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Wormhole solution in 1/N expansion scheme of quantum gravity
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Wormhole solutions are found in the 1/N expansion scheme of quantum gravity, where the loop
corrections of the large number (N) of matter fields are included in the action. Two types of
wormhole solutions are seen depending on N and the renormalized parameter. It is also pointed out
that the wormhole induced by the axion field found by Giddings and Strominger could survive in a
modified form even if the large loop corrections were present.

I. INTRODUCTION

Recently, important quantum effects caused by the
wormhole instanton configuration have been studied by
many authors. The most novel point is that many
universes, if they exist, can interact with each other via
wormhole instantons. It has been pointed out' that this
interaction between universes could control the parame-
ters in the field theory of our Universe. In particular, the
smallness of the cosmological constant in our Universe
could be explained as the wormhole effect. After this im-
portant indication, several authors have proceeded to
determine other parameters according to this framework,
called the big fix.

The wormhole effect is quantum tunneling from a big
universe to a big universe accompanying a baby universe
and vice versa. The size of the baby universe is of the or-
der of the Planck size, where quantum fluctuation of
gravitation is of course not small and must be included in
the calculation of wormhole effects. In the calculation of
the tunneling amplitude, the quantum fluctuations
around the wormhole solution usually should be taken
into account. The same thing is needed in the big fix
around the de Sitter background. However, we do not
know any consistent method or theory to calculate the
effects of the gravitational quantum fluctuations around
some background metric. Nevertheless, several effective
theories have been proposed to perform the loop expan-
sion around some background manifold. Among them,
the 1/N expansion scheme proposed by Tomboulis
which is renormalizable, seems to be useful and guaran-
tees unitarity order by order at least in the perturbation.
In this scheme, the loop correction of a large number (Nl
of matter fields and the higher-derivative terms are in-
cluded in the effective action. A wormhole solution has
been found previously in higher-derivative gravity, in
which the loop corrections of matter are not included.
On the other hand, it has previously been shown in the
two-dimensional CP ' model that the instanton disap-
pears in the presence of the large number of loop correc-
tions. Witten suggested that such a washing out of the
instanton due to the loop corrections of the other fields
would occur. It is therefore meaningful to see whether
the wormhole configurations still remain in the solutions

of the Einstein equation in the 1/N expansion scheme. If
they exist, what kind of wormhole can we see? The same
problem is considered also for other wormhole solu-
tions. ' These solutions were obtained by adding the
matter field, which condenses to the nontrivial classical
configuration and is responsible for the resulting
wormhole configuration of the metric.

The purpose of this paper is to search for wormhole
solutions in the 1/% expansion scheme. It is shown here
that wormhole solutions continue to exist even if a large
number of loop corrections are included in the action.
Rather, these correction terms are responsible for the ex-
istence of the wormhole solutions. Wormhole solutions
found in this way are induced by quantum correction of
matter fields, and so they are different from those induced
by the classical configuration of a special matter field. It
can be shown that wormholes in the latter case coexist
with the former in spite of the presence of extra gravita-
tional terms in the Lagrangian. So we can expect that
several types of wormholes are realized, and their effect is
also important in the 1/N expansion scheme.

In Sec. II the effective action of the 1/X expansion
scheme in quantum gravity is given. In this scheme the
equation of motion can be written in terms of local field
operators only. This is because of the conformal-
invariant coupling of matter fields with gravity. Another
reason is that the background classical metric is assumed
to be the conformal fIat metric. In Sec. III the equation
of the motion is written for the Robertson-Walker metric.
This is further simplified through an ansatz for the solu-
tion. Using this simplified equation, the characteristic
features of wormhole solutions are examined. The possi-
ble wormhole solutions are classified by their asymptotic
behavior at a large and small radius of S . These asymp-
totic types of behavior are given analytically. In Sec. IU
numerical analyses are given. The distribution maps of
the two types of typical solutions are given for the three
parameter planes in the four-dimensional parameter
space of our theory. From each map we can see the
characteristic property of the loop corrections of each
type of matter. Several wormhole solutions are also
shown. It is also assured that the wormhole induced by
the axion field survives in a modified form. In Sec. VI the
problem of the cosmological constant is examined, and its
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smallness is obtained if the Coleman mechanism works.
The conclusion is given in Sec. VII.

