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Properties of P-wave mesons with one heavy quark
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We present the results of a quark model study of L= 1 mesons with one heavy quark. We give the
masses of these states as predicted by the relativized quark model and the decay properties as calcu-
lated using both the pseudoscalar emission model and the Aux-tube-breaking model. We examine
the idealized limit of one infinitely massive quark and one light quark and discuss our results in this
context as a guide to what can be learned from the study of these states. We find that, even for B
mesons, the tensor interactions play an important role in the spectroscopy and the m& ~ ~ has not
yet been reached. We conclude that further experimental study of the decay properties of the D)„
mesons is important to the understanding of the P~-'P, mixing mechanism.

I. INTRODUCTION

Quark models have achieved considerable success in
describing hadron properties, and although it is becom-
ing increasingly clear that the quark model is a reason-
able approximation to QCD in the hadron sector, it is
always useful to test models in new situations. One such
laboratory is the study of mesons which contain one
heavy quark such as the charmed and beauty mesons. '

These systems are especially interesting because, as point-
ed out by De Rujula, Georgi, and Glashow, as the heavy
quark's mass increases, its motion decreases, and so the
meson's properties will increasingly be governed by the
dynamics of the light quark and will approach a universal
limit. As such, these states become the hydrogen atoms
of hadron physics. For the P-wave mesons the light
quark's spin couples with the orbital angular momentum,
resulting in two degenerate j =—', states, the 2+ and 1+

states, and two degenerate j =
—,
' states, the 0+ and the

other 1+ state. With the observation of excited charmed
mesons by the ARGUS, CLEO, and Fermilab E691
(Ref. 7) Collaborations, and the prospect of observing
more such states, further study of these states is timely.
In this paper we discuss the properties of the P-wave

mesons with one heavy quark. ' Our goal is to present
the results of a specific model as a guide to interpreting
experimental data and to discuss the physics that can be
learned from the study of these states.

The model on which the mass predictions are based is a
relativized version of the usual quark potential model
which includes one-gluon exchange with a running cou-
pling constant and a linear confining potential. ' '" The
main features of the model are its use of relativistic kine-
matics and of momentum-dependent and nonlocal in-
teractions. With only a few free parameters, the model
leads to a reasonable description of all known mesons' '"
and baryons. ' The model has also been subjected to an
extensive test of its ability to predict weak, electromag-

netic, and strong couplings of mesons. The strong decay
analysis was originally performed using an elementary
pseudoscalar emission model, ' but has more recently
been extended with the use of a QCD-motivated fiux-
tube-breaking decay model. ' The latter, more funda-
mental approach allows us to predict decay rates to all
possible Okubo-Zweig-Iizuka- (OZI-) rule-allowed final
states in terms of just one parameter. In view of the suc-
cess of these models in describing known meson proper-
ties, we believe that they provide a reasonable description
of meson structure.

We begin in Sec. II with a brief description of the rela-
tivized quark model and its predictions for meson masses
and Pi-'P

j mixing. In Sec. III we study the decay prop-
erties of these states first using the pseudoscalar emission
model and then the fIux-tube-breaking decay model to
compare the results and gauge the accuracy of our pre-
dictions. In Sec. IV we turn to a simplified analysis of the
P-wave mesons to help interpret our results and comment
on what the study of P-wave mesons will teach us about
the nature of the interquark potential. We relate our re-
sults to experimental observations in Sec. V and summa-
rize our main conclusions in Sec. VI.

II. MASS PREDICTIONS

To include relativistic effects, Ref. 10 did not carry out
a relativization from first principles, but rather construct-
ed a quark potential motivated by the expected relativis-
tic properties. Mesons were approximated by the qq sec-
tor of Fock space, in effect, integrating out the degrees of
freedom below some distance scale p '. This resulted in
an efI'ective potential V(p, r), whose dynamics are
governed by a Lorentz-vector one-gluon-exchange in-
teraction at short distances and a Lorentz-scalar linear
confining interaction. The basic equation of the model is
the rest-frame Schrodinger-type equation

43 1679 1991 The American Physical Society



1680 STEPHEN GODFREY AND RICHARD KOKOSKI 43
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its color-magnetic piece arising from one-gluon exchange;
and

and V (p, r) is the quark-antiquark potential, which is,
qq

because of relativistic effects, momentum dependent in
addition to being coordinate dependent: p=p& = —

p2 is
the center-of-mass momentum and r becomes the normal
spatial coordinate in the nonrelativistic limit.

