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We treat fluctuating pion fields around a rotating Skyrmion by means of Dirac’s quantization
method. The rotational collective motion of the Skyrmion is described by collective coordinates,
and conventional gauge-fixing conditions are imposed. Taking into account all the relevant terms at
the tree level appearing in the Hamiltonian, we show that pion-nucleon scattering amplitudes exhib-
it the P-wave Born amplitudes attributed to the Yukawa coupling of order 1/ FC, which is consistent
with the prediction of chiral symmetry such as the Adler-Weisberger relation. This resolves the
difficulty that the Skyrme model predicts a wrong N, dependence for the coupling of order N, 3/2,

I. INTRODUCTION

Recently, much attention has been attracted to the
Skyrme model' of the nucleon since Witten? conjectured
that baryons may appear as topological solitons in the
large-N, limit of QCD. The Skyrme model is essentially
a nonlinear ¢ model of pions supplemented by the
Skyrme term to stabilize solitons (Skyrmions), which is
considered to be an effective Lagrangian of QCD at low
energies. Static properties of the nucleon have been
shown to be reproduced within about 30% in the model.
It has been further shown®* that the pion-nucleon
scattering at higher partial waves is also well described in
the model. The description, however, failed at lower par-
tial waves such as S, P, and D waves. It was particularly
disappointing to see that there appear no Born ampli-
tudes in the P wave necessary to reproduce the A-isobar
resonance, but a zero-energy pole term appears instead.
These seem serious because the model is based on chiral
symmetry and possesses the A isobar as the rotational ex-
citation, and thus is expected to yield a good description
of low-energy phenomena in the pion-nucleon system.

One of the main defects is known to be no appearance
of linear pion coupling to the Skyrmion,® because the ex-
istence of stable soliton solutions means no linear cou-
pling of fluctuating fields. However, zero modes appear,
as is well known, because of the breaking of symmetries
such as rotational and translational degrees of freedom.
In a quantized case, linear coupling may not disappear
completely, because there is mismatching of the rotating
Skyrmion field with the equation of motion. Following a
quantization procedure to eliminate zero modes properly,
we can obtain a linear coupling term, but such a surviv-
ing coupling term®’ could not be of leading order in the
1/N, expansion, where N, is the number of colors. It is
actually of order N, %/ (Ref. 6) or N, 12 (Ref. 7) de-
pending on gauge-fixing conditions. This N, scaling is
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higher by 1/N? or 1/N, than that of the #NN pseu-
dovector coupling constant expected from the quark
model and current algebra.® This discrepancy is serious
and is called the Yukawa-coupling problem.

Recently, the amplitudes for a meson scattering off a
soliton have been investigated by Uehara’ in the case of
(14 1)-dimensional scalar-meson theory. There, it was
found that the 1/N? amplitudes calculated from a two-
meson vertex, the zero-mode pole terms of order N2, and
the Born amplitudes calculated from the above surviving
Yukawa-coupling term add up to the correct Born ampli-
tudes with the Yukawa-coupling term of order V/N..
This work was limited to the static case, but was recently
relaxed to the moving soliton case by including the am-
plitudes of order N, ! by the present authors.!® This
finding is remarkable, because this shows that, although
the linear meson coupling term is of order N, 3/? under
conventional gauge-fixing conditions, the correct Born
amplitudes are obtained by including all the relevant
terms at the tree level.

In this paper we discuss the quantization of the fluc-
tuating fields around the Skyrmion: The rotational in-
variance is properly taken into account by introducing
the collective coordinates, and the Dirac quantization
method'! is utilized to remove the zero modes. The
translational motion of the Skyrmion is not treated in this
paper. In a way parallel to the case of (1+ 1)-dimensional
scalar-meson field theory,'® we make use of the reduction
formula to calculate the pion-nucleon scattering ampli-
tudes. In Sec. IT we show how to introduce the fluctuat-
ing fields around the Skyrmion and the constraint condi-
tions imposed on the fluctuating fields to eliminate the
zero modes. Further, the Hamiltonian and Dirac com-
mutation relations are presented. Here the canonical mo-
menta are properly symmetrized by following the
prescription of Tomboulis.!? In this way we obtain linear
and quadratic coupling terms of pions. In Sec. III we
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derive the reduction formula to calculate the pion-
nucleon scattering amplitudes. We retain the equal-
time-commutator term, which remains only when the
source functions depend on the canonical momenta.
There appear such source functions in nonlinear field
theories with solitons when collective quantization
methods are applied. In Sec. IV we calculate the various
source functions relevant in the tree approximation. In
Sec. V we calculate the elastic-scattering amplitudes of
the pion-nucleon system and show that the amplitudes
agree with those resulting from the classical pion-nucleon
form factor of order N!/2. Conclusions and discussions
are given in Sec. VL.

