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A procedure is given for generalizing local, gauge-invariant field theories to nonlocal ones which
are finite, Poincaré invariant, and perturbatively unitary. These theories are endowed with nonlocal
gauge symmetries which ensure current conservation and decoupling in the same way that their lo-
cal analogs do in the parent theories. An elegant way of viewing the resulting on-shell symmetry
transformations is as “quantum representations” of the local gauge group in which the representa-
tion matrices become field-dependent, nonlocal operators. By varying the scale of nonlocality one
can obtain gauge-invariant regularization schemes which are manifestly Poincaré invariant, pertur-
batively unitary, and free of automatic subtractions. Since our method does not entail changing ei-
ther the particle content or the dimension of spacetime, it may preserve global supersymmetry. As
applications we work out the electron self-energy and vacuum polarization in QED at one loop.
The latter gives the surprising result that no Landau ghost occurs with the regulator on and before
renormalization. Another surprise is the absence of an axial-vector anomaly.

I. INTRODUCTION

Quantum field theorists have had to put up with ultra-
violet divergences for a very long time now, so long, in
fact, that remembrance has faded of the desperate ex-
pedients which were explored prior to the apotheosis of
renormalization. In this context the putative finiteness of
superstring theory came as a pleasant surprise and is still
cited as one of the theory’s chief virtues. It is now possi-
ble to understand this finiteness in a way which would
have been very familiar to a physicist of the late 1940s
and early 1950s:! The vertices of string field theory con-
tain nonlocal factors of exp(—a’p?) which cause loops to
converge in Euclidean space.?

The phenomenon is not restricted to strings; attaching
such factors to the interactions of any otherwise local La-
grangian gives an ultraviolet-finite theory. Consider the
following simple scalar model:

L=—18,43"¢—1m’¢*— g ($")’ , (1.12)

where ¢*=6,,4 and the nonlocal smearing operator &,,
is defined, for any mass m, as follows:

Z—m?

7\2— (1.1b)

&, =exp

The resulting perturbative .S matrix is finite, unitary, and
Lorentz invariant, just like that of string theory. The
price for these benefits is the same too: off-shell non-
causality at the perturbative level as well as instability
and a breakdown of the initial-value problem beyond per-
turbation theory.> These problems are fatal to (1.1) as
any sort of fundamental theory, but they pose no obstacle
to regarding it as a perturbative regularization of the lo-
cal action which results from taking A to infinity.
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Indeed, a simple variant of this method was successfully
used by Polchinski in the context of ¢* theory.*

This scheme, which we shall term ‘“nonlocal regulari-
zation,” has several advantages over conventional
methods. First, in the simple scalar model considered
above, it preserves global Poincaré invariance without
changing the dimension of spacetime. This suggests the
possibility of generalizations which preserve global super-
symmetry, the absence of which is the only point needed
for a proof of the finiteness of N=4 supersymmetric
Yang-Mills theory.5 Second, it lacks the notorious ‘‘au-
tomatic subtractions” present in both dimensional regu-
larization® and the {-function method.” Third, it does
not sacrifice perturbative unitarity as does the Pauli-
Villars method.? Finally, this method proceeds from
modifying the action, not simply changing the rules for
computing certain inner products. It can therefore be
used at the operator level in canonical problems.’ As we
shall see, nonlocal regularization is operationally very
similar to Schwinger’s proper time method,'® but
proceeds from a systematic, field-theoretic formulation.

The fact that nonlocalization could cure ultraviolet
divergences was realized long ago.! Two things inhibited
its early application, either to produce candidate funda-
mental theories (since the problems of Ref. 3 were un-
suspected until recently) or as a regularization scheme.
First, there was the problem of how to canonically for-
mulate nonlocal actions. This affects the operator for-
malism in an obvious way through its dependence upon a
Hamiltonian and commutation relations; the problem
shows up in the functional formalism through the mea-
sure factor needed to ensure unitarity. Although pro-
cedures valid to low orders were known for certain
theories, it was long believed that insuperable obstacles
must appear at two loops.!! Of course, this is false in
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view of the existence and perturbative unitarity of the
string S matrix, and a general procedure has recently
been given for the canonical formulation of any pertur-
batively localizable action.>!?

The second major obstruction was the obvious physical
relevance of gauge theories and the belief that gauge in-
variance is inconsistent with any useful sort of nonlocali-
zation. The problem can easily be seen in the context of
QED:

L=—=1F F*—=liD+m)y , (1.2)

where D), is the covariant derivative operator d,+ied,,
and our y matrices obey {y,,v,}=—27,,. Suppose we
imitate the previous scalar model by simply nonlocalizing
the interaction

e AYp—ed™ AN, (1.3)

where ¥ A=6,9, Y*=6,,1, and A*=E(A. Although
free of ultraviolet divergences, the resulting theory is not
gauge invariant because we have broken up the covariant
derivative and used ordinary derivatives in smearing
charged fields. It is worth emphasizing that losing the
mathematical abstraction referred to as ‘“‘gauge invari-
ance” is unacceptable physically, because it means giving
up either unitarity (if we quantize in a covariant gauge)
or Lorentz invariance (if we quantize in a physical
gauge). If we attempt to avoid these problems by covari-
antly nonlocalizing the entire covariant-derivative term,

—iYyDY— —i [exp :D_AirLle (Bt+ied™)
:02_m2
X s 1.4
exp A2 7/ (1.4)

then the resulting theory is invariant, but not completely
finite. This is because the electron propagator carriers a
factor of 1/6’3,1 , which cancels the convergence factors on
the vertices; hence pure fermion loop divergences are un-
suppressed.

That this problem cannot apply to all nonlocal gauge
theories follows from the existence of string theory. The
key to understanding its success lies in extending the no-
tion of “gauge invariance” to include nonlocal transfor-
mation laws. The raison d’étre of gauge symmetry in
quantum field theory is the decoupling of unphysical vec-
tor and tensor quanta while maintaining Lorentz invari-
ance. Any symmetry which accomplishes this task is ac-
ceptable; it is not necessary that the transformation rule
should be local. In fact, invariant string field theory
possesses a nonlocal gauge invariance.'>'* The transfor-
mation rule consists of a local inhomogeneous term,
which preserves the (local) quadratic part of the action,
and a nonlocal homogeneous term, which engenders a
variation of the free action that cancels the inhomogene-
ous variation of the nonlocal interaction.

The burden of this paper is to show that the ability of
nonlocal actions to support such symmetries is not limit-
ed to strings. In fact, any local gauge theory can be gen-
eralized to a finite, nonlocal theory endowed with a non-

local gauge symmetry that reconciles unitarity and Poin-
caré invariance. For example, it is simple to check that
the nonlocalized version of QED obtained by the replace-
ment (1.3) is invariant at order e under the transforma-
tion

8A4,=—3,0,
Sp=ic6,, 0M" |

(1.5a)
(1.5b)

where 0= 6,0 and the explicit operator &, in (1.5b) is
understood to act on everything to its right, as opposed
to the implicit operators in 8* and ¢*. Unfortunately, in-
variance is lost at order e?; nor can the transformation
rule be modified so as to recover it. That is an inconveni-
ence, but nothing more; it means we must add higher-
order terms, both to the action and to the symmetry as it
turns out.!> We describe a general method for doing this
to QED in Sec. II. Although the modified symmetry is
fixed by the higher interactions, the latter are only par-
tially determined by the requirement of decoupling. Ar-
bitrary choices remain to be made at each other. Section
III presents a particular solution for which we compute
the electron self-energy and the vacuum polarization at
one loop. Section IV discusses how to extend the method
beyond QED to non-Abelian gauge theories and to gravi-
ty. Our conclusions comprise Sec. V.

II. GENERALITIES FOR QED

We begin with an overview of the method. The first
step is to introduce nonlocal convergence factors onto the
interaction term in the manner of (1.3) so as to make Eu-
clidean loop integrals finite. This destroys local gauge in-
variance, but since current conservation at order e de-
pends only upon the (unchanged) free theory, there must
be an associated symmetry at this order. One finds it by
nonlocalizing the homogeneous part of the transforma-
tion law along the lines of (1.5). At order e? the theory’s
“invariance” is violated in a physically meaningful way
by the breakdown of current conservation and the loss of
decoupling. We postpone these disasters to order e> by
adding a new interaction of the form £L,~e2) 4%). The
resulting action will still not possess invariance under the
old symmetry, but it must be invariant under some sym-
metry, at order e2, since it has the physical attributes of
current conservation and decoupling. We find the
desired symmetry by adding a term 8,1~ ie?0 A1 to the
transformation law. We then restore current conserva-
tion and decoupling at order e? by adding a new interac-
tion of the form £ ;~ e 4 %, and so on.

We have found it convenient to divide this section’s
discussion into three parts. Section II A reviews the con-
nection between the physically essential feature of decou-
pling and the progressively more off-shell abstractions of
current conservation and some form of gauge invariance.
Section IIB explains the determination of the new in-
teractions, which restore decoupling at each order in the
classical theory. Section II C treats quantization.
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A. Gauge invariance, current conservation, and decoupling

We first argue that gauge invariance implies current
conservation and decoupling, in that order, and then re-
verse the sequence to show that current conservation im-
plies gauge invariance. The subsection closes with a dis-
cussion of the extent to which decoupling implies the oth-
er conditions. The first two arguments are given in terms
of an action with the form

S= [d*x[—L1F, F*—§id+m)p)
— [d*x d*y gx)V[edlx,y)(y) , 2.1)

where the vertex function is a spinorial matrix and can be
J

i 0 8V[edllx,z) _
e gyt 84,()

To see current conservation first note that the equations
of motion are
SV[eAd](x,z)

24
5A,(y) (2.42)

3F ()= [d*x d*z P(x) ¥(z),

Wled, ¥](x)=(id+m)p(x)+ [ d* V[eAl(x,2)¥(z)
=0. (2.4b)

Taking the divergence of (2.4a) and substituting (2.3)
gives
iaHaVFV”Zfd“x dizi 0 8V[edllx,z)

yr  84,()
=e [d*x d*z[§(x)T(z,y,x)¥(2)

P(z)

—U(x)T(x,p3,2)%(2)], (2.5
which vanishes by (2.4b) and its Dirac adjoint. Note that
a failure of current conservation really means that (2.4a)
cannot generally be solved for 4, when the Fermi fields
obey (2.4b). Conversely, establishing current conserva-
tion proves that a general perturbative solution exists.

