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Weyl’s geometry of spacetime is reconsidered based on a novel geometric coupling between
the Weyl vector and fermions. Starting from a manifestly Weyl-invariant action for the metric,
Weyl field, spinors, and other fields, we introduce and define this coupling: the square root of
the scalar Weyl curvature. An important consideration in this development is the reduction
of the Weylian to an effective Riemannian structure for spacetime, without trivializing the
role of the Weyl field. The aim of this reduction is to make contact with Einstein gravity
for the metric sector of the theory. This is achieved by appealing to a dynamical-symmetry-
breaking mechanism. The resulting spacetime is Riemannian, the Weyl field survives as a
massive vector, and the geometric coupling to fermions decomposes into an admixture of vector
and pseudovector couplings. Internal consistency of the field equations further narrows down
the class of fermions which can couple to the Weyl vector: these can only be spinors of a fixed
chirality. We tentatively identify them with the standard-model neutrinos. Analysis of couplings
to other types of fields and particles indicates that the Weyl field is a form of dark matter.
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I. INTRODUCTION

The principle of relativity of magnitude, introduced
by Weyl in the first and well-known attempt!:? to unify
Maxwell electrodynamics and Einstein gravity within a
common geometric framework, provides a theoretically
appealing concept in its own right. Despite the equally
well-known objections raised against Weyl’s proposal,3
many later investigations sought to uncover potential
physical applications of Weyl’s geometry, by probing the
nature of this particular generalization of Riemannian
spacetime in a number of different ways.*~°

Though many of these considerations have raised some
interesting issues, the basic question remains: Is space-
time Weylian, and if so, why does it appear to be Rie-
mannian? One immediate response may be to dispense
with Weyl’s geometry altogether, for there appears to be
no need for it. Furthermore, electromagnetism has been
successfully unified with the weak, not gravitational, in-
teraction. Nevertheless, the first part of this question
has been answered, and in the affirmative, in fundamen-
tal work that is quite distinct from the work contained in
Refs. 4-9. After 1970, a number of axiomatic approaches
for deducing spacetime structure were developed and car-
ried out which use basic concepts such as light rays and
freely falling test particles. The remarkable fact is these
considerations all end by assigning a Weylian, not Rie-
mannian, structure to spacetime.!® This presents an in-
teresting dilemma, for our physical spacetime appears
Riemannian. One may take the point of view that the
axiomatic approach is incomplete, or that the conclusion
drawn therefrom is valid. We have chosen the latter.

The challenge then is to close this “gap”; that is, de-
scribe how our Riemannian world can be deduced start-
ing from the a priori Weylian structure that the ax-
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iomatic arguments tell us we must start with. In ad-
dition, this reduction must be undertaken without triv-
ializing the form of the Weyl vector (a Weyl vector is
trivial if it can be written as the gradient of a scalar).

In this paper we present a response to this challenge.
Our aim is to close the gap starting from a Weyl-invariant
action incorporating matter and other fields. The inclu-
sion of matter is crucial: without it, there is no practi-
cal way to probe the spacetime structure, and hence, no
possibility to go beyond where the axiomatic arguments
leave off. For this reason, we have placed special empha-
sis on the issue of matter couplings. Our treatment pro-
ceeds in two basic steps. We first discuss the vacuum sec-
tor and require conventional Einstein gravity to emerge
in a natural way. An elegant way to do this is to intro-
duce a suitable gauge-invariant constraint.® The associ-
ated Lagrange multiplier field, nonconformally coupled to
the curvature scalar, is allowed to be dynamical as well.
Manifest contact to ordinary gravity can be achieved by
exploiting the gauge invariance and picking a gauge. This
introduces a scale into the problem which gets related to
Newton’s constant. This gauge-fixing scheme, as outlined
here, was introduced by Dirac some time ago.® Alterna-
tively, and this is the viewpoint we favor here, one can
appeal to a dynamicalsymmetry-breaking mechanism,!!
which in the end has the same effect of gauge fixing,
i.e., explicit contact to Einstein gravity is achieved. The
important difference in this latter case is that the grav-
itational constant is dynamically generated.!? The pos-
sibility for computing a unique, gauge-invariant effective
action for metric theories suggests this attractive alterna-
tive to the ad hoc gauge fixing, and can lead to a deeper
understanding of the reduction problem.'3—15