II. EQUATION OF MOTION
IN THK 1/N EXPANSION SCHEME

We consider here three kinds of matter fields: scalar,
spinor, and vector. These types of matter are restricted
such that their coupling with gravity is conformally in-
variant and there is no self-coupling. Then the Lagrang-
ian used in the 1/N expansion is written as

J d xÃ= Jd xX HD++ 8' (1)
J

Wl =i%)cr JTr ln( Dj ), (2)

+2(g„R D„D R RR „—) ]+— (4)

where the ellipsis represents the part coming from the
conformal part in XHD, R„R"—

—,'R, which does not
contribute to the classical equation of motion considered
hereafter; so we drop it. D„denotes the covariant deriva-
tive. The terms from the matter loops T„' are obtained
from 8"as follows:

2 68"
v'g 5g„

Here we used the conventions R "& =B&I " —-
R„=R„,and the signature is given by (

—+ + + ).
Here the wormhole solutions are examined in terms of

the Robertson-Walker metric [Eq. (7)], which is confor-
mally Oat. In this case T„' can be written in terms of the
loca1 field operators for each matter field, which couple
to the gravity in a conforma11y invariant way, as follows:

16m
(5a)

where y' and 5' are given in Table I, and

H„'" =2DpD R —
2gpv R —

—,'g„R +2RR„ (5b)

where X (D ) denotes the number (the quadratic opera-
tor) of the jth kind of matter field (j= 1, 2, and 3 for sca-
lar, spinor, and vector, respectively). o.

l is —,
'

(
—1) if the

jth field is the boson (fermion). The D are given as

D, =(1/&g )a„&gg" a'+ ,'R, D—=y"(a„+,'~„"~, ),
and D~3 =g" D D —D D" for j=1, 2, and 3, respec-
tively, where co„' is the spin connection and
cr,b

=
—,'[y„yb]. Here Wi is the renormalized one. The

ultraviolet divergences were subtracted in terms of the
counterterms in PHD, and its renormalized form is

XHD=&g [v R+a(R„R" —
—,'R )+ ,'/3R +A]—,

which is the most general form of higher-derivative gravi-
ty.

Then the Einstein equation is given as

—~ (R„——,'g„R)+ —,'g„A
= —

—,
' g T„' —

—,'/3[ —,'g„R'

1
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1

40—3
20

1

360
11

720
31
180

Hpv R pRgv 3RR» 2RgoR gpv+ 4R pv (5c)

The term coming from the loop correction T„' consists
of the two terms. It can be seen from Eqs. (4) and (5a)
that to add the first term H„'" is equivalent to modifying
the parameter P in Eq. (4) as follows:

/3'=/3+ g X;y'/96~ (6)

The second term H„' ', however, cannot be obtained
through a functional derivative of some higher-derivative
term. So this term is the newly appeared one due to the
loop corrections.

A wormhole solution has previously been found for
higher-derivative gravity with the Lagrangian
where the parameter P was restricted to be positive. This
restriction was imposed because of the convergence of the
Euclidean path integral.

In spite of the existence of H„',' in Eq. (4), we can see
the wormhole solution, which has been seen in higher-
derivative gravity as far as /3'&0. For P'(0, but P&0,
we can see another type of solution which was seen in
higher-derivative gravity with negative P. This is seen for
the i=3 case because of the negative value of y (see
Table I). Then we can say that the values of 6', the
coeKcients of H„' ', do not affect the qualitative features
of the solutions.

III. WORMHOLE SOLUTION

We search for the Euclidean solution of Eq. (4) by re-
stricting the metric to the form

ds =dr +a (r)d03, (7)

where d Q3 denotes the metric of S and ~ is Euclidean
time. Here we define the function f (a) as f (a)=a
and the higher derivatives of a(r) with respect to r are
replaced by the derivatives of f (a) with respect to a.
This corresponds to rewriting the Einstein equation from
the equation of a(r) with the variable w to the one of f (a)
with the variable a. The latter is written by the second-
order differential equation, which is more tractable than
the original higher-order difFerential equation of a(r).
This is the reason to use f (a) instead of a(r).

For the metric Eq. (7), the time-time component of Eq.
(4) is written in terms off (a) as

TABLE I. Coefficients y' and 6' in Eq. (Sa). Note that only
the case of i =3 (spin = 1, vector) has a negative y'.

