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In the decay modes K&~yy~e e+p p+ and KL ~yy~e e+p p+, the measurements of the
decay distributions with respect to the angle between the decay planes of the lepton pairs produced
by double internal conversions of the two photons can be used in determining the CP-violating and
CP-conserving form factors in Kz ~yy and Kl ~yy.

I. INTRODUCTION

The purpose of this paper is to describe a method
which can be used to determine the CP-violating and
CP-conserving form factors in the decay of the neutral
kaons Kz and KL into two photons. The idea is to study
the angular behavior of the planes of decay of the two
lepton pairs (Dalitz pairs)' which are produced by double
internal conversions of the two photons in the process
K —+yy ~l l+L L +, where l and L are leptons of
different species.

The analysis of the variations of the angle between the
planes of polarization of the two photons produced by a
meson was first done by Yang. Using arguments based
entirely on conservation laws, he pointed out that for a
scalar meson, the planes of polarization of the photons
must be parallel, whereas for a pseudoscalar meson, these
planes must be perpendicular. In the decay of the neutral
pion into two photons where each of the photons con-
verts into an electron pair, ~ ~y &+y2

(e, +e+, )+(ez +ez ) the decay plane of (e, +e+, )

contains the electric field vector of photon y &
whereas the

decay plane of (e z + ez ) contains the electric field vector
of photon y2. Using this concept and quantum electro-
dynamics, Kroll and Wada derived the angular distribu-
tion functions for scalar and pseudoscalar pions. Howev-
er, in their work, Kroll and Wada included the effect of
only one pairing out of the two possible pairings of the
four leptons of the same species: ( e I +e I ', e z +e z ) and
(e& +ez, ez +e& ). Samios et al. utilized the analysis
of Kroll and Wada to establish experimentally that ~ is a
pseudoscalar.

Miyazaki and Takasugi expanded on the theoretical
analysis of Kroll and Wada by including the effects of the
two possible pairings of the leptons, when the leptons are
of the same species in the decays of ~, g, and KL. They
also cited that the analysis can be used to obtain informa-
tion on the form factor of the meson-yy vertex. Howev-
er, in their application of the analysis to the decay of Kl
to two lepton pairs via double internal conversions, they
assumed that KL is K2, the CP = —1 eigenstate of the
neutral-kaon system. The included only the second of the
two possible couplings of the two photons to the meson:
NF„F„,corresponding to CP =+1 and Ne„&F„F&,

corresponding to CP = —1 ~

In this paper, both the decays of the short-lived Kz and
long-lived KL into two different lepton pairs via double
internal conversions, K~yy~e e+p p, will be dis-
cussed. This obviates the technical problem that arises
when both the possible pairings of the leptons have to be
included. In considering the decays into lepton pairs of
the same species, (e e;e e+) or (iz p+;p p+), the
author has encountered formidable difficulty in the in-
tegrations involving the matrix element corresponding to
the exchange pairing of the leptons. The dependence of
this matrix element on P, the angle between the decay
planes of the lepton pairs in the center-of-mass frame, is
complicated such that even the integrations of the other
four independent variables are arduously difficult. The
two couplings NF„F and Ne„&F„F&

of a meson to
two photons will be included. The decay spectrum with
respect to the angle P, dl /dP, will be used to determine
the relative strength of these couplings in both Kz and
Kl.

The description of the derivation of the decay spec-
trum with respect to the angle P between the planes of
the lepton pairs for K& and Kl is in the next section, fol-
lowed by the conclusion.

II. ANGULAR DECAY SPECTRA
FOR THE DECAY PROCESSES

&s Xy~e e p p AND EL yy~e e+p p+

For the decay process K~yy~l l+L L, where l
and L are different lepton species, one considers the
Feynman graph shown in Fig. 1. Q&, Qz, Q3, and Q4 are
the physical three-momenta of the leptons I+, l, L+,
and L, respectively and m &, m 2, m 3, and m 4 denote the
corresponding masses. The momenta of the two photons
are kl and kz. The QED coupling ie is assumed for the
l I +

y and L L +
y vertices. It is also assumed that the

phenomenological Lagrangian'

L = Ne„pF„F p+ NF„F„iH iG

holds for the Kyy vertex. Here, N is the meson field and
F„=B„A —8 3„,where 3„is the photon field. H and
G are dimensionless form factors that parametrize the dy-
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FIG. 1. Feynman
K~yy~l l+L L+.

diagram for the

excludes these contributions; however, the predictions,
based on constant form factors, about the angular distri-
butions X&(p), Xz(p), h&(p), and bz(p), discussed later in
the paper, provide a reference with respect to which one
can compare the experimental X,(p), Xz(p), 4, (p), and
62(p). The measured deviations can be used to assess
models that are proposed to account for dynamics which
are of non-QED origins that are embedded in the
momentum dependence of the form factors.