A most important consequence of this reduction to
an effective Riemannian spacetime is the constraint that
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the Weyl vector satisfies a Lorentz condition. This con-
straint, which follows from the field equations in the bro-
ken phase, plays a valuable role in the second step, which
is devoted to an analysis of Weyl couplings to other fields
and particles. The novel feature to emerge from this
consideration is the existence of a geometric interaction
term coupling spinors to the Weyl vector. The Lorentz
condition mentioned above allows us to define this inter-
action term: the square root of the scalar Weyl curva-
ture. We define this square root in the sense of Dirac
and Fock and Iwanenko.!® Imposing Hermiticity and re-
quiring consistency of the coupled field equations pins
down both the explicit form of the interaction as well as
the class of spinors that couple to the Weyl vector. In-
deed, the spinors turn out to be chiral, and they couple
via an admixture of vector and pseudovector interactions.
We identify tentatively the fermions with the left-handed
neutrinos of the standard model. We thus have a probe
with which to detect the possible Weylian structure of
spacetime. The pattern of couplings to other fields can
be completed: scalars couple minimally as well as geo-
metrically (the analog of the spinor interaction), while
other spin-1 gauge bosons have no coupling at all. How-
ever the photon could couple to the Weyl vector provided
the latter is strictly massless.

This paper is organized as follows. We begin in Sec.
II with the Weyl-invariant action for the vacuum sector
(with a constraint). Reduction to a Riemannian space-
time is achieved by dynamical symmetry breaking. As a
consequence, the Weyl vector survives as a massive spin-1
field propagating in a Riemannian background. Its mass
and Newton’s constant are derivable from the parameters
of the invariant vacuum action. The detailed treatment
of allowed interactions between Weyl vector and other
fields is the topic of Sec. III. We begin with spinors,
review the absence of minimal coupling, and define our
geometric interaction term. Once this is established, we
complete the pattern of couplings by inclusion of scalars
and other spin-1 gauge bosons. With this analysis com-
plete, we write down the most general effective action
involving metric, residual Weyl fields and their respec-
tive couplings to other fields and summarize the physical
parameters in this theory.

Conclusions, a discussion of our results, and specu-
lative remarks are presented in Sec. IV. A resume of
Weyl geometry and technical details concerning spinors
in Weylian spacetime are collected in two Appendixes.

II. VACUUM SECTOR-REDUCTION
FROM WEYLIAN TO RIEMANNIAN
SPACETIME

Gauge invariance severely limits the form of any action
built up from the Weyl curvature tensor and its various
contractions. Indeed, let

A= /d“mﬁﬁ (1)
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be any gauge- (and general coordinate) invariant action
containing the metric and the Weyl vector (the follow-
ing remarks also hold for invariant actions depending on
other fields). Requiring that the action has weight zero
(see Appendix A for technical details and definitions),
ie.,

w(v—9£) =0, (2
implies the Lagrangian density must satisfy the condition
w(ﬁ) = _2: (3)

which follows immediately from the fact w(y/=g) = d/2
in d dimensions and the property w(ST) = w(S) +w(T).
From the physical standpoint the vacuum action must
contain kinetic terms for both the Weyl field and the
metric. By inspection of (A9) the former is supplied by
Lw ~ Wy, WH# which has the proper weight, while an
obvious candidate for the latter is the Weyl curvature
scalar, R defined in (A10). However, w(R) = —1, and so
violates condition (3). The next best choice is to take R,
but with the consequence that the Riemannian curvature
scalar appears quadratically in the action, and contact
with Einstein gravity is not obvious. Weyl himself recog-
nized the possibility of fixing a gauge wherein R =const,?
and thus restricts the allowed field configurations for g,
and W,. This has the desired effect of linearizing the
quadratic curvature term in A. The above constant is
identified with Newton’s constant, as it must be for phe-
nomenological consistency. A substantial improvement
has been offered by Dirac, by introducing instead an in-
variant constraint.® This minimal action contains

L~ aW,, WH 4 £8?%(z)R, (4)

where ®? is a Lagrange multipier field, ¢ is a dimen-
sionless coupling and a is a constant. The scalar field
has weight w(®) = —31, so (4) satisfies (3). Since @ is
a local field associated with additional properties of the
vacuum, we may suppose it propagates. Therefore, let
us postulate the following action describing the geomet-
ric properties of a Weyl-invariant vacuum (i.e., no other

matter fields are present):

Ly e = aW, W + E@¥R+(D,®)(D*®)+V (®),
(5)

where D,® = (8,® — $W,®) is the Weyl-covariant
derivative [see (A4) for the general properties of D] and
V(®) = A®* is the only possible gauge-invariant poten-
tial. Now the scalar curvature comes in linearly in all
gauges, which represents a substantial improvement over
Weyl’s approach.

Let us mention briefly what class of allowed terms we
have not included in the classical action above. Because
of (3), only a finite number of quadratic curvature terms
are allowed, and we summarize them in
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c e = bR’ + cR, R 1
quadratic — + cRyy GNy = _W’
FRuap(d R + &R + dsB*?). V()
(6) A= e ©)
We have already ruled out the first term. The remain- 2 _ v? (1 3¢
ing forms are analogous to quadratic curvature terms for mw =512 + o/

generalized gravity: They all introduce higher-derivative
terms, and are hence unfavorable for constructing a min-
imal classical action.!”