Spin
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r 2 TABLE II. Coefficients e; and r; in Eq. (8) in which
3 =1/2880m .

+(1+f)(f ,'af—' ———,'a f")
+cf ],

C;

r;

4

2A /a

11
24

6A /w

31
36—363 /v

where f ' =df /da and f"=d f /da . f0 is the solution,
which is given below by Eq. (9a), in the absence of the
right-hand side of Eq. (8). In the right-hand side of Eq.
(8), the terms of i=O are those coming from —,'PR in

Other terms corresponding to i = 1 —3 represent
Too. The parameters r; and c, , which are the rescaled
values of y, and 6;, are given in the Table II.

The criterion for f (a) as a wormhole solution is that f
crosses —1 twice at large and small values of a, say, a
and ab (a ))ab), and f ( ~ —1) varies smoothly between
a and ab. The typical form is seen in Fig. 2. Since a(r)
is real, f (a) is meaningful in the range ab ~ a ~ a
If (a) ~ —1]. And this is just the Euclidean configuration
connecting a baby universe (with a size of the Planck
length -ab) and a large mother universe (with a size of
a ).

In the absence of the right-hand side of the Eq. (8), the
solution is f=fo, which is given here as

4
ao + (Ha) (9a)

H = A

6a.
(9b)

2

where the first term of (9a) could be added if the axion
field were included in the Lagrangian given by Eq. (1) and
the ansatz, which is used by Giddings and Strominger
for the axion configuration, were imposed. For ao&0,
(9a) is the typical wormhole solution, which crosses —1

twice at a -ao and a -H '. H is the radius of the de
Sitter mother universe, and ao is the radius of the baby
universe. In the absence of the axion (ao =0), (9a)
denotes the usual Euclidean de Sitter solution, and this
fact means that there is no wormhole solution in the case
of the pure Einstein terms &g (~ R +A).

Next, we consider the case where the right-hand side of
Eq. (8) is present. As a special case, we have previously
found a wormhole solution in higher-derivative gravity"
Ithe case of i =0 in Eq. (8)] even if the axion field were ab-
sent. Here we consider the general case, in which Eq. (8)
is rewritten as

Equation (8 ) is equivalent to the equation of higher-
derivative gravity if c = —

—,'. Then the point to be exam-
ined here is whether the wormhole solution found for
c = —

4 remains if c deviates from ——„'. Another point is
how the axionic instanton was modified if it were surviv-
ing in spite of the presence of the right-hand side of Eq.
(8). Although another type of nonaxionic wormhole solu-
tions was found ' by adding other matter fields, we study
here only the two cases ao=0 and ao&0 (with and
without axion) to clear the effects of the loop corrections
of the matter.

Before giving the numerical analysis, we study the
characteristic property of the solution of Eq. (8) by using
Eq. (8'). The asymptotic behavior of f (a) at large and
small values of a is examined by assuming the power-
series expansion

f (a)=ai'g c,a', (10)

where fo is neglected because H -0. This is further
rewritten as follows for r )0:

f"+ f'+ 1 — f=0—,1, 4
X x' (12)

where x =Za/r, f'=df/dx, and f"=d f /dx . Equa-
tion (12) is Bessel's differential equation of second order,
and its general solution is given as

f=y, J2(x)+y2%2(x),

where i=O to —~ (0 to ~) for large (small) a. The re-
sults are as follows.

At large a, p =2 and the asymptotic solution is

f ~ —a for AWO. This means that all the nontrivial
solutions approach the de Sitter solution, which is given
by f= —ya with some appropriate constant y, at large
a. It can be seen that there are two ways f(a) ap-
proaches the de Sitter space at large a. To see this, we
consider the case of ao =0 and at the limit A~O, where
the de Sitter radius is infinite or y~0 in f= —ya . So f
is very small. Then Eq. (8') can be approximated by the
linearized one with respect to f as follows:

2

f= —" (f—
—,'af' ——'a f"), (1 1)

where
3 3

r = g r, , g r, c, =(c+ ,')r—
i=a i=a

+(1+f)(f —,'af' —
—,'a f")], (8')—

f=&ili(lxl)+&2&i(lxl), (14)

where y, and y2 are the small arbitrary constants because

f must be small.
The second case is obtained for r (0. In this case the

solution of Eq. (11) is given as follows by the absolute
value of x:
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where Iz( ~x ~) and Kz( ~x~) are the modified Bessel func-
tions. Since Iz( x~) diverges at large ~x~, we must choose
5& =0 and a small value of 62 because of the consistency
with the approximation that f is small.

