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The dynamical triangulation (DT) model of two-dimensional quantum gravity is generalized to
higher dimensions. In three dimensions two updates are described which appear to allow for er-
godic sampling of states, and an updating procedure which obeys detailed balance is given. The
tensor-model generalization of the matrix-model formulation of higher-dimensional gravity is dis-
cussed and the relations between DT-, continuum-, and tensor-model couplings are given.

The past three years have witnessed significant progress
toward the solution of two-dimensional quantum gravi-
ty. ' From a string point of view, further work should
involve a more complete nonperturbative understanding of
present results as well as extensions to c & 1 embedding
dimensions and string field theory. From a purely quan-
tum-gravity point of view, a generalization of the results
to three and four dimensions is in order. We will begin
that generalization in this paper.

First we discuss a dynamical triangulation (DT) model
of simplicial gravity in more than two dimensions. Then
we will discuss a tensor-model generalization of the ma-
trix models to higher dimensions. The perturbative ex-
pansion of the tensor model generates all the DT lattice
configurations (and some others as well).

DT model. Given a set G = j1,2, . . . , nj, called the ver-
tices of the lattice, we define a d-simplex to be a set of
d+1 distinct elements of G. For p (d we define a p-
simplex to be a subset of a d-simplex with p+ 1 elements.
We now define our compact, connected, simplicial d-
dimensional manifold without boundary to be a set of d-
simplices such that the following conditions are satisfied:

(i) Each face [(d —I)-simplex] is contained in exactly
two d-simplices.

(ii) The d-simplices of the manifold cannot be divided
into two subsets which have no faces in common.

(iii) Given any p-simplex with p (1, the d-simplices
that contain it cannot be divided into two subsets which
have no faces in common.

The last two criteria prevent disjoint or partially dis-

joint simplicial manifolds. An example of a portion of a
two-dimensional lattice which violates (iii) is shown in
Fig. l.

What form does the action take on a DT simplicial
manifold? Consider the d-dimensional continuum action

S„„&,„,„= 1 xJg k ——R+ —Rd k c

where we have included just the simplest higher-derivative
term. Taking the links to all have length a, the
cosmological-constant term is just XVd2Vd, where V„ is the
volume of an n-simplex,

(n+I)'" „ (2)
12n/2

FIG. 1. A portion of a 2D lattice which violates criteria (iii)
for a closed, connected, simplicial DT manifold.
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and N„ is defined to be the total number of n-simplices
in the lattice. The Einstein term can be written as—k Vy —p Zhinges Ir 8h, where Vy q is the volume of a
(d —2)-dimensional hinge (a link in 3-dimensions, trian-
gle in 4-dimensions, etc.) and 6I, is the deficit angle associ-
ated with the hinge. ' 6p =2m —

qpOd where qp is the
number of d-simplices meeting at h and Od is the dihedral
angle:

By =arccos(l/d) .

Finally the curvature-squared term transcribes to
cVy —z Zh;, gest &a/Vl, where the d-dimensional volume as-
sociated with each hinge, Vl„may be taken as [2qh/
d(d+1)]Vy. Putting everything together and using the
identities

l4

and

(n+1)!
(m+ 1)t(n —m) t

(4)
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~lattice g 1Nd +g2Nd —2+ g3 W
h qh

(6)

With only cosmological-constant and Einstein terms in

(1), g3 =0 and the lattice action is just a linear combina-
tion of the total number of d-simplices and the total num-
ber of hinges. Of course the simplicity of the lattice ac-
tion (6) follows from the geometrical equivalence of each
simplex in the DT lattice.

