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Calculation of atmospheric neutrino cruxes
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The atmospheric neutrino Auxes at the Kamioka site are calculated semianalytically. We investi-

gate the dependence of various physical parameters on the resultant cruxes. Both the absolute value

of the fluxes and the (v, +v, )/(v„+ v„) ratio agree with those of the previous calculation. In partic-
ular, it is found that the (v, +v, )/(v„+ v„) ratio is almost independent of the method or the details
of calculation.

I. INTRODUCTION

It is known that atmospheric neutrinos are produced
by the decay of mesons which come from scatterings be-
tween the primary cosmic rays (mainly protons) and air
nuclei:

sr—(K —
)~p —+v„(v„),

p —~e —+v, (v, )+v„(v„) .

Naively we expect the (v, +v, )/(v„+v ) ratio to be 0.5.
However, it was reported by the Kamiokande Collabora-
tion' that the ratio of electronlike events to muonlike
events is different from a theoretical expectation value in
the energy range between about 0.1 and about 1 GeV.
The measured value of R,b„where

numerical experiment, however, it is not clear what is the
most essential among various physical processes which
determine the atmospheric neutrino Auxes. In this paper,
therefore, we calculate them in a different way from those
of the previous authors. We represent them as a semi-
analytical form which contains several physical parame-
ters and finally integrate them numerically changing
these parameters. By this method, we can investigate
how the resultant neutrino cruxes depend on various
physical processes much more easily than by a numerical
experiment. Thus we can study whether or not the
discrepancy of the (v, +v, )/(v„+v„) ratio can decrease.

As seen later, it is concluded that the
(v, +v, )/(v„+v„) ratio is almost universal, which leads
us to confirm the discrepancy between the observational
data and the expectation value.

number of electronlike events
number of muonlike events II. CALCULATION

is 1.09+0.16. On the other hand, the ratio RM,„, by
Monte Carlo simulations based on theoretical neutrino
Auxes given by Gaisser, Stanev, and Barr is 0.61. There-
fore R,» /R M,„, is 1.78+0.27, which shows a 2.9o-

discrepancy. Recently new data of both R,» and RM,„,
which includes the effect of muon polarization were re-
ported. ' According to these new data, R,b, /RM, „, is

1.63+0.22 and this still shows a 2.9o. discrepancy.
The observational data of other underground detectors

[EMB, Frejus, NUSEX (Ref. 7)j agree with the expecta-
tion value based on the same theoretical neutrino
fiuxes. ' However, they are also consistent with that of
the Kamiokande Collaboration; therefore, the observa-
tional data of the Kamiokande Collaboration is not ex-
cluded or confirmed by those of other underground
detectors yet.

Since this discrepancy between the observational data
and the expectation value suggests that there may exist
new phenomena beyond the standard model, such as neu-
trino oscillation, it is important to examine whether or
not this discrepancy indeed exists by recalculating the
neutrino cruxes at the Earth's surface.

There are already some calculations of the neutrino
cruxes, ' ' but many of them estimate the fluxes by a nu-
merical experiment with the Monte Carlo method. In a

A. Basic assumptions

The primary-cosmic-ray protons hit the air nuclei in
the upper atmosphere and produce many pions (and
kaons). Some of the pions are absorbed by air nuclei but
mostly decay into muons and muon neutrinos. The pro-
duced muons lose their energy by ionizing the air atoms
and most of them decay into electrons (positron) and
electron neutrinos. We express the atmospheric neutrino
cruxes as semianalytical form. For this end we make
several assumptions on the various physical processes and
the primary-cosmic-ray spectrum.

1. Primary protons

We assume a power-law momentum spectrum for the
primary protons in the high-energy region ( ~p~
a=2.67). The power index a is determined from the ob-
servational data. ' However, the observed spectrum'
bends below about 3 GeV, because the solar wind blows
out low-momentum protons. Furthermore, the geomag-
netic field prevents low-momentum protons from reach-
ing the Earth's atmosphere. The cutoff momentum by
the Earth's geomagnetic field is approximately represent-
ed by Stormer's formula:"

43 2900 Qc1991 The American Physical Society



43 CALCULATION OF ATMOSPHERIC NEUTRINO FLUXES 2901

59.4cos k
r [ 1+( 1 —cos A, sing sincp)' ]

(3)

where A. is the magnetic latitude, 0 the zenith angle, qo the
azimuthal angle measured clockwise from magnetic
North, and r the distance from the dipole center (in
Earth-radius units). Hence the actual cutoff momentum
is the higher momentum between the cutoff momentum
by the solar wind and that by the geomagnetic field.