From Table II it can be expected that the asymptotic
solution Eq. (13), which oscillates around f ——ya with
an amplitude y, 2/&a, could be obtained for the scalar
and the spinor cases i=1 and 2. On the other hand, the
behavior represented by Eq. (14) will be seen in the case
of the inclusion of the vector loop correction (the case of
i=3).

On the other hand, the asymptotic behavior of f at
small a can be classified by the exponent p, which must be
an integer to get a consistent solution in the form of Eq.
(10), as follows. (i) p) 0. The allowed value is p=4 or 2;
the latter case corresponds to the de Sitter solution. (ii)
p= —2. This is realized only for the i=0 case (higher-
derivative gravity). (iii) p = —4[(1+c)/3]' & —3. (iv)

f= —1/(1+c)=const. This might be a wormhole solu-
tion if c &0 (f & —1). (v) p = —1, which is realized only
for a0&0, and this solution corresponds to the axionic
wormhole solutions modified by the presence of higher-
derivative terms.

The analyses given above are based on the form of
f (a), which is restricted to the polynomial type [Eq.
(10)]. We should consider a more general form of f (a) to
examine the properties of the solution. However, the
analysis given here is enough to assure the existence of
several types of wormhole solutions of Eq. (8).

After all, the wormhole solutions would be character-
ized by the asymptotic types of behavior at small a [(ii),
(iii), (iv), and (v) given above] and large a [Eqs. (13) and
(14)]. They are given explicitly in Sec. IV by numerical
analysis, and the solutions are classified in terms of the
combinations of the asymptotic behavior at small and
large a.

IV. NUMERICAL ANALYSIS
AND THE TYPICAL SOLUTION

We could not give the analytic form of the expected
wormhole solutions in the full range of a, but we can
show its existence by solving numerically the differential
equation (8). Here the Runge-Kutta-Gill method was
used to solve this equation.

Our procedure to find the wormhole solution is as fol-
lows. At first, consider the case of a0=0. In this case
the de Sitter solution (f= —ya ) is the exact solution
even if the right-hand side of Eq. (8) is present. This solu-
tion corresponds to the fiat solution (f=0) for the case of
A =0. However, y is slightly different from H except
for the i =0 case, and it depends on the parameters in the
right-hand side. It is given as y = [ —1+(1
+4a'H )'~ ]/2a' and a'=r (c + —') for Eq. (8'). For
enough small H, y-H . So we first find the de Sitter
solution f= —ya for small H. This is equivalent to giv-
ing the value of y. Then we choose slightly different
values for f and f ' from those of this de Sitter solution at
some large a as the initial condition in order to get anoth-
er solution numerically. This solution will deviate from
the de Sitter solution, and it varies with a according to

the asymptotic behavior at small and large a given above.
In this way we have found the expected wormhole solu-
tions. Although the de Sitter solution f= —ya is not
the exact solution for a0&0, it is still a good approxima-
tion at large a. So we performed the same procedure as
in the case of aa =0 to find the wormhole solution.

Since four parameters /3 and N, (i = 1 —3) are contained
in Eq. (8), we should examine this equation in four-
dimensional parameter space. However, the numerical
analysis was performed here in the following restricted
three parameter planes: (a) P —r&, (b) P r2,—and (c)
P r3, wh—ere r& =(r, x) /2, r2=(r2v) /6, and
r3= —(r3v) /36. This restriction is economical and is
suited to our purpose to see the characteristic property of
each loop correction separately.

The solutions found here numerically are classified by
the following combinations of the asymptotic types of be-
havior at small a [three types (ii), (iii), and (v) given in
Sec. III] and at large a [Eqs. (13) and (14)]; (A) (ii) Eq.
(13), (B) (iii) Eq. (14), and (C) (v) Eq. (13). Other types of
wormhole solutions could exist, but we could not find
them.

