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We present a new formalism for treating the general-relativistic celestial mechanics of systems of
N arbitrarily composed and shaped, weakly self-gravitating, rotating, deformable bodies. This for-
malism is aimed at yielding a complete description, at the first post-Newtonian approximation level,
of (i) the global dynamics of such N-body systems (‘“‘external problem”), (ii) the local gravitational
structure of each body (“internal problem”), and, (iii) the way the external and the internal prob-
lems fit together (“theory of reference systems”). This formalism uses in a complementary manner
N +1 coordinate charts (or “reference systems”): one “global” chart for describing the overall dy-
namics of the N bodies, and N “local” charts adapted to the separate description of the structure
and environment of each body. The main tool which allows us to develop, in an elegant manner, a
constructive theory of these N +1 reference systems is a systematic use of a particular “exponen-
tial” parametrization of the metric tensor which has the effect of linearizing both the field equa-
tions, and the transformation laws under a change of reference system. This linearity allows a treat-
ment of the first post-Newtonian relativistic celestial mechanics which is, from a structural point of
view, nearly as simple and transparent as its Newtonian analogue. Our scheme differs from previ-
ous attempts in several other respects: the structure of the stress-energy tensor is left completely
open; the spatial coordinate grid (in each system) is fixed by algebraic conditions while a convenient
“gauge” flexibility is left open in the time coordinate [at the order 8t =0 (c ~*)]; the gravitational
field locally generated by each body is skeletonized by particular relativistic multipole moments re-
cently introduced by Blanchet and Damour, while the external gravitational field experienced by
each body is expanded in terms of a particular new set of relativistic tidal moments. In this first pa-
per we lay the foundations of our formalism, with special emphasis on the definition and properties
of the N local reference systems, and on the general structure and transformation properties of the
gravitational field. As an illustration of our approach we treat in detail the simple case where each
body can, in some approximation, be considered as generating a spherically symmetric gravitational
field. This “monopole truncation” leads us to a new (and, in our opinion, improved) derivation of
the Lorentz-Droste-Einstein-Infeld-Hoffmann equations of motion. The detailed treatment of the
relativistic motion of bodies endowed with arbitrary multipole structure will be the subject of subse-
quent publications.
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General-relativistic celestial mechanics. I. Method and definition of reference systems

I. INTRODUCTION AND OVERVIEW

A. Motivation and brief historical overview

The problem of describing the dynamics of N gravita-
tionally interacting extended bodies is the cardinal prob-
lem of any theory of gravity. Within the framework of
Newton’s theory this problem, called ‘“‘celestial mechan-
ics,” has been thoroughly investigated (see, e.g.,
Tisserand!). Very shortly after the discovery of
Einstein’s theory of gravity, Einstein,? Droste,> de Sit-
ter,* and Lorentz and Droste® devised an approximation
method (called “post-Newtonian’’) which allowed them
to compare general relativity with Newton’s theory of
gravity, and to predict several ‘“‘relativistic effects” in
celestial mechanics, such as the relativistic advance of the
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perihelion of planets, and the relativistic precession of the
Moon’s orbit. This post-Newtonian approach to
general-relativistic celestial mechanics was subsequently
developed (and completed) by many authors, notably by
Fock® (for a review of the development of the problem of
motion in general relativity see, e.g., Damour’). Howev-
er, the great increase in precision of current, and foresee-
able, observational techniques in the solar system makes
it now necessary to reconsider this traditional (post-
Newtonian) way of tackling the gravitational dynamics of
N-body systems.

Indeed, modern technology is giving us access to high-
precision data on both the global celestial mechanics of
the solar system, and the local relativistic gravitational
environment of the Earth, and on the way they fit togeth-
er. We have in mind high-precision techniques such as
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the following. Concerning the global mechanics of the
solar system: radar ranging to the planets (with, e.g., a
few meters accuracy for the Viking landers on Mars),
laser ranging to the Moon (few centimeters level), and the
timing of millisecond pulsars (sub-microsecond level).
Concerning the local environment of the Earth: the com-
parison, at the 100 nanosecond level, of stable atomic
clocks (via, for instance, the Global Positioning System)
and laser ranging to artificial satellites (such as LAGEOS,
at the 1-cm level). Concerning the fitting of the local
Earth environment to the global structure of the solar
system, and/or of the external universe at large, we have
in mind, in particular, the very long baseline inter-
ferometry technique, which determines baselines on the
surface of the Earth, and the position of the rotation
pole, with centimeter accuracy, the length of the day at
the few millisecond level, and relative angles between dis-
tant objects, as seen on the Earth, with a precision better
than a milliarcsecond. For an introduction to these tech-
niques, and a review of their impact on general relativity
see Soffel.®

In order to match the high precision of this wealth of
(present and forseeable) data, one needs a corresponding-
ly accurate relativistic theory of celestial mechanics able
to describe both the global gravitational dynamics of a
system of N extended bodies, the local gravitational
structure of each, arbitrarily composed and shaped, ro-
tating deformable body, and the way each of these N lo-
cal structures meshes into the global one. The traditional
post-Newtonian approach to relativistic celestial mechan-
ics fails, for both conceptual and technical reasons, to
bring a satisfactory answer to this problem. This tradi-
tional post-Newtonian approach uses only one global
coordinate system x*={(ct,x,»,z), to describe an N-body
system, and models itself on the Newtonian approach to
celestial mechanics consisting of decomposing the prob-
lem into two subproblems [Tisserand! (Vol. I, pp. 51-52);
Focké]: (i) the external problem, to determine the motion
of the centers of mass of the N bodies; (ii) the internal
problem, to determine the motion of each body around its
center of mass. However, the treatments of both sub-
problems in the traditional post-Newtonian approach are
unsatisfactory.

The external problem is attacked by introducing some
collective variable, say zi(z), i=1,2,3, generalizing the
Newtonian center of mass, i.e., describing the overall
motion of each body as seen in the global coordinate sys-
tem x#. Then, one attempts to derive some (translation-
al) “equations of motion” for z/(¢) by integrating over
each considered body the local law of balance of energy
and momentum, i.e., the covariant conservation of the
stress-energy tensor,

v, TH=0 . (1.1)

However, the various definitions of the position in the
global coordinate system of the center of mass z' used in
post-Newtonian investigations have never been quite
satisfactory, especially when considering rotating bodies.
Moreover, the final equations of motion for z/(¢) contain
various other collective variables (“spin” and higher
“multipole moments”) describing the gravitational struc-
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ture of each body as seen in the global system x*, which
are not related in a simple way to any physical “local”
multipole moments, defined, say, in an operational way
by the motion of artificial satellites around each body.
Concerning the treatment of the internal problem in
the usual post-Newtonian approach, it is even more un-
satisfactory for the following reasons. In Newtonian
celestial mechanics the introduction of nonrotating ac-
celerated ‘“‘mass-centered frames” associated with each
body, i.e., of local coordinates
X'=x'—z'1), (1.2)
where i=1,2,3 and where z' denotes the global coordi-
nates of the center of mass, serves both a kinematical and
a dynamical purpose. The kinematical usefulness of the
local coordinates X' stems from the fact that they are
“comoving” with the considered body, while their
dynamical usefulness comes from the fact that they
succeed in decoupling, to a large degree, the “internal”
from the “external” problem. Indeed, with respect to
these local frames X' the external gravitational field is
greatly “effaced”” in the sense that the effective external
gravitational potential acting locally on the body and its
environment,

21
- ‘fitzz X', (13)

Ueff(Xi)z Uext(zi+Xi)_ Uext(zi)

is essentially reduced to tidal forces.

For a long time, the relativistic internal problem has
been given only little attention, and many authors work-
ing in the global post-Newtonian framework have, more
or less implicitly, assumed that the usual Newtonian for-
mula (1.2) was sufficient for defining a useful “mass-
centered frame” in Einsteinian gravity. In principle, this
view is admissible because the coordinate systems are ar-
bitrary in general relativity, and the definition (1.2) is as
kinematically useful as in Newtonian gravity. However,
the formula (1.2) does not define a dynamically useful
mass-centered frame in general relativity, in the sense
that it does not efface the external gravitational field
down to tidal effects but, instead, introduces in the
description of the internal dynamics of the body many
external “relativistic” effects proportional to the square
of the orbital velocity or the external gravitational poten-
tial. As discussed in Ref. 7 the latter effects come from
the fact that the external description (x*-coordinate rep-
resentation) of each body contains many “apparent defor-
mations” which are not intrinsic to the body (notably the
“Lorentz contraction,” linked with the orbital velocity,
and the “Einstein contraction,” linked with the external
gravitational potential).

As emphasized by Damour,’ those technical defects of
the usual global post-Newtonian approach are partly
rooted in, and certainly further enhanced by, the concep-
tual defect of surreptitiously introducing a kind of “‘neo-
Newtonian™® interpretation of general relativity, by
which the global coordinates t=x°/c,(x,y,z)=(x),
i=1,2,3 are implicitly identified with the absolute time
and absolute space of Newtonian theory. This implicit
conceptual reduction of Einstein’s theory to the Procuste-
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an bed of Newton’s framework is liable to cause technical
mistakes when one forgets the existence of the “apparent
deformations” alluded to above.

In recent years, several authors have tried to remedy
some of the defects of the traditional post-Newtonian ap-
proach to the N-body problem. For instance, Martin
et al.'° and Hellings'! have tried, in an essentially heuris-
tic manner, to explicitly include the main apparent defor-
mations due to the use of an external coordinate repre-
sentation. A more ambitious approach consists of
defining a local comoving frame by using, not a kinemati-
cal criterion [like in Eq. (1.2)], but a dynamical one: i.e.,
to find a useful relativistic definition of an accelerated
frame of reference with respect to which the external
gravitational effects are strongly effaced. In the simple
case of negligibly self-gravitating test bodies moving in a
background gravitational field (e.g., an artificial satellite
around the Earth) such “external-gravitational-field-
effacing” frames are the well-known ‘locally inertial
frames” which can be explicitly constructed by means of
Fermi coordinates based on the center-of-mass world line
(see, e.g., Synge,'? and Misner, Thorne and Wheeler'?).
In the more subtle case of (possibly strongly) self-
gravitating test bodies (i.e., of mass much smaller than
the masses of the other bodies) it has been argued as early
as 1921 by Weyl'* that such frames should exist, and be
the locally inertial frames (or Fermi frames) of the “exter-
nal space-time” generated by the masses of the other bo-
dies only. Weyl'* used this argument to conclude that
test bodies (even self-gravitating ones) follow geodesics of
the “external space-time.” This heuristic reasoning has
been later taken up,!*~!7 although it never became clear
what could be rigorously proven with its help (because of
the lack of mathematical control on the limiting process
which defines what one means by “test-body” and “exter-
nal universe”).

Concerning nontest bodies (of mass comparable to the
masses of the other bodies), some authors (in particular
Bertotti'®) remarked that, at the first post-Newtonian ap-
proximation, the orbital motion, according to the
Lorentz-Droste-Einstein-Infeld-Hoffmann equations of
motion, ° of one self-gravitating body member of an N-
body system, could be interpreted as the motion of a test
body in some effective external gravitational field. This
remark, together with the previous results for test bodies,
suggested that it should be always possible to define good
“external-gravitational-field-effacing frames” around any
body A4, abstracted from an N-body system, by construct-
ing some ‘locally inertial coordinate system” in some
“effective external gravitational field.” At the heuristic
level, such a construction has been more or less explicitly
assumed by many authors. !»2072* More explicit results
on such local external-field-effacing frames have been ob-
tained in the study of the motion of strongly self-
gravitating bodies (neutron stars or black holes), because
this was a problem where the standard only global-frame
approach was definitely inadequate to derive results need-
ed for astrophysical applications. In particular, D’Eath?®
and Damour,?% in their studies of binary systems of gravi-
tationally condensed bodies, have made an explicit use of
local external-field-effacing coordinate systems,
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X?=(cT,X?) (one for each body), linked with the global
coordinate system x*, covering the binary system, by
transformation formulas of the type (a=1,2,3)

xMT,X)=zMT)+e X +0((X))+ -, (1.4)

and have derived the constraints on the functions z*(T),
e(T), imposed by the requirement of a suitable
effacement in the X system. Other explicit results about
such good local frames were also obtained in the study of
weakly self-gravitating bodies, treated at the first post-
Newtonian approximation, notably through the introduc-
tion of ‘“generalized Fermi coordinates” by Ashby and
Bertotti?”?® (see also Soffel et al.?’ and the contributions
of Bertotti, of Boucher, of Fukushima, Fujimoto, Ki-
noshita, and Aoki, and of others in Kovalevsky and
Brumberg??).

More recently a notable progress in the theory of such
local relativistic frames (at the post-Newtonian approxi-
mation, relevant to systems of N weakly self-gravitating
bodies) has been achieved by Brumberg and Kopejkin in
a series of publications®! ™3 (see also Voinov®®). Their
approach combines the usual post-Newtonian-type ex-
pansions with the multipole expansion formalisms for
internally generated,’® 3% and externally generat-
ed, 243940 gravitational fields, and with asymptotic
matching techniques.?>?® We believe, however, that the
approach by Brumberg and Kopejkin has several draw-
backs: ad hoc assumptions about the structure of various
expansions (as, e.g., in the coordinate transformation be-
tween global and local coordinates) are made, which are
only partially justified by some later consistency checks;
the scheme is confined to a particular model for the
matter (isentropic perfect fluid) and rigidly restricts itself
to considering only some special (harmonic) coordinate
system; moreover, their approach is basically incomplete
in that it neither describes the full multipole moment
structure of the bodies with post-Newtonian accuracy,
nor gets (translational or rotational) equations of motion
with full post-Newtonian accuracy.

B. Outline of the method used in this paper

In this paper, we introduce a new formalism for treat-
ing the general-relativistic celestial mechanics of systems
of N arbitrarily composed and shaped, weakly self-
gravitating, rotating, deformable bodies. This formalism
yields a complete description, at the first post-Newtonian
level, of the global dynamics of such N-body systems
(“external problem”), the local gravitational structure of
each body (“internal problem”), and the way they fit to-
gether (‘“relativistic theory of reference systems’). This
new scheme successfully overcomes, in our opinion, the
problems encountered by previous approaches (notably
the one of Brumberg and Kopejkin3!~%): only very gen-
eral assumptions are made for the structure of the for-
malism which is developed in a constructive way by prov-
ing a number of theorems; the structure of the stress-
energy tensor of the matter is left completely open; the
scheme is formulated in a certain ‘“gauge-invariant” way
which leaves a convenient flexibility in the choice of the
time gauge [at the order 8¢ =0(c ~*)]; the scheme de-
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scribes with full post-Newtonian accuracy the gravita-
tional structure of each body by means of a set of mul-
tipole moments which are linked in an operational way to
what can be observed in the local gravitational environ-
ment of each body; finally, the scheme succeeds in getting
translational and rotational equations of motion with full
post-Newtonian accuracy, and inclusion of all multipole
moments, for the N-body system. Our approach does not
use any asymptotic matching technique but takes advan-
tage of two different recent progresses in the first post-
Newtonian approximation method: (i) linearization of
Einstein’s field equations by means of certain “exponen-
tial parametrization” of the metric tensor (introduced by
Blanchet and Damour,*! and Blanchet, Damour, and
Schifer??), and (i) the definition, by Blanchet and
Damour*! (BD), of a set of post-Newtonian multipole
moments of an isolated body given as compact support
integrals of the stress-energy tensor of the matter. A
third basic element of the present approach is our way of
restricting (without fixing completely) the coordinate
freedom inherent to the theory of general relativity. We
do that not by imposing one of the two differential coor-
dinate conditions generally used in the post-Newtonian
literature (namely ‘“harmonic gauge” versus “standard
post-Newtonian gauge”) but by imposing, in all coordi-
nate systems, some algebraic conditions on the metric
coefficients, which can be written as (i,j=1,2,3)

gOOgij:_Sij+O(1/C4) . (1.5)

This condition can be described by saying that the spatial
coordinates are ‘“‘conformally Cartesian” or “isotropic.”
This condition encompasses both usual choices and is, at
once, more flexible (for the time gauge) and more rigid
(for the space gauge) than either one of them. It plays an
important technical role in freezing down the spatial
coordinate freedom to a level which is nearly the usual
freedom in Newtonian celestial mechanics (arbitrary
choice of a time-dependent spatial origin and of a time-
dependent rotation matrix).

In this first paper we shall lay the foundations of our
formalism, with special emphasis on the definition and
properties of the N local reference systems adapted to the
description of each individual body, on the way these lo-
cal coordinate systems X§ (¢=0,1,2,3;4=1,...,N)
mesh into the global (“common-view”) coordinate system
x* (u=0,1,2,3), and on the general structure and trans-
formation properties of the gravitational field, as seen in
the various reference frames. We shall also illustrate our
approach by treating in detail the simple case where each
body can, in some approximation, be considered as gen-
erating a locally spherically symmetric gravitational field
(monopole truncation). This will give us a new (and, in
our opinion, improved) derivation of the well-known
Lorentz-Droste’-Einstein-Infeld-Hoffmann'® equations of
motion.

In subsequent publications, we will tackle, by means of
our formalism, the external problem of the post-
Newtonian motion of N extended arbitrarily shaped bo-
dies, and give various applications of this formalism
(completing existing results).

Our presentation will go through the following main
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steps. In Sec. II, we study the post-Newtonian theory of
reference systems. We first consider the constraints on a
general coordinate transformation x#=f*(X%), decom-
posed as

xMX ) =zMX ")+ e X)X+ EMX°,X7) , (1.6a)

with

E=0((X%%), (1.6b)

coming from the requirement that the metric admits a
post-Newtonian expansion of the usual type,

how=0(c"?%), hyu=0(c™?), h;=0(c"?, (1.7a)

in both coordinate systems. We then show that if we fur-
ther demand that the spatial coordinates be “‘conformally
Cartesian” (or “isotropic”), i.e., that

h=hod;; » (1.7b)
holds in both coordinate systems, this restricts very much
the elements z¥, e, and £" of the coordinate transforma-
tion, Eq. (1.6), and leaves essentially only the usual
Newtonian freedom of choosing an arbitrarily moving
origin [z/(¢)] and a slowly changing SO(3) rotation matrix
(inel).