The invariant matrix element then is

JN„„,, , =u„(Q 2)iey„v(Q& )0 &u, (Q4)iey&v, (Q3)
decay

where

—2i 1 1

M~ (Qi+ Q»' (Q3+ Q4)'

namics of the Kyy vertex. In general, they depend on
the momenta of the two photons. It will be assumed that
their momentum dependence can be neglected within the
range of energy that is involved:

H(k, , kz)=H(0, 0),
G(k, , kz) =G(0,0),

X [He„&(Q, +Qz)z(Q3+Q4)p

+G6 13(Qi+Qz)(Q3+Q4)] .

Since this is a four-body decay, five independent vari-
ables' are needed to parametrize ~W ~

. The variables
chosen are

for

0~ —k, ~(M~ —2m, )

0~ —kz ~(M~ —2m, )
(3)

xz= —(Q, +Qz), x3= —(Q3+Q4)

y2 (Ql Q2 Q4) y3 (Q] +Q3+Q4)

w23 = (Qz+ Q3) (8)

Two recent papers ' have reported the measurement
of the single Dalitz decay KL ~e+e y and the observa-
tion of an enhancement in the distribution of the invari-
ant electron-positron pair mass. This enhancement has
been interpreted as an evidence for a KL~e e y form
factor arising from virtual-vector-meson contributions to
the photon propagator. Our assumption in this paper

In the rest frame of the kaon, it can be shown' that ~23
is linearly related to P, the angle between the plane deter-
mined by Q& and Qz and the plane determined by Q3 and

Q4

w23 = —J,cosp+ Jz

where

8(D)2D34)'J)=
A(s, xz, x3 )

1Jz= [i)(s;zz,y3, xz, x3, 2z) )i)(s;z3,yz, x3 xz 2z4) A(s xz x3)'g(s;zz, y3 Z3 yz 4(zz+z3))]
2sk, s, xz, x3

(10)

1 2D,z= [A(s, xz, x3)A(s, z3,yz) —
2) (s; 3,yz;x3, xz, 2z4)],

16s

1
D34 [A(s, x3,xz )A(s, zz, y3 )

—
2) (s;zz, y3 Xz X3 2z& )]16s

(13)

z Z2 —m2, (14)

A. and q are the generic functions

A.(x,y, z) =x +y +z —2xy —2xz —2yz, (15)

g(x;y, z;u, v;w)=[ —x +x(y+z+u+v —w) —(y —z)(u —v)] . (16)

What is important to note is that J, and Jz are functions of xz, x3,yz, y3 and, therefore, one can choose p as the fifth in-
dependent variable, ' instead of w23, in writing down the expressions for ~Af

~

. The result of carrying out the long alge-
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bra and summing over all the spin states in evaluating IA,
I

in the center of mass of the kaon is denoted by ( lail ):"
4

(IWI2&=

+ IGI'

(xzx3)

16(D,2 )(D34 )
sin P

—(Diz)xz —(D34)x3+ —,'A(s, xz, x3)xzx3
A, S,X2, X3

2

[Jicos P
—(2JiJz+ Ji A)cosg+Jz+J2A +B+C

2X2X3

+ —,
' (z3+Z4 )Xz+ 2 (Zz+Zi )X3 ]

1/24(D,2)(D34) s —xz —x3+ Im(HG* )sing (2J)cosP —2Jz —A )
X S,X2, X3 (xzx3)

where

2 =(xz+x3+2yz+2y3 —3s —2zi —2z4 —4zz —
4z3 )/2,

B = [(x3+yz)(xz+y3) —(xz+y3 )(s +zz+z3+z4) —(x3+yz )(s +z3+zz+zi )
—

(yz+y3 )(zz+z3)]/2,
C —[(s +zz+z3 +z4 )(s +z3 +zz+zi ) + (zz+z3 )(s +zi +zz +z3 +z4 ) ] /2 (20)

In the following discussion, I z, I L, and I refer to the rates of the decay modes E&~yy~e e+p p+,
KL~yy~e e+p p+, and K~yy —+e e+p p+, where K is either Ks or KI. Similarly, I (Ks~yy), I (KL~yy),
and I (K ~yy ) refer to the decay rates into two photons of Ks, KI, and K, where K is either Ks or KI .

