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D-wave quarkonium production and annihilation decays: Formalism and applications
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We derive a covariant formalism to describe D-wave quarkonium production and annihilation de-

cays in the context of nonrelativistic potential models. We apply it to evaluate the decay rates for
such processes as Z —+ 'D2+ y, 'D&+ y (where J= 1,2,3) and other previously uncalculated process-
es. Despite the appearance of relatively large numerical coefficients, we find no case in which D-
wave states (followed by radiative decays) make any significant contributions to inclusive S& quar-
konium production.

I. INTRODUCTION

The systematic study of heavy-quarkonium systems'
has provided a wealth of information not only on the
properties of the heavy (c,b) quarks themselves but also
on QCD and the description of such systems in terms of
(@CD-motivated) potential models (with relativistic
corrections) has proved very successful. An important
feature which can be addressed in such models, in addi-
tion to fitting masses and radiative decays, is that of an-
nihilation decays and related processes in quarkonium
production. A covariant description for calculating an-
nihilation decay and production amplitudes has been de-
rived by Kuhn, Kaplan, and Safiani (KKS) for S and P-
wave states. It has been extensively used in the calcula-
tion of various partonic-level quarkonium production
processes [such as gg ~S(P)g (Ref. 3) and
qg ~qS(P), qq~S(P)g (Ref. 4)] and subsequent analyses
of inclusive high-pz- quarkonium production at collider '

and supercollider energies, in polarized pp collisions, as
well as in rarer processes. ' It has also been used to ex-
amine the prospects for quarkonium production in Z de-
cays, "' aspects of toponium decays, ' and even in pro-
cesses involving dark matter. '"' A technically useful as-
pect of the covariant formulation is that it is readily used
with popular algebraic-manipulation software designed
for standard trace calculations.

While there have been extensive calculations involving
S- and P-wave quarkonium states, D-wave states, given
the limited experimental data, have received, probably
deservedly, less attention. This situation may change as
there are hopes of observing charmonium D states [in ad-
dition to the P"(3770)] in a high-statistics exclusive pp
charmonium production experiment (Fermilab E760) '

and the bb states in Y radiative decays. ' Relatively few
calculations involving D-wave annihilation decays or pro-
duction prospects exist with the notable exceptions of the
simple cases D, ~e+e and 'D2~gg (which appear in
Ref. 18) and the more recent calculation' of the hadronic
decay widths of the triplet D states, i.e. , I ( DJ~ggg)

where J=1,2, 3. (There have been several investigations
of D-wave radiative decays ' ' and hadronic transitions,
i.e., D

~Server

).
The surprisingly large, indeed dominant, contributions

of P wave charmo-nium production (followed by radiative
decays) to inclusive P production at large transverse
momentum in hadronic collisions suggests that the possi-
ble role of D-wave production be examined as well. The
radiative decay rates for many D-wave states which ulti-
mately yield an n S, state (which is then observable via
its clean dimuon decay) are thought to be large so that
any produced D state would contribute a significant frac-
tion of the time to the observed inclusive g signal.

One would naively expect that D-wave production will
be suppressed relative to S-state production by factors
such as iRn'(0)i /(iRs(0)i M )=2X10 for both cc
and bb quarkonia (where Rs ~ ~ are the quarkonium radi-
al wave functions and we use potential-model predictions
for the various values of the wave functions and their
derivatives at the origin ). Similar arguments, however,
would suggest that P-wave production would be
suppressed by a factor such as ~R~(0)~ /[ Rs(0)~ M ]
=8 X 10 while in hadronic collisions it is, in fact, the
major source of inclusive 1''s due to a different produc-
tion process. So, large numerical coefficients or different
kinematic structures can enhance these effects as evi-
denced in the case of the g contribution to inclusive t)'j

production mentioned above. For example, in the calcu-
lation of Belanger and Moxhay, ' relatively large numeri-
cal coefficients were found for the DJ~ggg decay rates.
Such a calculation is not, however, directly generalizable
to the calculation of the cross section for gg~ DJg as
the decay rate calculation made use of soft-photon
theorems and needed to consider only a subset of the
relevant amplitudes to obtain the most divergent pieces.
A full calculation of this cross section (and the ampli-
tudes for other processes involving D states as well)
would benefit from a covariant formulaton.

%'ith these motivating factors, in this article we de-
scribe a covariant formulation for annihilation and pro-
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duction amplitudes for quarkonium D states in the nonre-
lativistic potential-model formalism. We describe the
formalism in Sec. II and then apply it to some previously
uncalculated processes in Sec. III and briefly state our
conclusions and discuss possible further applications.