The exact correspondence between continuum and lat-
tice couplings may be of some use in analytic approxima-
tions:

where N„/ is defined to be the average number of n-

simplices meeting at an m-simplex, we obtain the simple
result

FIG. 2. Basic DT updates for two and three dimensions.
They are labeled by the initial and final number of d-simplices
assuming the update goes from left to right. The 23 and 32 up-
dates are defined only if the new links and triangles did not pre-
viously exist in the DT lattice.

the update. A 32 update is then defined by reversing the
arrow above and instead requiring that {i,j,kJ is not a 2-
simplex. These updates do not change the topology nor
the orientability of the initial lattice configuration. In 2D
the updates have been rigorously proven to satisfy ergodi-
city for a fixed topology; in 3D we have strong numerical
evidence (see below) but no proof of ergodicity. The dual
version of Fig. 2 is shown in Fig. 3, where faces of the DT
lattice are represented by links in the dual lattice.

g~ =Vy(k+kry+cry),

gz = —2nVy z(k+ 2cry )—,

g3 =4n cVy qry/By, -
where

(7)

2-d

r, -=d'(d —1)4'd ' —1By/a '.
In order to carry out numerical simulations of DT

quantum gravity we require in addition to the action a sa-
tisfactory updating procedure. This updating procedure
must satisfy ergodicity and sample configurations with a
probability proportional to e

The fundamental two-dimensional (2D) updates are
shown in Fig. 2, along with our generalizations for 3D.
They are labeled by the numbers of d-simplices before and
after the updates. Using the definition of a d-simplex, a
23 update in 3D can be defined as

{i,j,k, l) {i,j,l, mI

{i,k, l, m1

{i,j,k, mJ {j,k, l, mf

with the restriction that {l,m1 is not a 1-simplex before

l4

2
I 3

FIG. 3. Dual versions of the basic updates in two and three
dimensions. Links (faces of the DT lattice) have been labeled in

the 23 update.
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These updates generalize to higher dimensions. For ex-
ample in 4D a 15 update can be obtained by adding a site
in the interior of a 4-simplex and connecting that site to
all the others. A 4D 24 update involves replacing two 4-
simplices attached at a face by four 4-simplices which
share a common link joining two sites which were not
originally a 1-simplex. These two 4D updates have at
least a chance of being ergodic because in 4D there are
three constraints between the five N„ for fixed topology,
leaving only two independent N„. Thus ergodicity re-
quires at least two types of updates, the same as in 3D.

What is our evidence for ergodicity in 3D'?s We gen-
erated all 47 of the configurations with the Betti numbers
of a sphere (1,0,0,1) which satisfied (i), (ii), and (iii) and
had a number of sites less than or equal to 8. These
configurations, which contained as many as 20 tetrahe-
drons, were all reachable by the 14 and 23 updates (and
their inverses) described above starting from any single
such configuration. In fact, all configurations with fixed
No~ 8 were able to be reached from any one con-
figuration with that value of No and just the 23 updates.
In addition we generated 55 configurations with 100 sites
and toroidal topology using the random lattice algorithm
and checked that they could all be connected to a single
configuration (and therefore to each other) by the 14 and
23 updates. Of course a rigorous proof of ergodicity
would be much more satisfying than the numerical evi-
dence described here.

The next important question is that of detailed balance.
Though at first glance this may appear problematic, de-
tailed balance can be satisfied in the following way. Keep
a list of all the clusters of five sites which form two or
three tetrahedrons as shown in the 23 update of Fig. 2,
and for which the 23 or 32 update is allowed. Call these
clusters A or 8 depending on whether there are two or
three tetrahedrons. Update by choosing a cluster at ran-
dom from the list and replacing it by an A with probabili-
ty

SA

-s„-s, (9)
e "+e

and by a 8 with probability 1 —P~. Updating clusters
from the list in this way is equivalent to (but exceedingly
more efficient than) repeatedly choosing 5 sites at random
from the lattice and updating only if the 5 sites form an A
or 8 cluster. Since e "P(A~ 8) =e 'P(B~ A) and
other configurations in an ensemble are left alone, this up-
dating scheme obeys detailed balance; i.e., an ensemble of
configurations distributed as e will remain distributed
as e after updating. It is computationally important
that keeping the list of clusters current involves only local
operations after each update.