The differential decay width for a particle of momentum I', energy co, and mass M is"
4 4 4

dr= s' J yg, (—lul'& ~2' i J i (277) 2co .
(21)

Integrating out the Dirac 6 function in the rest frame of the kaon and expressing the result in the chosen variables, one
gets

(l&l')dx, dx, dy, dy, dg .
1

128(2~) si/s QA(s, xz, x3)
(22)

Since the objective is to obtain the angular spectrum d I /dp, the variables y3, yz, x3,xz are integrated out, in that order,
subject to the following limits of integrations

yz
—'= Ir)(X3;z3 Z4 S Xz 0)+[A(X3 Z3 Z4)k(X3 S Xz)] ]/(2X3)

y3[g(xzzzzi sx30)+[A(xz, zz, z))A(xz, s,x3)]]/(2xz)

x(2-) =(ml+m2)2, x(2+) =(~s —m3 —m4)2

x', '=(m, +m, )', x(3+) =(3/s —x, )'.

(23)

(24)

(25)

(26)

The author has used the symbolic program' MACSYMA in carrying out algebraic simplifications and some integrations
with respect to y2 and y3. The integrations with respect to x3 and x2 were performed numerically using the FoRTRAN
package IMSL. ' The result is

2

[IHI cr)sin (t+ IGI ozcos P +Im( HG*) 3(7sin(t cosP+ IHI o4+ IGI o~],
2(Mx- ) (2ir)

(27)

where a =e /(4~) is the fine-structure constant and Mz is the mass of the neutral kaon. The values of the coefficients
0 j 0 2 0 3 0 4 and o.

~ are listed in Table I.
In terms of the Lagrangian in Eq. (1), the rate of decay of K to yy is

r(K-yy) =
16

M-(IHI'+21 GI')1
(28)

One can express the ratio of Eqs. (27) and (28) in terms of the absolute values of H and G and their relative phase
difference. Let

H =h exp(iPh), G =g exp(iitts), 5=(gs —
g), ),

so that

(29)
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[I (K —yy)] ' =Fcrz[(h/g) s, sin P+szcos P (—h/g)sin5s3singcosg+(h/g) s~+s~]/[(h/g) +2], (30)

or

[I (K —yy)] ' =Fo &[l&sin P+(g/h) lzcos P —(g/h)sino l3singcosg+lz+(g/h) 1&]/[1+2(g/h) ], (31)

where

F =4
6 3

=2.26X 10 /(MeV)
4a 1

Mx (2m. )

s;=o;/a2, l;=a;/a) for i =1,5 .
(32)

The values of a;, s;, and l; are in Table I.
So far, our analysis applies both to Ks and KL ', that is, both Eqs. (30) and (31) apply to either of

K&~yy~e e+p p+ or KL ~yy~e e+p p+. In the following, we distinguish the two decay modes by using Eq.
(30) for Ks and Eq. (31) for KL; furthermore, we will use a subscript 1 for Ks's parameters and a subscript 2 for KL's
parameters. To show clearly how to isolate the ratio (g/h) or (h/g) and the relative phase 5 of 6 with respect to H, the
following expressions are defined:

d I,($) dI, ( —P)
X&(P)=[Fozl (Ks~yy)] ' +

dP dP

=2[(h, /g, ) s, sin P+szcos P+(h, /g, ) s~+s5][(h&/g, ) +2] (33)

d I,(P)
A&(P) = [Fo zI (K yy )]

dp

dI, ( —P)
dP

= —2[(h, /g, )sin5, s3cosg sing][(h, /g, ) +2]
dI L(p) dI L ( —p)

&z(4')=[Foil «L, yy)] '
d

+
dP dP

=[2l&sin P+(gz/hz) lzcos /+I&+(gz/hz) l&][1+2(gz/hz) ]

dl L (p) dI L( —p)a,(y) = [Fo,NK, yy )]
dP dP

= —2[(gz /h z )sin5zl3cosg sing] [1+2(gz /hz ) ]

(34)

(35)

(36)

TABLE I. The values of the coefficients o.;, s;, and l; in Eqs.
(27), (30), (31), and (33)—(36).