“Decoupling” has two meanings. Both follow from
gauge invariance and both arise in the context of covari-
ant quantization on a large Fock space which includes
massless vector particles of arbitrary polarization €,(p).
The first meaning is that covariant gauge-fixing terms ex-
ist such that the resulting on-shell S matrices vanish
whenever the polarization vector of even one external
vector is longitudinal, €,(p)=—ip,6(p). The relevant
gauge-fixing terms are those which possess a residual in-
variance under transformation by harmonic gauge pa-
rameters. The second meaning concerns perturbative un-
itarity. Note that on the large Fock space this follows
trivially from the Cutkosky rules, which are true for non-
local theories just as they are for local ones, as long as the
interactions are both analytic and Hermitian. One says
that the negative norm, temporal polarizations have
“decoupled,” if Lorentz invariance and perturbative uni-
tarity are maintained within a physical space which ex-
cludes them and any one of the spacelike polarizations.

This second usage follows simply by exploiting gauge
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expanded in a power series ¥ ~ed +(ed)*+ -+ . The
possibility of pure photon and multifermion interactions
is ignored because they can never be used to restore
decoupling. Why this is so will be explained in Sec. II B.

Suppose the action is invariant under a transformation
of the form

(2.2a)
(2.2b)

84,(x)=-09,0(x),
Syix)=ie [d* d*z T[eAl(x,9,2)0()¥(z) ,
where the “representation operator” T~1+ed + - -* is

a spinorial matrix as well as a functional of the vector po-
tential. From 6S=0 we extract the condition

— (i, +m)T(x,p,2)+ T(z,y,x)(—id, +m)+ [ d*u[V(x,u)T(u,p,2)+ Tlu,p,x)V(u,2)] . (2.3)

—
invariance to impose a physical gauge. Since the vector
transformation law is unchanged from that of the local
theory, the usual local gauge conditions are attainable.
The only nontrivial point is whether or not the resulting
constraint equation can be solved on shell. The previous
argument about current conservation guarantees that it
can be, at least perturbatively. Because the substitution
of this solution preserves the Hermiticity and analyticity
of the action, perturbative unitarity follows on the physi-
cal space, if it held on the large one. Lorentz invariance
is a consequence of having gauge fixed a manifestly in-
variant theory.

The second definition of decoupling also turns out to
follow from the first. To show this we shall follow the
treatment of Mandelstam. !¢ Suppose we define the large
space theory by quantizing in a gauge which has residual
symmetry under harmonic gauge transformations. It
then decouples in the first sense. Now let |s) be an
arbitrary  longitudinal photon with polarization
€,(p)=—ip,0(p). We define its “conjugate” state |5) by
reversing the temporal components of the polarization
vector, €(p)=—i(—||p|l,p)6(p). Clearly, adding these

I
two gives a state of positive norm,
s, )=ls)+[35), (2.6a)

while their difference gives a ghost state whose norm has
the same magnitude:

Is_Y=ls)—Is). (2.6b)
In its first sense decoupling means
(fIT1s)=0=(s|T"Ig) , 2.7)

where T is the transition operator, and |f) and |g) are
any two states, physical or unphysical. Substitution of
(2.6) into (2.7) gives

(fITIs >)=—LfIT|s_) , (2.8a)

(s ITMgy=—<(s_|T"Ig), (2.8b)
from which simple multiplication allows us to write
fITIs s TN Y= fITIs ) (s [TTIg) . (2.9)

But unitarity in the large space implies
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. T _ 1 + 1 +
i{fITT"—Tlg) %Sm<phys|phys> (f|Tphys){phys|T"|g )+ §—<S+|S+ y (flTls (s, 1 Tg)

—(fITIs_Y(s_IT"g)) (2.10a)

=2 : (fITIphys){phys|Tlg) , (2.10b)

oy (phys|phys )

where |phys) is a general physical state. The “physical states” of this argument are of course those of the Coulomb
gauge. Any other physical gauge could be reached by varying the definition of the “conjugate” polarization €. For ex-
ample, had we taken ei(p )=—i(—||p|l, =Py, —P2,p3)0(p), the physical polarizations would have been those of the axi-
al gauge.

To see that the first sense of decoupling follows from gauge invariance, we begin by noting that gauge-fixing terms ob-
viously exist which are invariant under harmonic gauge transformations. The Feynman gauge is an example. That it
can be added in the usual way follows from the fact that the vector transformation (2.2a) is the same as for the local
theory. Even had there been higher-order terms, we could still have attained this gauge perturbatively.

It is now useful to make a rather extensive digression recalling the formalism of DeWitt,!” whereby one obtains a
generating functional for the tree S matrix in terms of the action evaluated for a general classical scattering solution (for
a review with generalizes the method to all orders in the loop expansion, see Sec. 4 of Ref. 18). Suppose that S[¢#] is the
classical action of a scalar field ¢ and that the free theory is Klein-Gordon with mass m. The associated Wronskian

WH=3r—3*F 2.11)
induces two useful inner products

[fogin=—if _ dxfux)W%(x), (2.12a)

fog =—i$  do,(x)f (X)Wrg(x). (2.12b)

Assuming the field obeys the usual sort of asymptotic condition, then scattering states are annihilated in the weak sense
by the limiting operators
(e

) lim fod, (2.13)

t—too

where f is any positive-energy solution to the Klein-Gordon equation. Hence the S matrix is

Sigee s y=(0lag™ - (@™'Q) (2.14a)
= lim - tlim (QI[fyOdlty) - [fFOd]Q) (2.14b)
1—»—00 N—>w

(QIT([f1ed] - [f,®4])|Q)+(forward-scattering terms) . (2.14¢)

The next step in Lehmann-Symanzik-Zimmermann (LSZ) reduction would be to rewrite the surface integrals of
(2.14c) as volume ones. However, DeWitt instead expresses the result in terms of W[J], the generating functional for
connected Green’s functions:

5 5
S = |fre— =2 .
12 =+ N f"s./ f,,o&, exp(W[J]) (2.15)

J=0

[

From (2.12b) it is apparent that we really only need to ately recognizes the exponential of iW[J ] as its gen-

know W for asymptotic currents of the form erating functional:
S 3 7 LS4y,
T 665 1x)= = id’0, (1) [E6E 1) 184y —x) , Siper = 82* . 52 expWIILD|
N —g* =
(2.16a) : fmer o
2k (2.17)
$i[6,6%1(x) = f (2m) [§(k)f (x;k)+E(K)* f*(x;k)], The final step is to reexpress W in terms of the classical
action
(2.16b)
W 1=S[¢,1+ [d*x T (x)¢.(x), (2.182)

where the f(x;k)’s are momentum eigenfunctions with
8-function normalization under (2.12a). With this surface where the “scattering background” ¢, obeys the classical
current, the S matrix can be written so that one immedi- equation with J , as its source:
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8S[.] _
Sd(x)

We have been a little casual about surface terms for the
sake of brevity, but it is easy to make amends now. The
sense of (2.18b) is that one solves the sourceless classical
equation in the weak-field expansion

P=¢ 1T+ -,

where ¢, is the linearized scattering field (2.16b) and all
the higher terms are functionals of it obtained by invert-
ing the Klein-Gordon operator with the Feynman propa-
gator. Note that from the S matrix one can extract not
only W[J_], through relation (2.17), but also the on-
shell action S[¢.,] as a functional of &(k) and &£*(k).
The key relation is

S[o.1=WlJ,]

—J,(x). (2.18b)

(2.19)

4k sWIJ. 1
I Gy 5% 520
SWIJ ]
+EK) ———— |, (2.20)
8E*(K)

which follows from (2.16) and (2.18).

That was rather a lot of notation, but it makes the ac-
tual argument trivial. One can clearly carry out DeWitt’s
construction for our nonlocalized version of QED (2.1).
The general asymptotic data for a scalar particle are pro-
vided by the function &(p). The asymptotic datum for
the vector particle is the polarization vector €,(p); for the
electron and positron it is the spinor wave functions u;(p)
and v;(p). In DeWitt’s language the first sense of decou-
pling would be equivalent to asserting the invariance of
the on-shell action under the transformation

€.p)—¢€,(p)—ip,0(p) . (2.21)

To show this, note that since replacement (2.21) just
transforms the asymptotic data, it does not prevent the
general scattering solutions A4, and ¥, from obeying
field equations (2.4). Since these equations are invariant
under (2.2) and since the replacement engenders a linear-
ized transformation of this form upon the linearized solu-
tions, it is clear that perturbation theory just builds up
the full transformation with gauge parameter 6 on the
full solutions. But the gauge-fixed action is invariant un-
der such transformations, and so the on-shell action is
indeed unchanged.

This completes the line of reasoning that follows from
gauge invariance, and we now assume that the current in
(2.4a) is conserved when the Fermi fields obey (2.4b) and
its Dirac adjoint. Whenever a quantity vanishes with the
field equations, we know that it must be proportional to
them; hence we have the off-shell condition

d SV[ed](x,z)
y* SAP(y) ¥

=e fd“x d*z[P(x)W(z,p,x)¥(x)

[ d*x d*z P(x)i

—W(x)W(x,p,2)¢(2)] , (2.22)

for some bosonic functional W[e4,%,%]. But this im-
plies the action’s invariance under the transformation

84,(x)=-23,0(x) , (2.23a)
sy(x)=ie [ d*y d*z W(x,p,2)0(»)i(z) . (2.23b)

So far we have allowed for the possibility that W might
have to depend upon the Fermi fields, but once the
action’s invariance under (2.23) is conceded, it is ap-
parent that any such dependence would only induce
higher fermion terms. Since these can never cancel varia-
tions in the ¥V [eA ]y term, the action must still be in-
variant if any fermion dependence in W is dropped. But
this gives the transformation law the same form as (2.2),
and so we have decoupling as well by the previous argu-
ment.

Now let us assume decoupling, in the first of the above
senses, and explore the extent to which it implies current
conservation and gauge invariance. One cannot hope to
show that decoupling implies gauge invariance, because if
an invariant action manifests decoupling, then so too will
any covariantly gauge-fixed version of it. Similarly, one
cannot settle upon a particular form such as (2.1) because
decoupling alone is not sufficient to rule out multiphoton
amplitudes or contributions to multifermion amplitudes
from terms without an intermediate exchange pole. Even
without such amplitudes, field redefinitions can induce
multiphoton and higher fermion interactions without
changing the S matrix. What we will instead show is that
any S matrix which decouples is derivable from a gauge-
invariant action.

