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We derive a Hamiltonian for two interacting nucleons starting directly from the Skyrme Lagrang-
ian. Apart from the order-N, (number of colors) “adiabatic” potential, we find a term of order
Vv -]V: due to the fact that the static two-soliton configuration is not a solution to Hamilton’s equa-
tions. Using a double expansion in N, ! and the range of the interaction, we show that this term
leads to attraction at intermediate range in the scalar channel. The expansion provides a systematic
framework for discussing the nucleon-nucleon interaction using solitons. A comparison is made be-
tween the soliton approach and the conventional approach based on multipion exchange.

I. INTRODUCTION

In the past few years the Skyrme model' ~3 has provid-
ed a number of insights to the nucleon problem using
solely mesonic degrees of freedom. The relevance of the
model for hadronic physics at low energy is supported by
arguments based on large-N, QCD (N, =number of
colors).*

The Skyrme model is rooted in the nonlinear o model
where the underlying dynamics is that of pions. Baryons
emerge as stable classical solitons with bulk properties
that are in fair agreement with experiment. It is now
known however that the model in its canonical form
displays pathological features when applied to 7N scatter-
ing.>® Fortunately this problem is not present in the
vector-stabilized versions.” They will be used below. A
notable feature of the Skyrme model is that, in addition
to the properties of individual baryons, one may also ana-
lyze their interactions, such as the nuclear force. This is
a distinct advantage over other models of hadrons, such
as the nonrelativistic quark model or the bag model.

Originally, Skyrme®°® proposed to use the asymptotic
form of the two-soliton solution to derive the asymptotic
potential between two Skyrmions as a function of their
relative separation and orientation. Following on this
suggestion Jackson, Jackson, and Pasquier!® have extract-
ed the nucleon-nucleon potential by projecting the
orientation-dependent potentials onto nucleon wave func-
tions. This approach has been further investigated by
many others.!""!? Their results compare favorably with
the empirically motivated potentials at short and long
distances but fail to reproduce the intermediate-range at-
traction in the scalar channel which is at the origin of nu-
clear binding.

The result has urged some to argue that nuclear matter
is not bound in the large-N, limit. Others have argued
that the attraction can be achieved by introducing
higher-derivative terms.!* This suggestion has proved to
be limited by the classical stability criterion. Even worse,
it would amplify the pathology for 7N scattering. In-
spired by boson-exchange models, others have argued
that quantum effects are important for accounting for the
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missing medium-range attraction.!*!>13

In addition to the lack of nuclear binding, another un-
resolved problem is that of ansatz dependence. So far,
most of the approaches to the two-nucleon problem have
focused on extracting the nucleon-nucleon interaction us-
ing the product ansatz. However, since the product an-
satz is not a solution to the equation of motion, its use re-
quires justification. Indeed recently, it has been argued
that one should adopt another ansatz on the grounds of
consistency.'®

The problem of ansatz dependence could in principle
be avoided if the full classical solutions were used. How-
ever, most of the numerical attempts to date!”!® to solve
the scattering problem involve asymptotic Skyrmions and
do not relate simply to nucleon-nucleon scattering.
Overall, the numerical simulations appear to be relatively
unstable due to the fact that the scattering configuration
is a saddle point rather than a true minimum. The prob-
lem does not arise for static multi-Skyrmion solutions, '’
but these do not bear directly on the scattering problem.

In this paper, we address both the issues of nuclear
binding and ansatz dependence. We will show how one
can systematically analyze the two-nucleon problem
starting from an asymptotic ansatz. Our description em-
phasizes the role of the pion field in describing unambigu-
ously the nucleon-nucleon interaction using a double ex-
pansion in the coupling constant (1/1/N,) and the range
of the interaction (e ™). We find that, apart from the
conventional terms involving the collective variables to
order N, there are additional terms in the Hamiltonian
to order v/ N,, due to the fact that the starting static an-
satz for the two-soliton problem is not a solution of
Hamilton’s (Euler-Lagrange) equations. The convention-
al part is repulsive but ansatz dependent in the intermedi-
ate range. The ansatz dependence is largely canceled by
an iteration of the 1/ N, term. This new term is also at-
tractive, and provides a potential source of nuclear bind-
ing in the intermediate range to order N,. Our analysis is
reminiscent of the Born-Oppenheimer approach in atom-
ic physics where the atomic potential (here nuclear poten-
tial) involves not only the Coulombic interaction (direct
part) but the self-consistently induced electron potential
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(pion potential).

In Sec. I1, we discuss the general approach for quantiz-
ing two solitons in 1+ 1 dimensions. We show in particu-
lar that a systematic expansion scheme yields attraction
at intermediate range which also restores ansatz indepen-
dence. The result is general and extends naturally to
higher dimensions. In Sec. III, we discuss the quantiza-
tion of the Skyrme model in the two-nucleon sector. To
avoid the pathology of the canonical Skyrme model we
use the w-stabilized Skyrmion. In Sec. IV, we give the ex-
plicit form of the two-nucleon Hamiltonian to order N_.
For completeness we include also the collective term to
order Nc_l. In Sec. V, we show how to extract the two-
nucleon potential. The limitations behind the concept of
a static potential are also discussed. The pion attraction
induced in the spin-isospin zero channel is explicitly
displayed. In Sec. VI, we analyze the consistency of the
present construction with large-N, counting. It is argued
that the scattering amplitudes obtained from the soliton
approach cannot be reproduced by conventional boson
exchange. Our conclusion and prospects are summarized
in Sec. VII.

II. MODELS IN 1+1 DIMENSIONS

Let us consider a model Lagrangian in 1+1 dimen-
sions:

L= [dx[H¢P— L@ P—V(p(x))] (1)

where ¢ stands for the partial time derivative of ¢ and ¢’
the partial space derivative of . We will assume that the
potential ¥ has degenerate minima ¢, and supports a

static soliton solution ¢ =g (x) with
@ (x)=@,+0(e™™), x—>Fow . )

We will also assume that there is a small parameter g

(typically the meson-meson coupling) such that
@,=0(g" ') and V(p,)=0(g7?). By the virial
theorem, the soliton mass is given by

M= [dx(¢;?=2 [ dx Vig,(x)), (3)

which is of order g ~2 and hence large. This justifies the

use of a semiclassical description to leading order.