In Sec. III, we show (after Refs. 41 and 42) how the use
of an exponential parametrization of the metric
coefficients,

800 = —exp(—2w/c?), go=—4w,/c*, (1.8)
g, =8;exp(+2w/c?), |

linearizes Einstein’s field equations. We work within a
class of ‘“spatially conformally Cartesian” coordinates
(which encompasses the two usual choices: harmonic
coordinates and ‘‘standard post-Newtonian gauge”)
defined by the condition (1.7b) and show that this leaves
open a certain gauge freedom for the ‘“‘four-potential”

a, =(cw, —4w;), formally identical to the one of
Maxwell’s theory:
, 1
w =w——;8,k, (1.9a)
c
, 1
wi—wi+zai7\. . (1.9b)

By analogy to Maxwell’s theory we then introduce some
gauge-invariant gravitoelectric and gravitomagnetic
fields. In Sec. IV, we study the transformation properties
of the gravitational potentials (w,w;) under a coordinate
transformation (1.6). If a certain body A is considered
we uniquely split the global potentials w,, into a self-part
and an external part, where the self-part describes the
gravitational action of body A itself while the external
part originates from all other bodies different from 4. A
similar split is introduced for the potentials W2 seen in
the local frame of body A. The transformation laws of
the various self- and external potentials are given in expli-
cit form. In Sec. V we present the general formulation of
our method. In Sec. VI the self-potentials of some body
in the corresponding local frame are expanded in terms of
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post-Newtonian mass (M} ) and spin (S; ) multipole mo-
ments (BD moments). The external (tidal) potentials are
expanded in terms of electriclike (G, ) and magneticlike
(H, ) post-Newtonian tidal moments. Finally, in Sec. VII
the general structure of the post-Newtonian global equa-
tions of motion for a system of N gravitationally interact-
ing bodies with arbitrary mass- and spin-multipole mo-
ments is given. As a simple application a new improved
derivation of the well known Lorentz-Droste-Einstein-
Infeld-Hoffmann equations of motion for “spherical bo-
dies without spin” is presented.

II. POST-NEWTONIAN THEORY OF REFERENCE
SYSTEMS

A. Notation, conventions, and terminology

We use the signature — + + +; spacetime indices go
from O to 3 and are denoted by greek indices, while space
indices (1 to 3) are denoted by latin indices. We use
Einstein’s summation convention for both types of in-
dices, whatever be the position of repeated indices. The
flat metric is denoted by f, with components
diag(—1,+1,+1,+1) in Lorentzian coordinates. The ab-
solute value of the determinant of a covariant metric g,,,
is denoted by g = —detg,,. Our curvature conventions
are those of Misner, Thorne, and Wheeler. !> Parentheses
denote symmetrization, e.g.,

Tip=HTy+T;) .

As usual G denotes Newton’s gravitational constant and ¢
the velocity of light (we do not use units where G =c=1).
In post-Newtonian expansions we shall sometimes abbre-
viate the order symbol O (c ") simply by O(n). As we
shall consider N+ 1 different coordinate systems we shall
consistently use the following conventions: The N bodies
will be labeled by upper case latin indices
A,B,C=1,...,N. This body-labeling index will
indifferently appear as subscript or superscript according
to the positions of other possible tensor indices. The
“global” (or ‘“common view”) coordinates used for
describing the overall dynamics of the N-body system will
be denoted by (x*)=(ct,x’) with spacetime indices taken
from the second part of the greek alphabet (u,v,A,...)
and space indices from the second part of the latin alpha-
bet (i,j,k,...). The corresponding global metric is
gm,(xk), and we shall try to use systematically lower case
latin letters to denote quantities belonging to this global
frame. By contrast, each of the N “local” coordinate sys-
tems, used for describing the internal dynamics of each
body, will be denoted by (X§)=(cT ,,X%) with space-
time indices taken from the first part of the greek alpha-
bet (a,B,7, - . .) and space indices from the first part of
the latin alphabet (a,b,c, . ..). The corresponding local
metric is G,3(X ") (where we shall often omit the body la-
bel A if it is clear from the context), and we shall try to
systematically use upper case latin letters for quantities
belonging to a local frame.

When dealing with sequences of spatial indices we shall
use the condensed notation introduced by Blanchet and
Damour:>’ a spatial multi-index containing ! indices is
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simply denoted L (and K for k indices etc.), i.e.,
L =ii, i if it belongs to the global system, and
L=a,a, """ a, if it belongs to a local one (we shall use
this notation only for space indices, not for spacetime
ones). When several multi-indices appear simultaneously,
different carrier letters (or primes) must be used. When
needed we also use L —1=ii, ** " i;_;. A multisumma-
tion is always understood for repeated multi-indices

S.T= 3 ST -
il'“il

Given a spatial vector v’, its /th tensorial power is denot-
ed by vi=v"""2-- 0", Also, 8, =9, - 9;. The sym-
metric and trace-free (STF) part of a spatial tensor will be
denoted by angular brackets (or by a caret when no ambi-
guity arises)

STFil...il(Til...,‘I)ET(,'I...[I>:TL
[1/2] !
=2 aka(iliz ..‘SiZk—l’lzk
k=0
XSi2k+1 sy e ?
where
S.=Ty,

’

is the symmetric part of T,-1 )

1 (21 =2k —1)M
(I —=2k) (21 —1)M(2kM °
and where [/ /2] denotes the integer part of //2, §,; the
Kronecker symbol, and the double factorial sign means
pl'=p(p—2)---(2or 1) (we shall denote the Levi-Civita
alternating symbol by €, with €;5;= +1). For instance,
Ty=T.,—18,T.

ij ss 9

al =(—)k

T—'ijk =T (k) — 4084 Tikss) T 0k Tiss) T80 Tjssr ] -

Note that we shall freely lower or raise spatial indices by
means of the Kronecker symbol (“flat Euclidean
metric”’). For more details about the algebra of STF
Cartesian tensors see Thorne*® and Appendix A of Blan-
chet and Damour. %’

Finally, we wish to clarify some points of terminology
which have caused a lot of confusion in the relativistic
literature on “reference frames.” All over this paper, we
will use interchangeably the expressions ‘“‘coordinate sys-
tems,” “‘reference systems,” or “reference frames” and we
shall always mean by these expressions what mathemati-
cians call a “(coordinate) chart,” i.e., a map from an open
subset of a four-dimensional differentiable manifold onto
an open subset of R*, or, in simpler terms, a continuous
labeling of spacetime points by quadruplets of real num-
bers. Even when we speak of ‘“local frames” we mean
some (local) coordinate chart, and never only of a vectori-
al basis of the tangent space at some point. Also, we shall
never introduce ‘“moving frames” (“‘reperes mobiles™) in
the sense of Cartan, i.e., four-dimensional fields of ortho-
normalized vectorial bases (also called ‘“‘tetrad fields,” or
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‘““vierbeins”). We think that what is needed for applica-
tions of general relativity in N-body systems is always,
and only, the clear definition of various spacetime charts
(one global chart covering the whole system, plus N more
local charts covering in better details what happens in
some spacetime “‘tube” containing one of the bodies) to-
gether with the explicit expression of the metric
coefficients in each chart.

B. z-e-§ decomposition of a general coordinate transformation

Let us be given a four-dimensional smooth
differentiable (abstract) manifold ¥,, endowed with N
(abstract) world lines L , (4 =1,...,N). Let T,CV,
(a topological “tube”) be some open neighborhood of the
line L 4. Let us say that a coordinate chart X9 (from the
atlas of V) is adapted to the world line .£ , if it is a map
from (the abstract tube) 7, into R* which sends the
world line L , onto the “time axis” of R% i.e., the set of
quadruplets (5,0,0,0) with S € R. When such an adapted
chart is given it endows the line .L , with the following
(abstract) structures.

(i) A parametrization of L , by means of the real pa-
rameter S such that

Xq(P(8))=(S8,0,0,0) , (2.1)

for some point PEL .
(ii) A one-parameter family of vectorial bases eZ(S)
along L ,, defined as

)

ed(s)=
axe

(2.2)

P(SIEL,

(by “vectorial basis” we mean here only a basis of the
tangent space to ¥V, at P, i.e., a set of four linearly in-
dependent vectors). This vectorial basis is adapted to .L ,
in the sense that its first vector

)

e(f(S):g

(2.3)

P(S)

is the tangent vector to the parametrized line .L ,. Note
that all the structures that we are discussing here are
defined on a differentiable manifold V, independently of
any (pseudo-) Riemannian metric. This is why we do not
call the vectorial basis e, a “tetrad,” as this terminology
usually conveys the meaning of a vectorial basis ortho-
normalized with respect to some given metric. It is only
at a much later stage in the development of our formal-
ism that it will turn out to be convenient (though not
strictly necessary) to orthonormalize the vectorial basis
e, with respect to a particular metric (which will not be
the real spacetime metric). Note, also, that we prefer not
to use the words ‘““vectorial frame” as the word “frame”
has been overused in general relativity, and we wish to
reserve the word “frame” to allude to a coordinate chart.
Let us now assume that, in addition to the local coordi-
nate chart X ¢, one is also given a global coordinate chart
x# with a domain all over the manifold V,. Actually, we
need only the domain of x* to consist of a “big spacetime
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tube” which contains all the N local tubes T 4,
A =1,...,N, but, to simplify the language, we shall con-
sider x* as covering all V,. Let us now consider each of
the N coordinate transformations from local to global
coordinates:

xt=frX%,X4,X53,X3) . 2.4)
Let us define
z4(S)=f%(S,0,0,0) , (2.5a)
a 23
ek (S)= /i (S,0,0,0) , (2.5b)
9X¢
afy
(S, X)) = (S, X4)— fH(S,0)—X (S,0) .
ax¢
(2.5¢)

It is easily seen that z/4(S) is nothing but the x*-
coordinate representation of the abstract S-parametrized
world line .£L , [as defined by Eq. (2.1)], while e%,(S) are
just the x# components of the three abstract vectors
e(S) defined by Eq. (2.2). Indeed,

ed(s)= 9 =eH, 9 , (2.6a)
oXq |« oxt |t
while
A :_8_ — oM ___8

€y (S) aS ,[A €40 ax:u &LA (26b)

tells us that '
dz4(S)
eho(S)= s (2.7)

With this notation, the coordinate transformation (2.4)
reads

xMX)=zMX0)+eM X)X+ EMX0,XY) , (2.8a)
where we have omitted the labeling index A4, and where
we know [from the definition (2.5c), remembering that
coordinate transformations in the atlas of a smooth
differentiable manifold are by definition smooth in their
variables] that

EMX%X)=0((X)?) as X°0 with fixed X°. (2.8b)

By a slight abuse of notation we shall often in the follow-
ing write zA(X°%) =zH(T), etc. when using T=X"/c as
time coordinate. The Jacobian matrix of the coordinate
transformation (2.4), i.e.,

IxH(XP)
AMXP) =" .
axe (2.9)
reads (X%=¢T)
del(T) 1 9"
AR(XB)y=pk —2 " T yayp 2
5(XP)=el(T)+ o dT X +c 3T (2.10a)
n
A#(XB)=e‘§‘(T)+Ea§—a— ) (2.10b)



43 GENERAL-RELATIVISTIC CELESTIAL MECHANICS. I ...

Note that, because of our normalization for the parame-
ter S (=cT taken along L ,), and because of Eq. (2.7) the
first term on the right-hand side of Eq. (2.10a) reads ex-
plicitly

dz"(T)

cdT (2.10c)

ef(T)=

C. Constraints on z, e, and £ from
post-Newtonian assumptions

Up to now we have not introduced any metric struc-
ture in our four-dimensional manifold V,. Let us now as-
sume that we are given a “post-Newtonian (PN-) type
metric,” i.e., a one-parameter sequence of metrices (with
parameter €=1/c, the inverse velocity of light), which,
when e=1/c—0, deviates, in some coordinate system,
from a flat (Minkowskian) metric only by terms of order
1/c? in the time-time and space-space components and of
order 1/c¢? in the mixed time-space components. If we
define a metric deviation 4 in each one of our N+1 coor-
dinate systems by

8 (XM =F 0 th,,(1,x1), (2.11a)
G(XV)=Ff s+ H (T, X (2.11b)
[where f denotes the same numerical matrix,

diag(—1,+1,+1,+1), in each chart], we are requesting
the following assumptions to hold.
PN assumptions for the metric:

hoo(t,x)=0(c %), hy(t,x)=0(c?),
hy(,x)=0(c %) ;

HE(T,X)=0(c™?), HE(T,X)=0(c %),
HAH(T,X)=0(c™?%) .

(2.12)

We shall also assume that the coordinate transformation
between x* and each of the local X%’s involves only
“slow motions” in the following (weak) sense.

Slow motion assumptions for the N local reference sys-

tems. Each Jacobian matrix (2.9) satisfies
A3=0(c™%, 4i=0(",
) (2.13)
A2=0(c7Y, 4i;=0(c79.

In order to simplify the writing we shall sometimes use

the notation
O(n)=0(c™") (2.14a)

[which is however, dangerous when n=0 where it gives
0(0)=0(1)]. Moreover we shall introduce “mul-
tivalued” O symbols for vectorial and tensorial space-
time quantities by the definitions

a,=0(p,g)=ag=0(c"?), a;=0(c™ ), (2.14D)
B,s=0(p,q,r)=Bypy=0(c7?),
By,,=0(c7?), B,=0(""). (2.14¢)

Combining the assumptions (2.12), (2.13) with the ten-
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sorial law of transformations of the metric components
Gaﬁz A‘gAEg[.w >

it is easy to verify that a necessary and sufficient condi-
tion for the compatibility of these two sets of assumptions
is that [with the notation (2.14c)]

v AGAp—fap=0(2,3,2) . (2.15)
Note that any mention of the metric coefficients has
disappeared from (2.15), which is just a constraint on the
mathematical structure of the coordinate transformation
xt=fHX°).

Inserting now in Eq. (2.15) the expressions (2.10) for
the Jacobian matrix, we get constraints on z*, ef, and &*.
A straightforward study of these constraints allows one
to prove our first useful theorem. '

Theorem 1. Under the (weak) assumption that &' ad-
mits some c-dependent order when ¢ ~'—0 [i.e., is O(f(c))
for some function f(c)], the post-Newtonian assumptions
(2.12) and (2.13) are compatible if and only if the
z —e — & elements of each coordinate transformation (la-
bel A omitted) satisfy

07— 42T _

eo(T): cdT 1+0(2) » (2.16a)

(=L 403, (2.16b)

c dT

i 1 dz(T)

eo( )= c dT ’ (2.16c¢)

8 es(Tef(T)=8,,+0(2), (2.16d)

de:(D) _ ) (2.16¢)
ar ’ e

£=0@13), (2.160)

£&=0(2), (2.16g)

where we have included for completeness the exact relation
(2.10c).

Some comments can be made on the interpretation of
the results (2.16). Roughly speaking, they show that the
knowledge of the parametrized world line £ 4, i.e., of
z*(S) (with S =cT), and of the 3 X3 time-dependent ma-
trix e/(S) determines the other components of the vec-
torial basis e£(S). In turn, the 3 X3 matrix e;(S) differs
only by O (1/c?) terms from a slowly changing Euclidean
rotation matrix (the time scale for the change tending to
infinity like ¢ *2). Moreover, Eq. (2.16f) shows also that
the effect of the & term on the global coordinate time
t=x%c is O(&%/¢)=0(c™*%), ie., of second post-
Newtonian order, so that it will not affect any observable
quantity at the first post-Newtonian approximation.*®
The only crucial quantity at the first post-Newtonian ap-
proximation which is left totally unconstrained by the re-
sults (2.16) is the &' term, i.e., the effect of the £ term on
the spatial coordinates x/, which is O (§)=0 (¢ 2).
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D. Constraints on z, e, and £ from the use of
conformally Cartesian spatial coordinates

We just saw that the general post-Newtonian assump-
tions leave completely unspecified the spatial coordinates
at the O(1/c?) level. To deal with this problem many
authors impose four local gauge conditions that intend to
fix completely the coordinate freedom. The two usual

choices are the “harmonic conditions”*~’
19,80~ 1928y | =0(5,4) (2.17)
or the “standard post-Newtonian gauge” ones:*>*
0,80, —3008;,=0(5), (2.18a)
0,8 —50,(8;;—800)=01(4) . (2.18b)

We find, however, that the use of such gauge conditions
is inconvenient for two seemingly contradictory reasons:
(i) the use of four gauge conditions is too restrictive be-
cause it constrains also the choice of the time coordinate
at the O (¢ ~*) level, while we shall find it very convenient
to use a certain ‘“‘gauge invariance” associated to the
O (¢ ™*) flexibility in the time coordinate; (ii) the use of lo-
cal gauge conditions is not restrictive enough because
when using it in one of the local coordinate domains it
does not fix completely the choice of the three space
coordinates [indeed, the conditions (2.17) or (2.18) fix the
coordinate gauge only if some global boundary conditions
are further imposed].

Instead of using four local differential conditions such
as Eq. (2.17) or (2.18), we shall impose algebraic condi-
tions on the structure of the metric coefficients that will
conveniently fix the spatial gauge while leaving a useful
flexibility in the time gauge at O (c ~*). To see why such
algebraic conditions can be imposed and play a preferred
role in post-Newtonian general relativity, let us anticipate
on the following sections, and consider the Einstein field
equations.

If we introduce, in any coordinate system, the contra-

variant metric density (“gothic metric”; with
g =—detg,,)
g=Vg g", (2.19)

the Einstein tensor can, as was emphasized by Landau
and Lifshitz,* be expressed as

2g |R*—1Rg" | =9,,(g""g” — &g )+ 0" (3g) ,

(2.20)

where Q" is a quadratic form in the first derivatives of g
with coefficients rational in g. Under the post-Newtonian
assumptions (2.12) for the metric, it is easy to verify that
(2.20) yields, for the spatial components (uv)=(ij),
2g(RV—1Rg"V)=0,[g"g"—g*g"1+0O(1/c*), (.21
where the summation indices k,/ run only over 1-3. Let
us now remark that the structure (2.20) is valid in all di-
mensions, and in particular for a three-dimensional
Riemannian manifold, and let us define (in each coordi-
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nate system we are using) a three-dimensional (post-
Newtonian) metric, say v;; [from which one can compute
its 3X3 determinant y =det(y;;)], by

Viyyi=g¥, (2.22a)
which a direct calculation shows to be equivalent to
Yii = —8008ij T80i80j - (2.22b)

Note that, in the absence of a preferred 3+ 1 split of the
spacetime, the three-metric y;; depends upon the coordi-
nate system x* we started with. It is then clear that

g[*RU(g)—1*R (g)g"]

=y[PRUy)—LR(ywi]+0(1/c*), (2.23)
where the presuperscripts 4 and 3 remind us that the Ein-
stein tensor on the left-hand side is four-dimensional,
while the one on the right hand side is three-dimensional.
It is now sufficient to remark that the Einstein field equa-
tions

4R,u,v_

877G
4 v
Rgt

1 T, (2.24)
together with the usual post-Newtonian assumptions for
the matter, i.e.,

T*=0(c"%,c*L,c% , (2.25)

imply that the left hand side of Eq. (2.23) is of O(1/c*).
We therefore conclude that if g, is a post-Newtonian
solution of Einstein’s equations, its associated three-
metric y;; has a Ricci tensor of second post-Newtonian
order:

Rij(y)=0(c™. (2.26)
But, in three dimensions the Ricci tensor is algebraically
equivalent to the full Riemann-Christoffel (curvature)
tensor; therefore, Eq. (2.26) means that the three-metric
vy is flat to second post-Newtonian order. It is then
clear that, among all coordinate systems where the post-
Newtonian assumptions hold, there is a preferred sub-
class of coordinate charts, namely those for which the
spatial coordinates are Cartesian coordinates for the
metric Yijs i.e.,

vy =8;+0(4). (2.27)

In terms of the metric coefficients 8uvs this preferred sub-
class is defined equivalently by

gi=814+0(4), (2.28a)
—8008ij +80i&0; =8;+0(4) . (2.28b)

As g4, =O0(3) by the post-Newtonian assumptions (2.12),
we see that we can impose, in all coordinate systems, the
spatial isotropy conditions
—8008;;=9%;1+0(4),
(2.29)
VA, —G§Gi5=8,+0(4).