II. FORMALISM

A =u(f, s)6u(f, s),
where f,f and s, s are the particle and antiparticle mo-
menta and spins and 8 is the relevant Dirac operator.
The amplitude for a bound pair can then be described in
a nonrelativistic approximation by

' I/2
1

(2)k v , s 0 ,s
dk

(2~) ~

where

f +f=P =(M, O), f f=2k =(0,2—k),

We begin by briefly reviewing the quarkonium annihi-
lation formulation of Kuhn, Kaplan, and Safiani and
then extend it to D states. We write the amplitude for
the annihilation interaction of a free fermion-antifermion
pair as

g v(f, s )Gu(f, s)( —,', s; —,', s lS, Sz )
$$

1 1

QEf-+m QEf +m

1+yo
X Tr ( m —f )6(f+m ) — IIss22 "z

with

&oo= —rs &I,s, = —~(s ) ~

Then, following Ref. 2, we expand 3 in powers of k/m
to the desired order, which in the case of D waves is
second order in k. We find the result

Tr[$60k'(P'+M)IIss ]
1 1

M2 2 z

+Tr[I 6,k, k]+(/+M)IIss ]

+ Tr[k GPkp(8+M)IIss ]
2 a 2 p z

where go, gi, g&p are the zeroth, first, and second deriva-
tives of 0 with respect to k, respectively (with k =0).

For the orbital part, the integral of the k k& over d k
[the analog of Eq. (6) of KKS] is then given by

and

$$
where4

1/2
1 I ~ kakpQ~™(k)=be' p',

(2m )

1/2

M and m are the masses of the bound state and quark, re-
spectively, and we work in the rest frame of the bound
state described by the momentum-space wave function

p,—,(&).
In Eq. (2) we may consider spin-singlet and -triplet

states. This leads to appropriate sums on s and s which
can be expressed in terms of traces as

b= 1 15
V'm 8m.

P"(0),

and e' &' is the spin-2 polarization tensor.
For the S =0 case where J=I.=2, we directly associ-

ate e'&' with e'&' while for the spin-triplet case where
J= 1,2, or 3, using explicit Clebsch-Gordan coe%cients,
we find the following results for the three cases.

e'p'e (21,mSzl1 jz) = —
—,', [(g PP /M )ep —+(gp PpP /M )e ——

—,'(g p PPp/M )e ]-,
L

(10)

where e is the usual spin-one polarization vector satisfy-
ing e P =0. gaP 0 Pep=0, (12)

J=2:
(m) ( Z)

e p e &21'mSzl2Jz &= —(e e p 'P'g

+ e prr erapcr'P g

and where the sum over polarizations is given by the fa-
miliar expression

2

e,b(m)e„* (m)= ,'(P,„Pby+P,yPb ) ,—'P,b&,y, ——

where

where e & is the symmetric spin-2 polarization tensor
which satisfies

P Pb
+ab gab +

M
(14)
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Finally, J=3:

e'&'e (21;mszl3Jz ~ =e I (15)

Iz "(o)I'

Iz, (0) I'M" (24)

g ~e
&

=0, P e I3
=0. (16)

where e & is the completely symmetric spin-3 polariza-
tion tensor which satisfies Mp=

z
(25)

3
(1) & (2)

abc™xyz™ 6 +abc;xyz ]g + ba; cyzx
m = 3

where

+abc; xyz Pax Pby Pcz +Pax Pbz Pcy +Pay Pbx Pcz

+P, Pb, P,„+P„PbP, +P„Pb P,

(17)

(18)

This required sum over polarization states is given by
(see, e.g., Ref. 24)

r(z' 's, +y)
r(zo + —

)

==C V (1— ),
I (Z —S, +y)
r(zo + —

)

=
r=C 2 (1— ),

(26)

(27)

(We assume a common quarkonium mass for S-, P , a-nd

D wave -states for simplicity. ) The rates for the normaliz-
ing processes (see Ref. 11) Z ~ 'So +y and Z ~ Si +y
are given by

and

n.",', „„=.P.b P„P„,+P.,P„P.,+P.,P,.P„
+P„Pb,P +P„Pb P„+P„Pb P,
+Pb, P„P +Pb, P, P„+Pb,P, P, . (19)

Finally, for decays to color-neutral Anal states, the ap-
propriate color factor in Eq. (7) is simply &3 (as in Ref.
2). We have used this formalism to check the decay rates
for D, —+e+e and 'D2 —+gg (yy) against existing re-
sults' and find agreement.