V (p, r) was found by equating the scattering ampli-
qq

tude of free quarks, using a scattering kernel with the
desired Dirac structure, with the effects between bound
quarks inside a hadron. ' To first order in (v/c), this
reduces to the standard nonrelativistic result:

(pr)V(r) —Hconf+Hcon&+Hten+HSO
qq qq qq qq qq

where

the Thomas precession term. In these formulas,
(F F ) = —~ for a meson and a, (r) is the running cou-

q

pling constant of QCD. To relativize the qq potential,
the full Dirac scattering amplitude was used as a starting
point from which (1) the coordinate r was smeared over
the distances of the order of the inverse quark mass by
convoluting the potential with a Gaussian form factor,
and (2) factors of m, ' were replaced with, roughly
speaking, factors of (p +m; )

' . The details of this re
latiuization procedure and the method of solution can be
found in Ref. 10.

For the case of a quark and antiquark of unequal mass,
charge-conjugation parity is no longer a good quantum
number, and so the P, and 'P& states can mix via the
spin-orbit interaction or some other mechanism. Conse-
quently, the physical j=1 states are linear combinations
of P, and 'P„which we describe by the mixing

Q„„='P, cosO+ P, sinO,

Q„; „=—'P, sinO+ P, cosO .

The Hamiltonian problem was solved in Ref. 10 using
the following parameters: The slope of the linear
confining potential is 0.18 GeV, m„=md=0. 22 GeV,
m, =0.419 GeV, m, = 1.628 GeV, and m& =4.977 GeV.
The masses of the lowest-lying L=O and 1 su, cu, cs, bu,
bs and bc mesons and the P, -'P, mixings are given in
Table I. Some of these mesons where omitted in Ref. 10
for brevity.

III. DECAY PROPERTIES

While the mass predictions are one measure of a
model's success, meson decay properties are a more sensi-
tive test of their internal structure. To this end we exam-
ine meson decays using two different models and compare
the results as an indication of their reliability.

In calculating the P-wave meson decays, we find that
OZI-rule-allowed decays can be described by two in-
dependent amplitudes; S and D waves, which we label S

TABLE I. Masses and the P&-'P& mixing angles due to the spin-orbit interaction of Eq. (7) of the
1.=1 mesons with one heavy quark. The masses are given in GeV.

State

3p

Qhigh

Qi.
'po
Sl

1S
3p
1p

0

SQ

(z)
1.43
1.37
1.35
1.24
0.90
0.47
1.37
1.35

5o

CQ

(D)

2.50
2.47
2.46
2.40
2.04
1.88
2.47
2.46
—26

CS

(D, )

2.59
2.56
2.55
2.48
2.13
1.98
2.55
2.55
—38'

bu

(&)

5.80
5.78
5.78
5.76
5.37
5 ~ 31
5.78
5.78
—31'

bs

(&, )

5.88
5.86
5.86
5.83
5.45
5.39
5.86
5.86
—40'

bc
(&, )

6.77
6.75
6.74
6.71
6.34
6.27
6.74
6.75
68'
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and D. For the physical j=1 states, since they are linear
combinations of the P, and 'P1 states, the decay ampli-
tudes for Q&, and Qh;sh, using the conventions of Eq.
(10), are given by or

Ag(Q) ~ St vr) ~ sin(g+ go)S,

A~~(Q&, ~ S,tr) icos(9+Ho)D,

Ag( Qh;sh ~ S
&

vr ) ~ cos( 8+ Ho )S,
Ag ( Q„;sh ~ S,~ ) ~ —sin( 0+ Ho )D,

(1 la)

(1 lb)

(1 lc)

(11d)
FIG. 1. Approximating meson decay amplitudes with the

single-quark transition of the pseudoscalar emission model.

where singo=&1/3 and cosHo=&2/3, and so Ho—-35.3'
and the subscripts S and D refer to S- and D-wave decays.

In the next two subsections, we will briefIy describe
how the S and D amplitudes are obtained from the pseu-
doscalar emission and the Aux-tube-breaking models, and
present our results.