When we need to name the coordinates selected by Egs.
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(2.29), we shall say either that the spatial coordinates are
“conformally Cartesian” or that they are “isotropic” (a
more precise but somewhat barbarian terminology would
be from Eq. (2.28a): “gothically Cartesian’). Note that
we shall always use the precise isotropy conditions (2.29),
and not weaker conditions, requesting only that g;; be
proportional to §;; without specifying the conformal fac-
tor. The latter “weak isotropy” condition leads to a
larger class of spatial coordinates which can differ from
that of the smaller class (2.29) by arbitrary conformal
transformations of Euclidean space. But such more gen-
eral spatial coordinates do not share all the nice proper-
ties of the (strongly) isotropic coordinates (2.29) with
respect to the Einstein equations that will play an impor-
tant role in our method.

The definition (2.29) [or (2.27)] ensures the complete
fixing of the spatial coordinate grid up to time-dependent
isometries of Euclidean three-space (that satisfy the
slow-motion assumption (2.13)). More precisely, we can
now pursue the work of the last section and study the
constraints on z*, e/, and " brought about by the condi-
tions (2.29). Using the tensorial law of transformation of
the matrix components, and the post-Newtonian assump-
tions of the previous subsection, it is easy to verify that
the spatial isotropy conditions are satisfied if and only if

S ALAY=(2+ [, AEA})8,,+0(4) . (2.30)

Note that the metric coefficients have disappeared from
Eq. (2.30), which is just a constraint on the mathematical
structure of the coordinate transformation x#=f*(X%).
In other words we are left with the following purely
mathematical question: find in Minkowski spacetime
(fuv) the three-parameter families of world lines L xa
[x#=fHS,X°) for fixed X°] for which the projected spa-
tial metric is (strongly) isotropic.

Inserting in Eq. (2.30) the expressions (2.10) for the
Jacobian matrix, we get constraints on z¥, e, and &.
As, by definition, £” is at least quadratic in X¢ when
X“%—0, we can split these constraints in two sets. First,
we get constraints concerning e/, which can be written
simply as

flegep)f (e,,e,)=—8,,+0(4), (2.31)
where

fla,v)=f,utu”
denotes the “flat” (Minkowskian) scalar product.

Second, using the results of the previous sub-section, we
get constraints on &' (i=1,2,3). More precisely, let us
define three components Z¢ by

E=elE7, (2.32)
and an “acceleration three-vector” 4, by
d
A , (2.33)
a= dr

where cXdr?=—f wwdz#dz” is the Minkowskian proper
time along the world line £. With this notation the
O (X)) constraints that we get read

d=b | 3Ec
axc ax?t

Equation (2.34) means that £%X?) is [mod O@4)] a confor-
mal Killing vector of Euclidean three-space. Now, it is
well known that there are ten independent such vector
fields: six of them being the Euclidean Killing vectors,
ie., the translations and rotations (2°=C,+Q,,X"),
one being the dilation (or scaling; Z°=X¢), and
the remaining three being the “‘inverted translations” [or
proper  conformal transformations;*¢  Z°=B“X?
—2(B-X)X?]. Now, E°is, by definition (2.32) with (2.5¢),
at least quadratic in X°. Therefore, =¢ is a pure “invert-
ed translation” uniquely determined by Eq. (2.34) to be

= —%( A,X98,,+0(1/c*) .  (2.34)
c

— XY A-X)]+0(1/¢%), (2.35a)

where we are using the usual Euclidean three-space vec-
tor notation

X2=8,X°Xb, A-X=4,X°. (2.35b)

As for Eq. (2.31), it shows (using e}, =dz’/c dT) that the
3X3 matrix e; is, modulo O(4), proportional to the
space-space part of a general Lorentz transformation (i.e.,
a boost combined with an arbitrary rotation matrix).
Putting together our results so far we get the following.

Theorem 2. The post-Newtonian assumptions (2.12)
and (2.13), and the (strong) spatial isotropy conditions
(2.29) imply the following (nearly complete) determination
of the z-e-£ elements of each coordinate transformation
(label A omitted): all quantities along the world line
L(x#=z"(T)) being parametrized by T=S /c, and using
the notation dF (T)/dT =F, we have

ed(M=c '2°=14+0(2), (2.36a)
el(TM=c7 27, (2.36b)
edT)=c leiz'+0(3), (2.36¢)
eS(Tel(T)= 1+%v2
2c
8-+ 21 v [RIT)+0(4),  (2.36d)
C
E(T,X)=0(3), (2.36¢)
E(T,X)= ——e(T)[;AaXZ—X“(A-X)]+O(4), (2.36f)

where RI(T) is a slowly changing rotation matrix of Eu-
clidean three-space:
R;R}=8Y, R;R;=
i
dT

The three- velocity appearing in the “boost matrix”
b; ~—8”+v vi/2¢? of Eq. (2. 36d) needs only to be defined
at Newtonian order, so that vi=dz!/dt =dz'/dT +O(2)
suffices. The same is true of the three-acceleration ap-

Sab N (236g)

). (2.36h)
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pearing in Eq. (2.36f) that we have defined by Eq. (2.33),
and which could be simply 4, =eld’z'/dt*+0(2).

In other words we see that our assumptions of post-
Newtonian, slow-motion, spatially isotropic coordinates
completely determines, at the first post-Newtonian level,
the coordinate transformation (2.8) modulo the
knowledge (for each local system) of (i) the “central world
line” z#(S) endowed with a post-Newtonian parametriza-
tion T=S/c, (i) the slow [O(c ~?)] time dependence of
the rotation matrix R/(T), and (iii) the second post-
Newtonian time transformation 8t =c ~'£°=0 (¢ ~*) [the
arbitrary ¢ ~3 part of e will never play any role at the
first post-Newtonian (1PN) level, and will be fixed for
convenience later].

Finally, let us note that our basic z-e-§ transformation
formula (2.8) can alternatively be written in the z-e-n
form

xMX )=z T)+eHT)Y'+7* , 2.37)
where
YYT,X)=X"+E*
=X“+;17[%AaX2—X"( A-X)], (2.38)
and where
7°=0(3), n'=0(4) (2.39)

is a post-post-Newtonian order ‘“‘remainder.” Equation
(2.37) suggests that the use of Y*=(cT, Y?) as local coor-
dinates could be advantageous. And indeed, we shall
several times below use Y% as intermediate quantities;
however, their systematic use would spoil the simple
structure of the post-Newtonian gravitational field that
we shall study in the next section (one might however no-
tice that, because of the fact that Z¢ is a conformal Kil-
ling three-vector, the spatial metric in the Y coordinates
is still isotropic, or conformally Cartesian, but only in a
weak sense, the conformal factor differing from go_ol by
acceleration effects).

HI. POST-NEWTONIAN METRIC

A. Linearization of 1PN field equations
by means of a suitable parametrization

The Einstein field equations

Riv= 2T (7w~ Lghg , TP?)

(3.1)
constitute a complicated system of nonlinear partial
differential equations relating the ten components g,,, of
the metric tensor (in any coordinate system) to the ten
components of the stress-energy tensor 7"V (in the same
system). This system simplifies very much if we assume
that the gravitational field is everywhere weak and slowly
changing [PN assumptions for the metric (2.12)] and, cor-
respondingly, that the material source is nonrelativistic
[PN assumptions for the matter (2.25)]. It has been no-
ticed as early as 1916 by Droste® that it was then possible
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to solve explicitly for g,, (in some adequate coordinate
systems) at the first post-Newtonian (1PN) level, i.e., up
to errors [using the notation (2.14)]

88,,=01(6,5,4) . (3.2)

However, the literature on the 1PN approximation to
general relativity is full of errors and unnecessary compli-
cations. We shall present here what we think is the op-
timal formulation of Einstein’s field equations at the 1PN
level. The two basic ingredients of this formulation are (i)
the use of a convenient parametrization of the ten metric
components by means of a scalar w, a three-vector w;,
and a three-tensor Yij and (ii) the systematic use of the
contravariant components of the stress-energy tensor
without restricting oneself to a particular matter model
(like a perfect-fluid model). The (best-motivated)
definition of the three-tensor y;; has already been intro-
duced in Egs. (2.22) of the previous section. Working
consistently at the 1PN level [i.e., modulo errors given by
Eq. (3.2)] we shall directly introduce our w-y parametriz-
ation by the representation

oo = —exp —%w , (3.3a)
c
4
8oi= "W , (3.3b)
c
_ 2
8ij =7 ij€XpP +:2~w , (3.3c)
from which follows
VE=Vyexp |[+Suw | +0(4), (3.4)
c
g®=—exp +%w +0(6), (3.5a)
c
g%=—2witvo(s), (3.5b)
c
e ij 2
g/=yYexp | —=w |+0(4), (3.5¢)
c

where y" denotes the inverse matrix of 7, v its deter-
minant, and w'=yYw,.

Einstein’s equations (3.1) now give (coupled) equations
for w, w;, and 7;;. As anticipated in the previous section,
six of the Einstein equations yield Eq. (2.26), which
means that the three-metric y; is flat modulo O(4) terms.
Without loss of generality we can always fix the spatial
coordinate grid by the condition that

v =8,;+0(4). (3.6)

As discussed in the last section we shall use such “confor-
mally Cartesian” spatial coordinates in each reference
system under consideration.

The four remaining Einstein equations give four equa-
tions for w and w;. As recently found by Blanchet and
Damour*! and Blanchet, Damour, and Schifer,*? the
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great advantage of the “exponential parametrization” in
terms of (w,w;) is that it linearizes the 1PN field equa-
tions. Indeed, we find

—¢2R™=Aw +39gw + +3gw; + 0 (4) , (3.7a)
c ]
3 .
=S RO=Aw; = 3w, —cdyw +0(2) (3.7b)

where A=0; is the ordinary Laplacian defined with
respect to the coordinate system used [in general it would
be yYD;D; with D; being the spatial covariant derivative
associated with y;, similarly for the other spatial gra-
dients in Egs. (3.7)]. As for the “source terms” in Ein-
stein equations (3.1) they turn out to be very simply ex-
pressed in terms of the contravariant components of the
stress-energy tensor: namely,

T®—1g% , TP7=LTP+T*)[1+0(4)], (3.82)

TOf—%gOfngTP“=T°"[1+0(2)] , (3.8b)

where we recall that we are using the PN assumptions
(2.25) for the matter which imply that the T term in Eq.
(3.8a) is already a O(c ~?) fractional correction to T%,
We then follow Ref. 41 in defining an “‘active gravitation-
al mass density”

o=c AT®+T*), (3.92)
and an “‘active mass current density”
ol=c7iT% (3.9b)

(where the adjective “active” refers to the role of these
quantities as ‘“‘sources” of the gravitational field). The
powers of ¢ introduced in Egs. (3.9) ensures that both
quantities have a nonzero limit when ¢ ~!—0. The post-
Newtonian literature has been plagued by the use of ill-
chosen “mass densities” (confusingly denoted p) to play
the role of the basic Newtonian mass density. By con-
trast, we shall show how our systematic use of o, Eq.
(3.9a), as a basic mass density drastically simplifies, at
once, the field equations, the expression of the metric,
and the transformation laws of w when changing the
coordinate system. For the time being we shall only note
the fact that, through 1PN accuracy, we can also express
o in terms of the mixed components of the stress-energy
tensor:

o=c WVg(—T3+TH1+0(4)] . (3.10)

One recognizes in the right-hand side of Eq. (3.10) the in-
tegrand of the Tolman mass formula valid for exactly sta-
tionary isolated systems.** In summary, with the nota-
tion just introduced, the 1PN approximation consists of
four linear partial differential equations that read
(9, =cdy,=0/9t)

Aw + 2w +23,8,w,=—47Go+0(4),  (.11a)
C C

Aw; —d}w; —3,0,w =—47Go'+0(2) .

5 (3.11b)
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B. Gauge invariance of 1PN field equations

One checks directly that if w, =(w,w;) is a solution of
Egs. (3.11) with some given source terms o*=(0,0'), so
is w,,=(w’',w;) (modulo post-Newtonian error terms)

123
with
w' =w —iza,x , (3.12a)
c
w/=w; + 1A, (3.12b)

where A(x*) is an arbitrary (differentiable) function. This
(approximate) gauge invariance is connected with the fact
that the left-hand sides of Egs. (3.11) satisfy an approxi-
mate divergence identity, which in turn, implies that o*
must be approximately divergence-free:

3,0 +3,0'=0(2) .

This linear ‘“‘gauge invariance” is similar to the one in
Maxwell’s theory. The similarity would look closer at
the field level (though not at the source level) if we had
introduced the “gravitational four potential”

a,=(ag,q;)=(cw, —4w;) , (3.13a)
for which

a,=a,—0,A. (3.13b)
However, the use of a;, = —4w; =c’g,,; instead of w; as a

“vector potential” has as many disadvantages as advan-
tages,"’7 so we shall often work directly with w “ =(w,w;).
The gauge invariance (3.12) corresponds to a shift of the
time variable

8t =c *MxH) , (3.14)

which is the only remaining freedom in each of our coor-
dinate systems after having chosen the central world line,
a rotation matrix R:(T), and having imposed the use of
conformally Cartesian spatial coordinates. Note that the
O(4) shift (3.14) affects none of the physical quantities at
the 1PN level (because it corresponds to a 2PN change in
the equations of motion). It affects, however, the explicit
expressions of the g, and gy metric coefficients. The
usual way in the post-Newtonian literature to deal with
this gauge freedom is to try to get rid of it by imposing
some local “gauge condition.” The two most used coor-
dinate conditions are the “harmonic” one and the “stan-
dard PN’ one.

Let us first note that a consequence of our (strong) spa-
tial isotropy conditions (2.29) is easily seen to be that

O,x'=0(4), (3.15)
where
1 o v
DgET/?ap(\/g g"d,) (3.16)

denotes the covariant d’Alembertian acting on scalar
functions. In other words our isotropy conditions (2.29)
imply that the three spatial coordinates are ‘“harmonic”
modulo O(4). Equation (3.15) is in fact required both by
the users of the whole-harmonic gauge, and of the stan-
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dard PN gauge [as can be seen by comparing the A=1
case of Eq. (2.17) with the second Eq. (2.18)]. Note, how-
ever, that the converse is not true because the local par-
tial differential equations (3.15) [or (2.18b)] can never ful-
ly fix a local coordinate grid. Concerning the constrain-
ing of the time gauge the condition that the time coordi-
nate be “harmonic” reads

o=:1gx°=—i3(a,w +9,w;)+0(5), (3.17a)
[
leading to
o,w+o,w; =0 (2) (3.17b)

[which can also be read off the A=0 case of Eq. (2.17)].
The field equations (3.11) then reduce to

2
aw-L8¥ —_4rGot04), (3.18a)

c” ot
Aw,=—47Ga'+0(2) . (3.18b)

On the other hand, if we constrain the time gauge by
means of the standard PN gauge condition, i.e., Eq.
(2.18b) or

33,w +40,w; =0(2) , (3.19)
the field equations read

Aw=—47Go+0(4), (3.20a)

Aw; —19,0,w=—47Go'+0(2) . (3.20b)

As we said above, the usual post-Newtonian practice is to
choose from the start one of the two gauges: “harmon-
ic,” Egs. (3.18), or “standard PN,” Egs. (3.20). However,
part of the flexibility and convenience of the new ap-
proach that we propose in this paper is in fact not to
choose between (3.18) and (3.20) but to keep always the
gauge invariance (3.12) [when we need, however, to fix
ideas by using a reference gauge we shall use the harmon-
ic one (3.17)]. By analogy with the electromagnetic case,
we are then naturally led to introduce some gauge-
invariant “electriclike” and “magneticlike” field quanti-

ties. To every wuz(w,w,-), or rather, a”E(cw,-—4w,- R
we associate
b,,=9,a,—9d,a, , (3.21a)
i.e., explicitly for e;=c ~'b,o, and b;;,
e lwl=d,w + -3, , (3.21b)
c
bjlwl=¢€; b [w]=—4[0,w; —d;w;] . (3.21¢)

Using vectorial notation (associated with the flat spatial
metric §;;) the gauge-invariant fields (3.21) satisfy the
Maxwell-type equations

V-b=0, (3.22a)

Vxe=——-3b, (3.22b)
c

Vee=— 0% —47Go+0(4) , (3.22¢)
[
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VXb=+43,e—167Go+0(2) . (3.22d)

From Eqgs. (3.22) we can also deduce the gauge-invariant
second-order equations

Oe=—47G Va+—4;8,0 +0(4), (3.23a)
c

Ab=+1671GVXo+0(2) . (3.23b)

The ‘“gravitoelectric” and ‘“‘gravitomagnetic” e and b
fields will play a useful role in our formalism.

C. Structure of the PN metric
in the global coordinate system

Let us consider a chunk of the universe made of a finite
number of gravitationally interacting spatially compact
bodies (e.g., the solar system). Let us describe this entire
N-body system by means of a “global” coordinate system
x* satisfying the (strong) spatial isotropy condition
8008i; = —8;; +0(4). The 1PN metric tensor is then fully
described by the four quantities w,, =(w,w;) which must
satisfy the linear partial differential system (3.11) [we
could also work with the gauge invariant quantities (3.21)
but it is as simple to work directly with the w’s]. The
linearity of the system (3.11) means that its general solu-

tion, wff“em‘, can always be written as

neral — N — N
wEener =w, +tw,, (3.24a)

where w? is a particular solution of the inhomogeneous

system (3.11), say

N
LHwY]=—47G 3 o ,
A=1

(3.24b)

where o/ denotes the source contribution of each body
of the N-body system, and where 0 ﬁ' is a general solution
of the corresponding homogeneous system:

LY wN=0. (3.24¢)

We shall first consider an idealized ‘‘isolated” N-body
system, i.e., a system which is adequately described by
taking

w /=0, (3.25)

when a suitable w,’f is chosen such as the “retarded har-
monic” solution of Eq. (3.24b), namely,

N,ret ———1
I - Dx,ret

w (3.26)

N
—4rG Y, oty | .
A=1

In Eq. (3.26) O !, denotes the “retarded” inverse of the

x,ret
x-coordinate flat-space wave operator, i.e., explicitly

O L 0l=——f

(3.27)

Note, that consistently with the allowed O(2) error term
in the “harmonic” field equation for w;, we have replaced
the Laplacian of Eq. (3.18b) by a d’Alembertian.*® This
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is done mainly for abbreviating the notation, and at any
moment we will allow ourselves to use an inverse Lapla-
cian for w®. As for wy=w, which must be determined
modulo O(4), it is necessary, when using the harmonic
gauge, to invert a wave operator.