Although the primary protons with momentum below
the cutoff cannot reach the Earth's atmosphere, such
low-momentum protons are produced secondarily by the
scatterings between the primary protons and air nuclei.
Therefore, in order to take the effects of these secondary
protons into account, we assume the flat spectrum of the
primary protons below the cutoff momentum. This spec-
trum corresponds to the case where the effect of the
secondary protons is maximally taken into account. We
also calculate the neutrino fluxes by neglecting the pri-
mary protons with a momentum smaller than the cutoff,
in order to investigate the effect of secondary protons
upon the resultant neutrino fluxes.

Note that, in the calculation of Gaisser and co-
workers, ' Stormer's formula is averaged over the azimu-
thal angle y and they use the averaged cutoff momentum
over y, but it is not in our case.

2. One-dimensional approximation

3. Atmospheric density

We take the one-dimensional approximation; i.e., we
assume that the direction of the neutrinos is the same as
that of the primary protons. Some low-momentum
muons lose almost all of their kinetic energy and stop be-
fore their decay. As a result the emitted neutrinos are
generated nearly isotropic; hence, about half of them es-
cape without reaching the Earth's surface. Therefore the
neutrino flux of the one-dimensional calculation might be
about two times larger than that of the three-dimensional
calculation at the low-momentum region. It is shown by
Lee and Bludman, ' however, for neutrinos with an ener-
gy greater than 200 MeV, that the result of the one-
dimensional calculation is in good agreement with that of
the three-dimensional one. Thus we can safely take the
one-dimensional approximation for the atmospheric neu-
trinos which can be detected in the deep-underground
detector.

An actual atmospheric density on the Earth's surface is a
little smaller than po, but this difference has only a negli-
gible effect on the neutrino fluxes.

4. Pion production

We assume that the pion-production momentum spec-
trum is given by

dI (x)
dx

(1—x)

where x is the fractional momentum of a pion in the labo-
ratory system (x =—pion momentum/proton momentum).
Here the normalization factor is neglected and it is dis-
cussed later. Since the value of p in the pion-production
momentum spectrum is not well known (usually p =1 is
used), we calculate the muon fluxes and neutrino fluxes at
the Earth's surface with different values of p, and investi-
gate the dependence of the resultant muon and neutrino
fluxes on p.

5. Effect of K meson

We neglect K mesons which are produced by scatter-
ings between the primary protons and air nuclei. Experi-
mentally the K/vr ratio in a hadron interaction is known
to be about 10% averaged over +, —charges. ' There-
fore, the effect of K mesons upon the resultant neutrino
fluxes is small. In fact, we can estimate the effect of K
mesons upon the resultant ( v, +v, )/( v +v ) ratio by
calculating neutrino fluxes for the channel, K —~p-
+v„(v~), p —~e +—+v, (v, )+v„(v„), and it is found that
K mesons could reduce the (v, +v, )/(v„+ v„) ratio by at
most 4% which would rather enlarge the discrepancy be-
tween R», and RM,„,.

6. Normalization factor

Since, in this calculation, the effects of the secondary
protons and/or the secondary pions are taken into ac-
count only partially, the overall normalization factor of
neutrino fluxes is not determined theoretically. Therefore
the normalization factor is fixed by comparing the calcu-
lated muon flux at the Earth's surface with the observa-
tional one. ' Note that the (v, +v, )/(v„+v„) ratio is in-
dependent of this normalization factor.

The atmospheric density profile is assumed to be
represented by a single exponential:

h
p(h ) =poexp

0
(4)

where h is the altitude measured vertically from the
Earth's surface and ho is the scale parameter of the upper
atmosphere (ho=6. 42 km). We determine po so that the
column density calculated by this formula corresponds to
the measured one and we get po=1. 61 kg/m . It is
reasonable to determine po in this way, because the ener-

gy loss of the muons depends only on the column density.

7. Muon polarization

We take into account the polarization of the muon
from a pion decay. ' It is well known that p, (p, ) from

(m. + ) decay is completely polarized to helicity + (
—)

in the pion rest frame. This muon polarization remains
about 30% in the laboratory system, and it increases the
(v, +v, )/(v„+v„) ratio in the high-energy region, be-
cause v, (v, ) from the decay of p (p+) which is polar-
ized to helicity + ( —) has a higher energy compared
with the unpolarized case.