The 14 and 41 updates can be similarly carried out.
Define clusters as consisting of nonelementary tetrahe-
drons made up of four elementary tetrahedrons (=state
8) or elementary tetrahedrons not embedded in a nonele-
mentary tetrahedron (—=state A). This subdivides the lat-
tice manifold into disjoint volumes, each of which is in ei-
ther state A or state 8. Choose at random from the list of
clusters and update as in (9) above.

Results of our simulations in 3D will be described else-
where.

Tensor model. Performing efficient numerical simula-
tions directly on the DT model is not trivial. Because of
the variable connectivity of the lattice, vectorization and
parallel processing are somewhat difficult, particularly in
higher dimensions. In addition 2D simulations were
plagued by extremely long autocorrelation times. It may
be that the original Regge calculus formalism is more
suitable than the DT model for numerical simula-
tions. ' '' Regge calculus employs a fixed connectivity
lattice with variable link lengths and appears to have
much shorter autocorrelation times in 2D. " If, however,
there is a tensor model correspondence in dimensions
greater than two, there is the hope that analytic or semi-
analytic results can be obtained as was the case in 2D. In
addition numerical simulations could be directly per-
formed on the tensor model.

Consider the following tensor model: '

~tensor 2 Z ~(jk~ij k Zt ~ij k ~kj l~kli™ilj
ijk N ijkl

(10)
where

ij,k, l =1, . . . , N.
The perturbative expansion of the vacuum energy for this
model involves linking up vertices associated with four in-
dices. In the dual language this is equivalent to connect-
ing up tetrahedrons at their faces, where each tetrahe-
dron is associated with four sites (see Fig. 4). In this way,
it is seen that every 3D DT simplicial manifold is a con-
nected vacuum diagram of (10). Unfortunately there are
other connected vacuum diagrams such as the one shown
in Fig. 5. It is easy to see that there is no way to associate
tetrahedrons with the vertices, and triangles with the links
of Fig. 5 in order to obtain a DT simplicial manifold
which satisfies rules (i), (ii), and (iii). In 2D such ille-
gal" diagrams were tadpoles and self-energy insertions
and, therefore, could be removed from the tensor model
by the addition of counterterms. Hence there was good

k

FIG. 4. Vertex of the tensor model for three dimensions, and
its dual.
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where
d

g= g ( —1)"N„
n=0

is the topologically invariant Euler number which is 0
in odd dimensions T.he action corresponding to these
weights is given by w=e . Thus we arrive at the
surprising result that in 3D the action for the simplicial
manifolds generated by the tensor model is precisely the
sum of an Einstein term, a cosmological-constant term
and nothing else. In the notation of (6),

g~ = —,
' lnN —Ing, g2= —lnN, g3=0 for d=2,

g~ =
2 lnN —lng, g2= —lnN, g3=0 for d=3. (i4)

FIG. 5. An example of a portion of a Feynman diagram of
the tensor model (10), which does not correspond to a legal 3D
DT simplicial manifold.

The 4D model, on the other hand, generates an Einstein
term, a cosmological-constant term, and a topological
term, i.e.,

g) =
2 lnN —lng, g2 = —

~ lnN for d =4, (is)

' Nd

NNo

Let us now restrict our attention to diagrams which form
simplicial manifolds in the sense of (i), (ii), and (iii). As
stated above, it is hoped that this restriction will not
change the continuum behavior of the theory. For these
diagrams there are relations between the N„which allow
us to eliminate some of them. The result is that the
weight of each simplicial manifold generated by the tensor
model is

w=g 'N~, d=2,

w=g N N~+N I
—3N3/2 d 3

N4 g+ N2 lj2 —3N4/'2w=g

(i2)

reason to believe that the critical behavior of the DT and
tensor models would be the same. Eventually numerical
evidence arrived in support of that belief. In higher di-
mensions, however, the situation appears slightly more ob-
scure. One may argue that including in the path integral
for quantum gravity a sum over the additional "degen-
erate" manifolds generated by (10) will likely not change
the universality class, if indeed there is any universal be-
havior at all. But detailed comparisons between the DT
and tensor models in higher dimensions must be carried
out to test this hypothesis.