Finally, it is well known that the first physical time-
asymmetric effects in the self-interaction of a slow-motion
gravitating system belong to the second-and-a-half post-
Newtonian (2.5PN) approximation. Therefore, we can, in
our 1PN treatment, replace the “retarded’ solution (3.26)
by the “symmetric’” one

N
whem=0-1 | —47G 3 o4 |, (3.28a)
A=1
where
Oraym =405t 05 ) (3.28b)

is the half-sum of the retarded and advanced flat-space
Green’s functions. The use of (3.28) will somewhat sim-
plify our subsequent treatment by suppressing from the
start several ‘“‘gauge terms” that would render our
method less transparent.
Summing up, we shall use a starting point for our
method the N-body global metric
N
wh=3 w/ (3.29a)
A=1
naturally decomposed as the superposition of contribu-
tions generated by each body of the system (written for
definiteness in harmonic gauge):

wA(xM =0, §m(—47Go¥)

=Gf d°x’ ot

4 |x—x'|

J—
t¢—~——|x xl,x’
c

(3.290b)

In Eq. (3.29b) the volume integral extends only over body
A, and we have introduced the convenient abbreviated
notation of putting a sign ambiguity F (or ) to mean
the symmetric half-sum

f(F)=3[f(=)+F(H)]. (3.30)

D. Local gravitoelectric and gravitomagnetic fields
and geometry of the X ,-coordinate congruences

Section III B has shown how a gauge-invariant descrip-
tion of the gravitational field was possible through the use
of a ‘gravitoelectric” and ‘gravitomagnetic” fields
defined by Egs. (3.21). It is clear from Sec. III A above
that these fields will have the same formal properties in
any coordinate system where the spatial coordinates are
conformally Cartesian, in the sense of Eq. (3.6) above. In
particular, this will be the case for the local E , and B,
fields constructed, by the same equations (3.21), from the
potentials W2 =(W 4, W) parametrizing the metric
G(;"B(X %) in each local X, frame [satisfying the strong
spatial isotropy condition (2.29)]. As these local E and B
fields will play an especially important role in our method
(more important than the global frame e and b fields in-

troduced above) we shall indicate in this subsection how
nicely related they are to the geometry of the coordinate
lines belonging to the X , chart.

Going back to the general abstract setting of Sec. II B,
let us consider, in the differentiable manifold V,, a coor-
dinate chart PEV,—-X%(P)ER* as defining a three-
parameter family of world lines (label 4 omitted):

L, ~{PEV* XUP)=X‘ a=1,2,3},

each world line £ o being parametrized by S =X 0 taken

along .L .. Associated with the chart X there are four

vector fields, namely, the natural vectorial basis
d

axe

Among the four vector fields (3.31) we shall, consistently

with our world-line vision, privilege the vector field €,
tangent to the congruence .£ ..

PEV e (P)= (3.31)

Let us also consider some Riemannian metric g*
defined on V,. As we shall see, instead of using only one
definite metric, it will be convenient to use several of
them, hence the % on g to label them. Associated with
each choice of the metric g*, there exists a linear connec-
tion, say V* (the unique torsion-free connection such that
V*g*=0). Moreover, we can also use g * to define a nor-
malized tangent vector to the congruence .£ xd

u*(P)=c(—g*(€pn€,)) %€y P) (3.32a)
such that
g*(u*,u*)=—c?. (3.32b)

Let us also assume that the components of g* with
respect to the natural vectorial basis €, (i.e., the ordinary
components of the metric tensor in the X% coordinates)
have our usual spatially isotropic form, so that they can
be written as

Glo=g*(€peg)=—e 2W*/e? (3.33a)
Ga‘asg*(eo,ea)Z—f}—Wa* : (3.33b)
r=g*(€,,€,)=0,e W/ (3.33c)

We deduce in particular from Eq. (3.33a) that the x-
normalized tangent vector is (X°=¢T)

W*/cze =¢ w*/c? a

aT -’

In the usual geometrical study of timelike congruences,
one starts from a prescribed metric and a normalized
four-velocity u and defines several geometrical invariants
of the u field: especially the ‘‘acceleration” vector field
V.u, and the “rotation” of u measured by the antisym-
metric part of the “spatial” projection of the gradient of
u (“spatial” meaning orthogonal to u). In our setup it is
still natural to introduce some normalized four-velocity,
namely u*, but the most natural “spatial” projections are
simply with respect to the natural vectors €,=9/3X"°.
This leads us naturally to consider the €,-based ‘‘ac-

u*=ce (3.34)
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celeration” and “rotation” of the four-velocity u*. A
straightforward calculation of these quantities yields

g*(&,,Viu*)=—EXP)+0(4), (3.35a)
g*(ea,V:bu*)-g*(eb,V: u*)=—~173a°'},(P)+0(4) ,
L ¢

(3.35b)
where, consistently with our previous notation, ES and
B} denote the combinations (3, =3/0X¢ d;=cd/3X°)

E;(P)EaaW*+—4;aTWa* , (3.36a)
C

BX(P)=03,(—4W})—d,(—4W}) . (3.36b)

Equations (3.35) nicely display the geometrical meaning
of our gauge-invariant E and B fields with respect to the
three-parameter congruence of world lines . xar

In practical calculations it can be a nuisance to nor-
malize first the four-velocity before computing E* and B*
by Egs. (3.35). In fact, one can check that if v(P) is an
arbitrarily normalized tangent vector field to the same
congruence "CX"’ such that, however, the relative normal-

ization A (v=Au*) varies only by 1PN terms,
then one can still write

,8%(€,,V5V) [_1_

—EX(P)=c , (3.37a)

1
ct ]

(3.37b)

lg*(v,v)]

1
—?B;},(P)=g*(ea,V:‘bv)—g*(eb,V§av)+0

To prevent any ambiguity let us make clear that although
the normalization of v may differ by 1PN terms, the E
field calculated by (3.37a) is still accurate up to 2PN
terms (on the other hand, all the formulas for B are accu-
rate only up to 1PN terms).

The formulas (3.35) have related the components of the
connection V* with respect to the vectorial basis (u*,€,)
to the previously introduced E and B fields. One can also
then try to relate the components of the curvature of
V¥ to E and B. A straightforward calculation
yields [R*(a,b,c,d)=R%ssa°bPc7d®,  9,=3/3X°,
dr=cd/3X°]

—R*(u*,€,,u*,€,)= L3, Ef +3,E*)+ %aaw*sab

- %EE,, + %5(,,,15:15: +0(4) .

(3.38)

The left-hand side of Eq. (3.38) can also be written in
terms of the wusual coordinate components as
+¢2R*%,,,[1+0(4)]. Tracing each side of Eq. (3.38) by
a simple Kronecker 8°° we get (in terms of contravariant
natural components)
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—CIR*WO=3,EX + SR W*+0(4), (3.39)
c

which is equivalent to Eq. (3.7a). The really new infor-

mation in Eq. (3.38) is obtained by taking the (symmetric)

trace-free projection (in the usual Euclidean sense) of

both sides and reads

STF,,[ —R*(u*,€,,u*,€;)]

3
za(aE:) _?E?GE,; +0(4) .

(3.40)
An important lesson can be immediately learned from
Eq. (3.38) or (3.40). Indeed, some authors, notably
Thorne and Hartle, ** heuristically motivated by the sim-
ple case of a non-self-gravitating test body embedded in
some ‘“‘external” gravitational field, have suggested that,
even in the general case of a gravitationally self-
interacting and externally interacting body, it might be
useful to use the Riemann tensor of some (to be defined)
“external metric” to characterize the tidal interaction of
the considered body with the other bodies. As we have
seen above the important role that the E field was playing
in linearizing (in many senses) the N-body problem, we
see now that the fact that the curvature components
R*% , are nonlinear in E* (whatever be the choice of the
metric g*) makes them ill-adapted tools already at the
1PN approximation. Similar to the “electric-curvature”
equation (3.40) one can check that the following
“magnetic-curvature” equation holds:

+c2e,yR *(u*,€,,€,,€,)=0,B} —2€,,0;EX+0(2) .
(3.41)

Tracing each side of Eq. (3.41) gives Eq. (3.22a), while an-
tisymmetrizing them with respect to the indices ab gives

—2¢3R*%=¢,,3,Bf —43,;EX*+0(2), (3.42)

which is equivalent to Eq. (3.7b) [see also Eq. (3.22¢)].
The new information contained in Eq. (3.41) is obtained,
as above, by taking a STF projection, and reads

STF,, [ +c2€,qR *(u*,€,,€,.,€,)]=3(, By +0(2) .

Finally, all the geometrical results of this section apply,
mutatis mutandis, to the link between the global e and b
fields and geometry of the x#-coordinate grid.

IV. TRANSFORMATION PROPERTIES
OF GRAVITATIONAL POTENTIALS

A. Definition of “locally generated” and
‘“external” gravitational potentials
as seen in a local reference system

In the previous section we have shown how the com-
bined use of spatially isotropic coordinates and of the
“exponential” parametrization (3.3) of the metric led to a
linearization of the 1PN field equations. The central
technical feature of our formalism is to fully take advan-
tage of this linearity by using spatially isotropic coordi-
nates, and an exponential parametrization in all the coor-
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dinate systems of interest, i.e., not only in the global
coordinates x*#, but also in each of the local coordinate
systems X § that we shall construct. In other words, we
are writing not only Egs. (3.3)-(3.5) with y; =3, but
also, in each local reference frame (labeling index A4 omit-
ted)

Goo=—exp |~ =W |+0(6), (4.12)
C
4
Goo=——=W,+0(5) (4.1b)
c
2
G, =8, ,€xp +~—2—W]+0(4) , (4.1c)
C
and therefore
V" detG p=exp |+ S W |+0(4), (4.22)
c
G¥=—exp |+SW|+0(6), (4.2b)
c
Oa — 4
GU=—2w,+0(5), (4.2¢)
C
G=5,,exp |~ =W |+0(4) . (4.2d)

c

The main achievement of this section will be to relate the
gravitational four-potential W2 =(W4, W) describing
the metric G ;’,3 in the X§ local coordinate system to the
global potential w, =(w,w;) describing gw(xk). Let us
first notice that W/ satisfy the linear system (3.11) writ-
ten in X§ coordinates, i.e.,

O, WA+ f’;aT(aTW"Hb Wi)=—4rG= ,+0(4),

(4.3a)
AyWA—03,08, WA+, W )=—4nG=% +0(2),
(4.3b)
where Oy=Ay—c 23% with Ay=0?/3X“9X" and
where the source terms
TY+TY TY
2 4 c

29 =(2,4,2%9)= (4.4)

c

are now defined by components of the stress-energy ten-
sor in the X9 coordinate system. The only nonzero
source terms in the right-hand side of the field equations
(4.3) are those that correspond to the body A itself, the
neighborhood of which we are studying. Let us consider
a particular solution of the inhomogeneous equations
(4.3) which is “locally generated” by the source terms
2%, for instance the local symmetric harmonic solution

wilee=wi4=0y! 4.5)

X sym( —47GZ%) ,

which satisfies Egs. (4.3) when 2% is approximately con-
served,
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93 ,+9,3%=0(2), 4.6)

a condition that we shall further consider below. In Eq.
(4.5) D;y;ym denotes the time-symmetric inverse of the X-
coordinate wave operator [as defined by Egs. (3.24) and
(3.25b) with the replacement (¢,x)—(7,X)]. Note that
we could also work in a gauge invariant manner by
defining “locally generated” E and B fields as explicit
functionals of 2.

Having defined the “locally generated” piece of W9 by
Eq. (4.5), we then define its “external” piece, denoted
WAt or W 4 (or, in a gauge invariant way, the “exter-
nal” E and B fields), by writing

wi=wplocrwht=wi1+w]. 4.7)

In the domain of the local chart X§ (i.e., a domain which
contains body A4 and no other body B+ A) the external
potentials satisfy homogeneous equations obtained by
erasing the source terms X% in Egs. (4.3). These homo-
geneous equations take a simple form when expressed in
terms of the external gauge invariant fields [introduced in
Egs. (3.21)]

E,=E,[W]=03,W+ =03, W, (4.82)
C
B, =B, [W]=e€,.B.=—4[0,W,—0,W,] . (4.8b)
The latter quantities satisfy [see Egs. (3.22)]
v-B=0, (4.9a)
VXE=— ?aTB , (4.9b)
VE=—28W+04), (4.90)
(4
VXB=43,E+0(2). (4.9d)

B. Transformation laws of gravitational potentials
and fields under a change of reference system

As recalled in the introduction an essential property of
accelerated frames in Newtonian gravitational theory is
that, with respect to such frames, the gravitational poten-
tial gets replaced by an “‘effective gravitational potential”

_d*z(1)
dt?

in which C(¢) is an arbitrary function of time and the last
term represents the inertial forces linked to the accelera-
tion of the origin of the frame d?z/dt. Note that Eq.
(4.10) has taken into account the fundamental property of
gravitational forces to be proportional to the same mass
as the one that appears in Newton’s basic law of dynam-
ics. This equivalence of the ‘gravitational mass” with
the “inertial mass” was put by Einstein at the basis of
general relativity, and its direct effect in Eq. (4.10) is to
lead to an effacement of the external gravitational poten-
tial down, essentially, to tidal forces (see Ref. 7 for a full-
er discussion of the effacement properties, both in
Newtonian and in Einsteinian theories).

U(X)=U(z(t)+X)—C(1) X, (4.10)
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In Einsteinian gravitational theory the single scalar po-
tential U gets replaced by the ten components of the
metric tensor 8uv However, we have seen how a con-
venient choice of spatial coordinates (both in global and
in local “accelerated” frames) allowed one to ‘“‘gauge
away” six components (y;; =8;;), leaving us with only a
scalar w and a vector w; in each frame. The relativistic
analogue of Eq. (4.10) is then obtained by inserting in the
tensorial law of transformation,

OxH(X) ox™"(X)
ax«  oxP
the exponential parametrizations (3.5) and (4.2), and our
z-e-£ form (2.8) with (2.10) and (2.36). A straightforward
calculation leads to the following.

Theorem 3. The local gravitational potentials
W (X)=(W,W,) in any local reference system (label A

g (x)= ——>G*(Xx), (4.11)

omitted) are related to the global potentials
w,, (x)=(w,w;) by the transformation law
w=[1+Zveve |w+ Lyew,
¢ c
2
+%1n(A8A8—A,?A3)+O(4) , (4.12a)
=pW+RiW, +£ 4 (A AL—4%24H)+0(2),
(4.12b)
where
vI=RIV® or V=R’
(4.12¢)

are the global and local components of the velocity of the
origin of the local frame v'=dz'/dt =dz'/dT +O(2), and
where AY are the components (2.10) of the Jacobian ma-
trix.
We shall write the transformation law above as
w,(x)=A ,(TW (X)+B,(X),

u po

(4.12d)

to display its affine structure (y =ax +b), and clarify the
fact that all the coefficients A ,, are to be evaluated at
T=X°/c with X*=(X%X“) and x*=(x°x") on either
side of Eq. (4.12d) denoting the coordinates in two
different charts of the same abstract event in spacetime
[related by (2.8)].

It is to be remarked that the exponential parametriza-
tion of the metric succeeded again in yielding a simple
linear property for the w’s. In the following we shall also
need the inverse of Egs. (4.12) namely

W,=A N w,—B,), (4.13a)
which reads explicitly
= 2 2 4
W= |1+=5V* (w—=B)——v(w,—B;)+0(4),
c c
(4.13b)
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W,=—Viw —B)+R (w,—B;)+0(2),  (4.13c)

where B [B;] denotes the inhomogeneous term in the
right-hand side of Egs. (4.12a) [(4.12b)], and where we
used the fact that R/ is an orthogonal matrix
(RIR[=8,,). We shall see later how the B terms in Egs.
(4.13) closely resemble the “inertial” terms in Eq. (4.10)
[including terms that play the role of the arbitrary func-
tion of time C(z)]. For the time being, let us complete
the transformation law (4.13) for the potentials by the one

for the gauge-invariant E and B fields. From the
definitions
E,[W]=39, W+ a w, (4.14a)
Ba[W]Eeabcab(—4Wc) , (4.14b)

for the (total) E and B fields, and the transformation law
(4.13) one can split E and B in two pieces:

E=E'+E”’, B=B'+B", (4.15a)

with
=E[A_, (4.15b)

The B terms (“inertial”) fields E”” and B’ will be stud-
ied later; let us concentrate now on the (homogeneous)
law of transformation for the local E' and B’ fields, in
terms of the global e and b fields defined by Eqgs. (3.21)
above. The only new element, with respect to Egs. (4.13),
in the calculation of E’ and B’ is the need for the trans-
formation law of the partial derivatives:

E'=E[—A_B,], etc.

au u] app

9
O —qr G —ien )
ar ¢ 6 5 r cel 65, +0(2) (4.16a)
=b
O _ qn O —on 9 95 3 L5y,
ax“ axH oxt X ax*
(4.16b)

Using our previous results and introducing a new time-
dependent matrix

y o edel . 'V,
e (N=e,——F =¢,——— +0(4), (4.17)
€o C
Eqgs. (4.16) can be written as
9 i
DTEﬁ:at‘{‘U ai+0(2) 5 (4.18a)
d 8 !
D,= (4), (4.18b
aX“ X )
where 0,=0/0t, 98,=0/0x' while D;=d/8T, D,
=09/3X"“.
Finally, ‘introducing for brevity the spacetime-
dependent matrix
) 1
SUTX)= |14 5V erip BE | (4.19)
c ox“

we find that the A part of the gravitoelectric and gravi-
tomagnetic fields in the local frame can be expressed in
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terms of the corresponding fields in the global frame as

E,=S} |e;+ lb,j +—13VHDTw
4
-——;;DT( V,w)+0 (4) (4.20a)
B,=S}(b;,—4€,,v7e, )+ 0(2) . (4.20b)

The last terms in Eq. (4.20a) which contain the “convec-
tive” derivative Dy =3, +0v'9; + 0 (2) are gauge invariant
because the scalar potential w changes only by O(2) under
a gauge transformation. In Eq. (4.20b) the matrix S} can
be replaced by the simple rotation matrix R/, and we
have assumed in deriving it that R} was preserving the
spatial orientation [i.e., that det(R})=+1]. When com-
paring Egs. (4.20) with the transformation laws under
boosts of the usual electromagnetic fields one notices
again the irreducible appearance of a factor 4 in the ve-
locity terms:

et+c 2vXb, b—4vXe .

One should remember that the left-hand sides of Egs.
(4.20) do not represent the full local fields, but that one
must still add to them the B-dependent (or “inertial™)
contributions E”’, B’' that will be studied later.

C. Invariance properties of the time-symmetric
Green’s function for the d’Alembertian

We shall prove in this sub-section a remarkable techni-
cal result that will be very useful for extracting more in-
formation from the transformation laws just discussed.

Let us consider the various (flat-space) d’Alembertians
(or wave operators) defined in each of our coordinate sys-
tems: namely the global-coordinate wave operator

al 3 aZ 1 aZ
O.=f"——m= R (4.21a)
f OxHox" ,‘él (8x')2 2 at2
and the local-coordinate ones (label 4 omitted)
3?2 3 3?2 1 82
=ff——=3 == . (4.21b)

X%XP ~ &, (3X°)* 2 dT?
To each one of the wave operators (4.21) corresponds
some Green’s functions, i.e., some local solutions of

0, G, (x*)=—4md4(x") , (4.22a)
Oy Gy(X%)=—478%X?) , (4.22b)

where the four-dimensional Dirac distributions are
defined in each coordinate system by, e.g.,

[ d*x 8 (xMp(x")=g(0) . (4.23)
Note, that we are here working only with a differentiable
manifold structure without any metric, or even volume
element.