In the muon rest frame, the decay distributions of v,
and v„ from the decay p ~e +v, +v„are
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vp.'

m„'G'
dI = x (1—x )(1+ cos8)dx d cos8,

32773

5 5

dI = m„G X (3—2x)
327T3 6

(6)

+ cosO dx d cos0,x (1 —2x)

where m„ is the muon mass and G is the Fermi constant.
Variables with a tilde represent the value in the muon
rest frame. x is 2E /I „,where E is the neutrino ener-

gy and 0 the angle between the momentum of decay neu-
trino and the muon spin. The cosO dependence in dI
represents the effect of muon polarization. Note that, for
v, from the decay p+ —+e++v, +v„, we should read

cos8 as —cos8 in Eq. (6). As mentioned before, p from
decay is polarized to helicity + by 30%%uo, on the other

hand, p from ~ decay is polarized to the opposite
direction; therefore, this effect is not canceled with v, and
ve-

In this calculation, we averaged these distributions
over the angle between the momentum of the decay neu-
trino and the muon helicity after we transformed the dis-
tribution into the laboratory system.

B. Neutrino Auxes

Under these assumptions the solid-angle-averaged at-
mospheric neutrino cruxes at the earth's surface are
represented by the following two equations. The v„(v„)
flux from the ~ ~p —+v„(—v„) process is

dF dI,(E,E ) d J (E,y)=N fdf),f dh fdE f dy D (E )R (E,h, y)

and the v„(v„)or v, (v, ) flux from the p —~v„(v„)+v,(v, )+e —process is

dF
=NfdI) fdzfdE fdh fdE fdy

d I +(E,E„) dI"„+(E„',E )
D„(E„)R„(E„,z, h )

E =E +hE (zh)
P P P

+(+~—)

d J (E„,y)
XD (E )R (E,h, y) dE dy

where N is the normalization factor which is determined
by comparing the calculated muon Aux at the Earth' s
surface with a measured one as mentioned before. Ez is
the energy of X particle in the laboratory system and
z, h, y represents the altitude of the production point of
the neutrino, muon, and pion, respectively.
dI (E,E )/dE is the neutrino production energy
spectrum from a pion decay, Dx(Ex) is the decay rate of
the X particle, and Rx(EX, h &, h~) is the possibility that
an X particle produced at the altitude h2 survives at the
altitude h, with energy Ex. d J (E„,y )/dE dy is the
pion-production energy spectrum at altitude y. This is
defined as

O'J (E,y)
dE„dy

„dI (E,Ep) d Jp(Ep, y )

dE dE dm' , y
"'

where d J~(E&,y )/dE~ dy is the energy spectrum of the
primary proton at altitude y, d I (E,E~ ) /dE the
pion-production energy spectrum which is given by Eq.

10

~ 10-4

I

~ 10'

10-8

10-10
0.1

I I I I I I II) I I I I I I Ili I I I I I

Illa'

~=o'

+ +e(XK)gpo(op~
+ + +o+

e=75 QQP

+ our results
c observational data

I I I I I I III I I I I I I III I I I I I I III

1 10 100
Muon Energy (GeV)

I I I I IIII

+Q

+ +
+ 4

+%~

I I I I I III--

1000

FIG. 1. Comparison between the results of our calculation
with p = 1 [see Eq. (5)] and the observational data (Refs. 14 and
16) of vertical (zenith angle is 0 ) and horizontal (zenith angle is
75') muon fluxes at the Earth's surface (magnetic latitude k is
49.8'). Circle and cross represent the observational data and
the results of our calculation, respectively. The shape of the
calculated muon fluxes is in good agreement with the observa-
tional data for the vertical flux and both the shape and the abso-
lute value fit the data for the horizontal one.
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(S), o.;„ the proton-proton inelastic cross section, and N„
the Avogadro number. d I,+ (E,E„)IdE are the
neutrino-production energy spectra from helicity + and—muon decay, and dI, ' (E„',E )!dE„' are the helicity
+ and —muon-production energy spectra, respectively.
b,E (z, h) is the muon energy loss by ionizing the Earth' s

P
atmosphere. The muon energy at the altitude x satisfies
the differential equation

dE„(x)
=ap(x),

8x

where a is the rate of ionization loss (a =2.06
MeV/gem ) and p(x) is the atmospheric density profile
[see Eq. (4)], and

EE„(x„xz)=E„(x2—) E„(x—i )

x ] /hp —x& /hp
=apoho(e ' ' —e ' ') .

