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The polarization of gravitational plane waves is studied. In particular, it is found that each interacting
gravitational plane wave can be split into two parts: the shock part and the impulsive part. The plane of
the polarization for the plane gravitational shock waves usually gets rotated due to two kinds of interac-
tion: one is the nonlinear interacton between the oppositely moving plane gravitational shock waves,
and the other is the interaction between the gravitational shock wave and the matter fields which are
present. The change of polarization due to the nonlinear interaction is exactly a gravitational analogue
of Faraday rotation, but with the oppositely moving gravitational shock wave as the magnetic field and
medium. The effect of the above two kinds of interaction on the impulsive gravitational plane waves is
different from that on the shock waves. Only the interaction between the impulsive gravitational wave
and the matter fields can change the polarization of the impulsive wave.

I. INTRODUCTION

Einstein’s general relativity predicts the existence of
gravitational waves. Among these waves are the simplest
cylindrical and plane waves. The cylindrical gravitation-
al waves were first studied by Einstein and Rosen [1].
Since then, a lot of effort has been devoted to this subject,
and many remarkable features have been found. One of
these features is the nonlinear interaction. Piran, Safier,
and Stark [2] have found that, because of this interaction,
a conversion occurs between different polarization modes
of a cylindrical gravitational wave. Specifically, they
have found that, if an outgoing (or ingoing) cylindrical
wave is linearly polarized, its polarization vector rotates
as it propagates. This phenomenon was interpreted by
Piran, Safier, and Stark as an exact analogue of the elec-
tromagnetic Faraday rotation, but with the ingoing (or
outgoing) X mode wave component playing the role of
both the magnetic field and medium.

The plane gravitational waves, on the other hand, were
first studied by Brinkman [3], Rosen [4], Bondi [5], and
Bondi, Pirani, and Robinson [6]. In 1965, Penrose [7]
discussed the focusing effect, and pointed out that the
focusing effect of single plane waves should cause the col-
liding plane waves to interact strongly and eventually de-
velop space-time singularities. Motivated by Penrose’s
above conjecture, Szekeres [8,9], and Khan and Penrose
[10] first studied the collision of two such gravitational
plane waves, and found that the colliding plane gravita-
tional waves indeed produced space-time singularities
after the collision, although now we know that this does
not inevitably occur [11-14].

In this paper we shall study another feature of interact-
ing gravitational plane waves—the effect of the interac-
tion between plane gravitational waves and the effect of
the interaction between the gravitational plane waves and
matter fields on the polarization of the plane gravitation-
al waves [15].

The structure of the paper is as follows. To facilitate

44

our discussion, in Sec. II we briefly review the space-time
for interacting plane gravitational waves. Following it, in
Sec. III the geodesic deviation of a null congruence is
studied, and the relations between amplitude and polar-
ization of a plane gravitational wave and the Weyl scalar
which represents the wave is given in terms of the local
basis. To compare the polarization of a plane gravita-
tional wave at different points along the wave path, a
parallel-transported basis along the wave path is found in
Sec. IV. Using the Bianchi identities, which represent
the interaction between the free gravitational field and
matter fields [16], the change of the polarization of a
gravitational plane wave is given relative to the parallel-
transported basis. As an application of the results ob-
tained in Sec. VI, the polarization of head-on colliding
gravitational plane waves is considered in Sec. V. The
effect of several specific matter fields on the polarization
is studied. To further illustrate the feature, in Sec. VI we
study some exact solutions, which represent the collision
of a variably polarized gravitational plane wave and an
impulsive shell of null dust (consisting of unidentified
massless particles). In Sec. VII our main conclusions are
derived.

II. SPACE-TIMES WITH TWO COMMUTING
SPACELIKE KILLING VECTORS

We consider space-time that allows two commuting
spacelike Killing vectors (with open orbits), say, &%
(4=2,3; u=0,1,2,3). The coordinate system is chosen
so that &§% =&, and the metric takes the form [9,17]

ds?>=2e Mdu dv—e " Ye"coshW dx?—2sinhW dx dy
+e Vcoshw dy?) , 2.1)

where M, U, V, and W are functions of only the null
coordinates u and v, and {x*}={u,v,x,y}.

Solutions of metric (2.1) could describe cosmological
models [18-20], and interacting gravitational plane
waves [9,17].

If we choose the null tetrad as
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Ih=B&!, nt=A48,

2.2)
mi=g24+ 30k, mr=CRE+ L,
where

(U—="v)/2
e’ 7 v ow W
& V3 cosh > +i sinh HE

(U+Vv)/2
=t sinh7W+icosh—’;~' : (2.3)
M=In(4B) ,

and an overbar denotes a complex conjugate, we will find
that the only nonvanishing Weyl and Ricci scalars are,
respectively, ¥y, ¥,, ¥,, and Dy, gy, P11, Pyy, A, which
have been given in Refs. [17,21].

On the other hand, it is easy to show that
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where a semicolon denotes covariant differentiation and a
comma partial differentiation. Equation (2.4) shows that
each of the null vectors /* and n* defines a null geodesic
congruence. When the function A is chosen to be con-
stant, the null geodesics defined by [* are affinely
parametrized, while the function B is chosen to be con-
stant, the null geodesics defined by n" are affinely
parametrized.