Quantum perturbation theory around such soliton
solutions is well understood.? In addition to the soliton,
there exist ordinary meson states with mass m of order
g% The meson-meson scattering amplitude is of order g2
as in the vacuum sector, whereas the meson-soliton
scattering amplitude is of order g° Special care is re-
quired to maintain translational invariance. This is usu-
ally achieved by introducing collective coordinates, al-
though other methods are possible.

Let us assume that V has more than two degenerate
minima, so that a classical two-soliton solution exists. In
general, the solution will no longer be static, leading to
considerably more complexity in quantizing the theory.
This is more so for realistic models where an exact classi-
cal solution is very unlikely. One must therefore be
satisfied with an approximate solution and construct the
quantum theory upon it.

An approximation to the exact two-soliton solution
can be constructed as follows. We first choose a suitable
ansatz @ (x ;r) which obeys the correct boundary condi-
tion in x, and approaches two single solitons asymptoti-
cally (r— ). For example, if the minima of V are
equally spaced, a possible choice would be

Pulx —X;r) =g, x—X+§ + @ x—X——é @)

The collective variables X and r are time dependent. At
large separations r corresponds to the distance between
the two solitons and X is the center-of-mass coordinate.
Clearly these identifications are only meaningful asymp-
totically. At shorter distances, the solitons interact
strongly and it is meaningless to separate them.

Substituting @(z,x)=g@y4(x —X (2);r(¢)), the starting
Lagrangian truncates to an effective Lagrangian of the
form

Liun =3M (NX 2+ M, (n)Xi + 1My, (1) 2= U(r),  (5)

where M is a 2 X2 inertial matrix

M= [dx ¢'"(x)$(x) (6)
with ¢'V'=—¢’, and $'*'=9, ¢, and U is the convention-
al (static) potential of the form

U=iM + [dx V(py(x)) . (7)

The variational principle applied to the corresponding ac-
tion f dt L., fixes the time evolution of the collective

variables X (¢) and #(¢). This can also be recast in Hamil-
tonian form using

H o =+M ™1 (P> + (M ™) ,(r)Pp
+—;—(M71)22(r)p2+U(r), (8)

where P and p are conjugate to X and r, respectively. For
the ansatz (4), the off-diagonal element M, vanishes, and
(8) simplifies to

P2 p2
H= + +U . 9
0 T, TYW ©)
For far-separated solitons (¥ — ),
P’ |, p*
+2
H— M, + 2 M, (10)

where M is the single soliton mass (3). In the asymptotic
region, (10) correctly describes two free solitons with to-
tal momentum P and relative momentum p. Clearly the
distinction between masses and potential is only meaning-
ful asymptotically. For any finite separation the masses
are r dependent. As a result, the “kinetic term” actually
contains a potential which is velocity dependent. Howev-
er, since the solitons are heavy, this effect is small for
fixed momentum transfer.

The potential U is of order g ~? and can be regarded as
the “adiabatic potential” between two solitons. Howev-
er, comparison with atomic physics shows that U is
different from the potential that would be obtained from
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an actual application of the adiabatic approximation.
Indeed, in atomic physics one solves the Schrodinger
equation for the light degrees of freedom (electrons) with
fixed positions for the heavy degrees of freedom (nuclei).
The resulting energy is then added to the Coulomb ener-
gy to obtain the potential as a function of the internu-
clear distance. In our case the light degrees of freedom
are the mesons and the heavy degrees of freedom the soli-
tons. It is clear that the ‘“‘adiabatic potential” U corre-
sponds only to the Coulomb energy since no Schrédinger
equation was solved and the truncated Hamiltonian is
purely classical. )

More importantly, the above construction is ansatz

dependent. Indeed, if we vary the starting ansatz the
“adiabatic potential’’ varies so that

8U= [dx S(x)8py(x) , (11)
where

S (x)=—@4(x)+ ¥V (@y(x)) (12)

and V"(@)=d"V(¢)/d¢". For large r, 8¢, and S may
both be taken to be of order g ~'e ™ from (2). Hence
the potential is well defined in the far region
r>Ing "!/m, but not in the intermediate region
r <Ing " '/m.

Not surprisingly, the two difficulties are related. To
see this, we need to quantize the theory including the
light (meson) degrees of freedom. We write

o, x)=@y(x =X (t);r (1)) +79(t,x —X (1)), (13)

where 7 is the quantum meson field. We can use (13) to
rewrite the Lagrangian in terms of 7, X, r, and their ve-
locities (background-field expansion). In principle, a cal-
culation to all orders should yield results for physical ob-
servables that are independent of the form of ¢, for oth-
erwise the original Lagrangian would not fix the theory
within a given topological sector. In practice of course,
we cannot compute to all orders. However, since the
dependence on the ansatz appears for small r, one may
hope for an expansion such that the quantities which are
sensitive only to the long and intermediate ranges of r are
insensitive to the choice of the starting ansatz. This will
be shown below.

In quantizing the theory, the fact that the Lagrangian
depends only on ¢ and not individually on ¢ and 7 leads
to some complications. This follows from the fact that
(13) contains redundant degrees of freedom as in a gauge
theory. Indeed, under the infinitesimal (local) transfor-
mations

X—>X+e, nontep,,ten, (14)
or

r—r+e N—>1—-€3,¢y, (15)

@ and hence the Lagrangian are left invariant. In the
Hamiltonian formalism, the redundancy manifests itself
as the presence of constraints among the momenta.
Indeed, the momenta read

oL .
P=—"F=+4 [dx(¢')*X— | dx (¢'3,p)F— | dx ¢'7 ,
ax f P f ¢o,p f X @M
_ oL _ , : 2, .
p—?——fdx(qoa,q))X—i-fdx(a,cp) r+fdx 9,91 ,
P
(16)
_OL _ , ; S
H(x)—?——[zp(x)]X+[a,<p(x)]r+77(x) ,
n
which are subject to the first-class constraints
X1=P + [dx ¢'(x)(x)=0,
(17)

X2=p — [ dx 3,@4(x)1I(x)=0 .

