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Two-loop bosonic contribution to the electron electric dipole moment
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We calculate the complete set of two-loop diagrams in the multi-Higgs-doublet model for
the electron electric dipole moment including both the vertices IIpp and HZp induced by the
unphysical-charged-Higgs-boson and the W contributions. These additional amplitudes modify
the result previously studied by Barr and Zee.

Recently, Barr and Zee pointed out there is a new
class of two-loop Feynman diagrams [generically given by
Fig. 1(a)] which can lead to a large electric dipole mo-
ment (EDM) of the charged leptons or light quarks due
to the CP violation in the neutral Higgs propagators. 2

One of the loops in this two-loop mechanism involves a
heavy fermion, say the top quark, or the R' boson that
couples to an external photon line. As a result of in-
tegrating out these heavy particles, the eA'ective Hpp or
HZy vertices are induced at this first loop. However, the
W-boson contribution to these eA'ective vertices consid-
ered in Ref. 1 was not complete even if we limit ourselves
to the scenario that the EDM of the electron is only due
to the CP violation in the neutral Higgs scalar and pseu-
doscalar mixings. We close the gap in this communica-
tion. In addition, their quantitative result was restricted
to the model with only two Higgs doublets. We also gen-
eralize it to the case of an arbitrary number of Higgs
doublets.

First of all, for the bosonic loop as the one in Fig. 1(b),
a general argument of Ref. 3. shows that it cannot pro-
duce a CP-violating effective EDM for the W boson and
hence gives no contribution here. The argument can be
generalized to an arbitrary number of loops to show that
without using the fermion in the loop the induced WWp
vertex cannot contribute to the EDM of any fermion in
any gauge theory of CP violation. This is because, with-
out a fermion, one can find a discrete symmetry, which we

shall call V parity, such that it transforms all the gauge
particles like ordinary parity P but leaves the spinless
particles invariant. V parity forbids any WWp vertex
which is P odd. Therefore the only CP-violating WR'y
vertex that can be induced through bosonic loops has to
be P even and C odd. To generate the EDM of fermion,
the photon field in the WWp vertex has to be in the
gauge-invariant form I" I" . One can show that, in this

case, the WWp vertex is always C even and no EDM of
fermion can be induced. As a result, we need the scalar
Higgs-boson coupling in the first loop and then the pseu-
doscalar Higgs-boson coupling to the electron line in the
second loop so as to produce the scalar-pseudoscalar mix-
ing which is CP nonconserving.

The amplitudes for the effective IIpp and HZp ver-
tices due to the R' loop in the standard model are given
in Ref. 4. The result has been confirmed by more than
one group. We can easily translate their results into the
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FIG. 1. Feynman diagrams for the EDM of the electron.

The generic loop in (a) involves the t quark, the W boson

and its ghost, or the charged unphysical Goldstone boson G

The contribution via W EDM in (b) is zero. Amplitudes of
diagrams (c), (d), and (e) depend on the Higgs-boson coupling

to 0+.
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case of the multi-Higgs-doublet models. To do the trans-
lation, one notes that the diagrams can be separated into
two sets. The first set involves loops containing the W
boson or its ghost while the second set involves specifi-
cally a Higgs boson coupling to the unphysical charged
Higgs boson G+ associated with the W boson as shown
in Figs. 1(c)—1(e). In particular, since the amplitudes
of Figs. 1(d) and l(e) for Hpp or HZy sum up to zero
when contracted with the momentum of the correspond-
ing gauge boson (i.e. , a kind of gauge invariance), we

group these two diagrams as the G-loop contribution.
Then, Fig. 1(c) is combined with the first set as the
lV-loop contribution.

For multi-Higgs-doublet models, there are more than
two CP violating mixings2. They can be parametrized

.+2GpZ,"
A; = —,(P;P;) = —).

A, q

where A; = (Po). The sums above do not include the
contributions from the neutral Goldstone boson as it will

not participate in the CP violating amplitudes. Such ex-

emption makes these definitions independent of the gauge
parameter ( in the Rq gauge. Note that A;& is Hermi-

tian and A;& is symmetric. The unitarity gauge condition
I

leads to the relations
N 2

ImA; = ) ImA;a —1m A;~)
k~' '

This equation is independent of the gauge parameter (.
In particular, we have

(2)

+4g(z~„)+ sh(zH„)

(3)
where we closely follow the notation of Refs. 1 and 2
with Il„= A Q„z IApl Im zg„A = Q~ IAgl, and
zH„= Miv/MH . The function h(z) is defined to be