II. QUANTIZATION OF FLUCTUATION FIELDS
AROUND THE SKYRMION

The Skyrme Lagrangian is given by

L=1£2Tr(d,U U+ 32‘ ~Tr{[(3,0)U",(3,0)UN )
e

+1f2m2Tr(U+UT—2), 2.1)

where U is an SU(2) matrix of the chiral field, f, the pion
decay constant, e the coupling constant of the Skyrme
term which is necessary to stabilize the soliton solution,
and m_ the pion mass. The static soliton solution is
given by the hedgehog ansatz U,=exp[iF (r)7-X], where
F(r) is the chiral angle. To remove the invariance under
the global rotation U— AU A T, we consider A4 as time-
dependent collective coordinates, where 4 is an SU(2)
matrix. By quantizing these degrees of freedom, we de-
scribe the nucleon and the A isobar as the rotational exci-
tations of the Skyrmion.

We now represent the fluctuation around the nucleon
as chiral perturbation'® with U=UT,AU0ATU,,, where
U, is given by exp(iT-@/2f ) with the fluctuating fields
@.(x,2). Substituting this form into the Lagrangian in
Eqg. (2.1), we obtain

A . .
=Ew§ + fd3x[%cpa(x,t)Kab(xm)b(x,t)
+¢,(x,1)P ¢ (x)w, ]

—My—1 [ d°x 9, (x,0Q,,0,(x,1) 2.2)
where M, is the static mass of the Skyrmion, A the mo-
ment of inertia, and the w,’s the angular velocities. We
used the summation convention for repeated indices.
Here we have neglected the terms higher than the second
powers of the fluctuating fields. Denoting the adjoint ma-
trix by

R,=iTr(A'r,47), (2.3)

we obtain the time derivative of the matrix as follows:

R, =€, 0,Ry; . (2.4)

ai

Here we used the convention that a,b,c, ... denote the
isospin indices, and i, j,k, . . . those of the spin in the lab-
oratory frame or the isospin in the soliton-fixed frame. In
Eq. (2.2) K,, is a metric, not involving the fluctuating
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fields, and (1, involves second-order differential opera-
tors for the spatial variables. Further, &>;; denotes the
coupling between the fluctuation and rotation. Here we
have used the fact that in the 1/N_. expansion the
lowest-order term of the coupling is described by the time
component of the axial-vector current 43=2f ®%w,
with

D (x)=K,.(x)P5(x) , (2.5)
where ®f is the zero-mode solution given by

O =(iL, )", (2.6a)
with

¢2(x)=f_ R, X;tanF , (2.6b)

and (iL,)*=¢,.
The canonical momenta conjugate to the Euler angles
and to the fluctuating fields are given by

_ oL

— 3, - dH b
I, 5o, =ho, + [d ¢,(x,n®L(x) , (2.7a)
ﬁa:_GF =K, 0, +P 0, . (2.7b)
3¢,

Note that the I,’s are the angular momenta in the body-
fixed frame, which are identified with the isospin opera-
tors with the negative sign. The operators in the labora-
tory frame defined as J;, =R I, are the spin of the Skyr-
mion. However, the momenta in Egs. (2.7) are not in-

dependent and are constrained by the relations
v, =I,— [ dx ®L(x)m,(x,0)=0. (2.8)

We can see that the above constraints are first-class ones.

Then we impose the gauge-fixing conditions
Xo= [ d*x ®5(x)p,(x,0)=0 . 2.9)

The Poisson brackets between the i and y conditions are

{VarsXp}p=A84 —Egp » (2.10)
where Z,, is given by

Ew= [d £,(x)p(x,1), 2.11)
with

w=—"{,®5}p . (2.12)

It can be easily seen that the antisymmetric part of =,
vanishes because of the constraint conditions in Eq. (2.9):
namely,

b~ Epe=— [ d% ®Ux)g,u(x,1)=0,

[1]

(2.13)

where a, b, and ¢ are cyclic. We can therefore write
E.p = E(4p) With the definition

[1]

(ar=3(Zap TEp) - (2.14)