A. Decays by pseudoscalal-meson emission

and F(q ) by

F(q )=exp mQ

mQ+m

2

q

4pg

r '2

D=~,
mg+m p pg

q
277

1/2

F(q ),

where AQ is given by

Ig+—
2 Pl +IQ (13)

In this approach meson decay proceeds through a
single-quark transition via the emission of a pseudoscalar
meson as depicted in Fig. 1. ' Since these amplitudes are
approximations to a pair-creation amplitude, one must be
careful to only include distinct pair-creation processes.
We assume that the pair creation of u, d, and s quarks is
approximately SU(3) symmetric. The amplitudes for
pseudoscalar emission are given in Ref. 10, which, follow-
ing Ref. 10, we apply by using the harmonic-oscillator
wave functions of SU(6) rather than our full wave func-
tions. This allows us to calculate the amplitudes analyti-
cally to reveal the intrinsic relations between them. The
eFect of this simplification is discussed in the context of
the Aux-tube-breaking model. The resulting amplitudes
are given in terms of either the "structure-independent"
D-type amplitude'

or the "structure-dependent" S-type amplitude
' 1/2

F(q ),S=S q
2~

(14)

where SQ is given by
r

SQ= 3A— m& q2

p m +mg p2g
(15)

which has additional polynomial momentum depen-
dences which are sensitive to the structure of the states.
In these formulas, q is the momentum of the final-state
mesons in the rest frame of the initial meson. Rather
than calculating these various reduced amplitudes in
terms of g and h, we follow Ref. 10 and use the fitted
values AQ ——2=1.67 and SQ ——S=3.27, where 2 and S
are the I =m limits. The harmonic-oscillator parame-Q
ter p is fitted to be 0.40 GeV as in Ref. 10, while the p&
are fitted such that the rms momenta of the harmonic-
oscillator wave functions agree with values given by the
relativized wave functions of Ref. 10. These are given in
Table II. In Table III we give the amplitude formulas
along with the numerical values for the partial widths.
Note that 8,* widths are not included since they are not
OZI-rule allowed. They could decay via B,*~8,*~~,

TABLE II. Meson eff'ective p values in GeV. The e+ectiue p of a state is defined to be the p of the
corresponding harmonic-oscillator wave function which reproduces that state's rms momentum.

State

's,
Sl

3p
3p

3p

su
(&)

0.71
0.48
0.39
0.45
0.45
0.50

cu
(D)

0.66
0.54
0.45
0.50
0.50
0.54

cs
(D, )

0.71
0.59
0.48
0.52
0.52
0.57

bu

(&)

0.63
0.57
0.49
0.53
0.52
0.56

bs

(&, )

0.69
0.63
0.52
0.56
0.57
0.59

bc
(&, )

1.01
0.89
0.67
0.71
0.70
0.76
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where the m's come from the hadronization of the emit-
ted gluons; however, this is beyond the scope of the
present analysis.

B. Decays by Aux-tube breaking

The Aux-tube-breaking decay model is a variation of
the quark-pair-creation (QPC) model' which more close-
ly describes the actual decay processes. In the quark-
pair-creation model, the elementary process is described
by the creation of a qq pair with the quantum numbers of
the vacuum. J =0++, in the final state. The initial
quark and antiquark are treated as spectators, and so
their momentum and spin remain unchanged. This ap-

proach results in amplitudes with all three hadrons parti-
cipating in the decay treated on an equal footing. The
greatest advantage of this approach is that it requires
only one overall normalization constant for the pair-
creation process, unlike the pseudoscalar emission model
which requires many parameters. Because this model
provides an accurate description of observed decays with
only this one parameter, it allows us to put a high degree
of confidence in its predictions. In the fIux-tube-breaking
model, the flux-tube-like structure of the decaying meson
and its implications for the quark-pair-creation ampli-
tudes are taken into account by viewing a meson decay as
occurring via the breaking of the Aux tube with the
simultaneous creation of a quark-antiquark pair. To in-

TABLE III. Decay amplitudes and widths of L=1 mesons with one heavy quark. The amplitudes S and D are defined in the text.
Our notation A ~[BC]r denotes the relative angular momentum I. of B and C. yo is fitted to the decay p —+en and is found to be
yo=0.39 for the case of equal P's and go=0.78 for the case of effective P's. The values of the constituent quark masses used in this
table are m~ =0.3 GeV, m, =0.5 GeV, m, = 1.7 GeV, and m& =5.0 GeV. For the pseudoscalar emission model, we used the average
fl's: p„=0.50 GeV, fl„=0.53 GeV, pb, =0.53 GeV, and 13b, =0.55 GeV. The decays Qb, ~B*Is are slightly below threshold. We
give the reduced amplitudes at threshold for these decays so that, if the decays are observed, one could use the correct phase space to
obtain the predicted widths.