One may exploit the gauge invariance of (5) in order
to make explicit contact with classical Einstein gravity.
This is already spelled out in detail in Dirac’s paper,®
where @ is gauge fixed to be constant. From this point
of view, our spacetime turns out as an effective Rieman-
nian spacetime that can be understood as representing
a preferred gauge slice of the underlying Weyl geometry.
As soon as this gauge is taken, the Weyl vector appears
as an additional massive field propagating in spacetime.

However, while the gauge fixing leads to a com-
pletely consistent classical theory describing a Rieman-
nian spacetime containing a massive vector- field, and so
closes the gap in the sense outlined earlier, the choice of
gauge is a posteriori: The constant to which & is fixed
must be related to Newton’s constant. Is it possible to
understand the preference of this gauge slice over any
other? In fact, with the scalar field ® present in the vac-
uum action, it is tempting to imagine that it might have
a much deeper role in the context of closing the gap. A
Higgs-type mechanism is out of the question, since the
potential V(®) only has a minimum at & = 0. How-
ever this does not preclude a dynamical mechanism for
symmetry breaking; the success of this approach hinges
only on the computability of an effective potential.ll
Reparametrization-invariant effective potentials have in
fact been computed at the one-loop approximation for
Brans-Dicke-type theories and show that Einstein gravity
can be dynamically induced.!> We therefore conjecture
that an analogous calculation based upon the vacuum
sector (5) will demonstrate that a Riemannian spacetime
can be induced from a Weylian geometry. Taking this as
a working hypothesis, the conclusions drawn concerning
the structure of the vacuum sector based on gauge-fixing
arguments remain unchanged. From (5) it is straight-
forward to derive the Euler-Lagrange equations for the
metric, scalar, and Weyl vector. In the broken phase
they reduce to following set of Einstein-Proca equations
(omitting possible quantum fluctuations of ®):

Ruy — 39u (R+A) = —87GNTu (g, W), (7

VW = mi W (8)

Only the expressions for the phenomenological constants
like Newton’s constant G, and the Proca mass mw,
will now be expressed in terms of the scalar field vacuum
expectation value (®) = v and the other fundamental,
dimensionless parameters of the action (5):

We note that Gy > 0 and mpy is real, provided —é <€
0. The dynamically induced cosmological constant A is
proportional to the effective scalar potential evaluated at
its minimum, Veg(v). The calculation of (1-loop) effective
potentials!® indicates we can expect Veg(v) < 0, thus
A > 0. The vector field W, survives this reduction to
Riemannian spacetime. The residuum of what initially
began as an integral component of the connection (A6)
is manifested as a massive spin-1 field.

The corresponding Proca equation for W, leads to an
important covariant constraint that will be of later use.
Taking the Riemann covariant derivative of (8) implies
that

V.WH =0, (10)
which represents the general coordinate invariant version
of the Lorentz condition for the vector field W,. The
validity of this condition will be crucial in our discussion
of spinor couplings in (effective) Riemannian spacetime,
which will be taken up in the next section.

III. COUPLING BETWEEN WEYL’S GAUGE
FIELD AND OTHER FIELDS

A. Geometric spinor interaction

The spinor calculus in a Weyl geometry allows
one to extend the action of Weyl transformations to
fermions.® '8 The assignment of weights and the con-
struction of a spinor covariant derivative proceeds as in
the case of vectors and tensors, but with one important
difference: Applying the condition w(y/=gL) = 0 to the
spinor sector of a Weyl invariant action requires the cou-
pling between the Weyl vector and spinors in the covari-
ant spinor derivative to identically vanish (see the Ap-
pendix B for the elaboration of this point). As the net
result of this, the Weyl covariant spinor derivative re-
duces to the ordinary Riemann covariant part only, which
for the case of Dirac spinors is given by

Dy = (0u+Tyu), (11)
where
Ty=310%e)Vuen (12)

is the standard spin connection for fermions in a Rieman-
nian background.!®>20

Although spinors do not couple minimally to the Weyl
vector, this does not preclude the existence of other types
of coupling terms. In fact there exists a class of poten-
tially important couplings of a manifestly geometric char-
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acter that should not be overlooked. By geometric, we
simply mean that the fermion couples to W, via some
general operator-valued function of the curvature tensor
-R—Z,,n. We have already encountered one example of a
geometric coupling in the case of a scalar field, in the
discussion of the vacuum sector.