We now decompose the momentum 7, in the form

#a:ﬁ'a—f‘%& eI, , (2.15)
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where the first term 7, is transverse to and the second is H=I,0,+ f Toy—L
longitudinal to the rotational collective motions. With
this decomposition the ¥ conditions turns out to be =M,+1 f (7 (K™D + 0, Q0 @p ] - (2.18)
b= f d’x ©f(x)7y(x,1)=0 . (2.16)  Following Tomboulis,'? we symmetrize 7, as follows:
In this procedure the canonical momentum I, is modified 7 =%, + _}1:&) SA, I,
as
1 = 1y ¥ ¥ ~
N Tt —[PUA L. +T.(A™1), D¢, (2.19)
Ia: 1_*):5 Ib ] 2.17) T, 2)\'[ b betc c be b]
ab where A=1—E/A. Substituting this into the Hamiltoni-
The Hamiltonian is written as an [Eq. (2.18)], we find
1 _ ~ _ ~
H=M0+?):{(A 1)1117’Ib}+{(A 1)ac’Ic}+_'_I{meson-’—11qc 4 (220)
where
Hmeson:%f[ﬁ-a(Kgl)abﬁ-b+(paQab¢b] > (221)
1 _ - = 1\ = 1 _ S i = _ -
qc:H [#a(K 1)ab,[Id’(/\ l)cdq)f]]_*—g—kz_f[(l\ l)bc[q)Z,Ic](K l)adq)g’{(A l)ef’If}+]
1 - o - = = _
-me Dy [T, ® ¢ 1K [T, @ 2UA Y, (2.22)

H . involve double commutators or the second multiple of single commutators. Hence these are of O (#?) and are thus
at the two-loop level. We shall ignore these in the following, because we want to calculate everything in the tree ap-
proximation. Noting A to involve the fluctuating fields, we may expand the collective part of the Hamiltonian in Eq.
(2.20) in powers of = as follows:

L ny 7 o 1 o
g)_:{(A 1)ab’Iab}Jr{(A l)ac’Ic}+:—I(21+w{Iab’{:ab’Ib}+}+

=H  +H,+H,+ ", (2.23)

rot
where the first term denotes the rotational energy of the Skyrmion, the second one gives rise to the Yukawa coupling
which is linear in the fluctuating fields, and the third one gives seagull terms. Note that H,, is of order N !, H, order
N3/, H, order N, 2, because the moment of inertia A is of order N, and Z order N}’?. These N, dependences are ob-
tained by noting that f_ and the inverse of the coupling constant of the Skyrme term, 1/e, are of order N, 172 The N,
dependence of the meson part H ., is of order N2. It should be noted that we have obtained the Yukawa-coupling
term by the quantization procedure, but it is only of order N, 3’2 in contrast with the expected term of order N/} /%

Having obtained the Hamiltonian, we proceed now to quantize the system. It is well known that the constraint con-
ditions in Eqs. (2.9) and (2.16) modify the Poisson brackets as the Dirac brackets'! defined by

(£8)3= 108}t 3 USX p (B8 o= (i) p X8 )0 .24

where the brackets without the asterisks denote the naive ones. We assume that the naive Poisson brackets are given by
{an(x’t)’ﬁ-b(Y’t)}P :aabs(x_y) ’
{Ta’ib }P = _eabcjc’

{Ta’Rbk }P: _eabcRck ’

others=0 .

(2.25)

These lead to the Dirac brackets
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{(p,,(x,t),‘f*rb(y,t)}}i=80b8(x-—y)~%@g(x)fﬁf(y) ,

{@a(X,0), @, (y, )} p= {7, (x,0), 7, (y, 1)} =

(T, 0. (x, 0} 5=~ DUx)Z,, ,

>

(T, 7o (x,0} 3= P LX), ,

>

1 _
{Ia’Ib I;= _EabcIc—x(:acebc——eac:bc) ’
{Taerk }7’ = —eabcRck ’

{‘»va(x’t)’Rbk};z {ﬁa(x’t)»Rbk};:{Rak’Rbllr’:O

where we have defined

0, = [ d*x £ (x)7(x,0) 2.27)
with
Eop=—{1,,P5}p (2.28)

In quantum theory commutators are given by Dirac
brackets as follows:

[f.gl=i{f.g}p

In the following we calculate pion-nucleon scattering
amplitudes using reduction formulas within the plane-
wave approximation. In this approximation we may
neglect the tensor part of the metric K,;, in H.,: The
explicit form of K, is given by

zRai(fSij +g5c\,fj )ij )

(2.29)

K, =K2+KX (2.30)

where f and g are functions of the radial coordinate. We

then write the meson part of the Hamiltonian as follows:
Hpeson =H Oon T H1L)

meson meson

=1 [ (70 Kp Vas s+ 0aQap @ )

+1 [ 7K D —(Kp D), . 23D

We consider that it is necessary to improve on the plane-
wave approximation if we take into account H{l. .
Such an attempt will be considered i m a future work.