Our following analysis is based on the decomposition
of the Riemann tensor:

R uvip C,LL’V)\,p + %(g/,MR vp +gva/.M —gka up —g[_l,pR vA )

+ (8081 —8ur8vp )R (2.5)

where R A is the Ricci tensor, R the Ricci scalar, and
Cw, the Weyl tensor, being thought of as representing
the free gravitational field, which interacts with the
matter fields, R, through the Bianchi identities [16]. In

B(4,) A(B ) terms of the nonvanishing Weyl scalars, the Weyl tensor
"= — 4 I, nk = B nk, 24 s written as [21]
J
C’uvm—_——4(W2+‘72)(l[“nv]l[kn5]+m[‘ur_nv]m[;hm5])+4(‘I’2—W2)(l[#nv]m[xm5]+m[#mv]l[xn8])
_4[\1’0”[#’71‘,]”[)\771_5]"'\Ilz(l[‘umv]n“\ms]+n{‘umv]l[;\'m5])+\P4l[#mv]l[xm5]+c.c.] N (26)
[
where Let 1 be the deviation vector between neighbor geo-

A,B,=3(4,B,—A,B,) . (2.7)

The Weyl scalars ¥,, ¥,, and ¥, have the following
physical interpretation [16]: The W, term represents the
transverse gravitational-wave component in the n* direc-
tion, the ¥, term a “Coulomb-like” component, and the
¥, term the transverse gravitational-wave component in
the /* direction. Since in the present case ¥; and ¥; van-
ish identically, the longitudinal components in the n* and
I directions are zero.

III. THE NULL GEODESIC DEVIATION AND
THE AMPLITUDE AND POLARIZATION OF A
PLANE GRAVITATIONAL WAVE

Null geodesic deviation was first studied by Pirani and
Schild [22] as an attempt to give a geometrical and physi-
cal interpretation to the Weyl tensor. Later on, Szekeres
[16] chose the timelike geodesics, as the latter brings out
the Petrov structure more clearly. In this section we
adopt the Pirani-Schild approach, since it has the follow-
ing advantage in the present case: (a) null geodesics are
invariant under conformal transformations of the
Riemann space-time; (b) as shown above, the null vectors
I¥ ad n* define two null geodesic congruences, which
makes the task of studying the null geodesic deviation
very simple; (c) gravitational plane waves in the space-
time described by (2.1) propagate along these two null
geodesic congruences.

Let us first consider the null geodesics defined by /*.

desics, and 7*/,=0. Then, the geodesic deviation is

given by
Dyt _
DA?

Inserting Egs. (2.5) and (2.6) into Eq. (3.1), finally we
obtain

— Rk, 1P 3.1)

21
—DD~7172—=eM[—-<I>OOe‘5"+2 Re(W,)e”” +2 Im(¥)e I,

(3.2)
where
el¥=ebe) +efey , el =elel —ekey ,
el =ebel —eke) ; (3.3)
1 )
eb=—(mt+m#), eb=——%mt—m#) (3.4)
2 ‘/2 > 2 \/2 ’

and Re(¥,) denotes taking the real part of ¥, while
Im(¥,) denotes taking the imaginary part of ¥,
For all physically realistic matter fields we have

Dy, >0 . (3.5)

Equation (3.2) allows us the following physical inter-
pretation. Let S, and Sp be infinitesimal 2-elements
spanned by e, and e; and orthogonal to a null geodesic C
at neighbor points O and P of C, and let S be an
infinitesimal circle with center O, lying in S, [see Fig.
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FIG. 1. A null geodesic congruence meets the S, plane in the circle S. Because of the force generated by the W, gravitational
plane-wave component, the image of the circle S on the Sp-plane is a sheared ellipse.

1(a)]. Suppose that a beam of light rays meets S, in the
circle S, then let us observe the image of these light rays
on Sp. The first term on the right-hand side of Eq. (3.2)

major axis is along e,.
If we make the following rotation in the (e,,e;) plane,

ey =cosgpe't +singye’l ,

shows that matter fields always make the circle S con- (3.6)
tracted [see Fig. 1(b)]. The second term, corresponding ey = —singye'y +cospgpe’y ,
to the contribution of the real part of ¥, makes the circle
elliptic with the main major axis along e, [see Fig. 1(c)]. W¢ find
The last term on the right-hand side of Eq. (3.2), corre- efV=e't",
sponding to the contribution of the imaginary part of ¥, v — o v
makes the circle also elliptic but with the main major axis el =cos2gpe " +sin2poe’s’ 3.7
tilted at 4§° to e, and e, [se§ Fig. 1(d)]. Thu§, the image el = —sin2gpe kY + cos2ge s .
of these light rays on Sp is a sheared ellipse. When
Im(¥,)=0, it is an ellipse without shearing; i.e., its main In terms of e’4 and e’4, Eq. (3.2) becomes
J
24
%;tl; = eM{ — Be ¥+ 2[ cos2@oRe( Wo) — sin2@oIm(Wy) Je X +2[sin2oRe(Wy) + cos2golm(Wy) )y, . (3.8)
[
i 2pH —

If the angle is chosen such that Dy =eM[ —Dye'tV+2(V ¥, %' ]y, . (G.11

sin2g,Re(¥,) +cos2@oIm(¥,)=0 , (3.9
or equivalently
2 Im(%,) (3.10)
t =——, :
ansgo Re( \I’Q)

then Eq. (3.8) becomes

DA?

It follows that the main major axis of the ellipse is along
e's. We call e’y the direction of the polarization of the
W, wave [23,15]. The angle ¢, is the polarization angle of
the plane gravitational wave with respect to the (e4,e¥)
basis. The relative accelerations of neighbor geodesics
are proportional to (¥,¥,)!/%, which does not relate to
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any observer. Thus, the (¥;¥,)!/? term represents the ab-
solute amplitude of the relative accelerations of neighbor
rays.