In fact y, and y, are the generators of the infinitesimal
transformations (14) and (15). The Hamiltonian is

H=PX +pi+ [ dx I(x)i(x)—L
=7fdx M2(x)+U(r)+ fdx S (x)n(x)

+1 [ dx 9(x)[ 82 + VP @y(x) In(x)

0 1 )
+ 2 —andx V(n)(¢cl(X))[n(x)]n+XX1+f‘X2 .

n=3

(18)

The presence of a term linear in 7 is an immediate conse-
quence of the fact that the ansatz does not obey the equa-
tion of motion. The terms proportional to the constraints
in (18) reflect the redundancy in the degrees of freedom.
To fix this we must choose a gauge. According to (14)
and (15), the terms proportional to ¢, and 3,9, can be
absorbed into a change in X and r to first order. They are
also quasizero modes in the sense that (x —+ )

[—32+V@y(x)]py(x)=8"(x)—0,

2 (2) (19)
[—02 + V' D(gy(x))]3,9(x)=2,8 (x)—0

and hence nonpropagating in time. It is therefore natural
to adopt the conditions (gauge choice)

¢15—fdx @u(x)n(x)=0,
¥, = [ dx 3,p4(x)n(x)=0 .

Since [x;,¥;]=iM;;(1+0(g)) has a nonvanishing deter-
minant, the first-class constraints (17) are now turned
into second-class constraints. As a result the commuta-
tors are turned to Dirac commutators?! given by

[4,B]p=[4,B]—[A4,¢;]c;;[x;,B]+[4,x;]c;;[¥;,B],
(21)
with ¢;[x;,¥,]=8; and the constraints (17) and (20)
hold at the operator level. As a result the Hamiltonian is
uniquely determined (up to ordering problems and renor-

malization).
To leading order,

(20)
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[TI(x),p(y)]p=—iPp(x,y)+0O(g),
[T(x),X]p=i@L(x)(M 1), —id,py(M 1), +0(g? ,
(22)
[TL(x),r]p =i@h(x) (M 1), —id, (M 1), +0(g?) ,
where P is the projector off the quasizero mode states:
Prlx,p)=8(x —y)—¢(x)M 16p) | 23)

It follows that I1=1I1; + 11 where I1,=P,IIP; is conju-
gate to the meson degrees of freedom and II, refers to
the soliton (collective) degrees of freedom. The corre-
sponding Hamiltonian reads

H=H,+H,+H,+H, (24)
with
Ho=1 [dax 2 (x)+U(r),
H,= [dxS(x)n(x),
Hy=1 [dx[I;(0)]

+1 [ dx nx)[ =32+ V(g (x) In(x)

©

Hy= g}n%V("’upd(x»[n(x)]" .

H, and H, commute to order g. Using the constraint, we
can solve for II; and rewrite H, in the form

Hy=1P(M ")\ P+P(M~ ) +ip(M ypp+U(r),
(26)

}_’=P—fdx I(x)n'(x) ,

which is similar to the classical (truncated Hamiltonian
discussed above (8). In particular, the potential part is
identical. The replacement P—P may also be under-
stood by noting that P is a constant of motion and should
be identified with the total momentum of the system.
Hence to obtain the momentum of the solitons, one must
subtract the momentum in the meson field.

Now, we are ready to supply the missing part of the
potential in the adiabatic approximation. The terms in-
volving the meson degrees of freedom are H,, H,, H;,
which are of order g ~ !, g°, g, respectively. If we ignore
H,, it is easy to solve the Schrodinger equation
(H,+H,)|)=E(r)]) to obtain the extra potential

E(n=—1[dx [dy S(x)G(x,»)S(»)+0(g", @D

where Gr(x,y) is the static transverse Green’s function
given by

P —3*+V 2@, 1PrGr=Pr1 . (28)

We note that the unprojected static (inverse) meson prop-

agator G ~! has the form
G l=—3+VP+VP+0(e ™), (29)

where the potentials c\f(lz% are evaluated around solitons 1
and 2, respectively. The finite-range corrections to (29)
are ansatz dependent and operative only in the three-
meson range and down in the potential, as discussed
below. Hence, to zeroth order in the meson range, the
spectrum of (29) follows from the single-particle spectra 1
and 2 which are positive nondefinite. Indeed, (29) is
characterized by quasizero modes that are split evenly
about zero (due to hopping between the exact zero modes
of 1 and 2), and scattering states that are doubly degen-
erate for each value of w3 (Possible bound states below
threshold in the single-soliton sector, as for ¢* models for
instance, would translate to split bound states in the
two-soliton case under consideration, much like in the
molecular system.) In the neighborhood of 1 (2) the
scattering wave functions are proportional to those of the
single-soliton wave functions 1 (2). Since G;=P GP,
the quasi-zero-mode states are excluded from G;. As a
result, the spectrum of Gy is definite positive. Correc-
tions to the spectrum due to the overlapping part of the
potentials are down exponentially.

Equation (27) is the basic result we need. First, notice
that the meson contribution to the potential is attractive
and of order g 2. As in the Born-Oppenheimer approxi-
mation it is the self-consistent part to be added to the
Coulomb potential U. The O(g°) piece in (27) comes
from the zero-point energy, and from the fact that the
shifted field 7=+ G4J has a modified commutation re-
lation with IT.

Second, notice that a change in the starting ansatz
yields a change in (27) of the form

SE(r)=— [dx [dy S(x)Gr(x,)
X[=35+VPpy(»))18@y(y)
—1 [dx [dy S(x)8G(x,9)S (») . (30)

For variations orthogonal to the quasizero modes, the
first term cancels against the variation of U as given by
(11), whereas the second term is of order g “2¢ ~3" and
should be balanced by higher-order corrections. Hence a
proper application of the adiabatic approximation indeed
eliminates most of the ansatz dependence in the inter-

mediate region g ~2e ~2™". Higher-order corrections such

as g "3 T3 g T4eT4mr  (with mr >Ing ') are ex-
pected. They are of shorter range. Also one should rot
eliminate ansatz dependence for variations proportional
to quasizero modes, since otherwise the potential would
be independent of r.