One can easily generalize (10) to d dimensions. The
number of indices of the tensors becomes d (the number
of sites in a face of a d-simplex) and the number of factors
in the interaction term becomes d+1 (the number of
faces in a d-simplex). Each perturbative diagram comes
with a factor of g/JW for each d-simplex and a factor of
N for each site (from traces over the indices) resulting in
a weight for each diagram of

and instead of an R term in the action we obtain a term

g~g where g~= —lnN and in four dimensions g can be
written as

1g= d xJg (R R"" —4R R""+R )
327K

P VXO' PV

for d =4. (16)

In terms of the Einstein coupling and cosmological con-
stant in the continuum action (1),

k =, k = ( —Ing) for d =2,lnN 1

2z '
V2

k =, k= (0.32451nN —lng) for d=3,lnN 1

2za '
V3

k=, X = (0.4S11 lnN —Ing) for d =4.lnN 1

rrJ3a V4

It remains to be seen whether the continuum limits of the
d =3 and 4 theories can be sensibly defined as in two di-
mensions.

Conclusion. We have generalized the dynamical tri-
angulation model to arbitrary dimension and proposed an
updating scheme for d =3. We discussed the related ten-
sor models and calculated the action which corresponds to
them in d =3 and 4. It appears the foundation is now in

place for analytic and numerical studies of higher-
dimensional quantum gravity in the DT- and tensor-model
formalism s.

We thank J. Ambjorn, D. Espriu, H. Hamber, Z.
Hlousek, L. Jacobs, H. Ooguri, and P. Rakow for useful
discussions. We are also extremely grateful to J. Wheater
for loaning us a program which generates toroidal random
lattices in 3D. This work was supported by NSF Grant
No. PHY-9007497, the Aspen Center for Physics, and
California State University.



SIMPLICIAL QUANTUM GRAVITY IN MORE THAN TWO DIMENSIONS R1753

'V. G. Knizhnik, A. M. Polyakov, and A. B. Zamolodchikov,
Mod. Phys. Lett. A 3, 819 (1988).

2F. David, Mod. Phys. Lett. A 3, 1651 (1988); J. Distler and H.
Kawai, Nucl. Phys. B321, 509 (1989).

3E. Brezin and V. Kazakov, Phys. Lett. B 236, 144 (1990); M.
Douglas and S. Shenker, Nucl. Phys. B335, 635 (1990); D.
Gross and A. Migdal, Phys. Rev. Lett. 64, 127 (1990).

4T. Regge, Nuovo Cimento 19, 558 (1961).
5H. Hamber, in Critical Phenomena, Random Systems, Gauge

Theories, proceedings of the Les Houches Summer School,
Session XLIII, edited by K. Osterwalder and R. Stora (North
Holland, Amsterdam 1986).

~N. H. Christ, R. Friedberg, and T. D. Lee, Nucl. Phys. B202,
89 (1982).

7D. V. Boulatov, V. A. Kazakov, I. K. Kostov, and A. A. Migdal,
Nucl. Phys. B275 [FS17],641 (1986).

See also M. Gross, contribution to the International Confer-
ence on Lattice Field Theory, Report No. CSULB-90l22,
1990 (unpublished).

M. E. Agishtein, L. Jacobs, A. A. Migdal, and J. L. Richard-
son, Mod. Phys. Lett. A 5, 965 (1990); M. E. Agishtein and
A. A. Migdal, Princeton Report No. PUPT-1171, 1990 (un-
published); Report No. PUPT-1180, 1990 (unpublished).

' H. H amber, lecture at the Cargese NATO Workshop on
Probabilistic Methods in Field Theory and Quantum Gravity
1989 (unpublished), and references therein.

''M. Gross and H. Hamber, Irvine Report No. UCI-90-33,
1990 (unpublished).

'2We claim no credit for Eq. (10), which was presented to us by
H. Ooguri. Versions have also been considered by
Ambjorn, M. Douglas, N. Sasakura, and perhaps others.