The Green’s functions most used in classical physics
are the “retarded” ones, e.g.,
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0__
Gx,ret(xft)EL"';l'"J:zY(xO)a(—(x°>2+(x)2) :
(4.24)
where Y denotes Heaviside’s step function, and
|x| =V (x)2=V'xx". For our present purpose it will be

simpler to work w1th the time-symmetric Green’s func-
tion:

Gx,sym( )E%(Gx ret+Gx adv)

zi S(xoﬁ\x|)+8(x0+|x|)

2 x| |x|

(4.25)
They can be simply written as one-dimensional Dirac dis-
tributions:
Gx’sym(x)=8(—(x°)2+x2)=8((x“)2) )
(X)=8(—(X°)*+X?)=58((X%)) .

(4.26a)

Gy,sym (4.26b)

The indice x or X on the Green’s function (4.26) serve to
remind us that the objects so defined depend on which
coordinate system is used. For brevity we have also in-
troduced the notation (x#)?=—(x%?+(x")2+(x2)?
+(x3)%. Let us emphasize again that no Riemannian
metric structure is used here.

Let be given a “scalar density” on our differentiable
manifold ¥V ,, which is represented in each coordinate
system by a scalar function, say o(x) and 2(X), with the
transformation law

ox)= X s =s2x) 4.27)
ox
where
J= X =det aX"} (4.28)
dx axH

denotes the Jacobian of the transformation X *=F%(x*).

In differential geometric terms Eq. (4.27) means that
we are endowing our differential manifold V, with an in-
trinsic four-form

o=0(x)dx°Ndx' ANdx?Ndx?

=3(X)dX°ANdX'ANdX*NdX> . (4.29)

We shall assume that o has a spatially compact support
which is contained in the domains of both the X¢ and x*
charts. The quantities o0 and = have, a priori, nothing to
do with what is denoted o, = in the rest of the paper but
this notation is used here to convey the meaning that
o=0 d*x == d*X represents some kind of “mass distri-
bution” in V.

Each ‘“mass distribution” @ intrinsically given on V,
will “generate” in each coordinate system an, a priori,
coordinate-dependent time-symmetric ““field”

Py (xH) =G, ym* o= f G, sym(x

= fS[(x“—

—x"Mo(x’)
)Z]O,(xlp)d4xr ,
(4.30a)
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Px(X*) =Gy ym* @

= [8l(X*—X"“?]Z(X’ )X’ . (4.30b)
We can now state the following invariance property.

Theorem 4. With the notation just introduced, if the
“mass distribution” w is “slowly changing” (in the sense,
e.g., (X% is a smooth function of the variable T=X°/c
when c¢— ) and if the coordinate transformation
xH=fMX?*) satisfies both the slow motion assumptions
(2.13) and the conditions (2.30) expressing the conserva-
tion of the strong spatial isotropy, then the coordinate-
dependent  time-symmetric  fields  generated by
w=ocd*x =3d*X coincide up to terms of second post-
Newtonian order

@ (fHX)) =@y (X))[1+0(4)],

where fHMX*)=x"X%) and X® denote the coordinates of
any spacetime point in the intersection of the domains of
the two charts.

Proof of Theorem 4. We have identically

3(x%x= [d°Z [dS 3(S, 264X~ ZS,Z2)) ,

(4.31)

(4.32)

where Z%S,Z°% denotes the equations of the
parametrized congruence of world lines .L ,, canonically

defined by the X coordinate system, i.e.,
L,.={PEV,y XUP)=Z*%S,Z%) with SER}, (4.33a)

with Z%S,Z%)=S, Z%S,Z")=Z°. The x-coordinate
equations for the intrinsic congruence £ ,, read

Lzaz {PE V4;x“(P)=z”(S,Z“)}

with (4.33b)

zMS,Z)=fMZUS,Z%)) .

Note that this z*(S, Z %) agrees with the central world line
only for Z?=0. The first step of our proof is to notice
that the definition of the four-dimensional Dirac distribu-
tion as a pure coordinate density, (4.23), ensures that

oxt)= [d’Z [ dS 3(S,Z98%x"~z1(S,Z) ,  (4.34)

satisfies the transformation law (4.27) and represents
therefore the “mass density” in the x*-coordinate system.
Let us now prove that the invariance property (4.31)
holds for “linear mass distributions” of the type

3., ()= [dS F(S)8%(X*—Z(S,Z))

=0, (x)= [dSF(S)8*(x+~2z/S,2)) .  (4.35)
z

Because of (4.32) and (4.34), the general property (4.31)
will follow by superposition of such linear distributions
li.e., by integration over d>Z with F=3(S,Z)]. The
time-symmetric fields generated by the linear distribu-
tions (4.35) will be denoted by ®, . , and ®y  ,. Using
Egs. (4.26) they can be written as

@, rr(x*)= [ dS F(S)8([x*—2zMS,2)]?) , (4.36a)
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Dy rr,(X)= [dSF(B([X*—ZXS,Z)P),  (4.36b)

where we recall that the squares in Eqgs. (4.36) denote the
(coordinate) Minkowskian square

(a*)P=f,a"a"=—(a’?+(a")+(a*)+(a’) . (4.360)

Because of the simpler (linear) dependence of Z%(S,Z) on
S [see Eq. (4.33a)], Eq. (4.36b) is immediately integrated
[see Eq. (4.25)] and yields the simple exact result

F(TF+R/c)

D, (X%)=
(X% R , 4.37)
where we have put

T=X%c, R=|X-2Z|, (4.38)

and we have used the abbreviated notation (3.30) for the
symmetric half-sum (ret+adv)/2. Note that by a slight
inconsistency of notation we are denoting by F(7) in Eq.
(4.37) what was denoted F(cT) in Egs. (4.36). By the
“slow changing” assumption of Theorem 4 we can ex-
pand (4.37) in powers of ¢ ! and get the 2PN approxi-
mate result

d*F(T)

F(T) , 1
O, (X )="T1 4 R+0 4.39
X R 2¢2  dT? 4.39)

1
o
As for the time-symmetric field generated in the x-

coordinate system its exact expression is obtained from
Eq. (4.36a) by using the formula

8(S —S,)

S[f(S)]= Tar/asl.

(4.40)

in which S, (n=1,2,...) labels all the zeros of f(S):
f(S,)=0. In the present case there are two zeros of
f(S)=[x*—2z"S,Z)]* that we shall denote by S, (no
half-sum over +/—):

SL(xM,Z%: f[xF—2MS,Z)][x"—2"(54,2)]=0 .
(4.41)

Geometrically S, (S_) is the parameter of the intersec-
tion of the future (past) x-coordinate Minkowskian cone
emitted by x* with the world line £ ,,. S, and S_ are

functions of x*# and Z°. Introducing also the notation

az¥(S,Z9)

k.S, Z%=
plx ) as

S (xt—=2"(S,Z7)) (4.42)

for the Minkowskian scalar product between x*—z* and
the S-tangent vector to .L,: u”=3z"/dS, we can write
the following exact expression for the time-symmetric x-
coordinate field generated by (4.35):

F(S,)
P(xyS+ )

F(S_)
p(x,S_)

(4.43)

1

L2

F(S)

By=
D, (xH) o5, 5)

This type of Minkowski-invariant representation of re-
tarded or advanced fields generated by a relativistic point
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mass is well known and dates back to formulas due to
Liénard and Wiechert.* In order to compare the exact
expression (4.43) with its exact X-system correspondent
(4.37) we need to perform some kind of expansion. There
are two expansion procedures we could use: (i) the
Minkowski-covariant expansion in the curvature of the
world line .£L which expands around the Minkowski-
orthogonal projection of x* on L, i.e., z{ €L such that
Sun(x#—24)3z} /73S=0; or (ii) a direct “Lagrange expan-
sion” in powers of ¢ ~!. The first type of expansion was
used by many authors studying pointlike sources in
Poincaré-invariant theories, including the gravitational
case treated by post-Minkowskian expansions.* ™33 The
second type of expansion, named after a famous theorem
of Lagrange,>* is directly related with the type of slow-
motion expansions used for retarded integrals of continu-
ous sources. We shall here take advantage of both ap-
proaches and devise a convenient Minkowski-motivated
form of Lagrange expansion.

The Lagrange expansions of the advanced or retarded
field (e=+1 or —1), is simply obtained from the usual
non-covariant form (4.24) of the Green’s function,

)S(xo—z°(5)+exx—z(3)|)
|x—2z(S)] ’

by formally expanding the & function in powers of €, and
integrating over dz° instead of over dS. This leads to

o« e." dn
D, (,x)=
e ngo nlc" dt"

@, (x)= [dSF(S (4.44)

[f(D]x—z(D]" 1], (4.45

where
fl)= F(S(z"))—"'i0 (4.46)
dz" |,o_,
The time-symmetric solution is then simply
__f() 1 d?
D (t,x)=7—"—+—— —
A= ol Vet g 20l
+0(1/c¢*) . (4.47)

Note, that the expansions (4.45), (4.46) are performed
around the point on the world line which is x-coordinate
simultaneous with the field point x*: i.e., such that
x%=2% We can now take advantage of the fact that the
exact field ®,, Eq. (4.43), is Poincaré invariant (with
respect to the fictitious x-coordinate Poincaré transfor-
mations) to choose, for any fixed field point, a Lorentz
frame in which the world-line velocity v(z)=dz/dt is
zero at t =x°/c (we are here joining the first expansion
method around a Minkowski orthogonal z# projection of
x* onto .£). This simplifies the explicit form of Eq. (4.47)
which becomes, denoting the acceleration d?z/dt*>=al(t),

- _ S 1 LX)
Pralt®) Ix—2(2)] 2c2f(t)a(t) |x—z(t)]
1 d%f
2¢2 di? |x—z(t)| +0(1/c*) .  (4.48)

Using now the explicit coordinate transformation formu-
la (2.37):
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XMXN)=fHX*)=2zMX")+eHX) YUX%X1)+0(3,4) ,
(4.49)

we first see that the x# rest-frame condition v=0 ensures
e)=01(3) and therefore the fact that the corresponding
events in the X-coordinate system are also simultaneous

[X°=cT =S +0(4)]. Let us then put

R4=X°—2Z% and S°=Y%X%°X%)—Y%x°2%,
so that
x'=z(t)=fIX°X)—fi(X°Z)=el(X")S7,

where we recall that we are considering the world-line
L, image of X°=S, X?=2Z° under x"=fHX%), i.e.,
zM(S,Z)=fHS,Z°).

Because of Eq. (2.36d) we have e}(T)e (T)=R}+0(4)
when v'=0, so that e$|x—z(7)|=|S|. On the other hand,
a simple calculation from the definition (2.38) of Y% T,X)
gives

1

s|= [1-—~ AR— L AZ ||[RI+04) .
2c c

Moreover, the definition (4.46) of f(¢), taken along the
world line £ Za where

0
dz° _3f%S,2°) _ o, %

a b
ds 3S 0 dSY(S’Z )+0(4),

F(T)
eN(T)(1+c 2A-Z)

+0(4) .

Putting together these results we see that the first two
terms in the right-hand-side of Eq. (4.48) simplify to

f((1—A-R/2c¢?) _ F(T)(1— A-R/2c?)
|x—z] ISI(14+ A-Z/c?)

_ F(T)
IR|

which is the first term in the right-hand side of the ¢ ™!
expansion of @, Eq. (4.39). The remaining terms

+0(4)

1 . 1 .
—f|x—z|=——RF+0(4)
2c2f, | 2¢?

match clearly also modulo O(4). We have thereby proven
that the time-symmetric fields generated by pointlike
source distributions coincide,

@x’F,LZ(x“(X“))=<DX,F,LZ(X“)+O(4) , (4.50)
independently of the choice of the Green’s function (glo-
bal coordinate O ! or local coordinate Cy!). As ex-
plained above, by integration over Z9 with
F(S8)=Z2(S,Z) the ‘“pointlike case” implies the general
“continuous case” (4.31). This completes the proof of
Theorem 4.
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D. “Detailed” transformation laws of gravitational potentials
under a change of reference system

We have seen in Sec. IV B that the complete gravita-
tional potentials w, and W, (which include the effects of
all the bodies in the system, and for W, also the “iner-
tial” effects of the change of frame) were very simply re-
lated to the affine transformation law (4.12). The techni-
cal result of the last subsection will allow us now to split
the transformation law (4.12) in two more detailed trans-
formation laws concerning the ‘“‘locally generated” and
the “external” potentials, which constitute the heart of
our approach.

Theorem 5. For each local reference system X § the “lo-

cally generated” X 4-system potential (harmonic gauge)
wie=wh =051 (—47G=]), (4.51)

is homogeneously related to the A-generated piece of the
global potential,

wi=0.0.(—4rGo ), (4.52)
through

wi () =ALXOW; 1(X)+0(4,2) (4.53)
while the “external” X ,-system potential

whe=waA=wi-—wi (4.54)

is inhomogeneously related to the part of the global poten-
tial generated by all the external bodies B+ A:

S wix)=ALXOW HX)+BHX)+0(4,2) . (4.55)
B+ A

A

The A-transformation coefficients A e

defined in Egqs. (4.12).
Proof of Theorem 5. Using Eq. (3.10) for the mass den-
sity o, written in the form

fB,f are the ones

o=c Vg (—T+2T),

where T'=g,,T*" is the covariant trace of the global-
coordinate stress-energy tensor components 7", together
with the tensorial transformation law of the components
of TH¥ between the x and the X coordinates it is easy to
get the transformation law for the mass density:

4

2
T+,

X 2
c2

V2
ox

o= 1+ +0(4). (4.56a)

It is even simpler to check that the mass-current density
transforms as

o'=v'Z+RI3+0(2). (4.56b)
Comparing with Egs. (4.12), and using
|8X /8x|=140(2), this shows that
Ay— | OX | 14 poysa
0, (x)= | = |AXIZH(X)+0(4,2) . (4.56¢)
ox B

The invariance property of the Green’s function for the
wave operator proven in the previous subsection allows
one to deduce from Eq. (4.56c) that
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—1
Dx,sym

(o) =0x tymlALTZL]+04,2) .

X, sym[ A (4.57)

Making now use of the fact that the time-derivatives of

A, are of order O(c~?) when p=0, and O (c°) when

p=1, the slow-motion expansion of Gy g, = —470x L s
_ F(T,X")
1 — 3y >
— 470y L [F(X9)= [d’X XX
1 a0, PF(T,X') ,
+— | d’X'————|X—X
2¢? f aT? | |
+0(1/¢%, (4.58)
shows that one can, modulo 04,2), factor A 2 (T) out of

pHa
Eq. (4.57) which leads directly to the detailed transforma-

tion law (4.53). The remaining law (4.55) follows then by
differencing with the complete law (4.12).

As a comment, let us emphasize that although it has
been convenient to define both wl’f and W] 4 in a particu-
lar (harmonic) gauge we could also have worked entirely
in a gauge-invariant manner by applying Theorem 4 to
the propagation equations for the gauge-invariant e and b
fields [Egs. (3.23) above].

Theorem 5 is central in our method, and its conse-
quences will be explored in the following sections.

V. GENERAL FORMULATION OF THE METHOD

As recalled in the introduction the central difficulty in
general-relativistic celestial mechanics is to deal simul-
taneously, and with equal accuracy, with N + 1 problems:
(i) the external problem (roughly speaking “motion of the
centers of mass” of the N bodies), and (ii) the N internal
problems (“motion of each body in its center-of-mass
frame”). The results that we have obtained in the preced-
ing sections will allow us to define now a new exact ap-
proach to post-Newtonian celestial mechanics in which
these N +1 problems are formulated simultaneously,
each one being formulated in its natural reference frame.
In order to clarify the logic of our approach we shall first
state explicitly which structures we need in our abstract
differentiable manifold to set up the problem.

A. World-line data

Let us start by assuming that the following structures
are given in our originally structureless differentiable
manifold V.

Datum 0. N (abstract) world lines .£ 4.

Datum 1. The global x*-coordinate representation of
these world lines, i.e., either x#=z(7,) with
cdr=(—fdzlidz} W2 or x%=ct, x'=z!(1).

Datum 2. A special parametrization of each world line
by a parameter S , i.e., x*=z4(S ;).

Datum 3. Three time-dependent quantities €X(S,)
along each .L 4.

Datum 4. A slowly changing (special) orthogonal ma-
trix along L 4:

Rida(SA ): RiiaRf‘ibzsab ’
dR 'Y, (S ;)

det(R! Yy=+1, —=—"-=0(c"?).
Aa c 4ds,
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Datum 5. One function of four variables associated
with each £ 4, £ ,(X% X', X% X?), which is at least quad-
ratic in the last three variables X when X“¢—0.

We shall symbolize the set 0-5 of these world-line data
by D ,. The structures D 4, being given we can uniquely
define N local X§-coordinate systems by means of the
transformation formula (label 4 omitted)

xMX )= fH(X)=zMX)+eM XX +EX°X) ,
(5.1a)

where z4(X°) is the value of the S-parametrized function
z¥(S) at S =X°, ¢,(S) is defined by Eq. (2.36d) with
ed=dz/dS and vi=cel=c dz'/dS, e2(S) is defined by

dz!

0(Q)— pi
e;(S)=e, s

+Le,(s), (5.1b)
c
while

E(XO,X %)= el (XO)[ 1 A, (XXX~ 4, (X")XX] ,
C

(5.1c)
§°(X°,X“)E%§(X°,X”) , (5.1d)
where

A,(S)=f,,el(S) d’z’ , (5.1e)

dr?

with cdr?=—f uwdz'dz”. From Egs. (5.1) one can then
compute, for each body A, the transformation
coefficients A:a( T) and B;(T,X) [using Egs. (2.10) for
the Jacobian matrix elements].

Having explicated the way to connect the X -
coordinate descriptions to the ‘“common-view” x#-
coordinate one, let us consider the evolution equations
for the material distributions of each body as seen in its
own local frame.