To find the explicit form of a local geometric coupling
to spinors, we consider fermion bilinears involving a func-

tion F of the Weyl curvature:

Ly = AwPF (R (13)

It is clear that whatever F is, it must be a general co-
ordinate scalar as well as a second-rank tensor in spinor
space. We will not consider the trivial case where F
is proportional to the identity, for such an interaction
would not be local. We shall return to this point be-
low. Then, the simplest candidates for F are built from
a single factor of the curvature together with the only re-
maining coordinate tensors at our disposal: the metric,
the Kronecker and the totally antisymmetric Levi-Civita
symbols. The only coordinate scalars of this form are

o @y,
(Ruvx) = (14)

(el\uun-f_é)\uux)r,

where p and r are uniquely determined by (3). However,
the second form vanishes identically, by virtue of (A12).
This leaves the first form. Gauge invariance now requires
p = %, which follows directly from the weight [w(¥) =
w(®) = —3] for Dirac spinors in four dimensions (see
Appendix B).

It is pleasing that gauge invariance singles out this par-
ticular value for p. We interpret the square root (R)/? in
the sense of Dirac or by following the linearized geometry
concept of Fock and Iwanenko,'® which has also recently
been exploited for linearizing wave equations.?!~23 Thus,
linearizing R as an operator should lead to the nontriv-
ial spinor structure we require in order to complete the

specification of f(}—f)\ ). The task is to find a consistent

UrK
factorization of R as an operator acting on spinors, i.e.,
we seek an operator R such that

(R®R) = R1. (15)

Let us note that the factorization of the curvature scalar
(A10) at the gauge-invariant level is a difficult exercise.
We do however know that it is only of relevance to define
the square root at the level of an effective Riemannian
spacetime, in order to reveal the interactions between
spinors and W, in physical spacetime. This also allows
us to exploit the Lorentz condition (10), which simplifies
finding the factorization of (15). Consequently, we focus
on linearizing

Ryy.w=o= (EW,W* +R), (16)

over the space of spinor operators.
Concentrating now on the interaction Lagrangian of
the form
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L = dw YRY,
the most general ansatz for R is given by

R=n( Avy* Ay + Aaysv"Bu + AsD1 + ApysC
+/\T‘7w}Buu):

(17)

(18)
where the A’s are (in general complex) coupling con-
stants and 7 denotes an overall phase. This opera-
tor expansion makes use of the completeness of the
Dirac algebra. The Dirac matrices are understood to
be the curved-space analog of those forming the usual
Dirac algebra (e.g., v#(z) = v%e#(z), e¥ is a vierbein,
7s(z) = [det(e#)]~1vf2) together with coefficients that
are tensor functions of the metric and Weyl field [e.g.,
Ay = Au(g, W), etc]. Expanding the product R ® R
and equating it with (16) leads to the following set of
constraints for the coeflicient functions:

Rivw=o0=n?( AL A A* — 72N} B, B*
+A3D? + e7203C% + 2)% B, B*¥),
(19)

(AsApCD — ied2 B,, B*") = 0, (20)
(AvAsDA, — e *ApAre,*P” BoBs,) = 0, (21)
(AsAaDB, — eAvAre,®P? AyBg,) = 0, (22)
(2AsAr DB, — ie  ApAre®? ,,CByp

—e M AvAae*,, BoAg) =0, (23)
where e denotes the vierbein determinant. What can

we say regarding the coefficient functions appearing in
the above equations? First of all, R is a function of Wy
and g,,, so the coefficients must be defined in terms of
these same quantities. Second, inspection of (16) implies
Ar = A; = 0. The only rank-two antisymmetric ten-
sor built from the geometric fields is W,,, (or a multiple
thereof, where the proportionality factor can be a scalar
function) so that By, ~ W,,, but its square does not ap-
pear in R, so A\r = 0. Furthermore, maintaining a strictly
local effective coupling requires Ag = 0, for otherwise we

should take D ~ %WuW" + R, and expanding this

(naive) square root generates an infinite series in these
fields. Under these conditions, the set of equations (19)
to (23) reduces to
SW,WH+ R=n2()} AuA* — e 20%4 B, B*
+ e72\L0?) (24)
and
e**PA,B, = 0. (25)

The most general solution of the constraint (25) is ob-
tained taking A, ~ B,. The only vector field in the
problem is W,,, so without loss of generality we now set

B, =eA, = eW,. (26)
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Substituting this into (24) leads to the relations
PO, 22 = 3 (1)
and
n? (\:C?) = e’R. (28)

Additional relations between all these coupling param-
eters are obtained by the requirement of Hermiticity of

the interaction Lagrangian:
Ay BRIB = Aw R, (29)

where 3, following the convenient representation of the
Dirac algebra in curved space according to Bargmann?*
and Schmutzer,?° is a Hermitian matrix used to define
the adjoint spinor, ie., ¥ = %'3. Hermiticity of the
geometric coupling implies the conditions

Awn)* Ay = Awn)Av,
(Awn)* A% = (Awn)Aa,
Awn)™ A = —(Awn)Ap.