III. RESUI.TS

We estimate Eqs. (7) and (8) by the numerical-
integration program vEGAs. In order to check this calcu-
lation of atmospheric neutrino Auxes, we calculate the
vertical and horizontal muon Auxes at the Earth's surface
and compare them with the observational data' ' (Fig.
1). As mentioned before, the normalization factor of neu-
trino fluxes is fixed by the vertical muon Aux at the
Earth's surface at the energy of 11.4 GeV. The shape of
the calculated muon Auxes is in good agreement with the
observational data for the vertical Aux and both the shape
and the absolute value fit the data for the horizontal one.

The calculated neutrino Auxes at the Kamioka site and
the (v, +v, )/(v„+v ) ratio with the standard value of p
(=1) [see Eq. (S)] are given in Fig. 2 with the results of
Barr, Gaisser, and Stanev for comparison. Although the
absolute values of the calculated neutrino Auxes are
larger than those of Barr, Gaisser, and Stanev by about
50% at 0.1 GeV of neutrino energy, they are in good
agreement above 0.2 GeV, and the (v, +v, )/(v„+ v„) ra-
tio agrees within about 5% at all over the energy range
for this calculation.
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FIG. 2. Neutrino Auxes and the (v, +v, )/(v„+v„} ratio at
the Kamioka site calculated with p=1 [see Eq. (5)]. The solid
lines and the histograms show the results of our calculation and
of Barr, Gaisser, and Stanev (Ref. 5), respectively. Although
the calculated neutrino Auxes are larger than those of Barr,
Gaisser, and Stanev by about 50%%uo at 0.1 GeV of neutrino ener-

gy, the (v, +v, )/(v„+v„) ratio agrees within about 5% at all
over the energy range for our calculation. The dashed line and
the dashed histogram in the figure of (v, +v, )/(v„+v„) ratio
shows the result of our calculation without muon polarization
and of Gaisser, Stanev, and Barr (Ref. 2) which is also ca1culat-
ed without muon polarization, respectively.
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FIG. 3. Neutrino cruxes calculated by neglecting the primary
protons with momentum smaller than the cutoft'. Both the abso-
lute value of the Auxes and the (v, +v, )/(v„+v„) ratio are in
good agreement with those in Fig. 2. Therefore the eFect of the
secondary protons upon the atmospheric neutrino cruxes is
negligible.
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FIG. 4. (a) The zenith-angle distribution of neutrino fluxes and (v, +v, )/(v„+v„) ratio where cos0=1 corresponds to ver-
tically downgoing neutrinos. (b) The azimuthal angle distribution for the downgoing neutrino. (c) The azimuthal angle distribution
for the upgoing neutrino. The azimuthal angle is measured anticlockwise from magnetic south. In figures of flux, the solid line and
the dashed line correspond to muon-neutrino flux and electron-neutrino flux, respectively, and the energy of neutrino is 0.1, 0.6, 1,
and 1.5 GeV from top to bottom, respectively. In the figures of (v, +v, )/(v„+v„) ratio, the solid line, dotted line, dashed line and
dotted-dashed line correspond to the neutrino energy of O. l, 0.6, 1, and 1.5 GeV, respectively.
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FIG. 5. Calculated neutrino fluxes and the (v, +v, )/(v„+v„) ratio with some different values of p [see Eq. (5)]: (a) p = —l, (b)

p =0.5, (c) p =1.5. The (v, +v, )/(v„+v„) ratio for the different values of p are in good agreement with each other within at most
10%%uo.
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In Fig. 2, we also show the (v, +v, )/(v„+v„) ratio
without muon polarization. As mentioned before, the
(v, +V, )/(v„+ v„) ratio with muon polarization is indeed
larger than that without muon polarization (see Sec. II
A 7, Muon polarization).

Vr'e show in Fig. 3 the results of calculation by neglect-
ing the primary protons below the cutoff momentum.
Both the absolute value of the cruxes and the
(v, +v, )/(v„+v„) ratio are in good agreement with
those with the Oat spectrum below the cutoff. Therefore
the effect of the secondary protons upon the atmospheric
neutrino cruxes is negligible in this calculation.

Figure 4 shows the angular distributions where 0 is the
zenith angle and y is the azimuthal angle measured anti-
clockwise from magnetic South. The upgoing neutrino
cruxes are larger than the downgoing ones at the low-
energy region, because the geomagnetic cutoff for upgo-
ing initial protons is effectively smaller than that for
downgoing ones. The azimuthal angle distribution of the

downgoing neutrino fIuxes is understood from the similar
reason, i.e., for the same zenith angle 6I, the smaller is
sing, the smaller is the geomagnetic cutoF [see Eq. (3)].
On the other hand, the azimuthal angle distribution of
the upgoing neutrino cruxes is complicated but it can be
understood in the same way.