In a similar fashion, if we consider the geodesic devia-
tion of the null congruence defined by n#*, we will find

2
%’172— —eM[— el +2 Re(W,)e"” —2 Im(W,)e I, .

(3.12)

Following the discussion given after Eq. (3.2) we can see
that the above equation will be brought to the form

21 —
LI — oM — @ e+ 2(W,F,) e T,

DAZ (3.13)
if the rotated angle ¢, is chosen such that
Im(¥,)
tan2¢4=—ﬁm . (3.14)

Thus, the angle ¢, is the polarization angle of the ¥,
wave with respect to the (e4,e) basis, and the (¥,¥,)!/?
term represents the absolute amplitude of the relative ac-
celerations of neighbor rays due to the ¥, wave.

When the angle ¢, (¢,) is constant everywhere, we say
that the corresponding plane gravitational wave is con-
stantly polarized; otherwise it is variably polarized.

IV. A PARALLEL-TRANSPORTED BASIS
ALONG A GRAVITATIONAL
PLANE-WAVE PATH AND THE CHANGE OF
POLARIZATION OF THE WAVE

The above definition of the polarization angle for a
plane gravitational wave is local, since the (e4,ef) basis
is not parallel transported along either the W, wave path
or the ¥, wave path. In fact, from Egs. (2.1) and (2.2) we
find

et JV=1sinh WV Ivel , et IY=—1sinhWV [%el ,
4.1)
eyt nY=1sinh WV n'ef , e;#, n"=—isinhWV ,n”eh.

In order to compare the polarization of a plane gravi-
tational wave at two different points along the wave path,
we have to find a parallel-transported basis carried by the
wave, and then define the polarization angle relative to
this parallel-transported basis. In this way we can see
that the change of polarization angle of the wave along
the wave path has absolutely physical meaning and in-
dependent of the choice of the coordinates. For example,
if the change (relative to a parallel-transported basis) is
zero, it means that the polarization vector e’y defined
above is parallel to the parallel-transported basis. Such
defined parallelism is independent of the coordinates.

To find a parallel-transported basis along the null geo-
desics defined by /#, we make a coordinate rotation in the
(e4,e%) plane but with the angle denoted by @} and the
new basis by Af5) and A{3), respectively. Then we find

Mo IV =(Ssinh WV, — @XM,

(4.2)
A Jv=—(LsinhWV ,—@O)IAL, .
Therefore, if the angle ¢{* is chosen so that
LsinhWV ,—@,¥ , =0, (4.3)

then the spacelike orthogonal vectors Ay, and A are
parallel transported along the null geodesics (or the ¥,
wave path) defined by /¥, and the difference

Oy =ps— @y (4.4)

defines the angle between the polarization direction of the
W, wave and the Al direction.
Similarly, if the basis (e4,e¥ ) is rotated so that the ro-
tated angle ¢’ satisfies
LsinhWV , —@,? , =0,

’

(4.5)

the vectors Ay, and Af3) are parallel transported along the
W, wave path, and the angle

Bo=¢o— ¢, 4.6)

determines the polarization direction of the ¥, wave rela-
tive to the (Af5),Af3) basis.
On the other hand, from the Bianchi identities, we find

AW, ,=1{A[4(nB) ,+ U ,—i2sinhWV , 1W,—3B(coshWV ,—iW ,)W¥,— 2By, ,

+B(U,, —i2sinh WV, )Pg,—2B(coshWV , —iW ,)®,,— A(coshWV , —iW , )@y} ,
BY, ,=L{B[4Ind),+U,+i2sinhWV ,[W,—3 A(coshWV ,+iW W,—2 APy,

4.7)

+ AU, +i2sinh WV ,)00—2 A(coshWV, , +iW ) —B(coshWV , +iW ,)®,,] .

It is now convenient to introduce the following “‘scale-invariant” quantities via the relations [9,17]

V=B W,, ¥W=(4B)"'¥,, ¥P=4"29,, OP=B Dy, ®Y=(4B)"'®,

OP=(A4AB) '®y, , ®P=42d, , AP=(4B)"'A.

(4.8)

Since from now on only the ‘“‘scale-invariant” terms are used, we shall drop all of the superscript zeros without causing

any confusion.
Inserting Eq. (4.8) into Eq. (4.7) we obtain
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W, =1{[U, —i2sinhWV , 1¥,—3(coshWV , —iW , )W, —2®, , + (U, —2M , —i2 sinh WV, )®y,

—2(coshWV ,—iW ,)®;—(coshWV , —iW )Py} ,
Y, ,=1{[U,+i2sinhWV ,]¥,—3(coshWV , +iW ,)W,—2®,, , +(U ,—2M ,+i2sinhWV ,)®,,
—2(coshWV ,+iW , )@ —(coshWV ,+iW ,)P,,} .

(4.9)

From the above equation we can see that the two plane gravitational waves ¥, and V¥, interact with each other
through the Coulomb-like field ¥,. The components ®(, and P, of the matter field interact with both ¥, and ¥,. In
other words, ®,, and ®,; are “gravitationally active” to both of them [16]. ®, is “gravitational active” only to ¥, and
®,, only to ¥,, while A is “gravitationally inert” to both ¥, and ¥,.