Decay
Amplitude

formula

Pseudoscalar
emission model

L +1/2

(GeV ) (MeV)

Equal fJs
L + 1/2

(GeV )

r
(MeV)

I
(Mev)

Flux-tube model
Effective /3's
L + I/2

—"t/'3/10D
—+1/15D
&1/30D
&1/2 cos( 0+ Op)S—&1/2 sin(0+ Op)D
&1/2 sin( 0+ Op)S
&1/2 cos(0+ Op)D
—+1/2S
+2/5D
&4/15D
—+1/15D
—&2/3 cos(0+ Op)S
++2/3 sin(0+ Op)D
—~2/3 sin(0+ Op)S
—V 2/3 cos(0+ Op)D
&2/3S
—v'1/6S
—+3/10D
—&1/5D
V 1/2 cos(0+ Op)S
—&1/2 sin(0+ Op)D
v'1/2 sin(0+ Op)S
&1/2 cos(0+ Op)D—&1/2S
v'2/5D
&4/15D
—&2/3 cos(0+ Op)S
++2/3 sin(0+ Op)D
—v'2/3 sin( 0+ Op)S
—+2/3 cos(0+ Op)D
v'2/3S

D,' D'~
D,' D~
D2 Dq
Q,H [D*~]s
Q,H ~ [D*rr]D
Q,z [D*~]s
Q,z [D *rr]D
Dp ~Dn
D,2 ~D*K
D,2 ~DK
D,*,

Q. H [D*&]s
Q-H [D *&]D
Q„z [D*&]s
Qssz ~ [D K]D

QbH ~ [B n]s
QbH ~ [B ~]D
Qbz ~ [B ~]s
Qbz~[B ~]D
Bp ~B
B*~B*K
B,2 ~BE
Qb, H [B*&]s
QbsH ~ [B +]D

Qb ,z [B*&]s.
Qb, z ~[B*K]D
B,p —+BR

—1.39
—1.03

0.49
0.82

—0.28
0.13
1.82

—0.80
1.50
1.13

—0.61
—1.05
—0.10

0.053
—2.01

1.02

—1.44
—1.13

0.82
—0.14

0.06
1.90

—0.81
1.73
1.35

—1.06
—0.18

0.088
—2.20

1.04

19
44
0.25

250
0.53
6.0

20
290

1.0
20
0.26

140
-0
0.31
0.05

310

19
23

250
0.15
1.2

25
270

0.07
2.6

170

—1.29
—0.91

0.52
0.86

—0.26
0.14
1.69

—0.61
1.79
1.27

—0.74
—1.53
—0.12

0.08
—2.4

0.95
Below Threshold

—1.34
—1.02

0.88
—0.13

0.07
1.77

—0.69
2.04
1.55

—1.6
—0.19

0.12
—2.5

1.21

17
35
0.27

270
0.48
6.7

17
170

1.4
26
0.38

300
-0
0.64
0.07

270

17
19

290
0.13
1.6

22
200

0.08
3.3

220

—1.18
—0.90

0.38
1.73

—0.22
0.27
1.42

—1.49
1.56
0.99

—0.48
—2.60
—0.10

0.13
1.90
1.83

—1.16
—0.85

1.84
—0.09

0.14
1.43

—1.58
1.59
1.17

—2.7
—0.12

0.20
—1.7

2.05

14
23
0.14

1100
0.34

26
12

990
1.0

15
0.16

860
-0

1.82
0.04

990

13
14

1300
0.07
7.3

14
1000

0.05
1.9

630



43 PROPERTIES OF P WAVE MESONS WITH ONE HEAVY QUARK 1683

corporate this into the QPC model, the pair creation am-
plitude y is allowed to vary in space so that the qq pair is
produced within the confines of a flux-tube-like region
surrounding the initial quark and antiquark. The details
of the model are described in Ref. 13.