First, find a manifestly Poincaré-invariant action which
gives the desired .S matrix and large space particle spec-
trum. There are many ways of doing this, and it suffices
to choose any one of them. Now truncate this action by
imposing the completely ad hoc condition 3*4,=0.
From Mandelstam’s argument it is apparent that the S
matrix of this truncated action is just the original S ma-
trix restricted to the covariant subspace defined by the
condition €y(p)=p-e(p)/||p||- It is therefore unchanged
by replacement (2.21), which carries polarizations within
the truncated Fock space to other such polarizations.

Now apply the analysis of DeWitt to express the
Lorentz gauge scattering solutions 4, and ¥ as func-
tionals of the Lorentz gauge asymptotic data. As in the
preceding discussion, we see that replacement (2.21)
engenders a transformation on 4, and v¥.. This trans-
formation is not necessarily of the form (2.2), and so let
us write it as

A, (x)= [d% B,led ,,..0.1(x,9)0,() ,
(2.24a)

Ay (x)=ie fd4y Cled ., ., 1x,)0,(») ,
(2.24b)

where the gauge parameter 8,(x) is understood to be har-
monic. There are of course many ways to use the equa-
tions of motion and 3%0, =0 to reexpress the functionals
B u and C, and it suffices to choose any convenient form.
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Decoupling means that the on-shell action is invariant
under this transformation; hence any off-shell noninvari-
ance must be proportional to the field equations

) “BLLe A, T,91(x,9)

- 4, g4
AS = [d*xd* 6,(y) 54, (x

58S -
+.___ 4
Su )(Z [ed,y,¥](x,y)

8S
S(x) |
(2.25)

- 6’[€A, IZ’ 1/’](?‘,}’)

Actually, the functions B, and C’ are a little ambiguous
because the invariance of the on-shell field equations im-
plies that AS vanishes quadratically with the field equa-
tions. Hence B, and C’ are themselves proportional to
the field equations and are ambiguous up to mixed
derivatives, and again it suffices to make any convenient
choice.

It follows from (2.25) that the off-shell action is invari-
ant under the new transformation

A A, x)= [d*(B,(x,y)— B, (x,)0,(y) , (2.262)

AY(x)=ie [ d*p(C(x,p)—C'(x,9)0,(y) .  (2.26b)
Note that the gauge parameter 6, is still assumed to be
harmonic even though the fields no longer obey their
equations of motion. Note also that since B;t and C’ van-
ish with the equations of motion, the transformation of
the on-shell fields is unaffected.

We are now free to regard S as an invariant action in
Lorentz gauge. The associated residual symmetry is of
course (2.26). We could extend it in many ways by ex-
ploiting 3%0, =0 to rewrite (2.26) before removing the
harmonic condition. The effect of such an extended
gauge transformation will be to disturb the Lorentz
gauge condition. Starting from an arbitrary vector po-
tential, we can obviously solve perturbatively for the pa-
rameter 6] A,,1¢], which imposes Lorentz gauge. This
will of course by ambiguous up to a harmonic term, but
we have just shown that the Lorentz gauge action is
unaffected by transformation with a harmonic parameter.
Therefore, we obtain a unique, gauge, and Lorentz-
invariant action by subjecting the Lorentz gauge action
to a transformation with this parameter 6] 4,¥,v]. This
is the invariant action we have been seeking. A review of
this technique with worked out examples can be found in
Ref. 19. Note that harmonic ambiguities in 6[ 4,,1]
are what prevent us from preserving both perturbative
unitarity and Lorentz invariance by transforming an arbi-
trary Lorentz gauge action in this way.

We shall use this result over and over again in the next
subsection. Because the construction can proceed from
any gauge-fixed action which gives the S matrix, one can,
if the amplitudes are suitable, make field redefinitions to
enforce part or all of form (2.1) for the invariant action
and (2.2) for the transformation. For example, if there
are no pure photon amplitudes, then we can find a start-
ing action which is free of interactions involving only the

vector potential. Similarly, it might be possible to obtain
a starting action which is free of interactions involving
more than two Fermi fields. If both conditions can be
met, then it will be possible to make the various choices
called for by the construction so that the transformation
has form (2.2) and the invariant action has the form (2.1).

B. Choosing the classical higher interactions

What we want is a perturbatively viable nonlocaliza-
tion of QED. For any such theory to posses a smooth lo-
cal limit, this implies some form of gauge invariance;
however, we have not found it fruitful to search for the
symmetry directly. Instead, we iterate higher interac-
tions which enforce the physical attribute of a gauge-
invariant theory, namely, decoupling, and then infer the
symmetry which the previous discussion has shown must
be present.

The method is most easily explained as we implement
it. The starting point is the nonlocalized version of QED
which results from replacement (1.3). As noted previous-
ly, the order e loss of gauge invariance signals no physical
problem. Since current conservation continues to hold at
this order, one can extend the transformation law as in
(1.5) to find a symmetry under which the theory is invari-
ant, at order e. The physical problem is the loss of decou-
pling which occurs at order e®. This shows up in the
Compton tree amplitude [Fig. 1(a)]:

exp[(s —m?2)/A?]
PotH +tm
X fyu _5+ie’lyk,
exp[(t —m?)/A?]
botp,tm

where one should understand all the momenta to be posi-
tive outward and the Mandelstam parameters are
s=—(po+p;)? and t=—(p,+p,)>. Note that any non-
local operators residing on external legs have degenerated
to unity owing to the mass shell conditions. Suppose we
let the first photon be longitudinal, €, =p;. The usual ar-
guments give

— .2
Cluy,€,,€u3]=ie Uk

s, (2.27)

(b) 2

FIG. 1. (a) Compton scattering: s- and t-channel contribu-
tions. (b) Compton scattering: new interaction contribution.
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_ s 2
Clig,p, € us]|=ie upkyu _;
s—m?

AZ

X |exp

Hence longitudinal photons couple to physical particles.
Our procedure is to cancel this failure of decoupling

with an explicit four-point coupling. Obviously, it must

be Poincaré invariant, and to be a good regularization we

A2

—ie’uyéyu 5 |exp

= —ie’Tykyu _5 |exp

= —ie2y(fo+E,+m) o +E,—mu_,

+ieToky(Po+ Py +m)Pot+B,—mu _;

=—ie’uot (Bo+H —m)yu_;

_l'ezil_oéz(po +p2—m)£1u,3

will require that it vanishes as A— o, and that all the
fields have exponential convergence factors. The interac-
tion should also be Hermitian and an entire function of
the various momenta. The reason for this is that the ab-
sorptive parts of amplitudes must not receive contribu-
tions from anything other than internal lines going on
shell. %

To find a suitable four-point interaction, let us work
backwards from the longitudinal photon coupling we
wish to cancel. If f(s,t) is a symmetric function of s and
t, one can write

The last expression would come from the following (momentum-space) interaction [Fig. 1(b)]:

—e*2m)*8"po+py+py )L A F(Bo+F —m) A T8

We have ensured exponential convergence in Euclidean
momentum space by smearing each field with the ap-
propriate factor to &,,, which is unity in the amplitude
owing to the on-shell conditions. To meet the require-
ments of Hermiticity, analyticity, and vanishing in the
infinite A limit, the function f must have the form

s—m?

A2

2 2

Ss—m
A2

t—m?

A2

t—m
AZ

fis,t)=1+

>

(2.31)

where e (x,y) is a symmetric function of x and y which is
entire in both variables and real when they are.

Before revising the transformation law, we should
comment on two points. The first is that because there is
no problem with Bhabha scattering, no four-fermion in-
teraction is required. The second point concerns why we
cannot enforce decoupling by introducing a three-photon
interaction. Anyone who has studied local Yang-Mills
coupled to fermions will be struck by the similarity be-
tween our violation of decoupling (2.28) and the imper-
fect cancellation which occurs between the analogous s-
and t-channel graphs [Fig. 2(a)] for the process qgyy

o, o2
s }—f(S,t)vexp Lo ]+f(t,s)1 (2.292)
exp[(s —m?)/A*]1—f(s,1)
S_m2
_ 2 A2 —_ t, )
exp[(z ":_’inzl Sts (2.29b)
expl(s —m?)/A*]—f(s,1)
S”_rf’l2
—m2)/A*]—f(1,5)
exp[(t —m?)/ 2] f(ts ] (2.29¢)
t—m
2y 27
expl(s —m )/Az] S (s,1) (2.30)
s—m

when one of the gluons becomes longitudinal. The prob-
lem in that case is the ordering of the representation ma-
trices; its resolution is the u-channel graph [Fig. 2(b)] in
which the two external gluons interact via a three-gluon
vertex before intersecting the quark line. Why cannot
such a graph restore decoupling in our theory? The

(a)

(b)

FIG. 2. (a) Non-Abelian Compton scattering: s and ¢ chan-
nels. (b) Non-Abelian Compton scattering: u channel.



506 D. EVENS, J. W. MOFFAT, G. KLEPPE, AND R. P. WOODARD 43

answer is that a u-channel graph could only contribute a
function of u to the term in square brackets in (2.28).
Even using the on-shell condition s +¢ +u =2m? cannot
result in cancellation, and so a three-photon vertex is use-
less. This feature signals the important distinction be-
tween a nonlocal deformation of the Abelian algebra and
the effect we shall really discover, which is induced field
dependence in the representations of our nonlocal, on-
shell U(1).