B. Energy-momentum evolution equations
in each local reference system

Let us show how one can express in terms of the ob-
jects introduced in the previous sections the partial
differential equations that represent the exchange of ener-
gy and momentum between each volume element of the
material system and the gravitational field that it experi-
ences. The general form of these equations is well known
to be

0=V, TH=93 TH+T# T*+T} TH , (5.2a)
where
r},=18"7(3,8,, +9,8,0 — 9,8, (5.2b)

denote the Christoffel symbols, i.e., the components of
the Levi-Civita connection V with respect to the coordi-
nate frame 3,. Let us first emphasize the fact that the
contravariant components of the stress-energy tensor T4
are 1PN gauge invariant. Indeed, one checks easily that,
under a 2PN change of the time variable,
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x'0=x4+£%x*) with £2=0(c %),
the Lie derivative of TV is of order

ol 1|1
L IH=0 T’T’T]—O[F

Cc C 4

i.e., of 2PN fractional order [remembering the PN as-
sumptions (2.25) for T#"]. This property of gauge invari-
ance does not hold for the mixed components T#, .L gT,-O
being of 1PN fractional order only. Consistently with
our notation above, let us define, in each local X frame
(label 4 omitted),

00 bb
srx)= |27 : (5.32)
4 in X frame
TOa
YT, X)= , (5.3b)
¢ in X frame
E,[W]=3, W+ -3, W, , (5.4a)
c
B [W]=€4B. =0,(—4W,)—0,(—4W,), (5.4b)
as well as the new notation
FAW]=3E,[W]+ =B, [ W]z, (5.52)
c
i.e., in vectorial notation,
F=3E+ - 3XB. (5.5b)
c

The quantity F has precisely the form of the usual
Laplace-Lorentz force density in electromagnetic theory.
It can be thought of as playing also the role of a “gravita-
tional force density” at the 1PN approximation of gen-
eral relativity because an explicit calculation of Egs. (5.2)
yields the following 1PN evolution equations for (Z,29):

d 4 d 4 b
— | 1+=w 2|+ 1+—w|T*
T c? ax? c?

=F4«T,X)+0(4), (5.6a)
d d 1 0 .. 1 d
— —3=——T%"——3 —W+0(4).
aT2+ oX“? c? oT ¢t oT 014)

(5.6b)

In the particular case of an isentropic perfect fluid (with
given equation of state) Egs. (5.6) constitute, when the W
potentials are given, a complete set of evolution equations
for the matter variables. In more general cases (nonisen-
tropic perfect fluid, elastic material,. . . ) one may need to
add some other material evolution (and/or constitutive)
equations (e.g., some entropy evolution law) to get a (for-
mally) complete system of evolution equations for the
material system in the gravitational potentials W,. We
shall symbolically write such a material evolution system
as

azi’ a A
ar, =F4WE].

(5.7
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The material evolution system (as seen in the local X ,-
frame) (5.7) needs to be completed by equations determin-
ing the simultaneous evolution of the gravitational vari-
ables.

C. A formally closed evolution system for the =4(T ,,X , )’s

The gravitational potentials that are felt by each body
A in its own frame [i.e., the ones that appear in Eq. (5.7)]
have been found to be equal to (Theorem 5) the sum of a
locally generated potential, W; 4 Eq. (4.51), and of W—(f
obtained by solving Eq. (4.55), i.e.,

WA=AL T[S whix)—B
B+ 4

A(X)

Moreover, each w ff(x) is generated by the matter
currents of body B according to (in harmonic gauge)

Biy—r—1 [_ B
w, (x)=0; yml —47Go,(x)] .

We can also relate the x“-frame description of the ma-
terial content of body B to its own local B-frame descrip-
tion through [see Eq. (4.56)]

Xy
ox

op(x)= ALXIZRXp) .

Putting together these results, we reach the conclusion
that W2 can finally be expressed entirely as a functional
of the 4(X ,) and of the Eg(XB ). Namely, we can write

WAX )=WIAX)+WAX,)+0(4,2), (58a)
with
WaA (X, )=Oxlnl —47GZH(X )], (5.8b)
WAx, =3 WEAMX N+WLAX,), (5.8¢)
B# A
X pz(x)
WE A =0,y | — 476 |~ AL (T)
XABS(T)ZH(Xp(x)) |, (5.8d)
Wi X )=—AL T OBAX ) . (5.8¢)

In Eq. (5.8d) the 1PN dependence of.ﬂé‘#{_” on T, and
the fact that all times (t=x%/¢,T,,Ty) differ only by
1PN terms has allowed us to bring in A;‘#““ and to re-
place T, by T. In other words, if we insert Egs. (5.8) in
Egs. (5.7) we get a formally closed integro-differential
evolution system for the material distributions of the N
bodies, each one being described in its own frame, of the
form
OZNT 4,X 4)
g = RdE AT X 3T, X, D D5 ]
(5.9a)
=Ty, Xp) :
—%B—B:cpg[z‘?(m,x;,),zf‘(r;,,x’,, ,DpD 41,

(5.9b)
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The various primes on the space-time variables in Egs.
(5.9) remind us of the fact that the evolution equations
for, say, 2;‘(TA,XA ) are, a priori, nonlocal both in time
and in space (because of the Green’s functions (17 1).

D. Outline of the definition of a closed evolution system
for both the = ’s and the D ,’s

Note that in the evolution system (5.9) we are assuming
that the world-line data D 4, ..., are given. This is cer-
tainly allowed because there is no logical necessity to
connect in a definite way the world-line data to the actual
motion of the bodies. For instance if we were interested
in the quasicircular motions of a binary star, we could
define in advance two world lines representing two exact-
ly circular motions, together with some convenient rota-
tion matrices and study the solutions of the system (5.9),
i.e., the motion of each star with respect to the prescribed
circular motion. Such an approach can, and has been,
employed in a Newtonian context too. However, it is
often convenient, in Newtonian gravity, to relate in a
definite way the motion of the origin of the local 4 frame
to the actual motion of body A4, namely by identifying it
with the Newtonian center of mass of 4. However, there
is no consensus on what is a good relativistic definition of
a ‘“‘center of mass” of a body A4, member of an N-body
system, and we shall need to develop new tools to find a
definition which fits nicely within the present approach.
Anticipating on what will be discussed in detail below, let
us only quote the definition we shall use of a post-
Newtonian “center-of-mass frame.”

Definition of a local center-of-mass frame. A local X ,
coordinate system around body A4 will be said to have its
spatial origin coinciding (for all T, times) with the center
of mass of body A4 if and only if

0=MaA(TA)zfAd3XAXf,E(TA,XA)

1 d?
10C2 dTZ fAdaXAXZX%‘iz(TA>XA)
A
6 d

—;EA—IAWXA(XZXZ—%S“X%,)

X3ZUT X ), (5.10)

where the spatial integrations extend only over the
volume of body A4.

Note that (contrary to most of the post-Newtonian
center-of-mass definitions in the literature) the definition
(5.10) is expressed entirely in terms of quantities referred
to a local frame and is given by a well-defined compact-
support integral. It is intuitively clear that Eq. (5.10),
which expresses that the abstract world line .L 4 is con-
strained to follow, in a precise way, the motion of the
matter within body A4, will imply some ‘“equations of
motion” for the global-coordinate representation of .L ,:
xt=zK (71 4). These equations of motion will be discussed
in detail in a subsequent publication (see also Sec. VII
below) and we shall, for the time being, just assume that
they follow from the condition (5.10).

In order to complete the general outline of our method,



43 GENERAL-RELATIVISTIC CELESTIAL MECHANICS. I ...

we need to discuss the role of the other world-line data
(apart from Datum 1 that we just discussed).

Datum 2 (i.e., the special S parametrization of the
world line, which amounts to a precise post-Newtonian
definition of the “local time scale” T ,) and Datum 3
(post-Newtonian fixing of the e? components) will be
fixed by a requirement of effacement. We have discussed
in the introduction the double role that the accelerated
Newtonian center-of-mass frames were playing: both as
“comoving” frames, and as frames in which the external
gravitational field is strongly ‘“effaced.” These roles are
closely related (because of the equivalence principle, i.e.,
the “universality of free fall”’) but they are still slightly in-
dependent. Indeed, a Newtonian frame comoving with
an extended body has a different acceleration than a
Newtonian frame freely falling (i.e., accelerated like test
bodies) in the (Newtonianly well-defined) external gravi-
tational field. The difference in acceleration is due to
quadrupole, and higher-multipole couplings, and is

i 1

1

— gl =
a comoving 4 free-fall M

Q19 U™ +higher multipoles ,

(5.11)
where M denotes the mass and
0= [ d*Xp(X/x*—1X26")

the Newtonian quadrupole moment (see, e.g., Ref. 7, Sec.
6.4, for a derivation of this purely Newtonian effect).

In a relativistic context the difference between the con-
cepts of ‘“comoving frames” versus ‘external-field-
effacing frames” is bigger, because of the ambiguity of the
concept of “frame.” For instance, Thorne and Hartle?*
have advocated the use of relativistic frames that are
“freely falling” in some (undefined) “external” gravita-
tional field (in the sense that their origin follows a geo-
desic of the “external” universe), and have generalized
and computed the dominant relativistic corrections to the
deviation effect (5.11). By contrast, we will find it very
convenient to use mainly ‘“‘comoving” frames, in the pre-
cise relativistic sense of Eq. (5.10). This choice leaves us
however some freedom in the precise definition of the
frame, i.e., of the full coordinate system X around the
now ‘‘center-of-mass world line” .L ;. We shall take ad-
vantage of this freedom to efface, at the origin of our lo-
cal frames, the “‘external” relativistic gravitational poten-
tials, in the following definite sense.

Weak effacement of post-Newtonian external gravita-
tional potentials in local frames. Using the definition
(5.8¢) of the ‘“external” PN potentials W (T ,,X ,), as
seen in a local X 4-coordinate system we shall say that
they are (weakly) effaced in the local A4 frame if they van-
ish, for all T, times, at the origin of the frame: i.e.,

vr,, wXAr,0,0,0)=0. (5.12)

Because of the presence of the “inertial” contribution
Wi 4(X), Eq. (5.8e), in W 2, which depends on B,, and
thereby on el =dz°/dS and el=eldz'/dS +c €, (S),
the values of the W £ at the origin depend on eJ(S) and
€,(S). It is easy then to check that the four conditions of
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effacement (5.12) can always be enforced by a suitable
choice of e,(S)=c%(e3(S)—1) and €,(S) (a=1,2,3), and
that this choice is unique. In other words, the weak
effacement condition (5.12) ties down in a unique way the
world-line Data 2 and 3, to the other variables of the
scheme.

Let us now consider Datum 4, i.e., the fixing of the
slowly changing local rotation matrices R%,(T,). For
this rotational degree of freedom arises the same dichoto-
my that was present for the translational degree of free-
dom: namely, to choose between a “body-based”” way of
fixing it (“comoving” condition in the translational case),
and a “gravitational-field-based” one (“efface” 9, U*' by
going to a freely falling frame). Many authors, notably
Brumberg and Kopejkin®® advocate the use of a
“gravitational-field-based” criterion for fixing the time-
dependence of the rotational matrices. Indeed, there is a
natural criterion that we shall call effacement of post-
Newtonian Coriolis effects in local frames.

Using the definition (5.8c) of the “external” PN poten-
tials W (T ,,X ), as seen in a local X ,-coordinate sys-
tem we shall say that the post-Newtonian Coriolis effects
are effaced in the local A-frame, if the external ‘“gravi-
tomagnetic” B field vanishes, for all T, times, at the ori-
gin of the frame, i.e.,

VT, B AT, ,0)0=[€,.0,(—4W )]x_0=0. (5.13)

Because of the presence of the “inertial” contributions
W' 4(X), Eq. (5.8¢), in W 2, which depends on B,, and
thereby on dR//dT, it can be checked that the three-
conditions (5.13) fix uniquely the vectorial angular veloci-
ty Q,(T) which determines the time evolution of the or-
thogonal matrix R/(T) (this will be clear from the formu-
las given below).

The name “Coriolis” is here meant to indicate the
space-independent part of the B field, which, as is already
clear from Eq. (5.5b), exerts on the matter forces < Q Xv.
This issue will be examined in more details in a subse-
quent publication, as well as the meaning of Eq. (5.13) in
terms of a Fermi-Walker transport in some ‘external”
metric [defined in Eq. (5.17) below].

In spite of the naturalness of the rotational effacement
criterion (5.13), we want to emphasize that there is no
logical necessity in choosing it. On the contrary, al-
though we essentially leave to the reader the choice of the
“best” way of fixing Datum 4, we wish to emphasize that
there is in fact an equally natural and technically simpler
(and far more convenient in many practical applications),
alternative criterion, namely through a global fixing of lo-
cal rotation matrices

VA4, VT,, R, (T, =8 . (5.14)
Equation (5.14) is a drastic way of tying the rotational de-
grees of freedom to the rest of the scheme which is “body
based” instead of being ‘“‘gravitational-field” based. It is
the rotational analogue of our ‘‘comoving” condition
(5.10), while the gravitational-field-based analogue of
(5.10) would have been the effacement of post-Newtonian
external+inertial acceleration effects
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vr,, E(T,,0)=0. (5.15)  where

We shall use (5.10) [and never (5.15)] to fix the transla- A= wix). (5.17d)

tional state of our local frames, and leave open the flexi- B#4

bility of choosing (5.13) or (5.14) [with a technical prefer-
ence for (5.14)] for fixing the rotational data.

Finally, as far as Datum 5 is concerned [i.e., the fixing
of the time gauge at the 2PN level,
St=c 1&%=c*&(T,X)] we have already seen several
times that it is often more convenient to leave open the
corresponding time-gauge freedom, and to work sys-
tematically with the gauge-invariant E and B fields. Even
in cases where it is, provisionally, useful to choose a
definite time gauge (generally of the time-harmonic fami-
ly) we do not need to compute explicitly to which choice
of £° it corresponds. We shall return to this issue in a
subsequent publication.

In conclusion, we have just outlined how one can tie in
a definite way the world-line data, 2 ,, to the other
dynamical variables of the problem. When this is done, it
defines a formally closed evolution system, that we shall
symbolize as

——-—‘( ) =® ,[25,Dc] (5.16a)
T, al<p,cl,

——————( ) =V  [25,Dc] (5.16b)
aT al<p,Lcl - .

Up to this section we have stayed on a general level
where each body was always fully represented (both inter-
nally and externally) as an extended object. In the follow-
ing sections, we shall go to a second level where one
“skeletizes” both the locally generated gravitational fields
(W7I 1) and the externally felt ones (W ) by (infinite) se-
quences of relativistic multipole moments.

E. The vectorial basis e(S) as a tetrad in a
well-defined external gravitational field

The transformation properties of the post-Newtonian
gravitational potentials gave a special role to the decom-
position of the W;’ potentials, in the local 4 frame, in a
locally generated part W} 4 and an external part W /.
According to Eq. (5.8¢c), the latter part is related to the
sum of the global-frame gravitational potentials generat-
ed by all the bodies external to the A4 frame,
SpeqWw ﬁ (x), by the general transformation formula,
Egs. (4.12), wvalid for the ‘real” potentials
(W=WT"+W). Let us now define an external metric.

Definition of the external metric, with respect to body A.

To each body A4 we associate an external metric

ds? =g A (x)dx"dx"=G A X)dX *dX" (5.17)
A " af
defined by
Fad(x)=—e 200/ (5.17a)
—(;t(x>z——‘§—,f4(x) , (5.17b)
C
gx)=8,e"® Ase? (5.17¢)

We can reexpress the detailed transformation result (4.55)
by saying that the local-frame components of the external
metric, G ;fﬁ(X ), are given in terms of the external local-
frame potentials, as defined by Eq. (4.54) by our usual ex-
ponential formulas:

G AX)=—e 2P "X/ L 0(6) , (5.18a)

G(;:,(X)=—%W;‘(X)+O(5), (5.18b)
C

G A(X)=8,,e 27 "X/’ L 0(4) . (5.18¢)

From Eqgs. (5.18) we see that the weak effacement condi-
tion (5.12) implies that G g(T,0)=—1+0(6),
G {(T,0)=0+0(5), and G A(T,0)=8,,+0(4). But
the values of the Jacobian matrix elements dx# /30X at
the origin of the local system are nothing but the global
components e, of the vectorial basis along .L , intro-
duced in Sec. II B. Hence, we conclude that, under our
general hypotheses, the weak effacement condition (5.12)
implies, along .L ,,

G (=8 jnetiaeip=FSapt0(6,54) . (5.19)

In other words, Eq. (5.19) says that the vectorial basis e
along L , is, with the precision indicated, an orthonor-
malized tetrad with respect to the external metric (5.17).
In particular, the 00 component of Eq. (5.19) [i.e., the
a=0 component of the weak effacement condition (5.12)]
means that the special parametrization S of the central
world line £ , [see Eq. (2.3)] is the proper distance along
L 4, as recorded with the external metric

= = o A (IR
S_f[Ade—fLA\/ g n(x)dxtdx” . (5.20)
If we define
. dz!, ) o
U'A =c—— SO that e;o =c eAOUf‘i (5.21a)
dz

we deduce, from Egs. (5.19),

e30=1+;1;(%v2,,+w”)

+ L2 L@ AP 3 v, — 4w i1+ 0(6)

C
(5.21b)
1
% =R! —"ll+i2 L2 43 4 ——“;w;‘l
c? 2 c
+0(5), (5.21c)
el = [1—%wf’ 89+ ——vivs |RI+0(4),
c 2c

(5.21d)
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in which all the external potentials must be evaluated on
L A .

VI. RELATIVISTIC TIDAL AND
MULTIPOLE EXPANSIONS

A. Newtonian tidal and multipole expansions

In Newtonian celestial mechanics, the exact equations
for the motion of the barycenter z),(¢) of one body 4
member of a N-body system are

d*z! (1)

3 —f d>X 4p (X 1,0, UMz (1) +X 4,1) ,

A

(6.1)

where p 4,(X ;) is the mass density of body 4 expressed in
terms of the relative coordinate X , =x—z 4(¢), and the
external Newtonian gravitational potential is

Usi(x,t)=3 UBx,1), (6.2a)
B+ A

3 pB(XB’t) 6.2b

U%(x,10) GdeB—————|x %] (6.2b)

Moreover, the effective local external potential whose
gradient governs the motion of mass elements in the ac-
celerated A-barycentric frame is

d%z ,

UF(X )=USMz,+X )— Uz, )__¢1:—2' 4>

(6.3)

where the arbitrary function C(¢) of Eq. (4.10) has been
chosen for convenience to be U$(z ,(¢)). The system
(6.1) and (6.2) is an integro-differential system. In order
to reduce it, formally, to a system of ordinary differential
equations for the N barycenters, one makes two simul-
taneous expansions.

(i) The effective local potentlal and thereby also
Ut=UT+ Ue"'(zA)+d z,/dt*>-X ,, is expanded in a

“tidal expansion”, i.e., a Taylor series in powers of X ,,

Uf(x ,)= G"XA+ GAX,,XJ+
+11‘G"... X1, (64a)

where the Newtonian “tidal moments,” or ‘“gravitational
Gradients,” felt by body A4 are (3, =3/3x")

d?z,

GAlt)= —
dt?

QUM (z ) — : (6.4b)

122G (0=9; ..., (6.4c)

i h

US(z,) .

(ii) the potential generated at some field-point x by
each body B is expanded in a ‘“multipole expan-
sion,” simply obtained by Taylor expanding the
r '=|x—zp—Xz| ™! factor in Eq. (6.2b) in powers of
Xp (3;=08/0x"):
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GM?E GM:'B
UB(x,t)= -9,
|x—2zgl |x—zg|
B
+ia GM,-J-
207 | |x—zp]
GMp,
(=) Tl ... (6.5
+ G Ix—zp)] + .5a)

with the Newtonian “multipole moments” of body B

i i
ME, ..., ()=STF,; .._,»Ide3XBXB‘ e Xgpp(Xp,t) .