and

(1 41eg IS111 egr )

1+(1—4sin Oii )

1

1+( 1 —4 sin 8 ii, )

24«g I &s(o) I'

M

(28)

(29)

(30)

III. APPLICATIONS

I (Z ~'D2+y) =808,r(z' 's, +y)
r(z ~ Di+y) 2R(1+67p+123p +9p )

I (Z ~ S, +y) (1+p)(1—p)

(20)

(21)

VVe can now make use of this formalism to evaluate
some previously uncalculated decay rates and cross sec-
tions involving D-wave quarkonium states. The two-
body decay rates of the Z to quarkonium states plus
photon have been calculated some time ago for S- and P-
wave states" and we can now extend their results to the
case of D waves. Final-state quarkonium states with any
quantum number are allowed as the process can go via ei-
ther the vector or axial-vector Z coupling. The calcula-
tions were performed using symbolic manipulation pro-
grams, with considerable savings in computer time ob-
tained by using various symmetry properties of the am-
plitudes. The results are mostly easily quoted as ratios to
the relevant S-wave decay rates and we find

2

I (Z ~p p )= ~z GF~z [1+(1—4sin 8„,) ] .2 2

12m 2 2

(31)

Although it is seen that in some cases there are large
coef5cients enhancing the rates compared to S-wave pro-
duction, given the ratios of the D-to-S-state wave func-
tions at the origin quoted above, the branching ratios are
too small to be experimentally interesting. It is interest-
ing to note that the D, and D2 states, which may be
reached from the spin-1 Z resonance without centrifugal
barrier in the radiative transitions, have a 1 —p enhance-
ment factor in the denominator. [The same enhancement
factor is present in all of the Z ~ Pz+y (J =0, 1,2) de-
cay rates as these can all be realized with no relative an-
gular momentum in the final state. ] Still, the smallness of
p for the known quarkonium states means that this is not
a numerically big effect.

Another application is the calculation of the partonic
level cross section for the process qg~q 'D2 which we
can once again compare to the relevant S-wave expres-
sion (in Ref. 4) to find

do (qg~q D2) (qg~q So)=80R .do 1

dt dt
I (Z ~ D~+y)
I(Z ~ S, +y)
I (Z ~ D3+y)
I"(Z ~ S, +y)

M (27+25p+202p +16p3)
2(1+p)(1 —p)

16' (3+2p)
1+p (23)

(32)

The similarity with Eq. (20) is easily explained as both
processes involve the same expressions for the 'D2~yy*
and 'So~@@* couplings, in one case with the y
representing the real Z while in the other the virtual t-
channel gluon. The cross sections for the related reac-



2160 L. BERGSTROM, H. GROTCH, AND R. W. ROBINETT 43

tions qq~g 'Dz (or the related e+e ~y 'D2) are easily
related by crossing (as in Ref. 4).

To conclude, we have set up a general covariant for-
malism, well suited for calculations using computer alge-
bra, for the coupling of D-wave quarkonium states. We
have applied this formalism to the previously uncalculat-
ed processes of D-wave radiative production in Z de-
cays.

At least two other areas of interest suggest themselves
as applications of this formalism. As mentioned above,
the possible contributions of D-wave states to inclusive
high-pr g and Y production in hadronic collisions via the
subprocesses gg ~g DJ should be calculated. The
predominance of P-wave contributions to such processes
is understood as being due to the diA'erent production
mechanisms for p states (t-channel gluon-exchange dia-
grams) and the presence of the three-gluon coupling. DJ
production would be more similar to S& processes in this
regard, albeit suppressed by wave function factors but
once again the presence of large coefticients must be
checked explicitly. In addition, if D-state production in
hadronic collisions is only comparable to S-wave contri-

butions, and hence much smaller than P-wave contribu-
tions, then it could still play an important role in in-
clusive g production in ep collisions where the dominant
process is assumed to be yg —+g S& and P states do not
contribute (except via the gluon structure of the photon
at higher order. ) Finally, predictions of exclusive char-
monium production in proton-antiproton collisions
(pP ~D state) following standard methods (see, e.g. , Ref.
26) would be very useful for confrontation with future
data. It is this case, in which there are no competing S-
or P-wave contributions, which will likely be the most
relevant as the D-wave formalism gives all the relevant
information. Both of these projects are computationally
more extensive than the processes presented here and are
currently under study.
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