Because the modified theory decouples at order e?, it
must be invariant under transformation (1.5) on shell.
J

ie&, [64x —y)]* [1—e(id—m)

62, — f(3%,(3,+3,)%)

+3%2—m?

where f is any function of the form (2.31). In this expres-
sion all the derivatives, including those in the operators
é,,, act upon the coordinate x unless they bear subscripts
yorz

It is simple to check that these transformations form
an Abelian group on shell and at order e?. Hence our
nonlocalization has not changed the group structure on
shell; rather it has modified the representations. The lo-
cal, field-independent representation operator of the un-
regulated theory,

TleAl(x,y,z)=ie8*x —y)8*x —2z) , (2.33)

has been distorted into the nonlocal, field-dependent form
(2.32). One might refer to these on shell as ‘“quantum
representations” of U(1). Note also that our nonlocaliza-
tion results in a peculiar mixing between spinor indices,
spacetime coordinates, and the local group indices—here
the phase of the Fermi fields. This is very reminiscent of
the concatenation of group indicates and spacetime coor-
dinates which occurs in the gauge symmetries of invari-
ant string field theory.!>1*

The rest is more of the same. At each order it suffices
to enforce decoupling on what might be termed the “ex-
tended Compton trees,” that is tree amplitudes with two
external fermions and N external photons. This is done
by means of an interaction of the form (e A4)Vy, which is
manifestly Poincaré invariant, Hermitian, analytic, ex-
ponentially suppressed for Euclidean momenta, and zero
in the infinite A limit. This last property is never any
problem because the decoupling failures we seek to cancel
also vanish with infinite A. The penultimate condition is
similarly trivial; we can always enforce it by decorating
each field with the appropriate factor of &,,. These fac-
tors are unity for the Nth extended Compton tree, and so
they cannot affect our ability to find an interaction. If the
necessary interaction can be found at all, it will be ambi-
guous, even as was (2.30), up to terms of the form
Y(eF,, )™, which decouple off shell, and terms which
decouple when the external fermions are on shell. We
have not been able to show that making an unfortunate
choice at order N can never result in problems at higher
orders. That there is at least one complete solution is
proven in Sec. III by exhibiting it.

As with Bhabha scattering at e?, the order e” ampli-

That is, any off-shell noninvariance at order e? must be
proportional to the field equations. In fact, since we are
only interested in order e? effects at this stage, we know
that any noninvariance resides in terms proportional to
the free field equations. But such terms can always be ab-
sorbed into order e? variations of the free action under a
modified transformation. Because it is really not neces-
sary that the photons be on shell in order to prove decou-
pling, only the fermion transformation law requires
modification. The new rule is of the form (2.2b) with rep-
resentation operator 7 chosen as follows:

Mx) |6,,8%x —z2), (2.32)

I

tudes with more than two external fermion lines are al-
ready free of problems by virtue of off-shell gauge invari-
ance at lower orders. Hence no multifermion interac-
tions ever need to be considered. Similarly, the momen-
tum structure of the deficit term always precludes cancel-
lation by adding any pure photon interaction. Finally,
on-shell decoupling at order e implies off-shell invari-
ance at the same order under a revised transformation
law. Since only the fermion on-shell condition is used in
proving decoupling, only the fermion transformation law
ever suffers modification.

C. Quantization

A curious feature of fundamentally nonlocal field
theories is that they are perturbatively acausal.>?! One
consequence of this is that one cannot quantize in such a
way as to simultaneously preserve the manifest Lorentz
invariance of the functional formalism and the operator
formalism.?? This is probably an excellent reason for re-
jecting nonlocal actions as fundamental theories, but it
poses no problem to their use as regularizations. One
simply has to choose which formalism, operator or func-
tional, to quantize covariantly. We shall make the same
choice as was made for invariant string field theory,
namely, to retain manifest Lorentz invariance in the
functional formalism.

Once this is accepted, the problem of quantization
amounts to finding an acceptable measure factor which
makes the functional formalism invariant under the clas-
sical gauge transformation. The qualifier “acceptable”
means that the measure factor interactions obey the same
restrictions as the classical ones, namely, manifest Poin-
caré invariance, exponential suppression in Euclidean
momentum space, reality for real momenta, and analyti-
city in all momentum variables throughout the complex
plane. If such a functional exists, then the resulting per-
turbation theory has the properties we seek to all orders.
Its Poincaré invariance is manifest, and finiteness is al-
most as obvious owing to the exponential convergence
factors. As previously noted, the Cutkosky rules apply to
nonlocal field theories the same as for local ones. This
and the fact that the interactions are all real and analytic
implies perturbative unitarity on the large Fock space,
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which includes unphysical photon polarizations. But
since decoupling also follows, by gauge fixing inside the
functional integral, we also have perturbative unitarity on
the small Fock space of physical states. Similarly,
current conservation and the Ward identities (for the
nonlocal symmetry, of course) follow by changing vari-
ables in the usual manner.

Since the classical action was constructed to possess
gauge invariance, the only problem can come from the
functional measures [d 4], [dv], and [d¥]. Because the
ordinary photon transformation rule is unchanged, [d 4]
is manifestly invariant and gauge fixing can be done in
terms of the vector potential as in the local theory.
Therefore, we need only consider the behavior of [d]
and [d] under transformation (2.2b). It is useful to in-
troduce the “dot product” at this stage:

(6-Tled])x,z)= fd4y O(y)TleAlx,y,2) .

The fact that Grassmann variables behave oppositely to C
numbers under C number rescalings gives the following
transformation rule to lowest order in 6:

[dy'1=[dy]det " (1+ie0-T[eA])
=[dylexp[ —ie Tr(8-T[eA])] .

The “trace” in (2.35b) is understood to involve both sum-
ming over spinor indices and integrating over spacetime
coordinates. A similar argument for [d 1] gives the com-
plete result

[dy'lld¢'1=[d¥1ld¥]
Xexp[ —ie Tr(0-T[eA])
+ie Tr(6-T[eA])] .

(2.34)

(2.35a)
(2.35b)

(2.36)

Owing to the peculiar mixing between gauge and space-
time indicates, it is generally not true that the two traces
cancel; hence the fermion measures are generally not in-
variant. The condition for successful quantization is the
existence of an acceptable measure factor u[eA4] which
absorbs this noninvariance:

uleA]=expliS, .sled]) , (2.37a)
6Smeas[eA] p—
8”9.8%: —eTr(0-T[eA])+e Tr(0-TleA]) .
A4y
(2.37b)

That such a term can be found is not obvious, although
the expectation is that it can be for a nonanomalous
theory such as QED. We prove its existence for the mod-
el of Sec. III and in fact evaluate it to lowest order. It is
conceivable that poor choices for the ambiguous classical
interactions give an acceptable tree theory for which no
acceptable measure factor could be found.

If such a functional S .,[e4] does exist, it will of
course be ambiguous up to fully invariant terms, i.e.,
functionals of the field-strength tensor. To see that it can
be chosen to have manifest Poincaré invariance, Euclide-
an suppression, and reality for real momenta, note that
the transformation operator 7[e 4] is constructed to pos-
sess all of these properties. The difficult points are in-

tegrability of the variational equation (2.37b) and analyti-
city of the result. The latter condition requires showing
that the right-hand side of (2.37b) vanishes for constant
0, and, hence, that it is really proportional to
3,0=—384,. Integrability follows if the variation of the
right-hand side of (2.37b) under §4,=—0,¢ is sym-
metric under interchange of 6 and ¢.

A point to note in passing is that the on-shell tree am-
plitudes of our nonlocalized action can agree with those
of the unregulated theory, while the loop amplitudes
disagree. This seems to be a contradiction because the
loops of local field theories can be expressed as sums of
integrals of trees using Feynman’s tree theorem,?’ so that
if two local theories agree at tree level,then their loop am-
plitudes must agree as well. The key word is “local;” the
tree theorem does not generally apply to nonlocal
theories. The theorem is proved by using the relation

Ap=Ap+A" (2.38)

to expand loops formed from the Feynman propagator
Ap into a series in the on-shell projector A*. This
decomposes all terms with even one A" into trees. The
term with no A*’s is a loop formed entirely with the re-
tarded propagator and must vanish if the interactions are
local. However, when the interactions are nonlocal, this
term generally survives, and there can be physical phe-
nomena in loop amplitudes which could not have been
predicted from the on-shell trees.?*

III. EXPLICIT MODEL

We remind the reader of some useful conventions from
Sec. 1. First, there is the smearing operator & ,,:

aZ_MZ

e 3.1)

6y =exp

A field carrying the superscript A denotes smearing the
unsuperscripted field with the appropriate mass:

(3.2a)
(3.2b)

=69,
A —
A,=6,4, .
The obvious initial nonlocalization of QED follows from
(1.3):
Log1=—1F F*—Pid+m)p+edp A 2% . (3.3)

It is invariant up to (but not including) order e’ under
transformation (1.5):

84,=8,4,=—23,0,

S, p=ie6,, 0",
where the 8% = &,6. Note that in (3.4b) the operator &,
acts on the product 8*¢", while the &, in 6" acts only

upon 6 and the &, in ¥* acts only upon .
From &,, we form the operator O:

(3.4a)
(3.4b)
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(6,71
O=—"3
_ rudr r—m?
—Jy A T’ G-

Note that © is an entire function of 3°. Using this new
operator, we can compactly express the simplest of the
four-point interactions determined in the previous sec-
tion:

Ly=—e PP AMiF—m)O A MY . (3.6)

The Compton amplitude computed with Ly, is un-
changed from that of QED. The way this works is that
each V, contribution to the amplitude can be split into
two terms through decomposing the operator @ into
&2 /(3*—m?) and —1/(3*—m?). The first such term
cancels the contribution from the corresponding
V,-V,channel, while the second term is just the usual
QED result for that channel. We can extend the process
to higher photon amplitudes with interactions of the
form

L, =—(—)"PNAMNGB—m)O AN VYr | (3.7)

|

which sum to give the total Lagrangian

L——1F  F"—g(iF+m)p
+eg P AM1+e(iFd—m)OAN] YN . (3.8)

Since the extended Compton trees are the same as those
of QED, decoupling is manifest. In fact, the only true
amplitudes that differ from those of QED are ones con-
taining an internal photon line. These acquire an ex-
ponential enhancement factor for each internal photon
momentum.

To keep the action ““invariant™ with its higher interac-
tions, the fermionic transformation must be modified at
each order:

8, 9y=—i(—e)"6,0MN(id—m)OAN Wr . (3.9
The higher variations can also be summed:

84,=-9,0,

dY=ie&,, 0N 1+e(id—m)O AN YN,

(3.10a)
(3.10b)

but it is simpler to prove invariance using the expanded
form. To make the argument, consider the zeroth-order
variation of £

8oL, =(—e)" P [3,0M[(iF—m)O A "] " Yr+H(—e)" P A Nid—m)O[B,0M[(iF—m)O A ] 2P+ -

+(—e)" YA A Nid—m)O]" V3,0 [ .

