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Study of toponium production including the effects
of Higgs-boson exchange
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The production rates for toponium in e+e collisions are calculated for a top-quark mass in
the range of 100—200 Gev including the eR'ects of standard-model Higgs-boson exchange. The
effects due to this exchange fall oft rapidly with the Higgs-boson mass, but lead to changes
comparable to those due to uncertainties in A for a light Higgs boson.

I. INTRODUCTION

It has long been hoped that the study of toponium
would allow the measurement of the QCD parameter A,
which would, in turn, refine our knowledge of the in-

terquark potential. These hopes were, in part, based on
the expectation that the top quark is lighter than the W
so that there would be a large number ( 20) of narrow
S-wave states.

Recent results, however, have established a lower
bound on the top-quark mass m& & 89 GeV. The cur-
rently favored range seems to be m& —140 + 40 6 20
GeV.s

These results imply that expectations for top-quark
spectroscopy must be revised. Most importantly, the
width of the top quark increases rapidly due to decays
into real W's. Thus, the distance between successive to-
ponium states is typically smaller than the width of the
states, so all but the first one or two bound states overlap
and become indistinguishable. 4 5

Also, interactions other than QCD become important.
The Higgs-boson exchange rapidly becomes an important
correction to QCD since it increases with mt. s Previ-
ous studies have included the Higgs-boson exchange in
their analysis of quarkonia, but these were generally con-
cerned with ultraheavy quarks with masses on the order
of 1 TeV which might be members of fourth or higher
generations. s Thus, their results have little immediate
application to toponium if rnid is in the presently accepted
range.

This report describes the results of calculations of
I

both the cross section and energy eigenvalues of topo-
nium states using an interquark potential involving only
one-gluon exchange as well as the Wisconsin and
Richardsoni~ potentials. (For a discussion of these poten-
tials see Refs. 13 and 14.) We confine ourselves mainly
to the case rnid ——140 GeV. The effects of the Higgs-boson
exchange are included for different values of the Higgs-
boson mass mII. The results of shifts in either A or mH
on the graphs of the cross section are compared. The cal-
culations of energy eigenvalues from the potential models
are used as a check on the production plots.

II. CROSS-SECTION CALCULATIONS

The ratio of o« to a&&, Q;, has been calculated by
Fadin and Khoze:
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q, = z, and 'P(4mt) 0.07. The imaginary part of
the Green's function is
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and E = ~s —2mt. The width of the top quark for decay
into W bosons~5 is

(Miv l+ ) (4)
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where
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The first term in Eq. (3) corresponds to the Born ap-
proximation (modified by finite-width efFects); the sec-
ond term is a loop contribution, while the third term is
a sum over 8-wave bound states which have a width of
2I'&. The inclusion of this last term allows one to study
resonance effects and was neglected in the calculation of
Sher and Silverman. s

The above expressions were derived on the basis of one-
gluon exchange with fixed a, . We can take into account
the effects of running n, by replacing a, by

cr, (E) = 4n. (7.671n[m, (E + I', )'~'/A']) ' (5)

in the above expressions.
In order to use other potentials, an effective a, can be

determined and substituted back into Eq. (3). For exam-
ple, to include the effects of the Higgs-boson exchange,
the efFective a, is obtained by adding a second term,

3 m,'~aGF m, (E'+ I,')'~'
4 4ir m, (Es + I'2)ii'z + m2

to Eq. (5). This equation follows from writing the
Yukawa potential in the form Kn, (t)/r Fourier t. rans-
forming, it is appropriate to evaluate this at the same
momentum scale as in Eq. (5).

Figures 1 and 2 show representative plots of the cross
sections. The mass of the Higgs particle and A were
varied. The effects due to Higgs-boson exchange become
almost negligible with mH & 100 GeV. (Results received
while this paper was being prepared for submission now

suggest that mH & 41.6 GeV. is) A was set equal to O.l,
0.2, and 0.3 GeV.

The calculations of Fadin and Khoze neglect the effects
of long-range confining forces. To estimate the impor-
tance of such forces, the production cross section was
calculated using an effective n+ corresponding to the
Richardson potential, which includes these efFects. This
model is an extreme case in that AR ——0.375 GeV, a value
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FIG. 2. Plots of the cross section for various values of m~
with mi ——140 GeV and A = 0.2. (mJr = 100 GeV: solid;
mH ——50 GeV: long dashes; mH = 25 GeV: medium dashes;
mH = 0 GeV: short dashes. )

much higher than the values of the parameter typically
used. The coupling constant is then given by

R 127r

(22 —2ng) in[1+ mi(E + I'i2) & /A2] (7)

with ny ——5. Figure 3 shows a comparison of the cross
section using the Richardson potential and the cross sec-
tion with one-gluon exchange and A = 0.375 GeV. There
is no readily perceptible difference between the two plots,
so the long-range effects do not have a major effect on
R« in this range for m&, for examples of where they can
be important see Ref. 13.