The amplitudes are evaluated here for the limit in
which y is constant, which was shown to correspond to
the usual Po model. This was done since it was found in
Ref. 13 that the flux-tube-breaking model gives results
which are very similar to the naive quark-pair-creation
model, and this limit has the advantage that analytic ex-
pressions can be obtained when harmonic-oscillator wave
functions are used. In this limit the S and D amplitudes

are given in Ref. 13, which we reproduce here for con-
venience:

2

S =+12 1 — (1—
g &)(I+/ &) F &(q )3

(16)

and
1/2

D = — (I+/ g)(1 —
g g)F g(q )3,3

4 p2

where

8y,vr'" p
9P1/2 P

q2 P [Pc(1+5 g) +P~+b, gP~IF (q )=expqa q
2P2 P2 P2

3/2 & /2 — — 1 /2
p& q M~MC

p&pc

(18)

(19)

p 2 —1 (p 2+p 2+p 2) (20)

4a =,p2
l —6 g

pg
(21)

and

I —Mg
6'0 I +~ (22)

C. Comments on decay analysis

The mock-meson masses M; are the calculated masses of
the mesons in the spin-independent potential.

In evaluating Eqs. (16) and (17) to calculate the widths,
we employed several variations to test the sensitivity of
our results: We varied the mass of the heavy quark and
found that the results were rather insensitive to wide
variations of the heavy-quark mass. We compared our
results for the 1imit of constant y to those of the fu11
flux-tube model and found very similar results. Likewise,
the results using the full wave functions of Ref. 10 gave
similar results to those using the effective P's of Table II.
The widest variation was in going from using a constant
p=0.4 to using the effective p's. Since all other varia-
tions more or less fall within these two extremes, we
present only those results in Table III.

procedure, and so until the masses have been measured,
we also show in Table III reduced amplitudes which have
the q

+ ' factor factored out. There remains some
momentum dependence in these amplitudes because of
the recoil factor, but the remaining sensitivity to changes
in phase space is rather small in comparison to the
q

+ ' factor.
Given the "reduced" amplitudes, we find that the D-

type amplitudes are relatively insensitive to the model,
justifying their label of "structure independent. " The S-
type amplitudes are another story. We find that there is a
reasonable agreement between the pseudoscalar emission
model and Ilux-tube model for equal p's. However, when
we use the "effective" p's which reAect more accurately
the internal structure of the mesons, there is a large
change in the amplitudes. As a result, we make no claims
on the quantitative precision of the S-wave widths, but do
stress that they will be large.

The final comment is simply to emphasize that, for the
j= 1 mesons, the partial widths are sensitive to the P, -

'P& mixing angle. Consequently, the decay widths for
these states can vary significantly with small changes in
the mixing angle.

We first note that the decay results are, of course, very
sensitive to phase space —the partial widths are propor-
tional to q +', where L is the relative angular momen-
tum of the final-state mesons. In order to reduce the sys-
tematic error in calculating the kinematic factors, we
have in all cases used the predicted masses of the Qq
mesons, the rationale being that it is most likely that all
masses are shifted a similar amount and the diff'erence in
masses are likely to be less sensitive to the model than the
absolute masses. Clearly, this is not a totally adequate

IV. DISCUSSION OF RESULTS

Our purpose in presenting these results is twofold: so
that they may be used as a guide by experimentalists in
interpreting their results, and to relate hadron properties
to the underlying theory via an effective interquark in-
teraction. ' ' With this in mind, we analyze our results
in terms of an effective interquark potential. We start by
rewriting the nonrelativistic spin-dependent potential in a
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form more suitable to our present discussion and inter-
pret it as an effective interaction. We then examine the
expected meson properties in the limit m&~ ~, which
we use as a benchmark to interpret our predictions. The
purpose of this exercise is to assist us in relating the ex-

perimental results to the underlying theory as they be-
come available.

We begin by rewriting the spin-orbit Hamiltonian [Eqs.
(7)—(9)] in a form more transparent for our present
analysis:

4 +s S L 1 4 +s
so 4r3 mmg 4 3 r3

1 12+ 2
SL+

m m&

1 1
S L

mq mg

Hso S.L+Hso S .L

=H(oS .L+HsoSg. L, (23)

where S=S +S&, S =S —S&, and the definitions of H)z and HPo follow from Eq. (23). With this Hamiltonian, we
obtain the following mass formulas for the P-wave mesons:

M( P~) =MD+ —,'(H„„,) —
—,', (H„„)+ (Hso ), (24a)

M( P, )

M('P, )

M, + ,'(a,.„,)-+-,'(a„„)—(a,+, )
—&Z(a; )

—&Z(a;, )

M, —
—,'(a,.„,)

3p
1

1p
].