In the approximation to neglect H'l) it is convenient

to redefine the fluctuating fields by

V@ (x,0)—>@,(x,1) , (2.32a)
1 ~
ﬁﬂa(x’”—’ﬂ'a(xat) . (2.32b)
In this definition we can write
D=L =(iL, ¢, (2.33)

(2.26a)
(2.26b)
(2.26¢)
(2.26d)
(2.26¢)
(2.26f)
(2.26g)
[
Ux)=VF ¢i(x)
1 sin?F | |'”
—_ : 2 o
=f,sinF 1+e2ffr F“+ 2 R, X; ,
(2.34)
and §j, =&5,. Furthermore, we see that the commuta-
tion relatlons in Egs. (2.26) are not altered. Finally,
defining
1 1
——Q—==—-V4+mi+ .35
V77 Vitmi+V, (2.35)

we find that the Hamiltonian does not depend on K2 ex-
plicitly.

III. REDUCTION FORMULA

We want to write the S matrix for scattering of pions
off the nucleon through the reduction formula for the
fluctuating fields alone in the same way as in the (1+1)
scalar-meson theory.!°

We first define the in and out fields for the pions:
Pn(x,1)= (aih e % "4 H.c.)

d3k———~
= [dk (@, fi(x,n+H.c.), 3.1)

and similarly for the out fields. a{"/°" (a"/°"'") is the an-
nihilation (creation) operator, which satisfies

8(k—k')8,, .

[ai(n/out ai:l/ouﬂ'] (3.2)
We write the initial state for the pion with the momen-
tum k onto the baryon state B as

|B,ka in)=ai" |B)

=—i [d® fi(x,080¢"(x,1)|B) . (3.3)

A similar formula is applied to the final state.
Prepared with the above, we now write the S matrix as
follows:
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Sy =(N"k'b out|N,ka in) (3.4) In deriving the above single-reduction formula, we have
3 assumed that the fluctuating fields are the interpolating
=8, +i [dx dt £, (x,0(N",k'b out|J,(x,0|N) , fields
(3.5) .
. . li (x,0)=¢"(x,1) ,
where J, is the source function defined by poam POE e 5.7)
ut :
az lim @,(x,0)=@"(x,?) .
To= |37 —Vi+m?2 |, T
The same procedure can be applied to the out state to
=D, . (3.6)  obtain the double-reduction formula
J
Sﬁ:6ﬁ+i2fd3x’dt'fd3x dt fi(x, ) f 5 (x',t N'|D' T, (x',t'),(x,0)]IN) , (3.8)

where the prime on ) means the variables are x’,¢’, and 7T is the time-ordered product. Carrying out the time deriva-
tives on the time-ordered product, we finally obtain

Sf,.=8f,.+i2fd3x'dt'fd3x dt fro(X, ) f 5 (X, ' N |{ —iwp8(t'— )@y (x',1'), T, (x,)]+8(t' — )y (X', 1), T 5 (%,2)]

+T[J,(x',t" ), (x,0)]}|IN) . | 3.9

Here, to obtain the first term of the equal-time commutators, integration by parts was used. This term vanishes usually,
but not in such a nonlinear field theory as the present one. The scattering amplitude is defined as

1

,=8 ,-+27Ti5(8 —Ei) H —
4 4 4 \/(277')32wj

ji=if

Ty, (3.10)

[
where €, » denotes the sum of the energies of the baryon the terms higher than N, ? contribute only to loop

and meson in the initial or final states. corrections in the scattering amplitudes, because they in-
volve more than the second power of the fluctuating
IV. SOURCE FUNCTIONS fields. We therefore ignore them in the following.

. ) , The zeroth-order term J.* is given as
We will calculate scattering amplitudes by means of

the reduction formula derived in the previous section. JO=—1H L?eson, [H©O mesom‘Pa 1N+ (=V2+m?)e,
For this purpose we need time derivatives of the fluctuat-
ing fields in obtaining the source functions J,’s. These = Vs » (4.3)

are calculated by means of the commutators with the

Hamiltonian; for example, where ¥y, is defined in Eq (2.33).