(30)

We are now in the position to specify the interaction
Lagrangian (17) completely. It might seem initially as if
there would exist a variety of possible combinations of the
parameters consistent with the Hermiticity, (30), and the
matching conditions, (27) and (28), respectively. How-
ever, it turns out that for the case of a positive curvature
scalar (R > 0) only one independent combination ex-
ists: Ay, A4 real, and Ap pure imaginary, together with
the phase n = ¢™/2. (We should note that a mathe-
matical solution for these parameters can also be found
if R < 0.) Therefore, we can choose Aw such that the
product (Awn) = A is real. The explicit, factorized and
Hermitian geometric interaction is then given by

L8 = MP[(Av + eXars)V* W, +ieys R 1y, (31)

where R!/2? is the ordinary square root of the Riemann
scalar. The remaining freedom (A% — A%) = 3 for the
relative coupling strengths reveals the predominance of
the pseudovector over the vector coupling.

In order to complete the effective spinor Lagrangian
also requires some comments on possible mass terms. Let
us consider the most general gauge invariant spinor sector
to be appended to the vacuum Lagrangian (5), given by

Lyw = Y(iy* Dy — p)Y + Lin,cw (32)

where p stands for a masslike parameter, which must
have weight w(p) = —%. We stress that although p may
vary as a function of spacetime, the ratio of any two such
“mass” fields is always meaningful in the sense that p /u,
is constant.?®> The measurement of mass always requires a
reference mass for comparison; hence, ratios of this sort
are what we have in mind whenever we discuss values
for dimensionful physical quantities. However, only the
form of the effective theory in Riemannian spacetime is
relevant. Consequently, we need not conjure up a new
field p(z), since the gauge invariant Yukawa term
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Lyuk =Ty @4 (33)
implies a constant fermion mass
mo = 'y v, (34)

after dynamical symmetry breaking, where T'y is the
Yukawa coupling. According to this argument different,
constant fermion masses on the effective level arise due
to different Yukawa couplings between spinors and the

'scalar field ®. However, it would be more satisfying if

one could determine the masses, and thus the nature of
the spinors involved in this effective theory:

[iv" D, — mo + A(Aaevs + Av)YH W,

+iedysRY %] =0, (35)

defined by the above equation of motion, which follows
from (32) after symmetry breaking. This can in fact be
done.

Because of the geometric coupling terms, the Proca
equation contains fermionic source currents

iv = Q) ety (36)
and

74 = (Ma)edrsr 9, (37)
yielding the effective field equation

V. WH = m3, WY + jb + j4. (38)

Taking the (Christoffel) covariant divergence of (38) im-
plies

Vuih =0, (39)

since we already know that the W, field satisfies the
Lorentz condition V,W# = 0, and the vector current is
divergenceless, as one can show directly from the spinor
equation of motion (35). On the other hand, calculat-
ing the divergence of the pseudovector current using the
spinor field equation, one obtains

V.4 = 2mg edpysyp — 2iRMZYp. (40)
What does this quasi-inconsistency imply? It reveals the
nature of the spinors involved in the theory. The inho-
mogeneity vanishes identically provided the spinors are
of the form 9 ~ (1 % eys)¢’. In other words the Weyl
vector couples only to strictly chiral fermions. The terms
on the right-hand side of (40) vanish if 4 is replaced ei-
ther by ¥r or by ®¥g, but not both. This then rules
out couplings to fermions that acquire masses by other
mechanisms, such as electrons (and quarks), which exist
in nature with both chiralities. Since the standard model
contains left-handed neutrinos among its physical spec-
trum, we therefore postulate a new neutrino-neutrino in-
teraction mediated by a (massive) Weyl vector. We note
that the curvature term ~ v5R!/2 then drops out. We
are thus left with
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Lyt w = Z’\u B (Mv + Aaers) Wy,

r]

(41)

where i, j run over the three flavors (e,u,7) and ¢% =
%(1-—-675)1{)i is the 7th neutrino species. The coupling ma-
trix (A;) = X allows for flavor mixing among the various
species, since the divergencelessness of j4 is still main-
tained for multiple flavors. The abstract interaction in-
troduced in (13) is thus represented in concrete terms by
the explicit coupling operator in (41).

B. Couplings to other fields

Scalar fields, as we have already seen, couple to Weyl’s
field through the covariant derivative. All scalars ¢ (in
four dimensions) have weight w(¢) = —1, so the minimal
coupling is universal. They may in addition also couple
to W, in the nonminimal, i.e., geometric fashion: ng“ =

& #?R, where &4 can in general depend on the “flavor”
of the scalar field involved. If any &4 = —é, the minimal
and geometric interactions between W, and ¢ mutually
cancel, but the scalar sector contained in-(5) still remains
gauge invariant.