(24b)

M( Po)=MO+ —,'(H„„,) —(H„„)—2(aso ), (24c)

where the (H, ) are the expectation values of the spatial parts of the various terms, MD is the center of mass of the mul-
tiplet, and we have adopted a phase convention corresponding to the order of coupling L X S& X S .

To put our model's results into context, we start by
studying the limit where m&~ ~ in which the mass for-
mulas simplify to

M('P, )=M, +(H& ),
M('P, ) Mo —(H(o ) —&2(H)o ) 'P,
M('P, ) —&2(H)o ) Mo

(25a)

1p
1

M( P )=oM 02(H(o) .
(25b)
(25c)

One first notes that in this limit, for (H(o ) positive, the
P, state starts out with lower mass than the 'P, state,

and so after mixing the lower state will be predominantly
P, . Using the definition of Eq. (10), we find that

sin0=v'2/3 and cos0=v'1/3, resulting in the masses
Mi,„=M0—2(H(o ) and M„; „=Mo+ (H(o ). For the
case of (H(o ) negative the level ordering of the P2 and
Po invert [i.e., M( Po) )M( P2)] and the P, state

starts out with higher mass than the 'P& state, and so
after mixing the lower state is predominantly P

&
. Here

sin0= —&1/3 and cos0=i/2/3 with Mi,
=MD+ (H)o ) and Mh; h =Ma —2(H/o ). Thus, for
both cases, in the m& —+~ limit, the state degenerate
with the P2 will be mainly 'P, and the state degenerate
with the Po will be mainly P&.

To actually measure the P, -'P, mixing angle and
learn more about the interquark potential, we turn to the
decays. From Eq. (11) the widths are given by

I (Q„„~S,~) ~ [S sin (0+00)+D cos (0+00)],
(26a)

1 (Q„; „~S,vr) ~ [S cos (0+00)+D sin (0+00)],
(26b)

so that in the limit m& ~ ~ we find that for both positive
and negative (H), ) the state degenerate with the Po is
purely S wave and the state degenerate with the P2 is
purely D wave. Thus, by measuring the angular distribu-
tion of the decay products, one can obtain an estimate of
the P, -'P, mixing angle and hence the sign and magni-
tude of the mixing amplitude which can be related to that
of the spin-orbit part of the potential.

Of course, the physical situation will be more compli-
cated, and so with this in mind, we analyze the predic-
tions of our model as an exercise in extracting the
egectiue spin-dependent potentials for the different meson
families. As a first step, we neglect the off-diagonal mix-
ing term and study the unmixed P] and 'P] masses.
Solving for (H; ), we obtain the values quoted in Table
IV. One finds, at least in our model, that the contact and
tensor terms are not negligible for any Aavor family of
mesons. In fact, not even for the 8 mesons does the P j-
'P& inversion occur. This may seem unexpected, but re-
call that, in the relativized model, the quark masses in the
spin-dependent potentials are replaced by roughly (E )
=(mz+ (p ) )' =+2m~ since, for light-quark systems,

m~ = (p ) =A&CD, the only available scale in @CD.
Thus the effect of increasing the quark mass is not nearly
as big as expected from the nonrelativistic quark model.
In general, one does note that the contact and tensor
terms decrease in magnitude as the quark masses in-
crease; the one exception is going from bu ~bs —+bc.
This small deviation from the general pattern is explained
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ation values of the spin-dependent effective potentials for L= 1 mesons with un-TABLE IV. Expectation va ues o e spi
l of Ref. 10. The first row gives the values of theequal mass quarks as predicted by the relativized model o e . . e rs

reduced mass p of t e ~q pair inh ~
'

the mesons. All values are given in MeV.

State

p
Mo

&0,.„, )
&H,', )
&a„„)

su
(K)

188
1378

33
47
56

cu
(D)

255
2474

20
26
27

cs
(D, )

386
2564

15
27
28

bu

(&)

283
2786

8
10
11

bs

(&, )

454
5864

7
11
12

1270
6752

4
17
14

b the fact that, with a larger reduced mass, the wave
function will become more compact, increasing the value
of & r ). A final comment regards the noninversion of
the P, -

&
pair.P - 'P air. For this to occur requires that

'H +—H ), which only occurs for the bc system,ten cont
~ ~ ~

demonstrating a i anth t
' f and when such multiplet inversion

ofoccurs will give us some insight into the importance o
relativistic effects in hadron spectroscopy.