Combining Egs. (3.10), (4.5), (4.6), and (4.9) we find that the change of polarization angle of the ¥, wave along the

wave path is given by

0,,=———
0,u 4¥,%,

{3[coshW¥V , Im(¥,W,)+ W ,Re(¥,¥,)]+2 Im( WD, , ) +(2M , — U ) Im(¥D,,)

+2® [coshWV ,Im(¥)+ W ,Re(¥g)]+Poo[coshWV , Im(¥,)+ W ,Re(¥)]

—2sinh WV ,Re(WDy)] -

Similarly, for the ¥, wave, the change of the polarization angle along the wave path is given by

1
94,:1 =

— (3[coshWV , Im(W,¥,)— W ,Re(¥,¥,)]+2 Im(¥, Dy, , )+ (2M , — U, )Im(¥,Dp,)

+2®,[coshWV ,Im(¥,)—W ,Re(¥V,)]+DPp[coshWV ,Im(¥,)—W ,Re(¥,)]

+2sinh WV ,Re(¥,Dy,)} .

When W =0, all the Weyl and Ricci scalars are real.
Consequently, Eqgs. (4.10) and (4.11) yield

0p,,=0=06,, (W=0). (4.12)

That is, in the collinear case the polarization of plane
gravitational waves does not change. In the following we
shall consider only the cases where W+<0.

For a perfect fluid, the energy-stress tensor reads

Tioypy=(ptp)ua)U g~ MNarpP >
ugupgn'@P=1,

where u(,, denotes the null tetrad components of the
four-velocity of the fluid, i the energy density, p the pres-
sure, and

(4.13)

01 0 0
10 0 0

(@] =[1"P1= 1o 0 o —1 4.14)
00 —1 0

Since all of the metric coefficients are the functions of
only u and v, without loss of generality we assume that
U(4), M, and p are only the functions of u and v, too, and
that u ,, have the form

1 _
“aT 5 [u40),%(0),0,0] ,

(4.15)
where u o) =u ) (u,v).

From the Einstein field equations we find that the non-
vanishing Ricci scalars are given by

(4.10)
4.11)
[
-2 -2
DPyo= B4 (ut+puf, @p= A4 (utplug?,
(4B)”! (4B)~! @10
<I>11=-——§———(,u+p) > A=T(,u—3p) .

Before closing this section we note that in the present
case Petrov type-N solutions cannot exist in a perfect
fluid [16], since, as mentioned previously, the gravitation-
al waves propagate along the null geodesics defined either
by [* or n*.

V. THE POLARIZATION OF COLLIDING
GRAVITATIONAL PLANE WAVES

As an application, in this section, let us consider the
collision and interaction of plane gravitational waves cou-
pled or without coupled matter shells. In the following
we shall consider only the head-on collision, since it is al-
ways possible to make a Lorentzian transformation to a
coordinate system in which the two waves approach each
other from exactly opposite spatial directions [9].

The space-time for the collision and interaction of such
two plane gravitational waves can be arranged as follows.
Prior to the collision, there are two plane waves moving
toward each other in opposite directions: one is incident
in region II where u <0 and v >0, and the other is in-
cident in region III where ¥ >0 and v <0. In region II
all the functions M, U, V, and W depend only on v, the
only nonvanishing Weyl scalar is ¥, while in region III
they depend only on u# and the only nonvanishing Weyl
scalar is W,. After they collide at the surface u =0=v,
the two incoming waves enter the interaction region IV
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(u,v >0), in which the functions M, U, V, and W depend
on both u and v. Region I (u,v <0) is the region in which
the two incoming waves do not arrive yet. Thus, the
space-time in this region is flat and all the above func-
tions vanish [21].

To consider the polarization of colliding plane gravita-
tional waves, we first notice that the Weyl and Ricci sca-
lars in such space-times, in general, consist of two parts
[21], the shock part and the impulsive part, although the
former essentially includes three different cases: smooth
wave, shock wave, and the wave with unbounded wave
front [14] (the treatment for these three cases, however, is
the same for the present problem, so in the present case
we do not distinguish them). As shown in Ref. [21], all of
them can be written in the form

Wolu,0) =YV (uH (u),v)H (v)+ Vi (uH(u))8(v) ,
W, (u,0) =V (u,v)H(u)H(v) ,
W, (u,0) =W (u,vH (v))H (u)+ Vi (vH (v))8(u) ,

(5.1)

and
Do, 0) =D (uH (u),v )H (v)+ PiB(uH (u))d(v) ,
Dy (u,0) =DW(u,vH (v))H (u)+ P2 (vH (v))8(u) ,
Doy, 0)=Dy(u,v) =Dy (u,v)H (u)H (v) , (5.2)
@, (u,0)=D(u,v)H(u)H(v) ,
Alu,v)=AY(u,v)H(uwH () ,
where
W™ uH (u))=—L[coshW(uH (u),0)V ,(uH(u),0)
—iW ,(uH(u),0)],
\l‘i{“(vH(v))E—%[coshW(O,uH(v))V,u(O,vH(v))(
+iw ,(0,vH(v))],
Q4o(uH (u))=1U (uH(u),0) ,
SPR(vH(v))=1U ,(0,vH(v)) , e
and
|
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UO,v)= lim U(u,v), U(u,0)= lim U(u,v),
u—0 v—0

(5.5)
U,00,v)= lim U  (u,v), U, (4,0)= lim+U,,,(u,v) ,

u—0t v—0
etc. The quantities with the superscript IV denote the
ones calculated in region IV, H(x) the Heaviside step
function, which is unity for the non-negative arguments
and otherwise zero, and 8(x) the Dirac delta function.