Additional interactions with other gauge fields can be
addressed immediately. In the case of Yang-Mills (YM)
fields, the only possible coupling to W, is geometric, and
the only locally scale and YM gauge-invariant term of
this form is

[’int — CTT(W;;V}-#”))

(42)
where F,, = ¢%F7,,a = 1,...,dim(G) is the field-
strength tensor. However, this interaction Lagrangian is
not invariant under the action of the symmetry group G.
Furthermore the trace over the group generators g* iden-
tically vanishes. Hence there are no couplings between
W, and non-Abelian gauge fields.

The situation for Abelian vector bosons is somewhat
more subtle. If F},, denotes the field strength of a U(1)
gauge field, then
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is simultaneously locally scale and U(1) invariant. To be
specific, take F,, to be the electromagnetic field-strength
tensor. Then (43) implies a coupling between photons
and W,, where ( denotes the corresponding strength.
Nevertheless, after dynamical symmetry breaking, the
Weyl vector becomes massive, while the photon remains
massless. Such a coupling would allow real photons to
transform into a real W), thus violating energy-momen-
tum conservation. We therefore exclude it as a potential
interaction.

We are now in the position to write down the complete
(classical) effective theory representing matter interact-
ing with the Weyl vector. The effective vacuum sector
describes Einstein gravity with a dynamically induced
cosmological term:

vae _ _ 16G /d“x\/_(R—%-A)

where the induced Newton’s constant G and cosmo-
logical term A are computed in terms of the scalar field
vacuum expectation value and the dimensionless param-
eters of the invariant vacuum according to Eq. (9). The
complete interacting matter sector is given by

Amatt /d4.’L' /_ (»CW +'C¢L,W )
where

Lw = a(W,, WH —2mi W, WH)

(44)

(45)

is the Proca sector together with the mass parameter
given in (9), and

Ly,w=¥p(1i p—idR)¥,

gives the neutrino sector including the coupling to Weyl’s
field. We have introduced the compact notation ¥y =
(¥v., %, ,%y,) to denote the three flavors of left-handed
neutrinos. The spinor coupling is

R = i[(Av + Aaevs) W + ievsVR), (46)

LR etian = (W F* (43)  where Ay, A4 are real couplings subject to the constraint
TABLE I. Coupling pattern between Weyl vector and matter fields.
Field Minimal coupling Geometric coupling
Spin-0

(scalars): ¢

s 1
Spin-3

(neutrinos): ¥

(quarks, massive leptons): ¥

Spin-1
(Yang-Mills): By,
(photon): A,

w()Wyuo £s8°R
No —-i:\TI;L RV,
No No
No No
No CFLWHY

(only if mw = 0)
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(Wa-A) =3 (47)

One is free to include other gauge and matter fields in
AT e g., coming from the QCD Lagrangian, but these
extra fields (the quarks and gluons in this case) do not
couple to W,. The status of couplings is summarized in
Table I, which exhibits the differences between minimal
and geometric couplings for fundamental fields. Because
of this pattern, the residuum of the Weyl vector is a form
of dark matter, and so contributes to the closure density
of the Universe.

IV. SUMMARY AND DISCUSSION

Motivated in part by axiomatic attempts to derive the
properties of Riemannian geometry from locally observ-
able properties of the world, we have reconsidered Weyl’s
geometry from the viewpoint of interacting field theory.
Given that these axiomatic approaches all end up by as-
signing a Weylian structure to spacetime, it is a chal-
lenge to find a way to restrict this geometry so that we
can “explain” or derive the apparent Riemannian struc-
ture of general relativity. In responding to this, we have
taken the point of view that this desired reduction must
proceed dynamically, and since this presupposes the exis-
tence of interactions, we have been led therefore to phrase
our approach to the problem in terms of matter fields in
a Weylian spacetime.

That interactions must play a decisive role in this re-
duction is already evident from the analysis of the pure
vacuum sector. Although one is free to exploit the gauge
invariance to choose a gauge wherein the metric obeys
Einstein’s equations, this contact to ordinary gravitation
becomes explicit only for a particular gauge choice, and is
thus conceptually unsatisfactory. However, introduction
of a gauge-invariant vacuum constraint has the virtue of
leading to metric field equations proportional to the Ein-
stein tensor in all gauges. Though here one is still at lib-
erty to fix a gauge, the constraint represents an explicit
interaction term between the geometric fields and the
scalar (Lagrange multiplier) field. Then, a unique gauge
invariant kinetic and potential term can be included to
form a complete action. This then raises the possibil-
ity that the Riemannian structure we perceive today is
induced via a dynamical mechanism which breaks the
Weyl invariance of the vacuum. If this turns out to be
the case, this would imply that the Riemannian structure
observable in our world may be understood as a “low-
energy” consequence, or phase, of a more symmetric (i.e.,
Weylian) spacetime geometry, which is manifested only
at high energies or temperatures.