Results similar to (27) have been obtained by Bogomol-
ny?? in the context of instanton-anti-instanton interac-
tions, and by Saito?’ in the context of two-nucleon in-
teractions, although the issue of ansatz dependence was
not discussed in the latter. On the other hand, Amado
et al.'® have proposed to fix the classical ansatz so that
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(b)

(c)

FIG. 1. (a) The contribution of the iterated pion-two-nucleon
vertex to the nucleon-nucleon potential at intermediate range,
ie., N.e T (b), (c) Higher order corrections to the potential
at shorter range N2e TAmat,

the static source term S is proportional to the quasizero
mode,

S(x;r)=a(r)d,pqy(x;r), (31

and H, vanishes through the gauge condition (20). The
authors have further argued that the vanishing of H, is

necessary for a consistent interpretation, and hence that
(31) singles out a unique ansatz. As we have seen, howev-
er, the “classical” Yukawa interaction” (27) arising from
H | actually serves to maintain consistency in the inter-
mediate regime. Therefore, (30) is certainly a natural
choice, but by no means a mandatory one.

Our analysis is yet incomplete on two accounts. First,
the shift in 7 induces extra terms in H; which are also of
order g ~? (but of shorter range), which again underlines
the fact that there is no static two-soliton solution.
Second, for scattering states the adiabatic approximation
does not work as well as for bound states. Therefore we
must look at the full Lippmann-Schwinger equation or
the T matrix.

If we go over into the asymptotic domain, it is clear
that H, and H, remain nonvanishing, and they must be
kept to define scattering states (distorted waves). On the
other hand, H,; vanishes asymptotically, so it may be
treated as an interaction together with H;. Since the
background field V'?(g,) is static, we may define a
unique vacuum state a,|0)=0 by diagonalizing the
meson Hamiltonian H,. More specifically, we expand as

ZL __‘_ik_ Tex
7(x) 2ﬂf‘/2—w[ak§k(x)+ak§k(x)],

(32)
Prl _a)Zc + V(z)(%l(X))]PTgk :wigk .

Since H, and H, commute to order g, we may take the
scattering states to be |¥) =|ss )®|0) + O (g), where |ss )
is a two-soliton eigenstate of H,.

If we confine ourselves to the leading behavior in g, it is
easy to rearrange the distorted-wave Born series for the T’
matrix in terms of proper diagrams (see Fig. 1):

1

ATV, = (V|H +H,|¥),+ (V[(H,+H;)

1

= ;(ss|Z[ss); + <ss
f

E—H,—H,+tie

E—H,—H,tie

2 b

(H,+H)|¥),+ -

) o (33)

1

It follows that the effective two-soliton Hamiltonian with the meson degrees of freedom integrated out is given by

H, =H,+H,+3, where, to lowest order [Fig. 1(a)],
s 1 dk 1

=5 —2wk fdx fdy S(x)é‘k(x)E_HO_wk

It is seen that (34) is attractive below threshold
E <2M +m. If we further take E ~ H, and use closure,
(34) reduces to the induced potential E(r) discussed
above (27). In principle, one may also compute higher-
order terms. It is not difficult to see that they are
stronger, but of shorter range. For example, Figs. 1(b)
and 1(c) would be of order g ~%e ~*"". Therefore, if g is
small, but not too small, e """ <g <1, it makes sense to
retain only (27) or (33).

~ There is one final point. The soliton-soliton interaction
energy is generally known to be of strength g ~2, and our
expansion scheme seems to violate this result. However,

+i6§k(y)S(y) . (34)

this is only apparent. The order g ~2 result is obtained

when @ is expanded around the exact classical solution @,
and the resulting meson field 4 is counted as order g°. If
we reexpand around a classical ansatz, and treat i as or-
der g% then §—n =@, — @, is of order g ~'e =™, and we
recover the (g ~'e ~™")" terms. We recall that the validity

of this expansion holds for ranges such that mr >Ing ~ ..

III. QUANTIZATION OF SKYRMIONS

We now analyze the (3+ 1)-dimensional case, with nu-
cleons as solitons. To avoid the pathologies of the origi-
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nal Skyrme model we will use the w-stabilized version.
(For a previous analysis of the soliton-soliton interaction
in this model, see Ref. 12.) For that consider the non-
linear o model minimally coupled to a massive » meson

f2 2 2
.L=—~4—”T r(L,L*)+——"Tr(U+U'—2)
—to,0"+iml o0 +g,0,B", (35)

where U =exp(im?r?/f ) is the chiral field, L#= UTauU,

®,,=0,0,—0,0,, and

e 6p.vaB
Bl=— 2" TiL L,Ly (36)

the topological (baryon) current. In the language of
large-N, QCD, f, and g, are of order 1/ N,, whereas the
masses m ., m,, are of order N2. The expansion parame-
teris 1V/N.,.

Since @, does not appear in (35), w, can be eliminated
from the Lagrangian using its equation of motion

(—=V?*+m2)w,=0,9,0'—g,B, . (37

For the pion, it is convenient to work with the left and
right isospin currents V{+ 4§ which are related to the
conventional canonical momentum as

0L _ Lqp | 3 yton s+ a8)
ar? 2 on?
i U
=—Tr U apa T Vo 48) (38)

and to each other through

Ve+ A3=—ROUNVE—48), (39)
where

RYU)=1Tr(r°UPU") (40)

is the rotation matrix associated with U. It may be
checked from (38) that the currents generate the expected
left and right isospin transformations

(VE— A8)x,0),Uly,)]=U(x,6)r83%(x —y), (41
[(VE+ A8)(x,0),U(y,t)]=—7U(x,0)8%(x —y) (42)
and satisfy the Gell-Mann algebra
[(Va+A8)(x,1), (V’“_rAb)(y,t)]

=2 (VL A5)(x,1)8%(x —y) . (43)

For the w-stabilized model, the left and right isospin
currents are given by

a)

V ,_Aa:_{_erO abc ljka)LbLkd,

(44)

gw

Va+Aa——f12TRg_ abc zjkabRk .