The terms @i and @I are, in general, thought of as
representing impulsive shells of null dust with support,
respectively, on the hypersurfaces # =0 and v =0
[24-26] while the terms W™ and W™ are thought of as
representing the gravitational impulsive wave part with
support on the above two hypersurfaces [10,27,28]. For
each part of ¥, and ¥, we can assign a polarization an-
gle. In the following we use 65" and i to denote the po-
larization angles, respectively, for the shock part and im-
pulsive part of ¥, and 63, 6™ the shock part and the im-
pulsive part of ¥,.

In region II, all the metric coefficients are functions of
only v, consequently, the nonvanishing Weyl scalar ¥ is
a function of only v, too. So we have Gf)h:@%h(v) and

im—const. That is, the shock part, in general, is vari-
ably polarized while the impulsive part is always con-
stantly polarized in region II. Along the wave path, 65
and 6™ do not change in this region

0", =0=6,",, . (5.6)

Of course, in regions I and III, 95" and 3“ vanish, since
¥, vanishes there.
Similarly, for the ¥, wave, we have

0" ,=0=6,",, (5.7)

in region III, and 65", 6™ vanish in regions I and II.

Note that the angle ¢ () is constant in region III
(region II) [see Egs. (4.3) and (4.5)]. Without loss of gen-
erality we can choose @{* (¢f’) to be zero in region III
(region II) so that the (Afs),Af3)) basis coincides with the
(eh,e4 ) basis in these regions.

In the interaction region, IV, the situation is quite
different. From the generalized Bianchi identities [21] we
find

Vo, =L{[U,—i2sinhWV , ]¥ —3(coshWV ,—iW WL —2&y,"V +(U,—2M ,—i2sinh WV , )P

—2(coshWV , —iW )@Y —(coshWV , —iW ,)®N] ,

N ,U 11 , ] 00

vV, =1{U,+i2sinhWV ¥} —3(coshWV , +iW WY =20,V  +(U,—2M ,+i2sinhWV )&
—2(coshWV , +iW )@ —(coshWV ,+iW )@Y} (u,v>0)

and

(5.8)

W,im  =L{[U,—i2sinhWV , ¥i"—2® —(coshWV , —iW , )@} (u>0,0=0)

im _—
\II4 oo

(5.9

{[U,+i2sinhWV ¥ —20% —(coshWV , +iW )@} (u=0,0>0) .

Equation (5.9) shows that the impulsive gravitational wave Wim interacts only with the matter components ®J; and @i,

and Wi interacts only with ®LY and ®iZ.
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Using Egs. (3.10), (3.14), (5.8), and (5.9), we find
%#u=-zgﬁggﬂ3umhwvmmﬂw§@¥y+w;RawR®¥n+2hmwy¢mwmrHZMm—Ummmw¥¢%)
0 0
+20[coshWV , Im(WLY )+ W ,Re(WL)]+ @ [coshWV , Im(WLY)+ W ,Re(WiY)]
11 U 0 U 00 U sUu 0
—2sinhWV ,Re(VYY )} ,
1 (5.10)
mmm=2$N5W13pmhwvmmuw¥w¥r—W@Rawfw¥n+ahme¢me%Hsz—iaﬂhmw?¢g)
4 *a
+2®1{[coshWV , Im(¥})— W ,Re(¥L)]+®Y [coshWV , Im(¥}Y)— W ,Re(¥}V)]
+2sinh WV ,Re(¥YY D)} (4,0 >0),
and
%mm=_“Z§$EI{NWhWmeﬂW?%+WﬁRdW?HQ%+2hﬂW?¢%H (u >0,0=0),
0 0
5.11
im — 1 im im im img IV — ( )
0, ,= W{[coshWV’ulm(\P,‘ )= W ,Re(¥™) 0% +2 Im(WdPg; )} (u=0,v>0) .
4 4

Equation (5.10) shows that, due to the interaction be-
tween the two plane gravitational shock waves and the
interaction with the matter fields, the polarization direc-
tions of the WLV and W} waves get changed relative to the
parallel-transported basis along the wave paths. In other
words, the polarization direction of a plane gravitational
shock wave is no longer parallel transported along the
wave path, because of the above two kinds of interaction
(note that for a single gravitational plane wave the polar-
ization is always constant along the wave path). The
change of polarization of a plane gravitational shock
wave caused by the interaction with the other plane grav-
itational shock wave is exactly the analogue of the well-
known electromagnetic Faraday rotation, but having the
other plane gravitational shock wave as the medium and
the magnetic field. We call the effect caused by the in-
teraction between the plane gravitational waves and
matter fields the deflection effect, and the effect caused by
the interaction between the plane gravitational waves the
gravitational Faraday effect (or gravitational Faraday ro-
tation).

Equations (5.11), on the other hand, show that the case
for impulsive gravitational waves is different from that
for the shock waves. In particular, only the interaction
between the impulsive waves and matter fields can
change the polarization of the impulse gravitational plane
waves.

To further illustrate the properties of the polarization
of colliding plane gravitational waves, in the rest of this
section we restrict ourselves to several specific cases
which are most interesting from the point of view of
physics.

Because of the symmetry shared by the two plane grav-
itational waves, it is sufficient to consider only one of
them, say, the ¥, wave. In addition, since we are now
working in region IV, we do not make any more specific
statements about it in the following, and understand all
the following results valid only in that region (plus its two
boundaries u =0, v >0 and u >0, v=0).