The figures show the obvious efFects of both decreas-
ing mH and increasing A. Production of toponium is
increased, and the energy values (measured horizontally)
of the peaks decrease. As one might expect, since changes
in both variables have largely the same result, plots with
different combinations of A and rnII can be very similar.
For example, Fig. 4 compares a plot with A = 0.2 GeV
and mH ——0 to one with A = 0.3 GeV and mH —50 GeV.
Close examination of this figure will reveal minor diKer-
ences especially in the secondary "bump" of both graphs.
In the plot with A = 0.3, the production is slightly higher
there. It is apparently true in general that the cross sec-
tion is higher in the subsidiary maximum for greater A
when the height of the first peak is the same. However,
the deviation is probably not large enough for it to be
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FIG. 1. Plots of the production cross section for various
values of A with m~ ——140 GeV and mrr = 50 GeV (A = 01
GeV: solid; A = 0.2 GeV: long dashes; A = 0.3 GeV: short
da.shes). E = ~s —2m~

FIG. 3. Comparison of plots of the cross section using the
Richardson potential and a potential with one-gluon exchange
with m~ ——140 GeV, mH = 50 GeV, and A = 0.375 GeV.
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FIG. 4. Comparison of plots of A« for m~ ——140 GeV
with A = 0.2 GeV and mH = 0 (dashed) and with A = 0.3
GeV and mH = 50 GeV (solid).

FIG. 5. Plots of the cross section for m~ ——100 GeV and
A = 0.2 GeV with m~ = 0 GeV (solid) and mH = 100 GeV
(dashed).

exploited in order to determine how much of the shift in
peaks is due to A and how much is due to the Higgs-
boson exchange. Of course, by the time that the data
has been collected, the Higgs-boson mass will have been
determined if the effects are non-negligible.

For a given set of data, the domain of m~ seems to
span a range for A on the order of 0.1 GeV wide. How-

ever, the shift in position from m~ ——0 to m~ —oo
seems to decrease with smaller values of A.

sion was easier to deal with in configuration space. V~;,
includes a term that is linear with respect to distance,
so it includes long-range effects just as V~ does. With
A= 0.2 GeV, Vw;, still fits the data well where as the
most likely value of A~ is 0.375 GeV. Thus, V~;, is prob-
ably a more realistic potential than either Vz or that
based on single-gluon exchange. The contribution to the
potentials due to Higgs-boson exchange were included by
adding a Yukawa term:

III. EIGENVALUE CALCULATIONS

The energy eigenvalues were calculated for values of
the principal quantum number up to three with no or-
bital angular momentum (I = 0). These may be used as
a check on the cross-section calculations since the spac-
ings between different eigenvalues should correspond to
the distance between peaks in the plot of Q;. This is im-
portant since decay widths and production cross sections
depend crucially on the quarkonia wave functions. is

The eigenvalue calculations were carried out using the
Wisconsin potential V~;„rather than the simple paten-
tial for the one-gluon exchange or V~ since its expres-

The calculated eigenvalues for the 1s state and the
spacings between the 18, 28, and 3s states are listed in
Table I. We used a shooting method to solve the radial
Schrodinger equation. In this table, A = 0.2 GeV. We
used tridiagonal matrix methods to corroborate these
results.

Only the cross section plots for a 100-GeV top quark
provided enough peaks to make a comparison with the
eigenvalue data. The deviation in the 1s peak between
the two methods was small (See Fig. 5). The eigen-
value data undervalued the spacing between the 1s and

TABLE I. Eigenvalue spacings for 1s, 2s, and 3$ states in GeV.

mH (GeV)
0

State
1$
2s-ls
3s-1s

m, =100 GeV
—1.7370

0.9550
1.3584

m, =140 GeV
—2.2764

1.2618
1.7025

m, = 180 Gev
—2.9625

1.7007
2.2059

50 1$
2$-1$
3s-1s

-1.6199
0.8820
1.2705

-1.9734
1.0643
1.4671

—2.3388
1.2853
1.7096

100 1$
2s-1s
3$-1s

—1.6141
0.8777
1.2656

—1.9505
1.0461
1.4469

—2.2745
1.2323
1.6515

1s
2$"1s
3$-1s

—1.6114
0.8758
1.2634

—1.9386
1.0369
1.4367

—2.2387
1.2037
1.6197
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2s states by about 20% and the spacing between the 1s
and 3s states by 5—10%. This is very good agreement
considering the major diA'erences between the two meth-
ods used.

The most recent lower bounds on the Higgs-boson mass
seem to place serious constraints on the magnitude of the
eRect that can be expected when toponium is produced.
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