With this in mind the Hamiltonian density associated

with (35) reads

H= +% VO—A“+8gﬂ_ '€ Tr(L;L 1)
i fim
——T( 23— . Tr(U+UT—2)
+ 1 a)o,+'w +‘m w2+2 5 (0,00, +2,B, 2,

(45)

which is positive definite. We note that wy; is the electric
field induced by the » meson, which obeys the usual com-
mutation relations

[@g; (%,1),0/(y,2)]=i8i8%(x —y) . (46)

Because of the nonlinear character of the model
Hamilton’s equations admit static single soliton solutions
of the type

O(x)=exp[iT-XF(r)] and ©=0 47)

with F(r) subject to the boundary conditions F(0)=m
and F (o0 )=0 so that one has unit baryon number

[B=-

Owing to isospin 1nvar1ance, an equally good solution is
obtained as AU (x)A4" where A4 is an SU(2) matrix. The
same solution is obtained by a spatial rotation, corre-
sponding to the fact that (47) is invariant under simul-
taneous rotation in isospin and ordinary space.

When quantizing the system in the single soliton sec-
tor, one must promote A to a collective variable, together
with the center-of-mass coordinate X. There is some
freedom in defining the remaining pion field since we may
write either

U=40(x—X)4"U_(x—X,1)
or (49)
U=U,(x—X,040(x—X)4" .

F(r)—1isin2F(r)]; 25 =1 . (48)

In either case, the pion field transforms simply under
chiral SU(2) XSU(2):

U,—grU,g}, A—g 4

or (50)

U7T~—)gR Un'gz, A4 —8Rr 4.

This would not be _the case for other choices such as
U= \/U AU 4 \/U advocated in Ref. 24. For
definiteness, we use the first choice.

For the single soliton case, a comparison of (50) with
(38) yields

(VE— A8)(x)=T1"(x—X) ,
[+ 49)x0=— [R¥U, Mb(x—X)+21°,
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where II and I are the generators analogous to Vy*t A4,
for U, and A4, with the rotation matrix R4 U, ) defined
as in (40) More specifically

[(I4%x,t), U, (y,t)]=U_(x,t)7°83(x —y) , (52)
[I4%x,t), 1%y, 1) ] =2ie®*II%x,1)8%(x —y) , (53)
and also

Ta

[1“,A]=—7A, [1°,1%)=ie%T° . (54)

We may also introduce J°= —I’R%( 4) which obeys

a
[J",A]=A—7-2—, [J9,Jb]=ie%ege (55)
Relations similar to (38) hold for II, I, J. It may be
checked from (54) and (55) that I (J) generates isospin
(spin) transformations on the soliton part 40 4 t,
The decomposition (49) into a soliton part and a pion
field however is not unique, since the total field U is in-
variant under the infinitesimal transformations

84 =ider", 8U,=—ie'UT[, 014U, (56)
as well as
8X=¢, SU,=Ae-U'VO4A'U_ +evVU, . (57)

The pionic modes in Egs. (56) and (57) are just the six iso-
spin and translational zero modes. It follows that there
must be an isospin constraint

X' =J"—+ [Tr(40 '[+%,014TR* U =0 (58)
as well as a momentum constraint
xi=pPi— é [ Tr(40 13,04 r)R(U I
=2 [ Twla,U,me=o. (59)

The constraints y are the generators of the gauge trans-
formations (56) and (57) as before. It can be checked that
the isospin-zero modes appearing in (58) is orthogonal to
the translation zero modes appearing in (59):

[ Te(O0 Y72, 010 Te(+0 18, 0)=0 . (60)

(In the presence of a mass term for the pion, the zero
modes are normalizable modes below threshold.) Further
details about the quantization in the single soliton sector
may be found in Ref. 25, so we proceed to the two-soliton
case.

As in 1+1 dimensions, an approximate two-soliton
configuration can be constructed using a starting ansatz
that satisfies the proper boundary condition in space, and
approaches two single solitons asymptotically. We
choose the product ansatz

Ux,)=A4,0 x—X—% AU, (x—X,1)

X 4,0 x—X+§ Al (61)

where all the collective variables 4, 4,, X, r are time
dependent. Here X plays the role of the center-of-mass
coordinate and r the role of the relative separation,
whereas 4, and A, characterize the spin and isospin of
the two nucleons. It should be stressed however that this
identification is only meaningful asymptotically where
the solitons are far separated. Under chiral transforma-
tions,

Ay—grA;, U,—gp Uvg}f, A,—gr 4, , (62)
which leads to the identifications

[vi—adx= [max—Xx)+21§,
(63)
Jva+ a8)x)=— [ROU Ix—X)+2I5 .

The analysis of the constraints is also similar to the case
of a single soliton. The result is

Ji—1 [Te(4, 0], 0,14} R* U )I*=0 , (64)
J§—1+ [Tr(4,0 [, 0,14]11°=0, (65)
pi— [ 5Tr(4,013,0, 4] RvU, m*

T

—fﬁTr(U,TTa,-U )I=0, (66)
pé—féTr(Azaﬁzﬁ;A;rT")H”
~f frr( Ula, U, #mn*=0, (67

where p, and p, are, respectively, the conjugate to
X—r/2 and X+r/2, and we are using the compact nota-
tion

01,2=0(x¥r/2) .

Notice that, for large separations, the constraint equa-
tions reduce to the expected constraints for individual
solitons involving the single-soliton zero modes.

If we denote by J*=(J¢,p!,J4,p5) the row vector for
the generalized collective momenta and by ®“ the corre-
sponding matrix containing the asymptotic zero modes,
then the set of first-class constraints simplifies to

x*=J+ [oent=0. (68)

The x’s are the infinitesimal generators of the gauge sym-
metry discussed above. To uniquely define the physical
Hamiltonian, we need to fix the gauge. We choose the
gauge conditions so that the quantum pion field is orthog-
onal to the zero modes asymptotically:

Pe=1 [ & LTr(r°U,)=0 . (69)

Here & follows from ® by setting U_ =1.

To leading order, [x% ¢*]=M%*[1+0 (N;1/2)], where
M is a 12X 12 inertial matrix with entries proportional to
the overlap between the soft modes

M= [ e (70)
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In particular, the diagonal elements are the norm of the
single-soliton zero modes. They give the mass and the
(pionic) moment of inertia for a single Skyrmion. (The w
contribution to the moment of inertia using a Hamiltoni-
an formalism can be found in Ref. 25.) The off-diagonal
elements depend explicitly on the relative separation r,
and vanish as r — 0.