(Iz0) (6.5b)

We have kept in Eq. (6.5b) only the symmetric-
trace-free projection of the full mass moment
I, = [d*XpXfpy (L=i, "+ i) because the trace terms
of I; do not contribute to Eq. (6.5a) on account of the
vanishing of the Laplacian of lx—zB|"1. On the other
hand, all tensorial coefficients Gi’l‘. ) in Eq. (6.4) are au-

tomatically symmetric and trace-free (L =i, - - - i;):
GA=STF,[3, Uz )] (I=2)

(for the same basic reason that AUZ=0 outside local
body B). Both expansions (6.4) and (6.5) are equivalent to
expansions in scalar spherical harmonics, respectively in
r'Y,,(0,¢) and r " *1VY, (6,4), but the use of irreduc-

ible Cartesian tensors (i.e., STF tensors G,y or M)
renders more transparent (especially when a suitable con-
densed multi-index notation is used, like L =ii, - -+ i;)
the use of these expansions in many algebraic operations,
and, moreover, is definitively simpler when one needs to
“tidal”, or “multipole”, expand vector fields or tensor
fields, instead of simply scalars.

An example of the algebraic usefulness of the STF-
tensor expansions is that, by inserting Eqgs. (6.4) and (6.5)

into Egs. (6.1) [with Eq. (6.3)], the exact equations of
motion (6.1) can be written in the form
21
4 e -9, Uz ,) |=—M4GA
1
=3 MIGE, 66
which yields the explicit double series
MAdZ ' =G 3 3 S VIV
dr? FoaiSe kL TETE
1
Xy | —— (6.7)
2 R ppp——"

in which L=i, i, K=j, - j, and 38/'=3/9z".
Both in Egs. (6.6) and (6.7) the / =1 (and k =1) terms are
actually zero because of the Newtonian definition of the
center of mass which, remembering X!, =x’—z/,, is noth-
ing but

0=M/ f d3X ( Xip (X 4,1 . (6.8)
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B. Post-Newtonian multipole expansions

It has been shown by many authors® that, in the case
of exactly stationary relativistic gravitational fields that
fall off at spatial infinity (i.e., in the case of a stationary
and isolated material system), there existed a “good” (and
essentially unique) generalization to the full general-
relativistic context of the multipole expansion (6.5a) of
the gravitational field outside the material source. This
stationary relativistic multipole expansion of the metric
field g,, contains two sets of multipole moments: some
“mass moments” [which reduce to those appearing in Eq.
(6.52) in the nonrelativistic limit] together with some
“spin moments” (analogue to the magnetic type mul-
tipole moments in electromagnetism*’). However, even
in this simple case, no exact analogue of Eq. (6.5b) exists.
In other words the stationary mass and spin relativistic
moments are only ‘“field multipole moments,” and not, as
in Eq. (6.5b) “source multipole moments.” Moreover, if
one drops the very restrictive assumption of exact sta-
tionarity the situation becomes much more intricate, and
the uniqueness, and even the existence (for generic time-
dependent field) of exact relativistic time-dependent mul-
tipole moments is dubious. Under some weak assump-
tions about the asymptotic fall-off of the metric field in
null directions, it is possible to introduce a concept of
(relativistic) “‘radiative multipole moments” (see, in par-
ticular, Thorne3®) as a set of irreducible Cartesian tensors
that parametrize the angular pattern of the [O(r )]
gravitational-wave zone field. On the other hand, under
some stronger asymptotic fall-off assumptions, one can
show that other definitions of asymptotic multipole mo-
ments [based on the subdominant O (r "), n > 1 terms in
the wave zone expansion] are possible and are actually
inequivalent to the O (r ~!)-based definition.®

But the main problems are, anyway, that there exist (i)
neither an analogue of Eq. (6.5a), i.e., the representation
of the field at a finite distance from the source (ii) nor an
analogue of Eq. (6.5b), expressing the moments in terms
of the material distribution. In an attempt to cure the
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latter problem, Thorne,>® generalizing previous work of
Epstein and Wagoner,®” has derived a formal expansion
in powers of ¢ ! of the radiative multipole moments as a
series of (undefined because divergent) infinite-support in-
tegrals over some “effective stress-energy tensor” (which
itself contains the unknown metric field).

The situation is much better if one considers only the
post-Newtonian approximation to general relativity (in
the improved sense of considering O (¢ ~?) corrections to
the leading terms both in the near-zone, the intermediate
zone, and the wave-zone gravitational field). In that case,
Blanchet and Damour®*! have recently shown that the sit-
uation is as good as in the Newtonian case, in the sense
that there exist useful analogues of both Egs. (6.5a) and
(6.5b). The main emphasis of their work was to obtain a
well-defined integral representation in terms of the ma-
terial source of the radiative multipole moments
parametrizing the asymptotic gravitational wave field em-
itted by any post-Newtonian gravitationally interacting
system. However, we shall show here how a slight gen-
eralization of their work leads to very useful constructs,
even when considering the post-Newtonian gravitational
field in between the bodies of an N-body system (while
their original expansions were valid only outside a sphere
enclosing the full N-body system).

A first generalization of their work consists in working
in an arbitrary, not necessarily harmonic, gauge simply
by adding the gradient of a general function A (and in
considering time-symmetric, rather than retarded poten-
tials). A second, physically much more important gen-
eralization consists in remarking that, thanks to the
linearity of the field equations for the w potentials [Egs.
(3.11)], we can apply, step by step, their method to the
case of the w potentials generated by only one body, say
A, selected from an N-body system.>® Moreover, their ar-
guments apply both in the global x*-coordinate system,
and in the local X§ one. In keeping with the general
spirit of our method outlined in Sec. V C the most useful
generalization is to consider the ‘locally generated”
W 4 potential, as seen in the X, system. This leads to
the following theorem.

Theorem 6. In any local system, say X<, the locally generated post-Newtonian potentials, W} 4(XP) [defined in the
harmonic gauge by Eq. (4.51)], admit, everywhere outside body A, the following multipole expansion (with label A omitted

for readability on the local coordinates T , =X5 /¢, X% ):

WrAT,X)=G 2 aL(R—‘ML(T+R/c )+—a (A1=1)+0@4), (6.9a)
120
. d l -

wrAT,X)= P 3, ,|R ldTMaLﬂ' l+lea,,cabL_1(R 1S4 [ —13,(A4—=A1)+0(2), (6.9b)
where

—)! 201+1 14 (6.10a)

1=4G + , :
PaTET 1+1)v 2 +3 0L (R pi(TER/e))
uf(T)zfAd3X}?”"2”(T,X) , (6.10b)

and where [arguments (T,X) omitted for the local integrands 2*(T,X)]
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1 d?
2(21 +3)c? dT?
SLA<T)EfAd3Xe“"<°’,?L“>“zb, (1=1)

MAT)= fAd3XX’Lz+

[fAd3X)?Lx22 -
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421+1)  d

AL L AL A d%X:ﬁmL a] > )
(I +1)(21 +3)c2 dT [fA 3| (I1z0) (6.11a)

Following the convention (3.30) the * sign in Egs. (6.9), (6.10) denotes a time-symmetric average.

The function A(7,X) denotes an arbitrary gauge trans-
formation. The original extended-body-harmonic-gauge
solution (4.51) is obtained when A=0. Note, however,
that the gauge with A=A is also harmonic
(“skeletonized-body-harmonic-gauge”).

We see that the symmetric and trace-free Cartesian
tensors defined by Egs. (6.11) play, at the post-Newtonian
level, both the role of “field multipole moments” [Egs.
(6.9)] and of “‘source multipole moments” [Egs. (6.11)].%°
They constitute one of the essential tools of our ap-
proach, and we shall refer to them in the following as the
(local) BD moments of body 4. The moments M/ (T)
will be referred to as the ‘““mass’ moments, by contrast to
the “spin” moments S//(T). Note from the O(4,2) ¢ "
error terms in W2 Egs. (6.9) that only O (4) uncertainty
could be accepted in M, , while S; could admit a bigger
O(2) uncertainty (i.e., S; needs to be defined only at
Newtonian accuracy). The problem of generalizing the
BD results so as to reach also a post-Newtonian accuracy
[O@) errors] for S; has been recently solved,®® and we
shall return to it in a subsequent paper.

C. Post-Newtonian tidal expansions

Having shown how to generalize Egs. (6.5) to the post-
Newtonian level, let us now turn to the problem of
finding a ‘“‘good” (i.e., useful) PN generalization of the
Newtonian tidal expansions (6.4). The usefulness of the
Newtonian tidal moments (6.4b) and (6.4c) rested on two
features: (i) they were irreducible Cartesian tensors and
(ii) they constituted a skeletonized representation of the
effective external gravitational forces felt by mass ele-
ments in a local center-of-mass frame. Now, we have
seen in Egs. (5.6a) above that in the post-Newtonian
momentum density evolution equation, written in a local
X 4 system, the role of the effective gravitational force
density pV U™ was played by the “Lorentz” force density
F=3E+c¢ %3 XB, which, being linear in E and B, is
naturally decomposed in a ‘“self’-force density
(SE*+¢722XB") and an  ‘“external”  one
(SE+c 2= XB). This points out clearly at using the
external gauge-invariant fields E[W ], B[W ,] as post-
Newtonian analogues of VU, And for the analogues of
the multigradients of U°%, we shall not take simply the
multigradients of E and B, because they are not irreduc-
ible Cartesian tensors, but, very naturally, the
symmetric-and-trace-free projections of the latter. Hence
we get our definition of post-Newtonian tidal moments.

Let, with 3, =08/0X%, d;=cd/0XY in some local 4
frame,

(6.11b)
[
EMT,X)=03,W A+ 2o, W4, (6.12a)
c
B AT, X)=€,,0,(—4W 1), (6.12b)

denote the external gauge-invariant fields. We skeleton-
ize them by defining two corresponding (gravitoelectric
and gravitomagnetic) sets of post-Newtonian tidal mo-
ments:

(rz1), (6.13a)

Il

G/AT) [a<LA1E:}>(T,x)]

X?=0

HLA(T)z[au,IE;)(T,X)] (IZ1). (6.13b)

X9=0

Note that the moments so defined are of order /=1 [see
Eq. (6.16) below for the definition of a gravitoelectric
monopole tidal moment].

Before studying the properties of these PN tidal mo-
ments, let us say that Thorne and Hartle?* have pointed
out that the general solution to the vacuum Einstein
equations which is regular near a timelike geodesic can be
fully parametrized (up to coordinate changes) by two sets
of STF tensors. Their work has been extended and
refined by Suen*® and Zhang.*® At the linearized gravity
level the moments defined by these authors differ only by
some normalization factors from ours. However, a not-
able difference arises when nonlinear effects come into
play (as they do at the 1PN approximation). Indeed,
Thorne and Hartle?* and Zhang®” insist on relating their
moments to the curvature tensor of some (undefined)
“external metric,” while we have seen in Sec. III D that,
whatever be the choice of external metric g*, its curva-
ture tensor will differ from G}, =9(,E;, by nonlinear
terms. This appearance of nonlinearities in E* spoils the
nice linear properties of the W-E-B formulation of PN
gravity. Moreover, another notable advantage of our
scheme is that it furnishes an unambiguous definition of a
(useful) “external metric,” namely the metric @aﬁ(X 7)
defined by Eqgs. (5.17) and (5.18).

The external gauge-invariant fields (6.12) satisfy the
homogeneous equations (V=09/0X)

EH]

vxE:~%aT§ : (6.14a)

VXB=43,E+0(2), (6.14b)

V-Ez—%aZTWJrOM), (6.14c)

v-B=0, (6.14d)
and
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AE=L®E+04), (6.152)
C

AB=0+0(2) . (6.15b)

It is easy to see, by induction, from these equations that
the knowledge of all the STF projections of the spatial
derivations of E and B at the origin [i.e., our tidal mo-
ments (6.13)], if it is augmented by the knowledge of

G(T)=W(T,00+0(2), (6.16)

determines completely [up to a usual O (4,2) uncertainty]
all the components of the spatial derivatives of E and B.
The additional datum G (T), Eq. (6.16), plays the role of a
“monopole tidal moment”, and should be, in general,
added to our definitions (6.13) [note that G (T) is gauge
invariant within the precision, O(2), with which it is
defined]. However, we have seen in Sec. V above that
this datum can be gauged away by a proper normaliza-
tion of the S parametrization of the central world line. In
the applications of our formalism we shall generally as-
sume that we have chosen ‘“world-line data” such that
the weak effacement conditions of Sec. V, i.e.,

w(T,0)=0,

w,(T,0)=0,

(6.17a)
(6.17b)

are satisfied. However, in the present section it will be
more convenient (for reasons that will appear in subsec-
tion E below) to stay fully general by assuming nothing
about the datum (6.16).

The tidal moments (6.13), (6.16) determine uniquely all
the spatial derivatives 8, E,, 3, B,. In order to perform
explicitly the calculation of these derivatives, it is con-
venient to remark first that (as follows easily from the
equations given in Sec. I A above)

1—-1)
221 —1)

where O (88) denotes any term that contains two (uncon-
tracted) Kronecker deltas, and where we recall that the
caret above X* means a STF projection of the multi-
index L =a, - - - a;. From Eq. (6.18) follows immediately
the fact that the Taylor expansion (with respect to the
X ?s) of any field ¢(X) reads

e X221 L 0(88),  (6.18)
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Equation (6.19) can be applied to each component E, or
B,, for which we see from Egs. (6.15) that A’E, =0(4)
and AB,=0(2), so that (- =d /dT).

- 1 1915 & 1 1HLA B
-1 E4+—1 B
a ,§ou [ LR 21 4+3)e? SR I
+0(4), (6.20a)
B,=3 -%'6,B,| +0Q). (6.20b)
1z0 n X=0

The problem is thereby reduced to computing 3., \E,
and 3B, at the origin.

We can now make use of the STF form of the Clebsch-
Gordan reduction for the multiplication of two irreduc-
ible representations of the rotational group, in the case
D,®D;=D,;;®D;®D,_, (see Appendix A of Ref. 37).
Namely, if T, ) is a (reducible) tensor of order [ +1 that
is STF only with respect to the multi-index L, one can
decompose it into three algebraic pieces:

A +1 A+(0) s (—1)
Ta(L)'_-T(sz:F )+eca(a1TL—1)c+8a(u,TL—1> ,» (6.21a)

in which each T*1? is STF (i.e., irreducible):

L3 =STFL (T, 1), (6.21b)
A5(0) _ !
TLO :STFL T——f—_lealbchCLﬂl l ) (6.210)
-1y 201
T _‘l’zmeﬁl ) (6.21d)

Applying Egs. (6.21) to 3(,,E, and 9(,,B,, and using
Egs. (6.14), one can derive

a(L>Ea!X=0:GLa + (1+1 )Cz eca(a]HL-Hc

71—4 .
1 ‘—(21+1)628a<a,GLV1>+0<4), (6.22a)
PX)=3 - X",¢
120 *° X=0 _ 4l ‘
Lo L prg o XRE 5 3(1)Bylx=0=Hre = 77 €catq,GL—1)c TO(2) . (622b)
2 L9 01 +3)Ln? L2 o |
B Hence, we get finally the following tidal expansions for
(6.19)  E “and B “ (overall label 4 omitted):
J
E = 1 o1 1 o d?
E(T,X)=3 = [X'G,.(T)+ XX G, (T)
go n “* 2(21 +3)c? ar?
71—4 $al —1 dz ) SbL —1 d
- G, (T+—— _a
(21 +1)c? ar? v (1 +1)c2 Cabe g7 e (1) | +0(4), (6.23a)
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= 1 1 d
B(T,X)=3 — |X'H L
(T X) gon D)= 1+1 k™ T

By convention, we are assuming in Eqgs. (6.22) and (6.23)
that any term which contains an undefined tidal moment
(or a meaningless expression) is to be replaced by zero,

g., the term containing the factor (7] —4)/(2] +1) is
absent when / =0. Note, however, that the latter term is
present when / =1, in which case it represents the sole
contribution of the monopole tidal moment G (T) to the
gauge invariant fields.

D. General structure of the post-Newtonian tidal moments

We have defined our tidal moments G;/! and H;! by
Eqgs. (6.13) and (6.16). Therefore, they are linear in the
external potentials W ? and we have seen above, Eq.
(5.8¢c), that the external potentials were themselves a
linear superposition of N + 1 terms:

Wi= 3 whALw e,
B#4

N of them being generated by the N separate bodies, and
the last one being an ‘“‘inertial” contribution arising be-
cause of the “accelerated” frame transformation
x#—X¢. Consequently, the tidal moments can also be
decomposed into N +1 contributions, parallel to Eq.
(6.24).

Moreover, the results that we have presented above
concerning the transformation laws of the gravitational
potentials, together with the fact that each locally gen-
erated piece, W} 4, is completely expressible (modulo a
gauge transformation) in terms of the BD multipole mo-
ments [see Eq. (6.9)] imply that each of the (gauge-
invariant) body-generated contributions to G/ and H/
can be expressed in terms of the BD moments of body B,
and of the coefficients of the transformation between the
A and B frames: A% "VAPS, As for the “inertial” con-
tributions to G/ and H/, say GA” ", they depend
only on the world-line data D , of,C . Hence we shall
have the following structure for the post-Newtonian tidal
moments of the 4 frame:

(6.24)

G/'=3 GP/AMESED, Dyl +GA"'[D,], (6.252)
B+ A

H'=> HP/AIMESED, Dyl +H'[D,]. (6.25b)
B# A4

The derivation of the explicit expressions for the body-
generated contributions to the tidal moments will be left
to a subsequent publication. We shall here study only the
inertial contributions.

E. Inertial contributions to the post-Newtonian tidal moments

Thanks to the tools we have introduced above, there
are two ways in which we can compute the explicit ex-
pressions of the inertial contributions G/, H/" to the
tidal moments.

A direct method would consist of computing

Wil'=—Ad "B, (6.26)

cL—l(T)

+0(2) . (6.23b)

[
from Egs. (4.13), with the Bﬂ’s read off from Eqgs. (4.12),
and the Jacobian matrix elements A% taken from Egs.
(2.10). Then, the G/” and H/!" are obtained by
differentiating E""=E[W'"], etc. A more elegant, and
more instructive method consists of using the geometrical
properties of the E and B fields discussed in Sec. III D.
Note that we are here placing ourselves again in the gen-
eral setting of Sec. II B, within which one is given an
abstract vectorial basis e,=e%(S)d/3x* which is not re-
stricted beyond the results of Theorem 2 [Egs. (2.36)]. In
other words, we are not assuming here that Data 2 and 3
of Sec. VA are fixed by the orthonormality conditions
(5.19) [i.e., equivalently we do not impose here the weak
effacement conditions (5.12)].