(3.11a)

Now use the identities [3,0%]= —i[(id+m),0"] and (id+m)(id—m)=03%—m? to reach the form
8oL, =—i(—e)" P Mid+m)O(id—m)O AN " Y +i(—e)" P PN —m*)O A MN(id—m)O A ]yt
—i(—e)" PN AMP—m2OOMN(iF—m)O AP 2+ - Fi(—e) P A MiF—m)O] TOMNiF+ mYt .

(3.11b)

Decomposing the operator @ and canceling some adjacent terms then gives

8oL, =—i(—e)P M id+m)O(iB—m)OA "~ Pr+i(—e)"ProrE,, A N(iB—m)O A ] 2PN

—i(—e)YrANELOMN(iIB—m)O AN WA+ - F+i(—e)" P A MF—m)O] TOMNiF+myt .

(3.11c)

Finally, we recognize pairs of terms as the variation of a lower interaction under a higher symmetry:

8oL, = +P(iB+m)s, Y+ (—e) ISP A M(F—m)O AN T HYA+ - 48, YiF—m)Y

==8,Ly=8, Ly~ —8L,,

from which it follows that £ =0 at order e”.

(3.11d)
(3.11e)

Though beautiful to behold, this gauge invariance does not seem to possess a conventional interpretation. The nonlo-
calization has resulted in a peculiar mixing between gauge “indices” (we mean, of course, the phase of the Fermi fields),
spinor indices, and spacetime coordinates. For example, it is clear from expressions (3.8) and (3.10b) that the operator

TleAlx,y,2)=6,,[6%x =) [1+e(id—m)OA 1] '6,,8%x —2) (3.12)

behaves in some respects like a representation matrix, but many familiar properties are lacking. Its operatorial charac-
ter endows this “matrix’’ with nontrivial transformation properties. Further, the gauge field fails to commute with it:

E AMNI+e(iF—m)OAN'E, =6, [1+eAd 0(id—m)] TA"E,, . (3.13)

And because (3.12) is not Hermitian, it follows that ¢ is not an invariant. One consequence is that the fermion mea-
sures of the functional formalism are not invariant; another is that the natural covariant kinetic operator

(id+m)+es,, AN1+e(id—mOA 6, (3.14)
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transforms one way on the right and another way entirely on the left. This means that products of such derivatives are
not covariant; nor can we obtain a covariant field strength tensor by commuting these operators. Another eccentricity
is that while the symmetry is still Abelian on shell, it does not close unless the Fermi fields obey their equations of
motion

[89,,80,19=—€26,, (61 [1+ed "O(F—m)] " (iF—m)06} —(12)}
Enid+m+e6,, AMN1+ed  O(id—m)]7'6,) . (3.15)

Hence the transformations do not even form a group. In fact they are part of a larger group which includes some trans-
formations that affect only the Fermi fields and vanish in the local limit.

The similarity of our trees to those of QED implies the existence of a field redefinition which reduces our Lagrangian
to the form?’

—1F, F*—yid+m)p+ed A y . (3.16)

This theory has been studied previously by Efimov.?® It does not represent a complete regularization of QED because
the vertex contains no convergence factors for the Fermi fields. This means that pure fermion loops receive no regulari-
zation, and it is easy to see that the vacuum polarization diverges. On the other hand, all loops in our theory are finite.
That this can be so is a manifestation of the inapplicability of Feynman’s tree theorem to nonlocal field theories, as was
explained in Sec. II C.

Although it is really the Euclidean loop integrals which are regulated by this method, it is simplest to keep track of
the external momenta, the various traces, and the factors of i by formally working in Minkowski space. Consider, for
example, the one-loop correction to the electron self-energy which derives from joining two V’s [Fig. 3(a)]:

) d‘k . —i . —ingh p2+m? g>+m? k2
—iZp)= (iey#) | ————— |liey?") ex -, (3.17a)
e f(zm“ Vo m—ie |V [ komie | A2 A2 A2

where g =p —k. The next steps are to promote the propagators to Schwinger integrals and then perform the momen-
tum integral:

p? wdT wdT 2 2 2
—iZ,(p)=—e%exp +m ’ J| ‘f — || E (3.17b)
A A
—ie? 2+m T2 2 TIT2 p? m?
= exp | — dr dr + m |ex — e —r
2 P fl lf 2 7'1+7'2)3p (Tl+7'2)2 P 7-]+7-2 A2 ! A2
(3.17¢)

The factor of i comes from the ‘“‘rotation” to Euclidean space, the sign being determined by the requirement that we
avoid enclosing poles of the propagator. This trick gets the right answer, but we stress that it is entirely formal; the
correct derivation proceeds from Euclidean space. Far from improving convergence of the Minkowski-space momen-
tum integrals, our exponential factors actually worsen it.

The other correction at the same order comes from a single V, [Fig. 3(b)]:

[14T ey
0 A? P

The result of performing the momentum integration is the same as expression (3.17¢) except that the Schwinger param-
eters are integrated over the region0=7,<1=<7,< . 2, and 2, obviously add to give the simple expression

1My
ki—ie

k2
e

pz—i-m2 (]2+m2
A? A?

(3.18)

—iZp)= [

e? 2+m T2 2 TIT2 p? m?
2(p)=—7>ex dr dr + mlexp |————*5—71,— (3.19a)
P P Jydn ] dn PRI Pl7 mHm A Tp
2 2 2 2
pitm” : P | 1=x | m?
=4SP - ]fo dx (xpp+2m)E, [(1 vl el el (3.19b)
where E| is the exponential integral:
_ e exp(—¢) = (=2
El(z):fz dr=P In(z)—y— 3 % (3.20)

Although the final parameter integral cannot be evaluated in terms of elementary functions, it is easy to develop an
asymptotic expansion in A by expanding the exponential integral:
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e? 2 In(A?)
2(p)=F —p-l—Zm In(A”) —p+2m Y+ 15 f dx (xpg+2m)In(xp>+m?)+0 A2 . (3.21)
T
Comparison with the result of dimensional regularization in D dimensions and scale u gives
D/2—2
r(2—D/2) rt 2 m?

Z(p)zeZWfo dx[(D —2)xg +Dm] x(l—x)";—z+(l—x)—2 (3.22a)
= L ptom =2t [Lgtm | [nam—y+ L | = [ldx g+ 2minGxp2+mD+0(4—D) | . (3.22b
e p m a_ D 2[5 m n(4m)—y > fo x (xg +2m)In(xp“+m . .22b)

This suggests the correspondence
2 in(AY), (3.23)

4—D

for the coefficients of logarithmic divergences in the two methods. In fact, this relation, which we will see again with
the vacuum polarization, must persist for all one-loop amplitudes in order that the two bare theories agree.

A more revealing comparison between the two methods comes from examining the nonlocally regulated electron
self-energy in D dimensions:

ood‘ﬁ de q*+m? k2
z( ):—iezex (D 2 +Dm]ex -T - 5 | >
P P A2 ]f 1 f (2 )D[ 4 ] P 1 A2 A2
(3.24a)
e? (D —2)7, D
2p)= ex dr dr m
P 2D77'D/2 P f If 2 Tl+7'2) (T1+T2)2
D/2-2
A? TITy p? m?
R RN 3.24b
(r+1) KRN A (3.240)
2 ’+m -
ZD;D/Zexp — LAT f dx[(D —2)xp +Dm][x (1—x)p2+(1—x)m?2]P/22
XT 2_2 (l—x)fi‘f' 1—x Ln_z (3.24¢)
2 ’ A2 x A2 ’
where I'(n,z) is the incomplete ¥ function:
= [Tdrtn et 3.25
z) fz d e ( a)
=(n—1(n—1,z)+z" " le 2. (3.25b)

One develops an asymptotic expansion in A by using the recursion relation (3.25b) to reach either I'(0,z)=FE(z) for D
even or

[(L,z)=Vr7erfc(Vz) (3.26)
for D odd. Here erfc(x) is is the complementary error function:
Vrerfe(Vz)=2 [ “dtexpl—t)=vV7—2vz 3 — -2 (3.27)
Vz n=0 (2n+1)n'

As an example, the D=5 result is

3(p)=

(26 +10m) -2 — foldx(3x[i+5m)[x(1—x)p2+(1—x)m2]1/2+0 1 (3.28)

1672 'z A

Note that while the finite term agrees with (3.22a), our method picks out a gauge-invariant, linear divergence that di-
mensional regularization misses. In general, our method gives all the divergences which would be expected by power
counting and gauge invariance, while the dimensional method catches only logarithmic divergences. Another point of
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interest is the persistence of the infrared problem for p?=m?2?=0 in low dimensions. Nonlocal regularization affects
only ultraviolet phenomena; any infrared problems must be treated using other methods.

It is interesting to note that (3.19a) is just exp[ —(p2+m?)/A?] times the result obtained from Efimov’s Lagrangian
(3.16). This concurrence is lost for all-fermion loops such as the vacuum polarization where Efimov’s theory does not
differ from the A= oo result, aside from a factor of &, on each external line. The result from our theory is the sum of
the measure factor contribution plus two loops built from the classical vertices. The first of these last derives from the
combination of two V,’s [Fig. 4(a)]:

‘K —i 2+ m? k*+m? 2
i (p) = — Tr | (iey*) (iey”) |———— | |exp | — |4 - — 2
np f (2m)* Y 4d+m—ie Y —¥K+m—ie P A? A? A?
(3.29a)
BV BV
=ill{(p?) |y — L | +inb(p?) L | (3.29b)
p p
where the transverse and longitudinal coefficients are
je? 2 w o A? TiTy m? TIT2 p? m?
iMT(p2)=2exp |- £ dr dr — 2 exp |— L _(r 42|,
RPUT RSP | TR fl 1fl 2+ ()t (r1+7,)? Pl i+, A2 T
(3.29¢)
.2 2 2 2 2 2
® @ A 172 m 7172 m
inkp>)y="exp |— L5 | [dr [ “dr + 24 exp | — Lo — (147"
T BT S am ] (it (A )t [TV mn A R
(3.29d)
A very similar contribution derives from a single V, [Fig. 4(b)]:
. d*k : —i 1dr g*+m? k*4+m? | _ p?*
insY(p)=— Tr | —2ie’yMg—m)y’ | ————— —exp|—T — -
2P f(277')4 L AL prr— J, Az A2 A2 A2
(3.30)

The transverse and longitudinal parts of II, are the same as those of II,, except that the Schwinger parameters are in-
tegrated over the regions 0=7;<1=7,< o and 0=7,=<1=7;< . The obvious conjecture is that the sum of the clas-
sical vertex contributions to the N-photon loop can be obtained from the (¥, ) contribution by simply extending the
range of parameter integration from 1 <7; < « to 0=7; < 0, excluding the unit hypercube 0=7;, < 1.