The distribution of A-type (B-type) solutions are shown
in Fig. 1 by the squares and dots (triangles) for a special
boundary conditions, f= —0.26 and f'= —0.0500839
at a=10.02 for A=0.015~ and ~ =2.0. From Fig. 1 it
is seen clearly as mentioned in Sec. II that the distribu-
tions of the two types of solutions are separated by the
critical line P'=0, where P' corresponds to P in the
higher-derivative gravity and is given by Eq. (6) above.
For each parameter plane f3 r; these line—s are explicitly
given as P= —

—,
' r &, P= ——'r~, and P= 9r

3 for —Figs.
1(a)—1(c), respectively. For the cases of Figs. 1(a), the
scalar, and 1(b), the spinor, the gradients of the P'=0 line
are negative; then the region of the A-type solution is ex-
tended to the space of negative f3. On the other hand,
Fig. 1(c) shows that a B-type solution exists even if P is
positive for the vector case.

The typical solutions chosen from the point in the dis-
tribution maps (Fig. 1) are shown for the three cases in
Fig. 2(a) —2(c). The solutions given at the top of Figs.
2(a) —2(c) are the wormhole solutions chosen from the
points above the P'=0 line in Figs. 1(a)—1(c), respective-
ly. The corresponding points are (r, ,P) = (4.0,1.0),
(0.5, 1.5), and (0.25,2.5) for i =1—3, respectively. Other
parameters are the same as those given in Fig. 1. The
lower two solutions of each part of Fig. 2 are those which
were obtained by slightly changing the initial value of f
at a =10.05 as f= —0.30 and —0.35 for the middle and
bottom graphs, respectively, and the other parameters
and the value of f ' are the same as those at the top of
each figure.

From these results we can see clearly that A-type solu-
tions oscillate around de Sitter space at large a according
to Eq. (13). Figure 2(d) is the one for higher-derivative
gravity (r, ,P)=(0.0,1.5). The parameters are assigned as
in the case of Figs. 2(a) —2(c) for the top and lower two
solutions. It can be seen that they all show similar behav-
ior in the whole range of a as in the r, WO cases.

Under the critical lines P' &0 B-type solutions appear
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in all the parameter spaces [Figs. 1(a)—1(c)]. Typical
solutions are shown in Fig. 3. The asymptotic behavior
at large a of these solutions is characterized by Eq. (14),
and they do not oscillate. The behavior at small a is
characterized by the power index p ( ~ —3) defined in Eq.
(10). This solution is classified as the category (iii) in Sec.
III —~ &p & —3. The solutions of p = —3 and —4 are
obtained on the lines l, and m, (i= 1 —3), respectively.
These lines are shown in Fig. 1. It should be noted that
the line of the solutions for p= —~ approaches the
/3'=0 line. However, no wormhole solution exists just on
this line P'=0, where we obtain the de Sitter solution

af= — [I—(1 4c, r, H—)'i ] .
2CI. I";

So we will obtain the solution of p = (large negative in-
teger) just under this critical line. Then this solution will
rapidly change with a. In fact, we can see from Fig. 3(c„)
that B-type solutions obtained near this critical line vary
rapidly. These 8-type solutions, Fig. 3(at) —3(c4) are
essentially equivalent to those shown in Figs. 3(d, ) and
3(d2), the solutions of higher-derivative gravity for P (0.

Another feature of the 8-type solution is that it has a
large wormhole radius ab, the smaller value of a where

f= —1, and ab is comparable to the one of the mother
universe a . Although the size of ab decreases with in-
creasing r3, it does not shrink to the Planck size as the
A-type solution. It can be also seen that the value of
Z„=exp( —Sz) for the 8-type wormhole solution is very
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FIG. 3. B-type wormholes, which were denoted by the triangles in Figs. 1(a)—1(c). (a) For scalar at (f3, r, ) =(a, ) (
—1.0,2.0) and (az)

(
—2.0,7.0); (b) for the spinor at (P, r2) =(b, ) ( —1.5, 1.0) and (b, ) (

—2.0,2.0); (c) for the vector at (P, r3 ) =(c,) (1.0,0.5), (c,) (
—1.0,0.5),

(c3) (
—1.0,0.125), and (c4) (1.664,0.375); and (d) for higher-derivative gravity at P= (d, )

—1.0 and (dz) —2.0.

to arrive at an accurate value of f at a=0. Another
difficulty of the accurate calculation is not to forget the
initial condition in spite of the accumulation of error dur-
ing the process of computer work.