Since M is positive definite, the constraints are now
second class and may be turned to strong operators iden-
tities. Correspondingly, the commutators are changed to
Dirac commutators as before. In order to disentangle the
collective degree of freedom from the fluctuations, we
further choose to decompose the left-handed current
II=II, +1II,; such that II, is proportional to the zero
mode matrix ®. More explicitly

J&ns=o. (71)

J

n;  f7 g.

H0=+T—TTr(L +R§,.+[L1,,R2,.]+)+~2—‘“—i
2m2

00,47 . (74)

In deriving (73) we have used the fact that the o mass is
large so that —V?/m2 ~0. (This approximation is good
for the soliton profiles. It affects somehow the rms radius
and charge distributions.) The term proportional to the
o coupling constant is just the classical baryon current
ﬁo. It is the sum of the classical contribution due to the
individual baryon currents plus an overlapping contribu-
tion of zero net winding number

§0:Bg“+1332>+—812e,.jka,.TrLljRZk ,
T

BV =— wTrLLy;Ly, (75)

2472

(2) — _
By = €k TTR 3Ry Ry .

1
2472

As in the (1+1)-dimensional discussion above, we have
included in (73) the order N, ' due to the collective
motion. In general, the inertial parameters through the
mass matrix M depend on the relative separation r and
orientations A4 of the nucleon. They give a velocity-
dependent contribution to the classical potential to order
N, L Asymptotically, this term reduces to the free Ham-
iltonian for two quantum-mechanical particles

Solving for the longitudinal part in (68) yields
HZ — _&‘) aa(M-—l
Te=Jet [(@—&)mqe

)ab’jﬁ ,
(72)

We have ignored the ordering problem since we will be
mostly interested in the Hamiltonian to order N !, where
the problem does not appear. For higher-order calcula-
tions, the ordering problem can be addressed in principle
following the discussion of Christ and Lee.?

IV. TWO-NUCLEON HAMILTONIAN

Having fixed the gauge, we may expand the Hamiltoni-
an in powers of 1/\/NC, after substituting (61) into (45).
The Hamiltonian density to order N, is given by

€ Ir(Ly; + Ry MLy ; +Ry; MLy + Ry )

—> + + + , (76)

where the soliton moment of inertia and mass (pion con-
tribution) are given by

A——fTr

Mﬂz—T”fTr(fJ

Since the starting ansatz (61) is not a solution to
Hamilton’s equations, there are terms in the Hamiltonian
linear in the quantum pion field to order V/N,. Indeed,
using U, =1+irw/f_+ --- we have, for the Hamil-
tonian density,

7,010 U T[4, U1

18, 07Tr(U '3,07) .

if
Hy == Tr(rm{3,(Ly +Ry) Ly, Ry 14 })
—ig?
+ mﬁoeijkakTr[T"’T(Lli +Ry )(LU +R2i )]
—if m3 0, —0

Finally the order N? contribution to the Hamiltonian
density reads
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. 2 2
~ lg . m NN At A
H,= 2f RO,)/(VE— 4 )+8—ﬂ“;w'e,.jkrr[fa(LU+R2j)(L1k+R2k)} +§(8,~1T)2+T’TTr(U1U2+U;UI)772
m
i 1 ) mz 2, 1 7= 3 )2
+5Tr[7'-(1r><a,-1r)(L1,-—R2,<)] ITr([Ly;, 7 m][Ry, 7]+ 4 1E 2+ F0,;0;+——o; m2(8,-E,-+ga,Bo)
g 2
— |—=2— | Boe;d,Tr{27-(w X3, )L +Ry )+ [L,;, 77l [Ryp, 771}, (79)
477_me 0%ijk%i { J 1k 2k 1j 2k }
where (V,— A,) is the order \/ . part of the left-handed isospin current operator, E,=wy; +9,&y, and
= i
B0:—WeijkakTr[(Ll“Rz)i(Ll—Rz)jT"lT] ’ (80)
T

which is_of order 1/v/ 'N,. The quantities with carets involve only the classical configurations.

Notice that since

g.,~V N, the @ couples to order 1/1/N, to the two nucleons. This coupling is velocity dependent and yields contri-

butions of order N, to the inertial parameters.?’

In the field of the two Skyrmions the (unprojected) static pion propagator G is given by

2 .
(G~ o= | =V2+ (U, U+ USUT) |8+ 2 e Tr[ 7Ly —Ry); IV, +4Tr([ Ly, ][Ry, 7))
1| s ’
-5 m €k Eimn TITY(L —R,),(L; —R,);V, V, Trr(L, —R,) (L —R,),,
g 2
arfom | Boein Tr2e T ViLy+ Ry LV + Ly N Rapo 7 (81)
f

To leading order in the pion range, we have f?=—éTr(T"ﬁIaiﬁ, ), R ?=—éTr(T"ai 02(73) ’
(G~ N"=(=V2+m2)8+V+VP+0(e "), (82) . g, | At

=d. i 7949 = | ——

Ui ¢1+IT ¢n B 27Tf,.,mw

where V, , are the potentials created by the individual
Skyrmions. As discussed in Sec. II, the spectrum of G,
following from (82) by projection is definite positive.

V. TWO-NUCLEON POTENTIAL

Given the Hamiltonian, Eqs. (73), (78), and (79) of the
previous section, we may proceed to extract the two-
nucleon pcltzential V as in the (1+ 1)-dimensional case. To
order N e " we have a contribution to the potential V'
from the conventional term H, and from the pion term
3.

The conventional contribution to the potential reads

Vo3 [ |EGR S+ BB +B e, 0L LR R
1 g, A
+5 = } [ exd: L 2R $)
X (€mn, L ¢, R 1) R*R/
—fim2 [ (¢4~ dIHSR 1), (83)

where we have defined

B is the classical baryon current for a single soliton
deﬁned prevxously The rotation matrix R is short for
R(4 = A A,).

The contrlbutlon from the pion term is

3=—1[dxdyS“x)G{x,y)S y) , (85)

where $ is the classical pion source and G is the project-
ed static Green’s function in the background of two fixed
nucleons. The explicit form of S can be read off from
(78):

:S8+SzlzbcRbc+Slz>cdRadec ,
S§=frm7(¢,— 1]
S =2f (8;;+Be;d, (B

_SB
Uka L ak(elmna L

B"+B e L R 0

bR¢)
TP
fTrB o o

Sgbc—‘: meijka[R _[;ak(elmnalL fnR\ 2 ).