As is obvious from (3.29d), the two classical vertex contributions to II*¥ do not sum to give zero longitudinal part:
neither do the transverse parts sum to zero on shell. If these were the only contributions, we would have lost both
decoupling and the photon’s masslessness. Both features are restored by the contribution from the measure factor [Fig.
4(0)}:

2 2

P
AZ

2

2 2
R P m
inyY= exp S exp D) A -—(7‘—|—1)——A2 . (3.31)

[lar—A
0 (r+1)

We will shortly derive this result, but for the moment let us proceed to simply add it to the previous contributions. To
see transversality, change variables in (3.29d) from 7, to x =7,/7,:

02 2
cxyLs 2 =_1£_ _p° © 0 1 ©
ifp? = Sexp |~ L5 | ([ “ax [ “ar+ [ax [ * dr, |
&) 1 A? x p° m?
QLA e o x+ T 3.32
or) A1) exp T2x+1 e To(x )A2 ( a)
ie® prlre A? T p* m?
—t xp |- - —(r+ 1) 3.32
27 | [ e T e T (3-326)

A similar set of manipulations gives

i82 _Lz 1 © AZ
AZ [fo J }‘1T(T+1)3eXp

iMs(p?)= 7 €Xp

2 2
R L~(T+1>’"—}. (3.33)

2
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From (3.31) we see that II¥+ 114+ I15=0 as desired.
If we subtract those terms whose vanishing has just been shown, the following expression results for the total trans-
verse part:

2.2 2 2 2
T 2y ep . p 0 © © 1 1T, . T e _ m
I (p°)= Py exp e [fo fl +f1 fo }dTlde——(r,—i-Tz)“eXp it AZ (Tl+72)—~—A2 (3.34a)
2.2 2 2 2
__e’p _p 172 . p 1 m
i exp | —+ 2f0 dx x(1—x)E, x—A2 +-—1 XA (3.34b)

Note that gauge invariance has absorbed the naive quadratic divergence. The factor of p? guarantees masslessness, be-
cause IT(p?)—0 as p2—0.

Another interesting and possibly significant point is that the positivity of the exponential integral prevents the ap-
pearance of a Landau ghost for any real value of p2, even when p?>> A2, This may be of relevance to a scheme whereby
local QED is embedded in a larger theory which provides an ultraviolet cutoff. On the other hand, it must be admitted
that there are complex-conjugate poles on the physical sheet, at least when one ignores higher-loop effects. The conse-
quent noncausality presumably dooms any attempt at resummation and emphasizes the fact that nonlocal QED is not
viable beyond on-shell perturbation theory. The same effect has been demonstrated for the nonlocal scalar model (1.1)
and doubtless occurs as well in string theory.

Though the final parameter integral cannot be evaluated in terms of elementary functions, it is simple to develop an
asymptotic expansion for large A:

2,2 2
T . 2y— __ €D 1 2 1 _1 _13_ 1 _ - 2 2 In(A°)
M(p?=—F | S InA)+ e In(2)— ey =25 J, dx x(1=x)ln[x (1=x)p>+m>]+0 2 . (3.35)
Our result compares with that of dimensional regularization in D dimensions with scale p:
D22
(2—D/2) ri p:  m?
T 2y— _ ,2,29D/2+1 _ —x) 2 C
Mm(p°)=—ep-2 5D, D72 fo dx x(1—x) [x(1 x)lqu + 2 (3.36a)
_ et 2 1 1 1 p:  m?
-~k ciop ¢V gm@m— [ dxx(1-x)In *(1=x)P5+ 5 | +0(4=D) | (3.36b)

As with the electron self-energy, the logarithmic divergent terms are related according to (3.23).

The preceding discussion witnessed the intervention of a deus ex machina to restore transversality and masslessness.
We are referring to the measure factor e A]=exp(iS .,s[€e4]). Recall from Sec. II C that its purpose is to cancel the
gauge variance of the fermion measures and that this requires

88 A —
6#9-—%=—eTr(9-‘T[eA])+eTr(G-T[eA]). (3.37)
1

Of course, this condition only determines S, ., [eA4] up to a functional of the field-strength tensor, but an obvious
minimal choice exists even as it did for the higher classical interactions. With a totally straightforward calculation, this
choice gives the term we used above to compute I1;:

2
Smeasle 1= 4;2 [atx Aln0,48+0(e*), (3.38a)
LA T m?
0,=[a R S Ly 3.38
=L e G T (3.38b)

We have not evaluated any of the higher-order terms, though we emphasize that this is no harder than computing the
associated higher-point photon loops. That they exist can be proven in three steps, each of which involves an applica-
tion of the same sort of argument which is used to prove Furry’s theorem. Recall that a crucial element of this is the
charge-conjugation matrix C:

C(,V,U)!rc~1:‘_7/p, . (339)

Note that it is independent of spacetime and hence commutes with purely spacetime operators such as &,,,. .
The first step is to show that odd powers of e cancel. To see this, consider the order e” contribution to e Tr(8-T):
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—(—e)MTr(6,,[ A OF—m)]Y 7106, ) = —(—e)NTr(6,[CT'CANCTICOIF—m)CICIV "10%6,,}  (3.40a)

=—(—e)"Tr{&,,[— (A M O(iF—m) ]V 1646, ) (3.40b)
=eMTr{6,,0MN(id—m)OA MY 16, ) . (3.40c)

For N odd this just cancels the analogous contribution from —e (6-T), while for even N they add.

The second step is proving that the right-hand side of (3.37) vanishes for constant 8, which is of course essential if it
is to equal the left-hand side. To see this, drop 6 from the total contribution at order ¢2" and commute the final factor
of (id—m)@ through the operator &, and around to the other side of the trace:

2eNTr{6,[ A 2OGF—m)PNT16,,) =2 Tr{6,,(i8—m)O[ A *O(id—m) N 2476, (3.41a)
=2 MTr{6,,[(id—m)OA PV 16,,) . (3.41b)

Now introduce C ~'C and integrate by parts as before to obtain minus the original term. It therefore vanishes, which
was to be shown.

The final step is integrability. To see this we first vary the order e?" contribution to the right-hand side of (3.37) with
respect to gauge parameter ¢ and then show that the result is symmetric under interchange of 6 and ¢. It is convenient
to drop the factor of e2":

8,Tr{6,,0M(id—m)OA PN 16, )
2N —2
=i 3 Tr{6,0(i3—m)OA 1id—m)O[(id+m),s " [(iF—m)O A PN 27Fkg, ) (3.422)

k=0
2N —2
=—iTr{6},0" " (iB—m)O APV 2} +i 3 Tr{62,0M(id—m)0 A M 62,9 N (id—m)O A NPV 27K
k=0
2N -3
—i > Tr{6L0MiB—m)O AN iF—m)O % A M(iB—m)O A NPV 737K
k=0
—i Tr{(id+m)E 0N (iB—m)O A 1PN ~2(id—m)Od™)} . (3.42b)

The first term of (3.42b) is manifestly symmetric under 6<>¢. The first of the sums is too because the interchange takes
its kK =n term into the k =2N —2—n one. (The k =N —1 is symmetric by itself.) To see the symmetry of the second
sum, we again effect a transposition with the charge-conjugation matrix and some integrations by parts:

Tr{62,0MN(id—m)O A M i3—m)O 62, A M(id—m)O A NN 37Ky
=Tr{ 62,0 [ (iF—m)"O( A M iF—m) O E2,( A MU[(iB—m)TO( A MV —3=K)
=Tr{[ 4 2O(i3—m) N 37k 4 262 2 OGF—m)[ A 2OGF—m) 672}
=Tr{ 62, ¢ [(id—m)O A M iF—m)OO*E% A M(id—m)O A NN 37K, (3.43)

from which it follows that the interchange takes the
k =n term to the kK =2N —3—n one. The symmetry of
the final term follows through a similar transposition.

This completes the proof. Three significant final points
are that the higher terms are all finite in the limit A— o P— p—
(in fact, all but the N=2 term vanish in this limit), that (a) (b)

5

P P-K P P P (c)
(a) (b) FIG. 4. (a) Vacuum polarization at one loop: contribution of
V. (b) Vacuum polarization at one loop: contribution of V,.
FIG. 3. (a) Electron self-energy at one loop: contribution of (¢) Vacuum polarization at one loop: measure factor contribu-

V1. (b) Electron self-energy at one loop: contribution of V,. tion.
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these measure factor terms are the only corrections need-
ed to make the functional formalism valid for arbitrarily
high-loop effects, and that they preserve the finiteness of
higher loops by virtue of the factors of &; which reside
on each external leg.

We close with a discussion of the axial vector anomaly.
A curious feature of our theory is that there is not one:
the Lagrangian (3.8) is chirally invariant in the limit of
zero mass, and the measure factor does not disturb this.
A consequence is that Noether’s theorem gives a fully re-
gulated axial-vector current which is conserved in the
massless limit. We emphasize that there is no fermion
doubling in our theory. Since the Nielsen-Ninomiya
theorem?’ can be evaded by sacrificing locality on the lat-
tice, it should not be surprising that we can make a
chirally invariant theory by giving up continuum locality.
After all, an anomaly can always be expressed as the
presence in the effective action of a finite, noninvariant
and nonlocal term. In a formalism where such terms are
allowed as classical interactions, their appearance in the
effective action could always be renormalized away. We
do not possess quite this much freedom because our
higher classical interactions are constrained to formally
vanish in the limit of infinite A—and this is why we can
see genuine gauge anomalies through the nonexistence of
an invariant measure. However, it is perfectly possible
for one of our classical interactions to suffer quantum or-
dering corrections which engender nonvanishing terms of
the desired sort. Consider, for example, the diagram
which results from contracting the two Fermi fields in .£,
of Eq. (3.6).