Z
h(z) =—

2

dz
z —z(1 —z)

x 1+ ln

We note that the first two terms in Eq. (3) agree with
those in the paper of Barr and Zee. i For the HZp case,
one has

Im Ai ——IAil ) IAal (Im A@i + Im Aai),
k=2

where N is the number of Higgs doublets. For N = 2 this
equation was first obtained in Ref. 2. This is enough to
translate the set of diagrams with bosonic loops which
do not depend on the Higgs-boson mass in the couplings.
For the Hyy case, one obtains the electron EDM

(d. /e)w'i. ..= ', ) .~ 3f(zH. ) + 5g(z~. )

2

(d, /e)~, =
2

' ) Il„-,'(5 —tan Oiv) f(zII, zz)
4 sin Oiv 8 2n.s

+ —,'(7 —3 tan'Oiv)g(z~, zz) + sg(zip„) + sh(zygo„) . (5)

Here f(z, y) = y f(z)/(y —z) + z f(y)/(z —y) and sim-
ilarly for g; zz = Miv/M&. Note that only the vector
part of the Z-e-e vertex contributes to the CP violating
EDM operator and thus produces the suppression factor
of (1 —4sin oiv) in Eq. (5). If one, following Refs. 1
and 2, assumes that the lightest Higgs boson IIo domi-
nates and the other heavier Higgs boson can be neglected,
then the numerical result due to the contributions from
Eqs. (3)-(5) is shown in Fig. 2 with go

—2. The W-loop
contribution of HZp is about 10' of that of Hyp and
they have the same sign.

In Eqs. (3)-(5), we have already used the coupling of
the physical Higgs boson to the unphysical Higgs pair
G+G as required in Fig. 1(c). The coupling can be
shown to be

L = —A ') A, M,', G+G P,'+
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where M2 is the N x N submatrix of the neutral-Higgs-
boson mass matrix associated with P;Pz. Using this
coupling, we also derive the following contribution from

FIG. 2. Numerical estimate of the d, /e via the W loop
when g„= 2. The data points show the contribution due to
the top-quark loop for the case ImZ2q ——ImZ2& ———

2 and

m~ ——120 GeV.
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purely the G loops in Figs. 1(d) and 1(e):

v + ~ Hn

1 —4 sin 0~ Qy'm~o',

8 sin gg 16~2+s

x ) "
(1 —tan giv)

ZH

x f(zH„, zz) —g(zH„, zz) (8)

The amplitude for each Higgs boson increases logarith-
mically with the Higgs boson mass. In this case, the
lightest-Higgs-boson contribution may no longer be the
most important one. This makes a reliable estimate of
this type of contribution diKcult. However, the coeK-
cients are small enough that these contributions may not
be so significant as compared to the lV-loop contribution
discussed earlier except for the case of very heavy Higgs
boson.

We can also generalize the Barr-Zee result5 of the top-
quark loop Iin Eq. (1) of Ref. 1I to the case of more than
two Higgs doublets. Through the Hyy vertex, we find

(d, fe), P" = — ' ) (ff(zz )+g(zz )]ImZe& —[f(zz ) —g(zz )]ImZe~)

Through the HZp vertex, we have

~z~ (1 —4sin 0~)(3 —8sin giv) G~m. n

32 sin Ogr cos~ 0~ |)~2~s

z ),([f(zz , zg) + g(„zz„,zz)]Im Zeq —[f(zz, zz) —g(zz, zz)]Im ZP&), (10)

with zH z ——m, /MH z. Numerically the contribution
from the top quark is generally smaller than that from
the W boson. We demonstrate this point in Fig. 2 by
choosing typical values of the CP violating parameters
ImZ&i —ImZ~oi = —

2 with mq ——120 GeV. It is worth
mentioning that the t-quark loop contribution involves

linearly independent combination of CP violating param-
eters, ImZ&oi, as compared to the W-loop or G-loop con-
tributions. To conclude, with all the generalizations we

did, the basic picture is still the same as pointed out by
Barr and Zee. That is, the W loop, ignoring the t -loop
subset that involves the Higgs boson mass in the vertex,
may still provide the majority of the contribution. The
G-loop subset may become important when the Higgs-

boson mass is very heavy; in that case, the Higgs sector
may be strongly interacting and a reliable estimate is

very difEcult.

hile finishing this manuscript, we became aware of a
paper which studied the same topics. Our result agrees
with theirs for the special case of the two-doublet model.
They have also shown other small contributions from ad-

ditional two-loop diagrams not arising from the Hpy ef-

fective vertex. We also learned that J. Gunion and R.
Vega have also done similar work. We thank Professor
R. Oakes for bringing the first work to our attention.
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