The contribution = to the two-nucleon potential is attrac-
tive, so it is a potential source of nuclear binding. For
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simplicity, in the equations below, we will ignore the
spin-isospin distortions generated by the two nucleons on
the propagating pion, i.e., Gy ~(—V?+m2)7!, so that
the pion contribution becomes

S~—1[8U=vi+m2)"18e. 87

We note that this approximation affects systematically
the character of the potential in all channels. As a first
step, it should provide us with the qualitative insights
that are needed at this stage. In a more comprehensive
analysis of the potential the distortions in the pion propa-
gator should be included. Notice that for the one- and
two-pion range, the distorted pion propagator follows
from (82). Also, notice that even though (82) depends on
the various spin-isospin orientations, both (85) and (87)
lead attraction in the central channel. Indeed, the singlet
component follows from

s, = fsm)du( A)S . (88)

It is negative definite since the Haar measure is positive
or null over SU(2).

To sort out the various spin-isospin channels we first
note that the rotation matrix R% belongs to the (3,3) rep-
resentation of SU(2) X SU(2) generated by I, and I,. The
symmetric product yields

RbcRef: %Sbescf_*__ %gbeiecijij

+L(R*R%/ +R*“RY/ — 2§%5¢/) (89)

2
corresponding to
[(3,3)®(3,3)]s=(1,D&(3,3)®(5,5) . (90)

The last term operates only between NA and AA states.
We will not need it below. For completeness we also
quote the result for the product of three rotation ma-
trices:

R“R“RY = %eaceebdf+ %(Secadeab+8ae6becd
+8°8"RY)
“%(SeCSbead‘f‘SecﬁbdRaf‘FSeaﬁdeCb
+8“8YRP+ 88" R +5°6R)
®(5,5)e(7,7) 91)

corresponding to
[(3,3)®(3,3)®(3,3)]s=(1,)®(3,3)®(5,5)®(7,7) . (92)

The last two terms belong to higher-spin representations
and do not operate in the nucleon-nucleon channel.
Their explicit form is not necessary. We may further
decompose the (3,3) piece as

R“=L(R{+8“Ry) , (93)

where R (tensor) and Ry (spin-spin) transform separate-
ly under the diagonal subgroup of SU(2) X SU(2)

R%¥=3R%*—8%R* and Rg=R*. (94)

For two nucleon states, the matrix element of the rota-
tion matrix is normalized as

(8,8,T,T,|R 4] 4,)|8,5,T,T,)=1S4S5(T,-T,) ,
(95)

where S and T are the spin and isospin of the single nu-
cleons, respectively.

Using the above relations it is straightforward to
decompose the potential derived above in the scalar,
spin-spin, and tensor parts. Indeed, in the scalar channel

=2
we have (to order N, e )

8w

2
4m°m,

1
V,=+—
1 6

2
] J L0 2R §)1[ €1, (E &R €))

— 1 [ (SEASE+ 1S5 AS o + Ly gbe Aggee
+2S§AS5P + P es/ 155 ASSIE)
—fam [U=gp1=,) 96)

where we have defined A=(—V?>+m2)~!. The source
terms Sy ; , are given in (86). Notice the relative minus
sign between the conventional contribution due to w ex-
change and the pionic contribution.

In the spin-spin channel the potential is given by

2
1 8o PN ~ba ~poa . a
15 o } J 1@ L IR P 1= [eudi (L R )€, (L LR I} =7 [ SEASE +258851 —S5AS(
_%f(StlzbbAstlzcc_S?bcAstlzcb+SgbbASgcc_StzzbcASgcb)__%f(stlzabAsscb+StlzbcAS§ca +StlzbbASgCC)
5 [(SPaASEe 455 ASEC + 59 A +SPCASID + 59 ASL + 59 ASIC) 97

The first two terms give the conventional contribution to the spin-spin interaction. The last terms are the pion contri-
butions to the same order. Finally, the contribution to the tensor part reads
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f%’ Py a oy
V=5 JILLR—BBE +B e, d(L 1R ) +mlglg5]—

8w

1
6 | 47’m,,

1

1| 8w
6

2
= Jleudi (L SR D €4nd (L 4R D]

__%f(StlzdbAStlzcb_SzlzchSllzdd+S(21dbASzzzcb__StlzchSzzzdd)_l%f(S(ImdASgcd +S1170dASgdc_+_StlzbcAS(21dd)

+ & [ (b AS 3 45 90c AS S + 5998 A S 4S9 AS 36 4 S AS 44 4 S9N ) (98)

The first three terms are the conventional contributions
to the tensor force. The last tgrzr}nxsrstem from the pionic
contribution. To order N_.e ™ the total potential
reads

V=V 1+VsRs+V¥RY . (99)

Its detailed numerical analysis will be given elsewhere.?’

VI. COUNTING N,

Assuming that the central potential we have derived
does lead to nuclear binding, it is natural to ask whether
it may be identified with the two-pion exchange force of
boson-exchange models.?® Or in a broader context, one
might ask how does a picture based on meson exchange
compare with QCD counting arguments.* As we have
noted in the Introduction, the literature is quite discon-
cordant on this point, so a general discussion seems
worthwhile. To avoid ambiguities, we assume that the
N, counting is done with respect to the exact classical
solutions.

In the model we_have used, the pion decay constant
scales like f,~1/ N, while g,~V'N.. As a result,
the nucleon mass scales like My ~N,. This scaling is
consistent with the nonrelativistic quark-model result.
General soliton theory requires that the meson-nucleon
coupling constant is of order N!/?> and the nucleon-
nucleon potential of order N,. In general, an O (N?) at-
traction cannot overcome an O (N, ) repulsion to produce
binding. Therefore if the 1/N, (semiclassical) expansion
is of any use, nuclear matter should bind in the large-N,
limit. Furthermore, the effect should be sought at the
classical (order-NV,) level and not at the quantum (order-
N?) level. Our results are compatible with this counting.