(10' MeV )

2.694
2.826
5.504

18.807
9.067

~t =Ot/2

0.953
1.000
1.948
6.656
3.209 X 104

l, =a, /o-,

1.000
1.049
2.043
6.982
3.366 X 10'

Figures 2 and 3 show the graphs of b, &(P) and bz(P) for
various values of 5& and 5z but for Axed values of
h, /g, =0.10 and g2/h2=0. 10, respectively. One can see
that for positive 5& and 5z, b. &(P) and bz(P) start out as
negative, whereas for negative 5, and 52, they start out as
positive. Furthermore, as 5, and 5z increase from 0 to
vr/2, the amplitudes of b, &(P) and b, z(P) also increase

Figures 4 and 5 are graphs of X,(P) for h, /g, =0, 0.01,

I

and 0.10. It can be seen that the diff'erence between the
amplitudes of X&(P) for nonzero h&/g& and zero h&/g&
increases as the value of h, /g, increases. The graph for
nonzero h

& /g &
recedes downward from that of zero

h, /g, as h, /g, increases. Figures 6 and 7 are graphs of
Xz(P) for gz/hz =0, 0.01, and 0.10. Although the
difference between the amplitudes of Xz(P) for nonzero
gz/hz and zero gz/hz also increases as the ratio gz/hz
increases, the graph for nonzero g2/hz recedes upward
from that of zero gz/hz as gz/hz increases.

By experimentally observing and measuring the quanti-
ties X&(P) and b. &(P) for Ks and Xz(P) and hz(P) for KL
and then comparing them with Eqs. (33)—(36), the values
of h

& /g„5„g2/h2, and 52 can be extrapolated. Further-
more, by using the known rates for Kz ~yy and
KL yy, one can also obtain h &, g„h2, and gz as we ex-
plain in the following paragraphs.

Suppose that the values of X&(P) and Xz($) at /=0 and
P=vr/2 and the values of b, , (P) and b,z(P) at P=~/4
have been obtained experimentally. Then, from Eqs. (33)
and (34),
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FIG. 2. Angular variations of h, (P) for h, /g, =0. 10 and 8, =0,+45', +90'.

get2[2,(0)—s~ —s5 ]

[2s~ —X,(0) ]
(37) 16~I (Ks~yy)

M~[2+(h, /g, ) ]2[2,(vr/2) —s, ]

[2(s, +s~ )
—X,(vr/2) ]

(38)

h)
h, =—[(h, /g, ) +2]b, ,(~/4)

s3(h, /g, )
(39)

and putting the values of (h
& /g& ) in Eq. (28), we further Similarly, from Eqs. (35), (36), and (28), one can derive

0.25
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FIG. 3. Angular variations of h, (P) for g, /h, =0. 10 and 62=0, +45', +90'.

(40)

(41)
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2l4 —X~(0)

2[2~(0)—l2 —l, ]

2(l, +14)—X2(vr/2)

2[X~(w/2) —l5 ]

(42)

(43)

The precision of determining these form factors banks
heavily on fine-tuning the measurements of both
I (Kz~yy) and I (EI —+yy). The values of these rates
based on the known branching ratios' '

sin52=
—[I+2(gz/h )2]bz(rr/4)

l3(gz /h z )
(44)

8 (Kq ~yy) =(2.4+1.2) X 10

B (ILL ~y y ) = ( 5.70+0.23 ) X 10
(47)

h2=
16vrI(KL~yy)

M~[1+2(g2/h2) ]

2

1/2

(45)

(46)

I (Kz~yy)=(17. 7+8.8) X 10 ' MeV,

I (KL yy)=(7. 24+0. 29) X10 ' MeV .
(48)

and the known lifetimes' ~+=0.8922X10 ' sec and
wL =5.18X10 sec are

32100
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31920
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80 100 120
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~ h/g=0. 1 0

') 40 160 180

FICx. 5. Angular variations of X,(P) for h, /g, =0 and h, /g, =0.10.
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FIG. 6. Angular variations of Xz(P) for gz/hz =0 and gz/hz =0.01.

