(56)

r

dE e T 1 1 —v 1+v qmax
ln ln

dx 247T v 2v 1 v q~j11
(57)

Following Bjorken, we set q,„=v 4TE and q;„=A,

2.0 I I I

I

I I I I

I

I I I

I

I I I I

I

1.5—

1.0—

0.5—

where A (v) = Ah„z(u)+ A„f,(u). The dependence on the
arbitrary scale q* that separates the hard and soft regions
of the momentum transfer q cancels, leaving a logarithm
of 1/e. This logarithm is simply an indication that
dE/dx receives contributions from momentum transfers
ranging from the hard scale T down to the soft scale eT.
The dependence of the function A (v) on the velocity v is
shown in Fig. 7, together with hard and soft contribu-
tions. A(u) increases from A(0)=1.288 at v=0 to a
maximum of 1.478 at v=0. 88 and then decreases to
A ( 1 ) = 1.328 at v = 1.

The energy loss dE/dx as a function of the heavy-
quark velocity v is shown as a solid line in Fig. 8, where it

ompared with the results of previous calculations
Fi. 8adapted for the QED plasma. The dotted curve m ig.

is the analog of Bjorken's [1] estimate (1) for the quark-
gluon plasma:

FIG. 8. Energy loss dE/dx of the muon as a function of its
ve oci y v.locity v. The complete leading-order result (solid line) is com-

edpared to previous calculations by Thoma and Gyulassy (dashe
curve) and Bjorken (dotted curve).

but we choose A to be the inverse Debye screening
length: A =&3m z. The dashed curve is the analog of
Thoma and Gyulassy's [4] result for the quark-gluon
plasma. It is the soft contribution to dE/dx given in (41)
with q

*=4Tp /(E —p +4T ). Unlike the complete
leading-order result in (56), the approximations of Bjork-
en and of Thorna and Gyulassy depend not only on v but
also logarithmically on the ratio M/T. For the purpose

fof illustration in Fig. 7, we have set M/T=10. Both o
the previous calculations di6'er significantly from the
complete leading-order result. Bjorken's approximation
significantly overestimates dE/dx over most of the range
of velocity. The calculation of Thoma and Gyulassy un-
derestimates dE/dx for v (0.7 and overestimates it for
v &0.7.

As v —+0, the factor in the first set of large parentheses
in (56) approaches 2u /3, implying a small positive energy
loss proportional to v. This is clearly incorrect on physi-
cal grounds, since a heavy particle with kinetic energy
much less than T should on the average gain energy from
a collision. The energy loss dE/dx should therefore
change sign at some velocity on the order of the thermal
velocity &T/M. Our result (56) does not have this be-
havior, because it was calculated under the assumption
u »T/E. Fortunately, the method described in this pa-
per can equally well be used to calculate dE/dx in the
limit v ~0. An arbitrary scale q

* is introduced to
separate the hard and soft regions of momentum transfer.
The contribution from hard momentum transfer q )q

* is
calculated as in Sec. III, except that the assumption
~v —v'~ && v is removed and the limit u ~0 is taken. The
result is

0.0
0.0

I I I I I

0.2 0.4
I I I I I I I I I I I I

0.6 0.8 1.0

dE

hard

e T
1

4T g'2
12m.Mu q

* g(2)

(58)
FIG. 7. The function A {v) defined in (56) as a function of the

muon velocity v (solid curve). It is the sum of Ah„&(v) (dashed
curve) and A„f,(v) (dotted curve).

The contribution from the soft region q (q is calculated
as in Sec. IV or V, with the result
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dx

v —+0
e4T3

ln
12m Mv v'3m

1

2
(59)

Upon adding the hard and soft contributions, the q
dependence cancels and the total energy loss is

It is useful to compare our result for the energy loss in
an ultrarelativistic plasma with the result for a nonrela-
tivistic electron plasma [17]. For a particle with velocity
v that is much greater than the thermal velocity &T/M,
the energy loss is

dE
dx

v —+0
e T'

1
4&3 1 + g'(2)

12m Mv e 2 g(2)
ln +——y+

(60)

dE e Q)p
ln

dx 4mv2

m, v E
+A

co M (64)

The energy loss is negative as it should be for a particle
with subthermal energy. The factor of 1/v gives rise to a
divergence as v ~0 which is purely kinematical; the time
rate of energy loss dE/dt approaches a constant as v ~0.
We can estimate the crossover velocity where the energy
loss changes sign by equating the v ~0 limit of (56) with
the magnitude of (60). The result is v =v 3T/M, which
for M /T = 10 is 0.55.