The issue of dynamically closing the gap can be ad-
dressed quantitatively. The proper approach is to com-
pute the Vilkovisky-DeWitt effective potential for the
scalar field ®.13:1% We expect this potential will exhibit
a nontrivial minimum vacuum configuration for @, the
value of which is given in terms of the dimensionless vac-
uum parameters (a, &, Ag). In fact, the effective potential
for a scalar, nonminimally coupled to the Riemannian
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curvature scalar (which is identical to our constrained
vacuum action if W, = 0) has been calculated recently.'®
Accordingly, the 1-loop effective potential indeed pos-
sesses a nontrivial minimum:

1 3
Wo |(e)= 9 (167r2)

Furthermore, these calculations do not require the the-
ory to be renormalizable. Thus, lack of renormalizability
does not prevent us from defining the effective Rieman-
nian theory (44)—(46). A detailed calculation of Vyp for
the full gauge invariant vacuum (5) is outside the scope
of the present paper, and will be reported elsewhere.2®

Since the constraint discussed above gives rise to an
interaction, it is natural to explore the pattern of gauge-
invariant interactions involving other types of fields,
which we have done for spinors and vectors. The lack of
minimal coupling of spinors to W, at the gauge-invariant
level is intriguing, and provided the motivation to look
for so-called geometric or nonminimal couplings. Our
explicit geometric spinor coupling is completely analo-
gous to the geometric scalar coupling that appears in
the constraint. To represent this coupling in terms of
explicit spinor operators, we have made use of Dirac’s
linearization scheme for defining the square root. Re-
quiring a Hermitian interaction and demanding inter-
nal consistency of the effective field equations has led
to a unique coupling, as well as to the class of fermions
permitted to couple in this way. The latter turn out
to be strictly massless, and of a given chirality, while
the former geometric interaction can be written as an
(A-V)-type coupling. Consistency is maintained for mul-
tiple flavors, and we identify these fermions with the
three species of standard model neutrinos. Thus, we pre-
dict a new neutrino-neutrino force mediated by a vector
particle which is the low-energy remnant of Weyl’s vec-
tor. The couplings appear as phenomenological param-
eters. Speculations about the existence of new galactic-
range forces coupling neutrinos have already been raised
in connection with neutrinos detected from supernova
1987A.27 Thus, this presumably feeble v-v interaction
may be the only signature of an underlying Weylian
structure of spacetime. It is rather striking to realize that
Weyl geometry, originally invented to unify two known
interactions, namely gravity and electromagnetism, may
instead give rise to an additional force interfering with
the weak interaction.

(A (2)*)?

e <O
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APPENDIX A: RESUME OF WEYL
GEOMETRY

We recall the basic definitions and properties of Weyl
geometry and establish the notation employed in this pa-
per.

A Weyl space is a conformal manifold consisting of a
real four-dimensional manifold and a conformal equiva-
lence class of local Lorentz metrics. In addition to the
metric tensor g,,, a Weyl space contains an equally fun-
damental vector field W,,, which is the gauge field of local
scale transformations. Thus, in addition to the usual gen-
eral coordinate transformations, one has Weyl transfor-
mations, under which the metric and Weyl vector trans-
form as

Gy = e OAEg,,, (A1)

W = W, — 8,A(=), (A2)

respectively; A(z) is a real-valued function and w(g), the
Weyl weight of the metric, is a real constant. It will
prove convenient to set w(g) = 1, though any other choice
is equally good. Once w(g) is fixed, the Weyl weights
of other fields may be determined unambiguously. The
inverse metric has weight w(g™!) = —w(g). The Weyl-
gauge transformation extends to any tensor or spinor field
T in Weyl space:

T'(z) = MDA T(2), (A3)

where the weight w(T') is real.

Weyl geometry contains a unique, gauge-invariant
affine connection T and a doubly covariant derivative D
that is linear, Leibniz, general coordinate and Weyl co-
variant. Thus for a general tensor field T,

DTS = 8T8 —Tp, I8 +Ta, Th + -+
+w(TYW, T5", (A4)
so that w(DT) = w(T). The metric, Weyl vector and

connection are not independent, but are correlated by
the (doubly) covariant constancy of the metric:

=X =X

Dugap = 0ugap — Lapgrs — Tppgoar + Wugap = 0.
(A5)
Solving for T (assuming vanishing torsion) yields
T, =T2, +1(6aW, +65W, — g, W?),  (A6)
where I'g, is the ordinary Christoffel connection. From
(A1), (A2), and (A6) it is easy to check that w(T) = 0.
The explicit dependence of the Weyl connection on W,
shows convincingly that this vector is an integral part of

the geometry of Weyl space.