It is also interesting to pursue the consequences of Eqs.
(30) and (31) in evaluating the branching ratios of the de-
cays of Ez and XL into e e+p p+ via double internal
conversions in the extreme cases of h =0 and g =0. Set-
ting h =0 in Eq. (30) and g =0 in Eq. (31), and integrat-
ing over P from 0 to 2zr, one gets'

g=0

I K~yy 0

=2.862 X 10

h=0:

I K —+yy 0

=0.644X10 ' (49)

Since

B (K~yy ~e e+p p+ )

I (K~yy~e e+p p+) B( K~ y)y, (51)

and
one can use the branching ratios'4 in Eq. (47) to obtain
the following. For h =0

700
II 0 ~ ~ 0 0 ~ ~ O ~ 0 ~ ~ ~ 0 ~ ~ ~ 0 ~ ~ E ~ S 5 ~ ~ ~ & ~ g ~ ~ ~ ~ g

600"

500-

400-.

300.-

M

200-.

100"

e ~ ~ q ~ e ~ q ~ e e q ~ I ~ ~ ~ ~ ~ ~ ~ ~ q ~ e o q ~ ~ ~ q ~ ~ ~
I I I

0 20 40 60 80 100 120 140 160 180
Angle (deg)

~ g/h=O ~ g/h=0. 1 0

FICx. 7. Angular variations of Xz{P)for gz/hz =0 and gz/hz =0.10.
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B (Ks~yy~e e+p p+) =(1.54+0. 77) X 10 ', (52)

B (Kl —+yy —+e e+p p+ ) =(3.67+0. 15)X 10 . (53)

For g =0,
B (Ks ~yy ~e e p p+ ) = (6.87+3.43 ) X 10

(54)

B (KI ~yy ~e e+p p+ ) =(1.63+0.07) X 10

(55)

The branching ratio for K& ranges from 3.44X 10
(pure CP = —1, 100% CP-violating mode) to 2. 31X 10
(pure CP =+1, 100% CP-conserving mode). There is no
known experimental upper bound for the decay mode
K& e e+p p+.

For KI, the branching ratio ranges from 1.56X10
(pure CP = —1, 100% CP-conserving mode) to
3.82X10 (pure CP =+1, 100% CP-violating mode).
Balats et al. ' has set an upper limit of 4.9X10 (at
90% confidence level) to the decay mode

e e+p p+.
It is of interest to consider how much is the contribu-

tion of the 2w intermediate state via the decay
K —m. ~ —p+ e p+ e . The branching ratios of
E~m. ~ are higher than that of L~yy for both E&
and Kl. B(Ks~vr vr )=31.39X10 and B(KI
~sr m ) =0.0909 X 10 . However, the process
~ ~p+e, which violates the conservation of lepton
number, is extremely small. Reference 14 gives an upper

bound of B(rr +p— e )(7X10 . We, therefore, ex-
pect the contribution of the 2~ intermediate state to be
much smaller compared to that of the 2y intermediate
state.

III. CONCLUSION

We have discussed how the measurements of the angu-
lar decay distributions dl s/dP and dI I /dP for the de-
cay modes Ks~yy p p a d EL ~yy
~e e p p, respectively, can be utilized to determine
the ratios of the CP-violating and CP-conserving form
factors, the absolute values of those form factors, and
their relative phases. The significance of obtaining these
form factors is that their values are indicators of the pres-
ence or absence of CP violations in the decays E&~yy
and KL ~yy and are, therefore, constraining factors in
the construction of dynamical models' ' for these de-
cay modes. Furthermore, they can serve as a guide in a
more reliable theoretical treatment of the contribution of
the 2y intermediate state in the decay Kl —+p p+.

ACKNOWLEDGMENTS

The author gratefully acknowledges the hospitalities of
the University of Pennsylvania and Fermilab. This work
has been supported by the Faculty Professional Depart-
ment Council of the State System of Higher Education
and the Faculty Grants Committee of Millersville Uni-
versity.