A more serious issue is reproducing the correct rate for
7°—yy. Although often cited as a physical proof for the
existence of a chiral anomaly in QED, this is not quite
true owing to an ambiguity in the correct axial-vector
current to use for PCAC (partial conservation of axial-
vector current). The conserved axial-vector current
which follows from Noether’s theorem is heavily contam-
inated with higher photon couplings which are essential
to maintaining its conservation. These purely elec-
tromagnetic terms do not seem to have any business in
coupling to an eigenstate of the strong interaction such as
the pion. If we drop them, then a more plausible
identification emerges for ““the axial-vector current:”

o= tysy ot (3.44)

One of course loses conservation. By taking vacuum ex-
pectation values (VEV’s), it is easy to check the following
weak operator identity in the massless limit:

In(A?)
A2

2
e ByS A A
- e“ FaﬁFyE, +0

(3.45)

M, ==

By basing PCAC on (3.44), we get the right rate for
7°—yy in a theory which is nonetheless chiral in the
massless limit. A final point to note is that it would not
have been possible to gauge the global chiral invariance
of our model. The analog of (3.38) would reveal an order
e? term coming from the A-A-A4 anomaly, which could
not be absorbed in the variation of a measure factor.

IV. NON-ABELIAN GAUGE THEORIES AND GRAVITY

Our strategy for nonlocalizing non-Abelian gauge
theories and gravity is in broad outline the same as for
QED. One first constructs an invariant nonlocal classical
action and then searches for a measure factor which will
make the functional formalism invariant under the nonlo-
cal symmetry. The classical action is built up iteratively
as for QED, but one now has to face theories which are
nontrivial without matter coupling.

Our conventions for the Yang-Mills Lagrangian and
field strength are

L=—1F,, Fi, (4.1a)
Fauvza,uAav_avAa,u_gfabc Ab,uAcv > (4.1b)

where g is the coupling constant and f,,. are the struc-
ture constants. It is invariant under the familiar transfor-
mation

8A4,,=—0,0,+8fupc Ap.0. - (4.2)
For gravity we shall take the Hilbert action, partially
integrated to remove second derivatives:

. 1 —
LZF(FEVI‘%—FEBF%)\/ -g, (4.3a)
where k= 167G and the affine connection is
I, =3880py t8yp88py.p) - (4.3b)

A comma on the index list of a tensor denotes ordinary
differentiation with respect to the subsequent indices. Be-
cause our analysis is of necessity perturbative, to avoid
the nonperturbative problems of Ref. 3, the field we shall
actually use is the graviton:

1
(& =) (4.4)

h

pv =
As always in perturbation theory, around flat space the
indices of 4,, are raised and lowered using the Min-
kowski metric. The action obtained by integrating (4.3a)
is invariant under general coordinate transformations:

Sh,, =—¢€

— — (P P P
v uv €y, k(e ,#hpv+e ,Vhp#+hlw,pe ),

(4.5)

where one must assume that the parameters € generate a
Poincaré transformation at infinity. Actually, it would be
possible to develop our method around any background,
but we shall assume flat space for convenience.

The initial nonlocalization is provided by decorating
each field in the interaction terms with a factor of &

Aa,u_’ Aalil, > (4.6a)
A
hyy—hy, - (4.6b)

This destroys the local gauge invariance at order g (or «
for gravity), but since the current (stress energy) is still
conserved at this order the theory is invariant up to g2
(«?) under a simple nonlocal extension:
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8Au,=—9,0, 18 16 A4),062 . (4.7a)
Bhw= —€,,€,,
—KEol(e” )R, + (8 ) hh,
+hpy, (€)M . (4.7b)

The physical problem comes at order g? («?) with a
breakdown of decoupling. This is restored by adding a
new four-point interaction which is subject to the same
restrictions as for QED: manifest Poincaré invariance,
vanishing with infinite A, exponential convergence in Eu-
clidean space, Hermiticity, and analyticity. Just as for
QED, there are many such interactions, if there is one,
and there is certainly one at this order. We expect that
there will be a natural choice at each order, as there was
for QED, in which the higher interactions simply extend
the range of Schwinger parameter integration for dia-
grams generated by the interactions of the original nonlo-
calization (4.6). At any rate we will prove at the close of
this section that there is at least one solution to all orders.

Now recall the argument from Sec. I A that decou-
pling implies some form of gauge invariance. Since we
made no assumption about the S matrix, this result ap-
plies as well to any successful nonlocalization of Yang-
Mills or gravity. In fact, the transformations can be built
up perturbatively as we enforce decoupling. At Nth or-
der the modification would be a term of the form g¥9 4"
(«Meh ™). Though we have not proved it, we suspect that
the resulting algebra will be unchanged on shell as was
the care for QED. We also expect that the final transfor-
mation will be interpretable in terms of nonlocal and
field-dependent representation operators, also as in QED,
and that there will be a similar mixing between gauge in-
dices and spacetime ones.

Matter can be added if desired and the method is the
same: First, nonlocalize by attaching appropriate factors
of &, to the fields of the interactions, then enforce
decoupling by adding acceptable higher interactions, and
finally infer the modified gauge transformation rule.
However, one must have first obtained a successful nonlo-
calization for the pure gluon (graviton) theory. To see
why, consider the process of enforcing decoupling on an
amplitude with two external matter lines and N gluon
(graviton) ones. This amplitude will receive crucial con-
tributions from the attachment of pure gluon (graviton)
diagrams with n <N external lines to diagrams with two
external matter lines and (N —n +2) external gluon
(graviton) ones. Indeed, such terms are required for
decoupling even in the local theory. We cannot ignore
them and we cannot account for them until after the pure
gluon (graviton) theory has been decoupled, at least to
the penultimate order. A similar effect occurs for gauge
invariance since the matter transformation laws will de-
pend nonlinearly upon the gluon (graviton) fields, whose
transformation laws are unknown before a successful
nonlocalization. We believe it will be possible to find
transformations which are still linear in the matter fields.

Assuming a successful classical nonlocalization has
been achieved, quantization is carried out in functional
formalism, as for QED. One does this by finding a mea-

sure factor u[g 4] (u[«h]) to make [d A] ([dh]) invariant
under the classical symmetry. If there are matter fields,
we must add measure factors for them as well. Potential
gauge anomalies will reveal themselves through the
nonexistence of such factors, an approach pioneered by
Fujikawa.?® Assuming the matter transformation laws
are still linear in the matter fields, the entire measure fac-
tor will be a functional of gA (kh), if it exists at all.
Should the matter fields transform nonlinearly in them-
selves, then the measure factor will depend upon them as
well.

An effect not apparent in QED is the more complicat-
ed paraphernalia of gauge fixing. Since the gluon (gravi-
ton) transformation becomes both nonlocal and non-
linear, so too will the Faddeev-Popov ghost action. Al-
though it may seem an additional complication, this is
really a very desirable feature in that it ensures that ghost
loops receive the same exponential suppression as physi-
cal particle loops. Note also that we need waste no effort
fretting over potential Gribov ambiguities, because these
are nonperturbative and our nonlocalizations in any case
succumb to more serious problems when pushed beyond
perturbation theory.?

Though it seems perfectly possible, we have not yet at-
tempted to obtain a classically successful nonlocalization
for either Yang-Mills or gravity. Our proof that this can
be done is therefore indirect. It consists of proper time
regulating the one-loop amplitudes in a covariant gauge
and then using the method of Ref. 29 to find a nonlocal
classical action which gives these amplitudes and agrees
on shell and at tree order with the local theory. (Recall
from Sec. II C that there is no inconsistency between the
usual tree amplitudes and finite-loop ones because nonlo-
cal field theories do not obey Feynman’s tree theorem.)
We will sketch this procedure shortly, but let us first ex-
plore its consequences. Although the S matrix obtained
from this action does not decouple at loop order, it obvi-
ously does so at the tree level, since it reproduces the usu-
al tree amplitudes. Hence we may conclude that this ac-
tion is the gauge-fixed version of an invariant one. If a
measure factor can be found which makes the functional
formalism invariant under the associated nonlocal gauge

. symmetry, then this invariance can be preserved in the

quantum theory. The measure factor will induce correc-
tions to the original regulated loop amplitudes which
make them decouple. It will be obvious from the con-
struction that these corrections prejudice neither finite-
ness nor manifest Poincaré invariance, and of course they
restore perturbative unitarity on the physical space. It
will also be obvious that these properties extend to all
higher loops as well.

We will review the method of Ref. 29 in the context of
a scalar field ¢ whose VEV is assumed to be zero. Let
S[¢] be the possibly nonlocal Euclidean action and
define the differential operator F[$](x) as

58’S[¢]

el & < B e 40y
56(x)86(y) =F[¢](x)8%(x —y) .

(4.8)

A useful and elegant expression for the one-loop effective
action is
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(31— — L » dt — 5
r'gl= 2th - Trlexp(—tF[$])] . 4.9)
Note that the ultraviolet divergences of local field theory
are associated with the lower limit, while cut structure of
perturbative unitarity derives from the upper limit. Note
also that the one-loop contributions to all on-shell ampli-
tudes can be obtained from I''[¢ ], where ¢, is the
general classical scattering solution defined in (2.18) and
(2.19).171% This suggests that we define a set of ultravio-
let finite-loop amplitudes through the following on-shell
effective action:
rm%];—gﬁfmz%rr[exp(—tFL[¢w]>] . (4.10)
where F; is defined according to (4.8) from a local action
S;[#], and ¢, is the general scattering field of this ac-
tion. The resulting amplitudes cut to give the trees of S .

To find the nonlocal classical action S, which gives
(4.10) and the trees of S;, we define the operator Fy[¢, ]
by the relation

S A Trlexp(—1Fy 4. 1))

_ (e B
=), o Trlexp(—tFL[¢,D]. @11

Functional variation allows us to absorb the proper time
integral:

SFNw
FNoo

Fr.
-3

(4.12)

Tr

Adding the variation of an arbitrary trace-free operator
H[¢_ ] allows us to dispense with the trace:

8F‘Noo
FNoo

8F,.
B Fr o P

FLoo
A2

+8H,, . (4.13)

Functional integration then gives a curious result in
terms of our old friend the exponential integral:

FLoo
A2

Fy,.=exp |H,—E, (4.14)

Note that Fy is an entire function of the derivative opera-
tor and also that the nonlocal kinetic operator Fy[0] is
just the local one F;[0] multiplied by a manifestly
nonzero and entire function of F; [0].