The curvature tensor in Weyl space is given by

-2 =A =A =n =X =7 =X
Ry = 0xTy, — 0T+ Ty Loy = Ty Ly

n ur
(A7)

and is gauge invariant: w(ﬁzun) = 0. This tensor
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possesses fewer algebraic symmetries than its Rieman-
nian counterpart, and this fact has important conse-
quences when considering invariant actions built up from
it. There are two distinct rank-two contractions

Rux = Ry (A8)
and

Wiw = §B = 0u Wy = Wy, (A9)
while the analog of the scalar curvature is

R=g"Ryu =R+ 3V, W+ +3W, W, (A10)

where R is the scalar Riemann curvature, and V, refers
to the Christoffel covariant derivative. The associated
Weyl weights are w(R,,) = w(Wy,) = 0 and w(R) = —1,
respectively.

Finally we note that from the cyclic identity

.}_%/\uwc +-I_2An;w +T%/\ws:u =0 (All)
we have
€>‘”W€—R)\;wn — 0, (Alg)

which we will have occasion to use in the paper.

APPENDIX B: ABSENCE OF MINIMAL
COUPLING

We first consider fundamental two-spinors €4 and b5
Under a Weyl transformation these and the vierbeins e#
transform as

£/A — ew(f)A(z)éA’ (Bl)

¢l = e (D@ g . (B2)
and

et = ew(e)A(w)eg’ (B3)

respectively. Up to this point the separate weights w(§),
w(¢), and w(e) are completely arbitrary and remain so
within the strict framework of Weyl transformations.
However, nontrivial relations connecting these weights
arise when treating the dynamics of the fields themselves.
To this end, consider the spinor kinetic Lagrangian

Z’ o .
Lxin = 7.2_(§BUZBD“£A + ¢act*BD,¢s) + He,
(B4)
where D, is the spinor covariant derivative in Weyl
space:!8
—=A

Dré4 = 0xE* + TprE% +w(E*)Waé?, (B5)
where

—A ~ — —

gy = %oé‘xongZ’A — L64T,, (B6)
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are the spin coefficients and
Thr = et[Ouel +Tyrel +w(e)Waell, (B7)

where T4, is the Weyl connection in (A6). Now, from
T),» = OxIn(y/=g) + 2Wj, it follows that
Tox lw= 4[5 +w(e)]Wa. (B8)

Next, the remaining W-dependent pieces in the connec-
tion are

Thx lw= [83(3 +w(e))Wa + 5( 85efef W,

—epe g W) (BY)

Then,
10 (04X Ty lw= [ +w(e)lo; Wa, (B10)
where we have used the identities

oiXge = 648K = 284 (B11)
and

T4ash% = VBA VX7 - (B12)
Here, yaB = —7YBa 1s the spinor metric used to raise and

lower spinor indices and satisfies vA¢ypc = 6. Adding
up all the W-dependent contributions in J;\‘ZD)\EA yields

[1+ 3w(e) +w(Eh)] o)) ,Wagh.

In a similar fashion, we find that all W-dependent pieces
in U“ABD,‘¢B assemble into

[ — dw(e) + w(dp)] *EWas .

(B13)

(B14)
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The weightless tangent space arrays o¢ . and o*AB are

proportional to the identity and the three Pauli matrices
m

for a = 1,2, 3, respectively. Then, from oy = €hot s

and o#AB = ghvoAB it follows that w(o’ ;) = w(e) and
w(o#4B) = —1 —w(e). From the property w(DE) = w(€)
and the condition (3) one finds that

which immediatly shows that (B13) and (B14) both van-
ish identically. Hence there is no minimal coupling be-
tween two-spinors and the Weyl vector. The same con-
clusion holds for Dirac spinors

v=(2),

since the Dirac matrices (in the Weyl basis) are realized

as
0 o2
7a = (O.GAB ?)B ) :

Finally, requiring that ¢ have a well-defined Weyl trans-
formation,

W = WA

(B16)

(B17)

(B18)

fixes the value of all the spinors and tetrad weights at
once: w(¥) = w(€) = w(¢) = —2 and w(e) = —3. In
particular, this value for the weight of the Dirac spinor
field [in units of w(g)] is just what one expects from a
naive dimensional analysis, but its raison d’étre can now
be traced back to the particulars of the Weyl-transfor-
mation properties of two-spinors. Thus, the covariant
derivative operator for Dirac spinors in a Weyl space re-

duces to the expression given in (11).
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