We now proceed to include the P
&

- 'P
&

mixing term.
From Eq. (8) we see that Hso is comprised of two terms,
the first of which is identical to H«„. Subtracting & H«„
from &Hso ), we find that the second term of &Hso ) is
close to zero, implying that the linear, Lorentz sca ar,
part of the potential and the Coulomb, Lorentz vector,
part of the potential are similar in importance.

To see the effect of the mixing amplitude on the mixing
angle and therefore on the decay amplitudes, we show in
F' 2 the mixing angle as a function of the mixing amp i-ig. e

3 1tude We start with the unmixed P, - P
&

cu states and
lot the mixing angle as we vary the off-diagonal term in

the mass matrix. Since the mixing angle is most sensitive
to values of the mixing amplitude near zero, a measure-
ment of the mixing angle could provide information
about the relative importance of the Coulomlomb and linear
pieces of the potential. To show the sensitivity of the
widths to the P, and 'P, mixing amplitudes and mixing
angles, in Fig. 3(a) we plot the partial widths as a func-

300
(a)

200 =—

U

100-
U

L
U

CL
0—0.050 —0.025

~ ~ ~

s s ~

0.000

A (M eV)
0.025 0.050

tion of the mixing amplitude and in Fig. 3(b) we plot the
artial widths as a function of the mixing angle. With

the mixing angles predicted by the relativized quark mod-
el, tne ig -massh h h- states decay predominantly into an S

F r the low-mass states, the S-wave partia wiwave. or e
is suppresse, ud but since the S-wave amplitude is so

m litudelarger than the D-wave amplitude, the S-wave amp i u e
still dominates. This pattern is opposite to what we ob-

t e s in-orbitand 'P
&

states are nearly degenerate and t e sp'

mixing amp i u e is1't d
'

so small the correct physics may not

300

50 (b)
200-

25

—25

—50—0.050 —0.025
1 ~ I

0.000 0.025

A (M eV)
0.050

FIG. 2. P ] - P
&

mixing angle vs the mixing amplitude.

U
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U

U
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0 ——-'
—45 —30 —1 5
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t
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(deg)
30 45

FIG. 3. J= 1 cq partial decay widths vs (a) the P
&

- P, mixing
amplitude and t e(b) h 'P -'P mixing angle. For both cases, the

ne Q S-wave width, the dashed line is t e Q„;s
D wave width, the dot-dashed lin-e is the Q„„S-wave wi t, an
the dot-dot-dashed line is the Q„„Dwave-ave width.
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be determined by spin-orbit mixing at all, but by some
other mechanism such as the efFects of couplings to com-
mon decay channels. ' '

To summarize, we find that (at least in the relativized
quark model) that the tensor and contact terms are still
not negligible for the states we have studied so that the
I&~ ~ limit does not appear to be applicable for the D-
and B-type mesons. The higher-mass J= 1 state is mainly
P& and the lower-mass J=1 state is mainly 'P, . Howev-

er, the relative widths of the upper and lower J=1 states
are sensitive to the P, -'P, mixing angle, providing a
means of gauging the sign and magnitude of the mixing
amplitude and therefore the relative importance of the
linear and Coulomb terms, or perhaps giving an indica-
tion that another mechanism contributes to the P, -'P,
mixing.

V. COMMENTS ON THE OBSERVED D * MESONS

Before concluding, we comment briefly on the observed
D'* mesons. %e summarize the observed states with
their multiplet assignments in Table V. The evidence for
the J assignments comes from the decay distribution
measurements by ARGUS (Ref. 5) and CLEO, which
find that the state at 2.42 GeV decays essentially isotropi-
cally, while the state at 2.46 GeV is consistent with
J =2+. In addition, for the ratio I (D*(2.46)~Der)/
1 (D *(2.46) —+D *sr ) CLEO obtains 2.3+0.8 and
ARGUS 3.0+1.1+1.5, which are consistent with the
theoretical prediction of -2 for the J =2+ state. On
the other hand, CLEO finds the limit
1 (D*(2.42) Drr)/1 (D*(2.42) D*rr) (0.24 at 90%
C.L., which is inconsistent with the 2 prediction. Final-
ly, the Do cannot decay to D*w by angular momentum
and parity considerations. Although our predicted
masses are slightly higher than the observed masses, the
D**-D* splittings are consistent within the experimental
and theoretical uncertainties.