A. The space-time being vacuous

When the space-time is vacuous, the corresponding
collision is a purely gravitational one, and the Ricci sca-
lars are zero

®,;=0, A=0. (5.12)
Equations (5.10) and (5.12) yield
3 _
GOSh’u =— W [coshWV ,Im( wiVglv)
+W,,Re(¥y ¥ 3Y))
(v,v>0). (5.13)

It follows that, if \I/§V=O, we have 605}",, =0. However, it
has been shown [9] that due to the nonlinear interaction
between the W' and W)Y waves, the Coulomb-like gravi-
tational field W1V necessarily appears in the interaction re-
gion, IV. Thus, in the vacuum, the change of polariza-
tion of a plane gravitational shock wave is totally due to
the nonlinear interaction with the other plane gravita-
tional shock wave.
On the other hand, from Egs. (5.11) and (5.12) we find

6™ , =0 . (5.14)

That is, the impulsive plane gravitational wave does not
change its polarization after the collision, when the
space-time is empty. From Eq. (5.9) we can see that in
the present case the W§" wave component does not in-
teract with the others.

B. The space-time filled with null dust

When the space-time is filled with null dust, the

energy-stress tensor can be written in the form [29,25,30]
T,,=el,l,+emyn, , (5.15)

which is the superposition of two pure radiation fields,
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where €, and &, are nonnegative. Equation (5.15)
represents a pair of oppositely moving null dust clouds
with the energy density €; and ¢,, respectively, each of
which is separately conserved [25]. The corresponding
nonvanishing Ricci scalars are given by

DPp=1B7%,, ®p=147%, . (5.16)

eosh —_ 1
sU NT}
AUNTL

{3[coshWV ,Im(WET )+ W ,Re(W' ¥ 1Y) |+ O [coshWV , Im(¥' )+ W ,Re(¥()]} .

On the other hand, Eq. (5.2) shows that, like ¥, and
¥,, the components ¥y, and P,,, in general, consist of
two parts: the H-function part and the §-function part.
When attention is restricted to the interaction region,

only the H-function part remains, and from Eq. (5.10) we
find

(5.17)

Thus, unlike the vacuum case, GOS}’,,, can now be different from zero even when W1 =0, because of the presence of the
last term on the right-hand side of Eq. (5.17), which represents the interaction between WY and ®f [see Eq. (5.8)].

It was shown [26] that, when null dust is present, the collision of two plane gravitational waves does not require the
Coulomb-like gravitational field W1V to appear necessarily in the interaction region. Thus, a plane gravitational shock

wave can change its polarization due to the deflection effect.

On the other hand, Eq. (5.11) now becomes

im =

1
90 U - 4\I/imw im
0 0

Obviously, when @B is different from zero the polar-
ization of the impulsive part of ¥, in general, changes
after the collision because of the interaction between Wi™
and ®iJ.

{[coshWV ,Im(¥i™)+ W ,Re(¥i") DG} (u>0,0=0).

(5.18)

$.,:,8"7=0 . (5.20)

Since in the present case all of the metric coefficients are
functions of u and v only, without loss of generality, we
assume that ¢ =¢ (u,v). Then Eq. (5.20) becomes

2 —-U —-U =0. (5.21)
C. The space-time filled with a massless scalar field ¢’uu ’u¢’v ’v¢’u
. The nonvanishing Ricci scalars are given by
For a massless scalar field, the energy-stress tensor is X R
given by DPp=39,", Pp= %‘t’, u
2 . (5.22)
T,uv=¢;y¢;v_%g,uv¢;h¢’ ’ (519) ¢11=%¢,u¢,u H =—ﬁ¢,u¢,u .
where ¢ satisfies the massless Klein-Gordon equation Inserting Eq. (5.22) into Eq. (5.10) we find
J
05" = — ——1——{6[cosh WV, Im(¥LF 1Y)+ W, Re(WHT V)]
’ 8V, ’ ’
+¢ ,[coshW (¢ ,V ,+ ,V )ImVY)+(d W, +¢ , W Re(¥")]} . (5.23)

Equation (5.23) shows that a plane gravitational shock
wave can change its polarization due to both the non-
linear interaction between the two plane gravitational
shock waves and the interaction with the massless scalar
field ¢.

When the space-time is filled only with a massless sca-
lar field we have

Pim=0=01 , (5.24)
or, equivalently,

U ,(u=0,v)=0=U ,(u,v=0) . (5.25)
Combining Egs. (5.24) and (5.11) we find

6™ , =0, (5.26)

which means that an impulsive plane gravitational wave

does not change its polarization when it passes through a
massless scalar field, since in this case there is no interac-
tion between the gravitational impulsive wave and the
massless scalar field [see Eqgs. (5.9)].

Note that Eq. (5.25) is also the condition under which
the hypersurfaces u =0 and v =0 are free of matter [14].

D. The space-time filled with a non-null electromagnetic field

When an electromagnetic field is null, its energy-stress
tensor takes the form of a pure radiation field, which has
been already discussed in Sec. VB. Thus, in this subsec-
tion, we consider only the non-null case.