One now constructs Sy from Fy. The first step is to
choose the trace-free operator H[¢ ] to enforce on-shell
integrability. What this means is that the functional

5 4 0¢,(x) 8¢, (x)
8&(k,) Ja 8E(k,) S

Fylé.1] (4.15)

is symmetric under any interchange of k;, k,, and k.
The next step is to extend Fy[¢.] off shell so as to
preserve this integrability. That is, we define Fy[¢] for
arbitrary ¢ so that it agrees with Fy[¢_ ] and causes the
variation

8Fy[41(»)
S5¢(x)

to be symmetric under any interchange of x, y, and z.
On-shell integrability implies that this can be done; in
fact, there are many ways to do it. The final step is to
functionally integrate Fy to obtain Sy. The resulting ac-
tion reproduces (4.10) and agrees with the tree of S; as a
consequence of its manifest perturbative unitarity.

In fact, Sy is necessarily a nonlocal field redefinition of
Sp:

8y —z2) (4.16)

Syle]1=S, [P[e]1] . (4.17)

This guarantees that the two S matrices agree at tree or-
der. One way of viewing the differences that appear in
loops is by changing variables in the functional formalism
for the local theory:

50

[ 1dolexplis, [61)= [ [d¢]det 5

exp(iSy[4]) .

(4.18)

The functional formalism for the nonlocal theory does
not contain the change-of-variables Jacobian. Although
there would need to be a measure factor for gauge
theories, it would still not be interpretable as resulting
from a change-of-variables Jacobian.

We call this method “proper time nonlocalization.” It
is a special case of the previous method which we might
term ‘‘iterative nonlocalization.” The classical actions
produced by the proper time method are not simple. For
example, even in QED they contain arbitrarily high or-
ders of the Fermi fields. Section III proves that certain
iterative solutions avoid this for QED, and we can prob-
ably avoid inducing higher matter couplings for Yang-
Mills and gravity as well. Our reasons for describing the
proper time method are, first, to prove the existence of
solutions for gravity and Yang-Mills and, second, to em-
phasize that gauge and matter degrees of freedom can be
treated symmetrically, if this is desired. Such a sym-
metric treatment is necessary in order to preserve a glo-
bal supersymmetry.

V. CONCLUSIONS

We have described a method for distorting gauge
theories and gravity into nonlocal field theories which are
finite, Poincaré invariant, and perturbatively unitary —
barring anomalies. The procedure has two stages, classi-
cal and quantum. In the first we make the theory finite
by nonlocalizing its interactions. The concomitant dis-
ruption of decoupling is then repaired at each order by
adding an appropriate new interaction. Since the result-
ing tree amplitudes decouple, it follows that the modified
action possesses some form of gauge invariance. For
QED this symmetry can be viewed on shell as a nonlocal
and nonlinear representation of U(1). We believe that a
similar interpretation will be possible for Yang-Mills and
gravity.

A significant point is that enforcing decoupling at Nth
order does not uniquely determine the new Nth-order in-
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teraction. It is ambiguous up to terms which decouple
among themselves. However, since such terms induce
their own violations of decoupling at higher orders, and
since there is no guarantee that we can cancel these viola-
tions, it seems possible that making a poor choice might
lead to an eventual breakdown of the process. That there
is at least one consistent set of choices for QED was
shown by exhibiting the model in Sec. III. The analogous
result was obtained for Yang-Mills and gravity by an in-
direct method at the end of Sec. IV.

The quantum stage of our method consists of finding a
measure factor to make the functional formalism invari-
ant. This cannot always be done, although we were able
to prove that a solution exists for QED. If the theory
possesses a genuine anomaly, it will show up here.

That is what we actually did, but in retrospect an in-
teresting alternative suggests itself: One might bypass
decoupling and try to discover nonlocal gauge sym-
metries directly. For QED this would take the form of
attempting to solve Eq. (2.3). The obvious ansatz is

V[eA](x,z)=fd4y Ay)T[eA](x,y,z) . (5.1
One would then search for representation operators
which obeyed the resulting equation. It would be fas-
cinating to extract the general condition for integrability.
Any complete treatment of the representation theory
would probably need to be approached from this perspec-
tive.

Nonlocalization can be viewed as a regularization of
the original, local theory. Although it might seem to be a
cumbersome one, what with all the higher interactions
and measure factor corrections, we stress that is not
necessarily so. In our explicit QED model, the higher in-
teractions resulted in diagrams which merely extended
the range of parameter integration on diagrams coming
from the cubic vertex. Indeed, our result could almost be
read off from the analogous result of dimensional regular-
ization by replacing the I" function with an incomplete I
function. We expect that similarly simple solutions exist
for gravity and Yang-Mills.

Our method reproduces the logarithmic divergences of
dimensional regularization according to the correspon-
dence (3.23), but we also see higher divergences which are
lost to the automatic subtraction of dimensional regulari-
zation. Such a technique is essential when one wishes to
avoid implicit renormalizations. In gravity this is partic-
ularly important, since the automatic subtraction may
surreptitiously generate higher-derivative counterterms
that one would never tolerate explicitly. One can also
study canonical ordering problems using our method,
though indirectly in the guise of the functional measure.

Another nice feature of our method is that it does not
entail changing either the dimension of spacetime or the
particle content, yet it preserves global Poincaré invari-
ance. This strongly suggests that the method could be
made to preserve global supersymmetry as well. The
most promising candidate for this would seem to be the
proper time method outlined at the end of Sec. IV.

As we have stated it, our method regulates noncoin-
cident Green’s functions, but not the vacuum energy.

This is easily remedied by the field redefinition
p—6. "¢ .

This strips the convergence factors from the vertices and
places them on the propagators. Polchinski has already
regulated ¢* theory in this manner.*

Nonlocal regularization derives much of its motivation
from invariant string field theory. The magnitude of our
debt can be seen from the persistent failure of previous at-
tempts, LIl which were undertaken without the benefit of
knowning how string field theory resolves the key prob-
lems of enforcing tree-order decoupling and of quantiza-
tion. But all is not well with our paradigm. We are refer-
ring, of course, to the great unsolved problem of quantiz-
ing the new invariant closed-string action.!* The many
similarities between string field theory and our nonlocali-
zations suggest that it is now time for insight to flow the
other way.

An obvious advantage our models possess is that they
involve only a finite number of fields. One can therefore
distinguish the effects of nonlocality from those due to
the infinite number of component fields. Our models
obey the Cutkosky rules; the only singularities come from
exchange propagators going on shell. In string field
theory singularities can also arise from the sum over
component fields. These two effects are hopelessly entan-
gled in the measure factor of closed-string field theory.
For example, the fact that there even is such a factor
derives entirely from nonlocality. But it is the infinite
number of fields which explains why choosing the mea-
sure factor to enforce gauge invariance at one loop re-
stores neither perturbative unitarity nor even finiteness.
A possibly useful insight from our work is that invariance
alone does not uniquely determine the measure factor.
Might it not be possible to exploit this freedom to make
the higher loops come out right without additional
corrections?

Another suggestive insight comes from the correspon-
dence between our finite model of QED and Efimov’s?®
incompletely regulated one. Because the two S matrices
agree at tree level, there must be a field redefinition which
relates the actions on shell, but this transformation can-
not be fully invertible because our action possesses a
larger off-shell symmetry than Efimov’s. One way of
describing the problem of quantizing Efimov’s theory is
that the wrong off-shell symmetry is being enforced. Off-
shell physics can matter for nonlocal theories because
they do not generally obey Feynman’s tree theorem. The
symptom of having obtained the off-shell action in-
correctly is discrepancies in loop amplitudes even when
the trees are correct. Enforcing the wrong off-shell sym-
metry means that terms proportional to the field equa-
tions are missing from the measure factor. If we include
these and then absorb them into field redefinitions, the re-
sult is a measure factor containing higher powers of #.
This is precisely what is seen in unitarizing invariant
closed-string field theory.*

A related issue is gauge invariance. Our symmetries
exhibit a peculiar mixing of spacetime and group indices
which is very reminiscent of the symmetries one en-
counters in string field theory.!3 This is often taken as a

(5.2)
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reflection of the inherent string unification between gauge
interactions and gravitational ones. The presence of a
similar phenomenon in our model of QED puts the lie to
such a simple view, although the appearance of general
coordinate invariance among the string symmetries un-
doubtedly is significant. Another point of similarity be-
tween our models and invariant string field theory is the
frustrating absence of a gauge-covariant directional
derivative. This makes constructing gauge-invariant ob-
servables very difficult, and it is conceivable that we can
learn something of relevance to string theory by solving
the much simpler problem in nonlocal QED.

Nonlocal regularization is unique in that it produces a
regulated theory which is perturbatively viable provided
that attention is restricted to the on-shell S matrix. No
other method does this, and the temptation is well nigh
irresistible to consider elevating our nonlocalizations to
the status of candidate fundamental theories. A case
could even be made that our models are better than their
local ancestors. For example, the nonlocal extension of
QED described in Sec. III is not only finite, it is also free
of the Landau ghost and possesses chiral invariance in
the massless limit without fermion doubling.

We take a cautious view of this sort of claim owing to
the same nonperturbative instabilities which appear, for
precisely the same reason, in string theory.® Even on the
perturbative level one encounters off-shell noncausality in
any field which interpolates the usual S matrix. Howev-

er, if one chooses to ignore the analogous problems of
string theory, then we insist that our nonlocalizations
must be taken seriously as well. There is nothing wrong
with them that is not also wrong with strings.

The only case that we feel merits serious consideration
is when the nonlocal action is a field redefinition of a lo-
cal one. Microcausality is necessarily forfeit in this
way,31 but nonlocal instabilities can be avoided if the
classical agreement between the two theories is nonper-
turbative. (We would perhaps remind the reader that
“perturbation theory” refers to an asymptotic expansion
in some coupling constant and can be applied as easily to
building up classical solutions as to computing scattering
amplitudes.) The proper time method of Sec. IV gen-
erates models which agree classically with local theories
on the perturbative level. If this agreement were
somehow to persist in the nonperturbative regime, these
models might conceivably be acceptable as fundamental
theories.
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