This conclusion should be taken with some care, since
nuclear binding is rather a delicate effect. On the other
hand, so is chemical binding, but then the Born-
Oppenheimer expansion is certainly successful there, and
perhaps so is the expansion we employed here. It has
also been argued? that the large-N, expansion can break
down for nuclear matter. However, the argument applies
only in the low-density limit, where the interaction ener-
gy V~N,e ™ is smaller than the kinetic energy
T~N_. !, quite opposite to the regime we are interested
in.

Let us now consider nucleon-nucleon scattering in the
soliton- and boson-exchange pictures. In the soliton
model, it is natural to work at fixed velocity and scatter-

ing angle, since the classical equations of motion are in-
dependent of the soliton mass (IV,). This implies that the
momentum transfer is of order V., and the scattering am-
plitude is of order NO. This is not a region where simple
boson exchange is expected to work. Nevertheless, if we
try to fit with one-boson exchange we find a pseudovector
coupling f,yy of order N? or less, in contrast with N/!/?
from the soliton model.

Comparison at fixed momentum transfer does not help
either. The low-energy pion-nucleon coupling that fol-
lows from chiral symmetry is

[ 1+ 1—
L=—MyP 2“U+ 275

Uty (100)
with U=(o+it-w)/f,. The scalar and pseudoscalar
coupling are equal and of order g, yy=8,xv~V N,
while the axial-vector coupling is of order g , ~N?. By a
chiral rotation, one may trade the pseudoscalar for a
pseudovector coupling of order f_yv~8.vv/My
~1/vV/'N,.

At the tree level (100) generates a one-pion-exchange
potential that scales like ¥, ~N_ !. Similarly, the poten-
tial resulting from two-pion exchange scales like
V,,~N.?, that from three-pion exchange scales like
V3,~N:.?3, and so on. (We note that the nucleon propa-
gator scales as N2, not N '.) This pattern is not sup-
ported by the soliton description.

In general, the discrepancy cannot be eliminated by
adopting a Lagrangian other than (100). To reproduce an
order-N, potential within one-pion-exchange range, we
need a pseudovector coupling of order /N, or a pseu-
doscalar coupling of order N2/2. However, that would
lead to a two-pion-exchange potential ¥V, of order N2
with pseudovector coupling, or worse with pseudoscalar
coupling. Clearly, the more pions the worse. (This has
also been noted by Banerjee and Cohen.3!)

One may attempt to avoid this situation by invoking
strong-coupling cancellation.’>** However, this would
require a cutoff of order N? for the pions, since the can-
cellation only works near mass shell. If the cutoff is in-
troduced by hand, effects of the cutoff appear for momen-
tum transfer of order NCO, and if the cutoff is introduced
through a form factor, the one-boson-exchange diagram
is already affected. In either case the boson-exchange
picture breaks down. Finally, in practical terms, the
Bonn potential, for example, uses a cutoff of the order of
the nucleon mass, and it is certainly hard to interpet this
as O (N?). Therefore, we conclude that the conventional
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boson-exchange approach to the nucleon-nucleon poten-
tial seems to have difficulties with the description of the
nucleon as a soliton in the large-N, limit.

Actually, the difference between the soliton approach
and the conventional chiral Lagrangian approach (100)
goes much deeper. In soliton models the axial-vector
current scales with N, e.g.,

L2
l T
A4= ’; Trr(UTa,U — UdU ™)
_ igﬂ’ “3vYTrre UTaa + U3~ t
16#26#\,‘1360 r7( U+UQdU") (101)

and the nucleon axial-vector coupling is large, g , ~N,, in
contact with g, ~N? for the chiral Lagrangian (100).
(This discrepancy was also noted in Ref. 34.) The scaling
behavior for the soliton case, however, is incompatible
with the Adler-Weisberger relation

22
g2 =1+ S

c0d—:\/1/2-—mf,(0+——a_) (102)
My v

since the cross section o for meson-soliton scattering is
order NCO, and the integral is at most of order InN,.

The discrepancy also appears in pion-nucleon scatter-
ing, where the isospin-] and -3 S-wave scattering lengths
in the Skyrme model do not satisfy the Tomozawa-
Weinberg relation®® to leading order. In general, al-
though soliton models obey the Gell-Mann algebra and
realize chiral symmetry in the Nambu-Goldstone mode,
they do not obey the conventional results of current alge-
bra, since the limits m2—0 and N,— % do not com-
mute. For a detailed analysis of this point as well as com-
parison with previous literature we refer to Ref. 37.

Another interesting question is whether the soliton na-
ture of the nucleon can show up directly in the analytici-
ty properties of scattering amplitudes, independently of
Lagrangians. Analysis of two-dimensional models and
monopoles in four dimensions suggest that it does. In ad-
dition to its theoretical interest, the issue is of direct
relevance for the nuclear force problem, since the Man-
delstam representation constitutes the true basis for
boson-exchange models, and in particular the analysis of
the nucleon-nucleon interaction in the intermediate
range. We hope to discuss these issues in the near future.

VII. CONCLUSION

We have outlined a general construction for deriving
the nucleon-nucleon Hamiltonian that is free from the

(a)

(b) (c)

FIG. 2. (a) The contribution to the two-nucleon form factor
from the direct terms. (b), (c) Contributions arising from pion-
exchange at intermediate range.

ambiguities associated with the arbitrariness in the start-
ing ansatz. Our method is general and applies to any
model with solitons. Using o stabilized Skyrmions to
avoid the problems found in the canonical Skyrme model,
we have explicitly extracted the potential in the inter-
mediate range and have shown that it is attractive in the
spin-isospin O channel. The intermediate-range attrac-
tion is important for nuclear binding. This way, our ap-
proach may lead to the resolution of a long-standing issue
in soliton models of the nucleon, starting from first prin-
ciples.

Our analysis can be extended naturally to the SU(3)
case, to investigate the interaction between octet and de-
cuplet baryons, where the Wess-Zumino term is expected
to play an important role. It will also be interesting to
see how the pion contribution affects the exchange
currents in the medium range region as shown in Fig. 2.
These effects are particularly relevant for the description
of the isoscalar form factor in the case of the deuteron for
instance. Some of these issues will be taken up next.
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