For an electromagnetic field F,,,, the energy-stress ten-
sor takes the form

T =F,u.A.F}\v_%gqupAka ’

p (5.27)
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where the antisymmetric tensor F,, satisfies the Maxwell
equations

Fl =0, F,,,8"=0. (5.28)
Introducing the notation

Qo=Fo)2) =Fp,1fm”,

(I>2—='~—F(1)(3)=—Fm,n“mv N (5.29)

@, =3[Fo2—Fay)]
=3(F, I*n"—F, mtm") ,
or inversely

FI“’=2{ —<I>on[#m1,] —EOn[Hmv] +<I>21[#m1,] +$21[”_mv]}

—4Re(<1>1)l[”nv]+l4lm(<b1)m[”mv] N (530)
we find that the Ricci scalars are given by
®,,=,P,, A=0 (m,n=0,1,2). (5.31)

Since the component @, defined by Eq. (5.29) is zero in
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regions II and III, using the Maxwell equations (5.28) it
can be easily shown that it must be also zero in region IV
[31,17]. If we introduce the “scale invariant™ quantities

(D{)O): —14)0 , <p(20>= A —1(1)2 , (5.32)

and drop the superscript zero, then the nonvanishing
Ricci (“scale invariant™) scalars are

=0, , B=0F, =B, W=0,F,, (533

and the Maxwell field equations (5.28) read

2@, ,=(U , —isinhWV ,)®y—(coshWV ,—iW ,)®,,
(5.34)

29, ,=(U ,+isinhWV ,)®,—(coshWV ,+iW )P, .

Note that in the present case all of the Ricci scalars
have only the shock part; otherwise, the Maxwell poten-
tials @, (or equivalently, the electromagnetic field tensor
Fuv) will contain the square roots of & function, which is
not acceptable physically [32].

Equations (5.10), (5.33), and (5.34) give

|
1 — — —
O, =— WG {3[coshWV ,Im(¥{V ¥ V) + W ,Re(¥Y ¥ 1Y) ] +2 Im(VY D, , ;)
—sinh WV ,Re(¥§' D;®P,)+2M ,Im(V§¥ D, ®,)} . (5.35)
[
Thus, similar to the last two cases, the polarization of a A=(Y—vH)*+qXY+vH(v))*,
plane gravitational shock wave can be changed, when it _ 4 )
interacts with a non-null electromagnetic field. B=(Y—vH)*(Y +vH([®))
On the other hand, for the impulsive part of ¥,, Eq. +qA Y +vHW)*(Y —vH (1)),
(5.11) becomes (6.2)

. Im(¥i"d,P,)
6" = (5.36)
’ 295w ot
It follows that a gravitational impulsive wave can change
its polarization due to the interaction between the impul-
sive wave W§" and the electromagnetic field component
OLy.

VI. EXAMPLES FOR COLLIDING
GRAVITATIONAL PLANE WAVES

As examples, we consider the colliding gravitational
plane wave solutions obtained recently by Tsoubelis and
the present author [33] using the Belinsky-Zakharov soli-
ton technique [34]. A subclass of those solutions is given
by

e_M=At2“(“_” , e U=t=1—uH(u)—v?H() ,

Y 6.1)
V__ C 2a +1 . _ 4qUYt20—1 )
e —Et , s1nhW———*—Z—H(v) ,
where

C=[16¢*>Y** *H(v)+B?*]'"?,
Y=(1—uH(u))"?,

and g,a are arbitrary constants.

It has been shown in Ref. [33] (see also Ref. [35]) that
this subclass of solutions represents the collision of a
plane gravitational wave and an impulsive shell of null
dust. The latter may be accompanied by a constantly po-
larized plane gravitational wave.

From Egs. (5.2), (6.1), and (6.2) we find that the only
nonvanishing Ricci scalar is

S(u)

227 5 4p2ala—D+1 (6.3)

which represents an impulsive shell of null dust with sup-
port on the hypersurface u =0. To study this subclass of
solutions as a whole is too complicated. In the following
we consider only several subcases [36].

Case a: a =0. In this case we find

V=0 (k=0,2,4), (6.4)

which means that the space-time is flat in the interaction
region, IV. Hence, from Eqgs. (5.1) and (5.3) we find that
the nonvanishing Weyl scalars are given by
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_ 1 .
Wo(u,v)—m[(l—qz)—th]S(v) >
Wy(u,v)=0, (6.5)
_  vH(v) 2 2y 4 s 2
W, (u,v)= [(1—g*)1—v*)+i2q(1+v?)]6(u) .

2(1—v3)C

Thus, in this case, the solution represents the collision of
an impulsive gravitational plane wave and an impulsive
shell of null dust. Since the space-time is flat in region
IV, the hypersurface ¢ =0 is free of curvature singularity.
After the collision, the gravitational radiation (¥,) is
stimulated.

Since on the hypersurface v =0, we have W =0. Then,
from Eq. (4.5) we find

=0 (6.6)
Hence, Egs. (3.10), (4.6), (6.5), and (6.6) yield
i 1 2q
6, =— 6.7
) 2 arctan ) —q2 (6.7)

Obviously, 90"“,“ =0. That is, the polarization angle of
the impulsive gravitational wave, Wi, does not change.
As we can see from Eq. (5.9), this is because \I’g“ does not
interact with the others.

On the other hand, Eqgs. (4.3) and (6.1) give

4g9(1—q*)w’H(v)
(1+¢2)*—(1—6g*+g*W?

1
@)= —-arctan

2

(6.8)

|
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Inserting Eqgs. (6.5) and (6.8) into Eq. (4.4) we finally ob-
tain

29
l1—gq

. 1
W= —arctan
)

> [H) . (6.9)

It follows that, after it is created, the impulsive gravita-
tional wave Wi™ does not change its polarization.