The key remark for using the geometrical results of
Sec. IIID is that, because of the affine nature of the
transformation law,

w, =AW, +B,

the inertial W’s (6.26) formally are the transforms of
w,=0, ie., of flat space: g,,[w=0]=f,,. In other
words, the E’”’ and B”’ inertial fields are obtained from the

formulas of section III D by taking simply

ds*?=g¥ (xMdxtdx¥= [, dx"dx" (6.27)

Therefore, the curvature tensor R *(a,b,c,d) is identical-
ly zero, and we learn from combining Egs. (3.40), (3.43)
with the tidal expansions (6.23) that the only nonvanish-

ing inertial tidal moments are simply G", G,’, G,;, and
H,' and that
3 n ”
Gy ="3G.Gy) . (6.28)

The dipole inertial tidal moments G,’ and H,' are very
simply obtained from Egs. (3.37) in terms of the (Min-
kowskian) acceleration of .L , and of the (Minkowskian)
rotation of the e, triad along £ ,. If we define precisely
[as in Eq. (2.33) above] the e, component of the Min-
kowskian acceleration 4, of L , as

dlzv
2
de

A, =1 el , (6.29)

where d’T?r =—c 2f wwdz#dz” is the Minkowskian (global-
ly flat) proper time along the world line .£, we have, for
each world line,

G/ =—A4,+0(4), (6.30a)

Gl =5 A, Ay +O(4) (6.300)
dR}

H)=¢€y |VyA,+c? R} |4+0(2), (6.30c)
dT

where V,,=R,§dzi/drf+0(2). Equation (6.30a) is the

post-Newtonian generalization of the second term in the
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right-hand side of Eq. (6.4b). The second term in the
right-hand side of Eq. (6.30c) is just the Newtonian
Coriolis effect while the first term is a special-relativistic
addition to the Coriolis effect induced by the Thomas
precession. As for the monopole inertial tidal moment,
G'"(T)=W "(T,0)+0(2), one sees from Eq. (3.34) that it
measures simply the relative scaling, along each world
line, between the special parametrization S =c¢7 and the
Minkowskian proper time 7:

dT
Tr

G'"(T)=c%n +0(2) .

Finally, the tidal expressions (6.23) of the inertial fields
read simply

= 1 ,,d*G" | 1 dH;’
”" ) nyb__ L ya b
ETX)=G)+ G X" = =X b= e X =
d*Gl ... d*G}’
+ Ll e Lga® o4,
6¢? dT c dT
(6.31a)
BT, X)=H) —2¢€,, (2) . (6.31b)

dT

Equation (6.31a) is the post-Newtonian generalization of
the gradient of the last term in the right-hand side of Eq.
(6.3). We have checked that the direct method leads to
the same results. Finally, let us emphasize that, unless
otherwise indicated, in all subsequent applications of our
formalism (including next section), we shall choose the T
parametrization of the world lines so that the weak
effacement condition (6.17a) holds for the total external
potentials. This condition will ensure that the total
monopole tidal moment, G=G"+ 3 . ,GB/4, vanishes
for all times. As a consequence, all monopole tidal con-
tributions will disappear from the formalism (e.g., the
term —c 2X°G " in the “inertial” gravitoelectric field
(6.31a) will be canceled by a corresponding term in the
“externally generated” field), and it will be sufficient to
use the sets (6.13) of tidal moments.

VII. RELATIVISTIC MULTIPOLE-EXPANDED
CELESTIAL MECHANICS

A. Structure of the post-Newtonian mass, barycenter,
and spin equations of motion in each local system.

In each local X§ system, the stress-energy tensor of
body A4 must satisfy the evolution equations (5.6). In the
linearized gravity case, it is well known that the four
energy-momentum local conservation laws imply only a
finite number of constraints on the time variation of the
irreducible mass and spin moments (of an isolated sys-
tem): namely,

dM(lin) dzM;hn)
ar  d41*

By continuity, one expects that the only equation-of-
state-independent constraints on the BD multipole mo-

(lin)
dsy™

. dT
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ments will concern the time-evolution of the three lowest
multipole moments, M, M,, and S,. We shall show in a
subsequent publication that this is indeed the case, and
that a theorem of the following form holds.

Theorem7. The energy-momentum-conservation equa-
tions in the local X 4 frame, Egs. (5.6), imply constraints
on the time evolution of the three lowest BD multipole mo-
ments oftheform

daM4

T é’“PN(M‘P ,GE')+0(4), (7.1a)
am;
dT? “20 l'
+ .5_2‘7511PN)(MI(.[))A7S1(“])A;GZ(,EI)A’HI(,?')A )+0(4) ,
(7.1b)
ds/ 1
7_12 IT €aveMy1 Gl
>0
+ _2gﬁ]lPN)(MIEp)A’Siq)A;GIEg')A’HI(‘q’)A )
+0(2/4), (7.1¢)

where all the right-hand sides of Eqs. (7.1) are bilinear in
the BD multipole moments and in the above-introduced ti-
dal moments, and their time derivatives

)__d’
arr?

More explicitly, the right-hand sides of Egs. (7.1) con-
sist of an infinite series of terms, each having the form
MPGO MPHD PGP or SPHY, The special no-
tation O(2/4) in Eq. (7.1c) means that, when one is
working strictly within the 1PN approximation, it is
sufficient to know S, at the Newtonian accuracy and
therefore the explicitly written Newtonian torque is
enough. However, we shall show in a separate paper that
it is possible to define a local spin vector for body 4
[differing from the Newtonian spin moment (6.11b) by
O(c ?) additional terms] whose time evolution is given,
modulo O (4), by an equation of the form (7.1c).

A very satisfactory feature of Eqgs. (7.1) is their
“closed” structure, i.e., the fact that the right-hand sides
depend only on our “good” PN moments, and not on the
many possible other multipolelike terms that could ap-
pear (and do appear in intermediate calculations) such as

MP

M;, etc.

If

Ay A 3 2¢L

= [ a*xx°%xts, 2
N fA (7.2a)
PA=[ d*x X439, etc. . 2
L fA etc (7 b)

The derivation of Egs. (7.1), and a detailed discussion of
their meaning is left to a subsequent paper.

B. Multipole-expanded post-Newtonian equations
of motion in the global coordinate system.

So far we did not need to attach the N central world
lines .£ 4 to the matter distribution of the nominal corre-
sponding bodies. As we anticipated in Sec. V D, the most
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natural way to do so is to require that each local X ,
frame be “mass centered” in the precise sense that the
BD dipole moment vanishes for all times, as expressed by
Eq. (5.10). This attachment of the origin of the X ,-frame
to the material body A entails the fact that the local-
frame time-evolution constraint (7.1b) yields global-
frame equations of motion for the center-of-mass world
line .L ;. The precise way in which this arises is easily
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seen by comparing the post-Newtonian result (7.1b) (with
M, =0) with the Newtonian one (6.6), remembering that
the post-Newtonian G, contains the inertial contribution
G/ =—A,.

We see therefore that, by inserting the Egs. (6.25) into
Eq. (7.1b) (with M,=0), we shall derive global-frame
equations for the motion of the centers of mass of the
form

1
MAaft=3 |MAGY/AME,SE1+ 3 FML"G‘?L/A[MI?,SI?]

B# A 122

+%%GIPN’(MLA,SLA;G5%[M,?,S,?],HLf‘,[M}g,s,'g]HO(1/c4) ,
c

where the dependence of the right-hand on the world-line
data has not been indicated. The global equations of
motion (7.3) represent the skeletonized version of our
symbolic Eq. (5.16b). Let us emphasize again that the
remarkable feature of Eq. (7.3) is that it succeeds in ex-
pressing the global-frame motion of an N-body system in
terms of a set of locally measurable multipole moments
for each body (in precisely the same physical sense as the
one in which one measures by means of satellites the mul-
tipole moments of the Earth).

C. Application to an improved derivation of
the Lorentz-Droste-Einstein-Infeld-Hoffmann
equations of motion

We relegate to a subsequent paper the explicit deriva-
tion of the full post-Newtonian multipole-extended equa-
tions of motion (7.3). We wish to remark here that these
equations (for 4 =1, ..., N), considered by themselves,
do not form a closed evolution system because the time
evolution of the higher (/ =2 2) multipole moments is left
unspecified. This is because, in the language of Sec. VD
above, Eqgs. (7.3) represent only the skeletonized version
of the world-line-data evolution equations (5.16b), which
represent only a half of the closed system (5.16). There
are several ways in which Egs. (7.3) can be completed by
additional equations.

(i) The exact way consists of adding the full Egs.
(5.16a), for instance in tidal-expanded form: i.e., to write
down Egs. (5.6) with all the external potentials and fields
being tidal-expanded (and the tidal moments being ex-
pressed in terms of the multipole moments of the other
bodies).

(ii) The approximate ways consist of defining some
“models” that do not intend to be the first term of an
asymptotic approximation to reality, but only to be able
to ‘“save the phenomena” with an acceptable accuracy
and in a logically consistent manner. In a subsequent
publication we shall consider both some “rigid models,”
as well as some “truncated models.”

Here we shall consider only the simplest example of a
consistent, and closed, truncated model, namely the
“monopole model” by which each body’s gravitational

(7.3)

structure is skeletonized by only one parameter, its BD
mass. Let us first discuss the consistency of this trunca-
tion. This consistency is not a priori evident (especially at
the 1PN level) because, whatever be the internal structure
of the bodies, Egs. (7.1) must be satisfied. In Egs. (7.1)
the tidal moments are no longer free variables because
they are all computable from the multipole moments via
Egs. (6.25). However, the mere bilinear structure of the
right-hand sides of Egs. (7.1a) and (7.1c) [Eq. (7.1b) play-
ing the different role of determining the translational
equations of motion] together with various basic neces-
sary algebraic requirements (index-structure, dimensional
analysis, . . .) can be easily checked to imply that the
Ansdtze

VA=1,...,N IZ1-M =5/ =0, (7.4)
are not only consistent with the general constraints (7.1)
but that Eq. (7.1a) implies the necessary constraint

dMm 4
dT

We shall therefore define our monopole model by taking
constant BD masses for each body, and zero higher mass
and spin moments.

Let us now show how the tools we have introduced
above allow us to compute explicitly, in a quite elegant
manner, the global-frame post-Newtonian equations of
motion for such a monopole-truncated N-body system.

The orbital equations of motion are obtained from Eq.
(7.1b) and read very simply

=0(4) . (7.5)

G/=0 (monopole model) . (7.6)

Instead of decomposing G/, following Egs. (6.25), in an
external-bodies-generated piece and an inertial piece [like
we did to derive the general structure (7.3)] let us remark
that, by the definition (6.13a), Eq. (7.6) means that the
gravitoelectric external field E ,(P) vanishes all along the
central world line £ ,. Let us now return to the
geometric formulation of the general E* fields discussed
in Sec. III D, and define, as in Sec. V E, for each body 4,
an external metric §, by choosing W*=W, in Egs.
(3.33). In other words, using our results on the transfor-
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mation of potentials, this means that the global-frame
natural components of this external metric,

—cld7y =ds’% =g 1 (x")dxtdx" (7.7)
are by definition [see also Eqgs. (5.17)] given by

g Golx)=—exp —% whx) |, (7.7a)
¢ B+4

§o‘;-(x>z——4; wl(x), (7.7b)

C” B+#4

g j(x)=8;exp |+ % wh(x) | . (7.7¢)

C” B4

With this definition, we can now conclude from Eq.
(3.35a), that the external-metric-normalized four-velocity
of L ,,

dz
uk = , (7.8)
d7,
must satisfy
V4 §,=0(4) (monopole model) , (7.9a)

i.e., explicitly

du —
~+T%,(z,)@ "% =0(4) (monopole model)

a7,

(7.9b)
denote the Christoffel symbols of g ;fv:

where the I

F }‘/'lpv %g zg(ayg 1o+avg no aog :v) . (7.10)
It is to be noted that, contrarily to several existing
“derivations” which remained essentially heuristic, we
have here proven (as a consequence of Theorem 7 that we
shall prove explicitly in a subsequent paper) that the,
well-defined, BD-barycentric world lines are, in a con-
sistent monopole-truncated model, geodesics of a well-
defined external metric (7.7).

In order to compute explicitly the equations of motion
(7.9) we need to express each wf(x) potential of Egs. (7.7)
in terms of the BD mass of body B. Our above-
introduced tools allow us to do so in the following

manner. Equation (4.53) tells us that

wi(x)=ALXOWE(X)+0(4,2),

u (7.11)

while Egs. (6.9) give, in the skeletonized-body harmonic
gauge, and in the monopole model

GM

wri=—2L 10(4), (7.12a)
B

W, B=0+0(2) . (7.12b)

Hence

My
=GA% -2 +0(4,2),
B
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with
.)tl 1 + 2 -V 2 vk

It remains to express R ! in global coordinates, and this

follows from Eq. (4.50), which gives, for the simplest
case, F(S)=1,
Ll 1L 11, (7.13)
R Pl 20|P )+ |P
where p is defined by Eq. (4.42) (with Z?=0; central
world line). Finally we have
GMp(1+2v3 /c?)
wh(x)= 2 2 , (7.14a)
PB +
GMyv;
whx)= |[—22 | . (7.14b)
PB +

The complete 1PN metric is obtained by summing Eqgs.
(7.14) over all B’s 1 =B <N, and using the usual exponen-
tial parametrization, while the A-external 1PN metric is

obtained from summing over all B#* A4 [see Egs. (7.7)].
As introduced above, we shall denote for brevity
=3 wix) (7.15)
B+ 4

The equations of motion (7.9), when written in terms of
the global-frame coordinate time, ¢t =29 /c, read

2,4
dzy | -,

dr? AW gy dt

n v
dz%§ dz’y

dz% o dz"% dz
dt = ™ dt dt
(7.16)

1
c

Using Egs. (7.7), (7.15) we get more explicitly

d*z',

4 _ 1 5 _ 4 . _ 4
P 1 2wA-+——L3vA B,wA+628,w,»
~2 0. A—a,1 M)
c

— L 30,m,+403,8,m, 0, +0(4), (1.17)
C

in which one will note the appearance of the gauge-
invariant e and b fields. In order to get a fully explicit
quasi-Newtonian form of these equations of motion one
needs the explicit expressions of (1/pz) in terms of in-
stantaneous positions and velocities. This explicit expres-
sion follows immediately from the Lagrange expansion
(4.47) with [using Egs. (5.21)]

s . o

f(t)zm:(ego)_l
=1L (V34 m,(2,)]40@) ;  (7.18)
C

it reads
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1—c 2[v}/2+@g(zg) 2
1| B B'Zp ]+ 12d—2]x—z5(t)|+0(4)- (7.19a)
Ps |, [x—zp(2)] 2¢? dt
More explicitly, with ri(¢£)=x'—z5(t), nj()=r5(2)/|rg(t)], a} =d?z} /dt? we get
=1y —p—l—,—1 1 _ 1 2 1
(pp )1=Rgz'= l=—=wp(zp)——5(ng-vg)' — —azr1p [+0(4) (7.19b)
¢ c 2c
A straightforward calculation of the right-hand side of Eq. (7.17) using Egs. (7.14) and (7.19) yields finally
d’zi, )
e =a{PNzp,vp)+0(4) (7.20a)
GMB 1
'=—3 5o |1+ (Vi H2vE—4v vy — = (n vy )?
Bra Tip ¢ 2
M GM 1 74B
-4 3 — + = n,zn
Zaclrac T cirpe 2rcy P
7 G’M, GMp
- > Ny =+ 2 (vy—vg) 55— 4n 5V, =30 5vp), (7.20Db)
B+ A C+B ¢’rapric  Bea € Fap
where
rap=lz(O—zg()l, n p=[z,()—2zz()]/r 15 . (7.21)
One can check directly that the equations of motion (7.20) can be derived from the Lagrangian
M 3GM ;M yV?>
L(LD)(Z Vv M + A B b ABY 4
4 2 v %B‘z‘dA 2r 4 % MAVA+§ B§A 2c?r
AB
GM M, G*M MM,
—3 3 —5 (v gy )ngvg)] -3 S S ——A—g, (7.22)
A Bra 4CT,p d BrACEA 26T 45T 4c

The Lagrangian (7.22) can, e.g., be obtained*’ by starting
from the fact that the motion of each body derives from
the indidivual (geodesic) action

SA=—MAc2fLAdFA=fLA(zA,vA)dz . (7.23)
with
172
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1

TMa PR

w4 P =5 v’], (7.24)

and then by symmetrizing, over the body labels, the ex-
plicit expression (in terms of the zg’s and vp’s) of the in-
dividual Lagrangians.!

The equations of motion (7.20) and the Lagrangian
(7.22) were first obtained (for the general N-body case) by
Lorentz and Droste® as early as 1917 (thereby correcting
the even earlier results of Droste and de Sitter). This ex-
plains our label LD in Egs. (7.20) and (7.22). However,
the method used by Lorentz and Droste assumed from

r

the start a very peculiar matter model (incompressible
fluid balls), and assumed, purely by analogy with the
Newtonian case, that one could neglect the mutual “ti-
dal” influences between the N bodies. In 1938, Einstein,
Infeld and Hoffmann,'® dissatisfied by the practice of as-
suming specific matter models when treating the relativis-
tic problem of motion introduced a new approach in
which the information concerning the internal structure
of bodies was replaced by assumptions about the struc-
ture of the exterior gravitational field near the bodies.
They obtained the equations of motion (7.20), in the par-
ticular two-body case (because of that, and the fact that
Ref. 5 has been long forgotten the Egs. (7.20) are often
named EIH, after the authors of Ref. 19). However,
there were some flaws in the method of Ref. 19 (replaced
by other flaws in subsequent papers of Einstein and In-
feld), and, moreover, it was not clear to what kind of
physical bodies their results could be applied. In the
theory of the motion of strongly self-gravitating bodies
(black holes or neutron stars) it proved very useful to dev-
ise methods that were somewhat related to the EIH one,
but which completed it by techniques of asymptotic
matching, allowing the transfer of information between
the internal structure of the bodies and their exterior
gravitational field. Examples of such methods are the
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ones of D’Eath? (for the motion of black holes) and the
one of Damour?® (for the motion of black holes or neu-
tron stars). These works proved that the dynamics (7.20)
(7.22) described the motion of strongly self-gravitating
bodies if the coefficients M , appearing in them denoted
the “Schwarzschild” masses of the various bodies (see
Refs. 7 and 26 for reviews of other contributions to the
problem of the motion of gravitationally condensed bo-
dies).

Concerning the Lorentz-Droste method, and the
motion of weakly self-gravitating bodies, it has been
refined and generalized by many subsequent works (not-
ably Fock, and quite recently by Grishchuk and Kopej-
kin®?). However, even in the most recent works develop-
ing this approach the treatment of ‘“tidal influences”
remains nearly as primitive and heuristic as in 1917. As
discussed in Ref. 7 (Sec. 6.13) this leads even to an incon-
sistency of the derivation of higher-order relativistic
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corrections to Egs. (7.20). This situation has improved
only quite recently in the works of Brumberg and Kopej-
kin, and in the present work. We have obtained here the
dynamics (7.20) as the simplest example of a consistent
truncation of our scheme, and we think that already as
such it improves over its previous derivations. A rather
definitive improvement in the derivation and meaning of
Egs. (7.20) will follow from our subsequent papers where
we shall derive the full post-Newtonian equations of
motion, containing all the (relativistic) multipole mo-
ments.
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