IR. H. Dalitz, Proc. Phys. Soc. London A64, 667 (1951).
C. N. Yang, Phys. Rev. 77, 242 (1950).
N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955).

~N. Samios, R. Piano, A. Prodell, M. Schwartz, and J. Stein-
berger, Phys. Rev. 126, 1844 (1962).

~T. Miyazaki and E. Takasugi, Phys. Rev. D 8, 2051 (1973).
T. Miyazaki, Nuovo Cimento Lett. 5, 125 (1972); 25, 1 {1979).

7K. E. Ohl et al. , Phys. Rev. Lett. 65, 1407 (1990).
G. D. Barr et al. , Phys. Lett. B 240, 283 (1990).
L. Bergstrom, E. Masso, and P. Singer, Phys. Lett. 131B,229

(1983).
~oP. Nyborg, H. S. Song, W. Kernan, and R. H. Good, Jr. , Phys.

Rev. 140, B914 (1965).
B. DeWit and J. Smith, Field Theory in Particle Physics, 1st
ed. {North-Holland, Amsterdam, 1986)~

Computer-Aided Mathematics Group, MACSYMA, a symbolic
manipulating program (available from Symbolics, Inc. , 8 New
England Executive Park, Burlington, MA 01803).
IMSL MATH/LIBRARY, a collection of FORTRAN subroutines
(available from IMSL, 2500 City West Boulevard, Houston,
Texas 77042).
Particle Data Group, G. P. Yost et al. , Phys. Lett. B 204, 1

(1988).
I SCERN-Dortmund-Edinburg-Mainz-Orsay-Pisa-Siegen Colla-

boration, H. Burkhardt et al. , Phys. Lett. B 119, 139 (1987).
The value obtained here for g =0 is about twice that listed in

Ref. 5.

~7M. Ya. Balats et al. , Yad. Fiz. 38, 927 (1983) ISov. J. Nucl.
Phys. 38, 556 (1983)].

8Z. E. S. Uy, Phys. Rev. D 3, 234 (1971); 19, 1623 (1979); 27,
300 (1983);29, 574 (1984); 37, 2684 (1988).

V. Barger, Nuovo Cimento 32, 128 (1964); H. Stern, ibid. 51A,
197 (1967); B. R. Martin and E. de Rafael, Nucl. Phys. B8,
131 (1968); K. Nishijima, Fields and Particles: Field Theory
and Dispersion Relation {Benjamin, New York, 1969); L. M.
Sehgal, Phys. Rev. 183, 1511 (1969);B. R. Martin, E. de Rafa-
el, and J. Smith, Phys. Rev. D 2, 179 (1970); J. Yndurain,
Prog. Theor. Phys. 46, 990 (1971); Y. Kohara, ibid. 48, 261
(1972).
L. L. Chau and H. Y. Cheng, Phys. Rev. Lett. 54, 1768 (1985);
R. Decker, P. Pavlopoulos, and G. Zoupanos, Z. Phys. C 28,
117 (1985); A. N. Ivanov, N. I. Troitskaya, and M. K. Volkov,
Phys. Lett. B 175, 467 {1986);G. D'Ambrosio and D. Espriu,
ibid. 175, 237 (1986);J. L. Goity, Z. Phys. C 34, 341 (1987); L.
L. Chau and H. Y. Cheng, Phys. Lett. B 195, 275 (1987); J.
Abad and R. Rodriguez-Trias, Z. Phys. C 41, 341 (1988).
E. Ma and A. Pramudita, Phys. Rev. D 24, 2476 (1981); Y.
Dupont and T. N. Pham, ibid. 29, 1368 (1984).
L. M. Sehgal, Phys. Rev. 183, 1511 (1969); M. K. Gaillard and
B. W. Lee, Phys. Rev. D 9, 897 (1974); M. K. Gaillard, B. W.
Lee, and R. E. Shrock, ibid. 13, 2674 {1976);R. E. Schrock
and M. B. Voloshin, Phys. Lett. 878, 375 (1979);T. Inami and
C. S. Lim, Prog. Theor. Phys. 65, 297 (1981);C. Q. geng and
John N. Ng, Phys. Rev. D 41, 2351 (1990).