The (v, +v, )/(v +v„) ratios of the vertically upgoing
and vertically downgoing neutrinos are smaller than
those of horizontally coming ones at the high-energy re-
gion. This is because some of the vertically coming
muons with high energy reach the Earth's surface before
they decay. Since the electron neutrinos are produced
from only muon decays, the (v, +v, )/(v„+v„) ratio of
the vertically coming neutrinos becomes smaller than
that of the horizontally coming ones.

The azimuthal angle distribution of the ( v, +v, ) /
(v„+v ) ratio is almost isotropic within 10%.

As mentioned before, since the value of p in the pion-
production momentum spectrum is not well known, we
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FIG. 6. Calculated neutrino Auxes and the (v, +v, )/(v„+ v„) ratio with (a) ho =8 km which is the scale parameter of the atmos-
pheric density profile (normal value is 6.42 km) and with (b) o. =2500 mb which is the scattering cross section between pions and air
nuclei at the low-energy region (normal value is 25 mb). Although the absolute value of resultant neutrino cruxes changes about
10%%uo —20% from that in Fig. 2, the (v, +v, )/(v„+ v„) ratio is in good agreement within, at most, 4%.
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calculate muon cruxes and neutrino cruxes with some
different values of p [see Eq. (5)]. The effect of the
difference of p upon the calculated muon Auxes is found
to be negligible.

Figure 5 shows the calculated neutrino cruxes and the
(v, +V, )/(v„+v„) ratio with three different values of p.
For example, the magnitude of neutrino cruxes with
p = 1.5 is nearly fifteen times larger than that with
p = —1 at 0.1 GeV of neutrino energy. This is because,
for large p, pions from the scatterings between the initial
protons and air nuclei tend to be produced with low ener-
gy; as a result, low-energy neutrinos increase. However,
the (v, +v, )/(v„+v„) ratios for the different values of p
are in good agreement with each other within, at most,
10%.

Let us consider the v, /v, ratio. The source of v, (v, )

is p+(p ) from rr+(vr ) decay, but in this calculation we
do not distinguish p (m ) from p+(sr+). Therefore the
v, /v, ratio cannot be determined in our scheme. Howev-
er, we could estimate it by using experimental data.
Since the source of v, (v, ) is p, (p ), the v, /v, ratio is
expected to be roughly the same as the p /p+ ratio at
the Earth's surface. The observational value of the

p /p+ ratio is 0.77—0.83 at the muon energy between 3
GeV and 10 TeV. ' Although the energy range of these
experimental data is higher than that of muons which
produce the neutrinos with energy between 0.1 and 1.5
GeV, the experimental data show no clear dependence on
muon energy. Hence the p /p+ ratio or the v, /v, ratio
is expected to be about 0.8 at the lower-energy region.
Therefore this effect on the observed events of
Kamiokande II may be small.

At last we mention the dependence of the resultant
neutrino cruxes on other parameters. We calculate the
neutrino cruxes changing the scale parameter or the
scattering cross section between pions and air nuclei at
the low-energy region within the range where they do not
change the calculated muon Auxes at the Earth's surface.
For example, we take 8 km for the scale parameter of at-
mosphere (the standard value is 6.42 km) and 2500 mb
for the scattering cross section below 1 GeV of pion

momentum (the standard value is 25 mb) (Fig. 6). Al-
though the absolute values of the resultant neutrino
fluxes change about 10%—20%, the (v, +v, )/(v„+v„)
ratios agree with that of the standard value within, at
most, 4% (see Fig. 2).

IV. CONCLUSION

We calculate the atmospheric neutrino cruxes semi-
analytically. In summary, the resultant neutrino cruxes
agree with those of the previous works. ' In particular,
the (v, +v, )/(v„+ v„) ratio is in good agreement.

Furthermore, we calculate them with changing the
value of some parameters as far as unphysical region, in
order to estimate the influence of these parameters upon
the Auxes and the (v, +v, )/(v„+ v„) ratio. As a result, it
is found that the (v, +v, )/(v„+v„) ratio is almost in-
dependent of the value of p in the pion-production
momentum spectrum, the scale parameter of atmosphere,
and the scattering cross section between pions and air nu-
clei at the low-energy region. Therefore we expect that
the (v, +v, )/(v„+V~) ratio is almost independent of the
way and/or the details of calculation and it is very
difficult to explain the data from Kamiokande II within
the frame of the standard model. In other words, if we
take the observational data seriously, it suggests the ex-
istence of new phenomena such as neutrino oscillations.
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