In any case several types of wormhole solutions are
really found in the 1/X expansion scheme. The region
where the wormhole exists will extend to a wider region
than the one given in Fig. l if the solutions were searched
for by using a more extended initial condition. If we fur-
ther add the distribution of C-type solutions in Fig. 1,
then the map will be filled by wormhole solutions of vari-
ous types. Then we can say that the wormhole
configurations must be taken into account in any calcula-
tion in the 1/N expansion scheme even if the axion field
were not included in the theory.

V. VALUE OF SE

The next problem is to estimate the value of the Eu-
clidean action SE(g' ), where g„' represents the
wormhole configurations given above. Since g„" depends
on only the Euclidean time r through a (r), Sz can be
written as

S~=2vr fdna(r)V(a(r))

=2' dQ &I+f (a)
(15)

where X(a(r)) is the Lagrangian given by Eq. (1). We
can show that SE is finite as follows.

The factor I/v 1+f (a) diverges at a =a and ab be-
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VI. COSMOLOGICAL CONSTANT

an ' we can estimate pthe artitionAccording to Coleman, we
d S with a radiusu

'
he de Sitter backgrounfunction under t e e



418 KAZUO GHOROKU AND MASARU TANAKA 43

L =V 6tc /A, and we obtain the weight factor Z to fix the
parameters contained in the theory:

4Z =exp exp 48tr ——
/3

A 3

+—~ [co —¹,in(L/t)]

where we assumed that wormhole instantons exist and
the Coleman mechanism works. c

~
is given by Grinstein

and Hill, and it is positive for all spin states if their in-
teractions with gravity are conformally invariant. For
nonzero c„the ln(A) term is present as a result of the X-
rnatter-field loop corrections. But this term does not
change the sharp peak of Z at A=O. So the statement
that A vanishes due to the wormhole survives also in this
scheme.

VII. CONCLUSION

The existence of wormhole solutions are shown here by
numerical analyses for the 1/X expansion scheme of
gravitational theory, where loop corrections of the large
number X matter fields are included. These types of
matter couple to gravity in a conformally invariant way.
Here the scalar, spinor, and vector are considered as
matter fields. For each case we found two typical solu-
tions which are classified as A- and B-type solutions. The
A-type solution is the same kind of solution as the one
which has been obtained in higher-derivative gravity.
The B-type solution was also found in higher-derivative
theory with the parameter P &0, where the Euclidean
path integral would not give a finite value of the partition
function. However, this solution exists in the presence of
the Xvector loop correction in spite of positive /3. This is
because of the fact that /3' &0, which corresponds to a P
of higher-derivative gravity effectively, even if /3 is posi-
tive.

The map of the distribution of these two types of solu-
tions are given for the three planes of parameter space to
see the effect of each matter loop correction. The distri-
butions of the A- and B-type solutions are clearly separat-
ed by the critical line /3'=0, above (under) which the A-
type (B-type) solutions appear. Just on this line there is
no wormhole, however, and we find a de Sitter solution.

If we add the axion field to our theory, C-type
wormhole solutions are found above the critical line
/3'=0. This is easily found at the point in the parameter
space where the A-type solution was not found. This
solution is considered as a modified axion-induced
wormhole given by Giddings and Strominger. Then we
can say that the large loop correction cannot wash out
the instanton solution, which existed when the loop
corrections were not included. The washing out of the
instantons expected in QCD (Ref. 5) does not occur in
gravitational theory for wormhole solutions.

We considered here three types of matter fields which
couple to gravity in a conformal invariant way. The loop
corrections of these fields give the same qualitative con-
tribution to the propagator of the graviton. However,
these corrections give different coefficients for the trace
anomaly, which causes a qualitative difference of the dis-
tribution of the two types of wormhole solutions. For the
case of the vector, the sign of y is different from that of
the scalar and spinor, and this is the reason why B-type
solutions appear in the region of /3) 0. On the contrary,
the A-type solution appears for /3&0 in the case of the
scalar and spinor.

In any case it is assured that there are some kinds of
wormhole solutions in the 1/X expansion scheme, and
they should be taken into account in quantum gravity.
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