Equations (6.7) and (6.9) show that the stimulated grav-
itational impulsive wave W™ has the same polarization
direction as the Wi™ wave. Thus, if we make a coordinate
rotation in the (e,,e;) plane, the metric should be
brought into diagonal form. In fact, it is indeed the case.
After rotation with the angle given by Eq. (6.7), the
metric takes the form

2
ds2=2(—“;7‘1——)du dv— (Y —vH (v))2dx?
—(Y+vH())%dy? . (6.10)

This solution was first found by Babala [37]. Actually,
Eq. (6.10) will reduce to the exact form used by Babala,
after u is replaced by u’

1—2V1l—u , u>0,

v <0. (6.11)

r—
u u—1,

Case B: a 2%. In this case, if we define the functions

F(x,y)and G (x,y) as

F(x,p)=(x —p)’—6g*x(x2—y?)2+g*x +y)’+i2q(x2—y?)[(1+g>)(5x*+p?)y —2(1—g*)(x*+2y*)x ],

(6.12)

G(x,9)=(x —p)(x2+xy +y?)—6g2xy(x2—p2)—g*(x +y ) (x> —xpy +y2)—i2g(1+¢>)(x2—y?)*,

we find that the nonvanishing Weyl scalars in region IV
are given by

3(1+4¢%)Y

VoY (u,v)= A F(Y,v),
\Ilgv(u,v)=—%—G(Y,v) , (6.13)

2t24%Y

2

W (u,0)=— 2L W B, )

4tCA*Y

Then, Egs. (5.1) and (6.13) give
Wo(u,v) =V (uH (u),v)H (v)
1
+————{(1—g*»—i2q}8(v),

(1+q2)Y{ 97)~i24]8(v)

Wo(u,0) =W (u,0)H (u)H (v) , (6.14)

W, (u,0) =W (u,v)H (u)H (v)

l-f-q2

+
24C

{(1—vH(v))’+¢%(1+vH (1))

+i2qu(1—v?)H (v)}8(u) .

Thus, this model represents the collision of a variably po-
larized gravitational shock +impulsive wave and an im-
pulsive shell of null dust which is accompanied by a con-
stantly polarized gravitational impulsive wave. In this
model, region III is flat, while region II is curved due to
the presence of the variably polarized gravitational wave.

As t—07, all the nonvanishing Weyl scalars become
unbounded. Thus, the space-time now is singular on the
hypersurface ¢ =0.

On the other hand, Eq. (6.14) shows that ¥, and ¥,
consist of two parts: the shock part and the impulsive
part. In the following we consider them separately.

Let us first consider the impulsive part. Following the
discussion carried out in case a we find

i 1 2q
og" = —arct
6" = arctan —
(6.15)
f{“=larctan zqu H®).
2 (1—v)+g*(1+v)

Thus, the polarization angle for the impulsive part of ¥,
remains constant even after the collision. The reason is
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that, similar to the last case, \l/g" does not interact with
any of the others. However, for the ¥, wave the situation
is different. The interaction between the impulsive part
of ¥, and the impulsive shell of null dust ®3 is such as to
make the polarization angle 6™ change along the v axis
according to Eq. (6.15).

In a similar fashion we find that for the shock part of
¥, and ¥, the polarization angles 65" and 65" are given,
respectively, by
J
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4“4
w1 1(v,Y)
6y 2arctan To.Y) H(v),
(6.16)
sh 1 1(Y,v)
65 5 arctan T(Y0) H(u)H (v) ,

where the functions I(x,y) and J(x,y) are defined by

I(x,y)=2qy {(x?—y?)(x —y)(x +5p)+q>[(4+692+4g*+q°)x*+4(2—2¢*—q%)x 3y +2(4+ 14g2+4g*—3¢)x 22
+4(6—6q*+q%)xy>— (60— 12642+ 60g*—5¢°)y*]} ,
J(x,)=(x2=y?)2(x —y)+¢?[ (5+10g2+10g*+5¢°+¢®)x*—(3+2¢%—2¢*—3¢%—¢®)x*y
+2(3+14¢%+14g* +3¢°—q¥)x3p2—2(13+ 1492 — 14¢*— 13¢°+¢*)x %3
—(27—42¢%—42¢*+27¢%—q®)xp*+(45—210¢2+210g* —45¢°+4°)y°] .

Equation (6.16) shows that the plane gravitational
shock waves of W, and W, change their polarization an-
gles along each of their own paths. The change is due to
the presence of the Coulomb-like field ¥,, which is the re-
sult of the nonlinear interaction between ¥, and ¥,,.

VII. CONCLUSION

In the previous sections, the polarization of interacting
gravitational plane waves have been studied. It has been
found that the polarization of a plane gravitational shock
wave can be changed due to two kinds of interaction.
One is the nonlinear interaction between two oppositely
moving gravitational shock waves, and the other is the
interaction between the shock wave and matter fields,
which are present. The former is exactly an analogue of
the well-known electromagnetic Faraday rotation, but
with the other gravitational shock wave as the magnetic
field and the medium. The effect of the above two kinds
of interaction on the polarization of a plane gravitational
impulse wave is different. In particular, the polarization
of an impulsive plane gravitational wave is affected only
by the interaction between the impulse wave and matter

(6.17)

fields.

The above study of polarization of plane gravitational
waves may give us a possible way to detect gravitational
plane waves. In this direction, let us consider a gravita-
tional wave moving in the direction of the z axis, emitted,
say, by a remote star. If we let such a wave pass through
a medium, then, we can see that, due to the interaction
between the wave and the medium, the polarization of
the wave will be changed. So, if we equip two rings in the
(x,y) plane, one is in front of the medium, and the other
is right after the medium, then we will find that, after the
gravitational wave passes through them, the two rings are
deformed into ellipses but with different shearing angles.
Thus, by measuring the difference between these two an-
gles we can determine whether or not a gravitational
plane wave passes through the medium.
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