The formula (56) for the energy loss also breaks down
in the opposite limit as v —+1. The general form for the
upper limit on the momentum transfer in (17) is

q,„=2k(1+k/E)/(1 —v+2k/E). The correction to
the factor of 1 —v in the denominator is of order T/E.
When 1 —v becomes of order (T/M), or equivalently
when the energy E becomes of order M /T, this correc-
tion cannot be ignored, and the formula for the energy
loss becomes very complicated. It simplifies again in the
limit E »M /T, in which case the upper limit on
momentum transfer simplifies to q,„=E. The hard con-
tribution to the energy loss is given by (17) with v set
equal to 1, except that the upper limit q,„=2k/(1 —v )

of the integral over q is replaced by q,„=E:
v —+1

dE

hard

e T 2TE 8 g'(2)
48~ (q *)2 3 P(2)

ln +——y+

(61)

The soft contribution is simply the v ~ 1 limit of (41):

dx

4T2
ln +0.256

24m. eT
(62)

Upon adding (61) and (62), the dependence on q* cancels
and the total energy loss is

e T E
ln +2.031

48m e2T
(63)

The crossover energy between the regions of validity of
(56) and (63) can be estimated by equating the v ~1 limit
of (56) with (63). This gives E =0.54M /T. If
M/T=10, the crossover velocity is 0.98. In summary,
we have computed the energy loss for a heavy lepton with
mass M »T in three regimes of velocity or energy. For
subthermal velocities v «&3T/M, it is negative and
given by (60). In the intermediate region where
v »v'3T/M and E & 0.54M /T, the energy loss is given
by (56). In the ultrarelativistic region E &0.54M /T, it
is given by (63).

where co is the plasma frequency, m, is the electron
mass, and A is of order 1. Note that the multiplicative
factor of 1/v gives rise to a large energy loss at small ve-
locities, while the factor of ln(E/M) gives rise to large
energy loss as v ~1. The minimum energy loss occurs at
some intermediate velocity, just as in the Bethe-Bloch
formula for scattering of charged particles in ordinary
matter. In contrast, the magnitude of the energy loss in
the ultrarelativistic plasma increases monotonically with
v as shown in Fig. 8.

We have concentrated on the energy loss dE/dx for a
heavy lepton propagating through a hot QED plasma in
order to illustrate the calculational methods required.
The same methods can be used to calculate the energy
loss for a heavy quark propagating through a hot quark-
gluon plasma, a problem of direct relevance to heavy-ion
collisions [1,2]. The explicit calculation of dE/dx to
leading order in the QCD coupling constant g, will be
presented elsewhere [11]. Here we simply outline the cal-
culations that are required. We represent the heavy
quark by the symbol g, while light quarks and gluons are
represented by q and g. The heavy quark loses energy by
scattering off of thermal quarks and gluons via the pro-
cesses qg~qg and gg~gg. As in the QED calcula-
tion, we introduce an arbitrary scale q* to separate the
hard and soft regions of the momentum transfer. The
soft momentum-transfer contribution has already been
calculated by Thoma and Cryulassy [4]. It can also be
calculated in the imaginary-time formalism as in Sec. IV
by evaluating the Feynman diagram in Fig. 4 with the
effective photon propagator replaced by an effective
gluon propagator. The result is identical to (41) except
that it is multiplied by a color factor 4/3, e is replaced by
g„and m is replaced by the thermal rest mass of the
gluon: m =Ql+nf/6g, T/+3.

The hard momentum-transfer contribution to dE/dx
is calculated using the tree-level Feynman diagrams. The
contribution from scattering from light quarks qg~qg
comes from the diagram in Fig. 1 with the photon line re-
placed by a gluon. The calculation is identical to that in
Sec. III except for color factors, and the result for each of
the nf Aavors of light quarks is (22) multiplied by a color
factor of 2/3 and with e replaced by g, . The only contri-
bution to dE/dx that requires additional calculation is
that from the scattering of gluons with hard momentum
transfer: gg~gg. The Feynman diagrams include the
Compton scattering diagrams analogous to those in Fig.
2 together with an additional diagram containing a
three-gluon vertex. While the two Compton scattering
diagrams cancel in QED, the cancellation is upset in
QCD by color factors. Thus all three diagrams contrib-
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ute to dE/dx, although the logarithmic dependence on
q* comes only from the three-gluon vertex diagram. The
evaluation of these diagrams will complete the calcula-
tion of dE/dx for a heavy quark to leading order in g, .
The calculations are in progress and the results, together
with phenomenological implications for heavy-ion col-
lisions, will be presented elsewhere [11].

Note added. After this work was completed, we be-
came aware of related work by Svetitsky [18] on the
diffusion of heavy quarks in a quark-gluon plasma.
Svetitsky's drag coefficient is 3 (p ) = ( —dE/dx )/p. His
calculation was complementary to that of Thoma and
Gyulassy [4] in that he correctly calculated the hard con-
tribution to dE/dx, but he used an ad hoc cutoff'
prescription to remove the infrared divergences at soft
momentum transfer. The methods described in this pa-
per can also be used to give a complete calculation to

leading order in g, of the diffusion coefficients for heavy
quarks in the quark-gluon plasma.
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