The predicted widths for Pz are also consistent with
the observed D*(2.46) widths within the uncertainties.
For the mixing angles predicted by the relativized quark
model, the width of D*(2.42) is consistent with the lower
J= 1 state, although the decay analysis indicates that the
decay is S wave rather than the predicted D wave for this
state. However, we have previously pointed out that the

decay widths are very sensitive to the mixing angle and
hence the mixing amplitude. The situation is further
complicated because the J=1 states are close enough to-
gether that they overlap and interfere. Mixing has likely
caused one of the states to become narrow while the oth-
er has broadened, making it more difficult to observe. In
any case, if we ignore this latter complication, from Fig.
3, if the observed state is the upper one, we would con-
clude that the P, - P, mixing angle is positive, while if it
is the lower state, the mixing angle is negative. It would
be extremely useful to the understanding of these states
and their mixings if more precise measurements of the
decay distributions could be made so that the S- and D-
wave contributions could be extracted from the total
width. An additional test would be the observation of the
decay D

&
~ PD~~D ~~. Since this decay is below

threshold, it could only proceed because of its width,
which would indicate a large component of the broad S
wave. Clearly, further study of these states will add to
our understanding of hadron structure.

Up to now we have restricted our comments to the ob-
served charmed P-wave mesons. However, the CERN
e+e collider LEP running at &s =mz will produce
beauty mesons copiously. If the b quarks fragment in
similar proportions as c quarks at lower energies, it may
be possible to study B**P-wave mesons in the near fu-
ture. ' In addition, the Collider Detector at Fermilab
(CDF) Collaboration has been successful in reconstruct-
ing B mesons at the Tevatron pp collider, and so it may
be possible for them to also reconstruct B'* mesons.
Studying B**will add to our understanding of the inter-
quark interactions a little closer to the I&—+ ~ limit.

VI. SUMMARY AND CONCLUSIONS

In this paper we have presented the masses of L = 1

mesons with one heavy quark as predicted by a relativ-
ized quark model and the decay amplitudes as predicted
by the pseudoscalar emission and Aux-tube-breaking
models. Based on these models, we found that (H„„,),
(Hso ), and (H„„) all contribute to the masses of these
states and cannot a priori be neglected if we are to under-
stand the properties of the P-wave mesons. Thus, deter-

TABLE V. Summary of the observed D * meson properties.

ARGUS (Ref. 5) CLEO (Ref. 6) E691 (Ref. 7)

D,*-D+~-
D,' ~D'~+
DI ~D*+~
D D g(j +

D g+~o

Mass
(MeV)

2455+3+5
2469+4+6

2419+6
2415+7+5

2535.9+0.9+2

Width
(MeV)

15—&0 —&o
+ 13+5

14+5+8
41 +22

20+8+15
& 4.6'

Mass
(MeV)

2461+3+1

2428+3+2

2535.6+0.7+0.4

Width
(MeV)

20 I2 —io
+9 +9

23+8+ 10

& 5.44'

Mass
(MeV)

2459+3+8

2428+8+5
2443+7+5

Width
(MeV)

21+' +15

58+4+ 10
41+19+8

'90% C.L.
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mining the level ordering of the states by measuring the
masses and quantum numbers is important. Given the
masses of these states, the decay properties, especially
those of the j=1 states, will give further information
about the sign and strength of the Pi- P& mixing ampli-
tude to which the spin-orbit piece of the Hamiltonian
contributes, which in turn could give information on the
range of the Lorentz-vector piece of the potential or
point to decay channel couplings as the mixing mecha-
nism. The implications of this latter mechanism is
presently under study. Taken as a whole, the study of
P-wave mesons will (I) give us information about the rela-
tive strength of the linear and Coulomb pieces of the po-
tential and (2) give us information about the relative
strengths of the contact, tensor, and spin-orbit pieces of
the Hamiltonian, which will help us gauge the impor-
tance of relativistic efFects in hadrons. As such, the study

of 1.=1 n;esons will add to our understanding of the na-
ture of confinement and help refine the quark model.
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