The term of order N~ !is written as

. =i[H,,], 4.1)
.. J; [Hix?e)son’[Hrot"pa]]_[Hrot’[H(O)son?‘»va]]
where H is given by Egs. (2.20) and (2.23). i
Noting that the Hamiltonian was expanded in powers = ——7{Tb,®§6( b)) + - (4.4)
of N, /2, we can also expand the source function in the A
same way: Here the parentheses in the subscript of © mean sym-

J,=JO 4Dy g3 4 gL p @y g2y . 4.2 metrization in the same way as in Eq. (2.14).

a e ¢ ¢ ¢ ¢ ‘ “2) The Yukawa-coupling term H; in the Hamiltonian
where J{"’s mean that they are of order N, ". Note that  gives the next-order term
|

J$3/2)=—[Hl,[Hir?Qson’(Pa]]—[Hﬁgésom[Hn%]]

1 ar(T1 c T
Ic’{Id’gdc} ] Z)F(Dc[{ld’iz(de)’le}+}+

4x2 [
=2{O ey {Ewep L} +} + —2{T45 { E (e Oter} + ) +
— T4, {Oer Eeer} +} + — {Etaer {Oaep L} + 1 + 1 » 4.5)

where

36 =B e} p= [ dx £4,(x)0Ux) , 4.6)
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with the naive Poisson brackets. It can be seen that the symmetrized ={,;,, vanishes, because =, is antisymmetric in the

subscripts as €,,.. The other terms within the square brackets are of the second power of the fluctuating fields and give
rise to only loop corrections to the reduction formula in Eq. (3.9).

Finally, we calculate the source functions of order N, 2, denoted by J\¥, L{?, and K/? in Eq. (4.2). Each term is
written as follows. First, J\?) is defined by

JP=—[H,,[HO) o ®,]]

U e w0 o - o
:_W({ggbc’lc}+,{:bd’ld}+}++2{Ib’{IC’gdC:bd+:dc§bd}+}+)+"' R (4.7)

where the ellipsis represents terms of higher power of the fluctuating fields and gives loop corrections. Second, L% is
defined as

Lém: —[H meson> [H2,¢7“ 1]
=0 (¢*7) . (4.8)
One finds that this contributes to loop corrections only in the S matrix. Third, K/? is given by

K:(z2)= [ H ops [H o @4 1]

1 T T - T T — —_
TE (€opp o> {7y PE by} 4+ T+ ey {5 (Cec Epey T PEEL (pe))} 4 140+ o (4.9)
where Z| ., was defined as the naive Poisson brackets
E;,bcz{fe’EbC}P . (410)

The ellipsis in Eq. (4.9) represents, again, terms of higher power giving loop corrections.
Now the time derivative of ¢, is written as

=7, 5 T PeE o)+ + (4.11)

Here the first term, which is the conjugate momenta to the fluctuating fields, is of order NCO, and the second term is of
order N, ! and is linear in the fluctuating fields. The dots represent terms higher than or equal to the second power in
the fluctuating fields. Therefore, these will contribute to the equal-time commutators in Eq. (3.9) as only loop correc-
tions.

V. SCATTERING AMPLITUDES OF PIONS OFF THE SKYRMION

We have prepared all the machinery needed to calculate the scattering amplitudes of pions off the nucleon in terms of
the reduction formula in Sec. III.

A. Yukawa-coupling term

First, we calculate the contribution of the Yukawa-coupling term, which yields J!*/? in the source function, to the
scattering amplitudes. Using the single-reduction formula similar to Eq. (3.5), the S matrix of a one-meson state to a
Zero-meson state is written as

{B;0 out|N;ka in)=ifd3x dt £, (x,t){B|J3"P(x,1)|N )

2
=—2wi—_£_—6(EB—EN—mk) fd3x e (BT, (T, (x)} )4 IN), (5.1

1
\/(277)320),( 2A

where N and B denote the initial and final baryon states, respectively, and use has been made of Eq. (4.5). Making use
of (A2b) in the Appendix, one can rewrite the above as

2
(B;0 out|N;ka in>=2m~——_1:5<EB—EN—wk) L fd3x e™®*(B|[T>[T%4%x)]1IN),
\/(277)32a)k 22
it §(Ey— Ey—ay (Eg—Ex ) Bl 4(k;0)N) (5.2)

VvV (2m) 20,
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where E denotes the energy of the baryon state B described as Ez =M+ Iz(I,+1)/2A, with I its magnitude of the
isospin, and we have defined

$ik;0)= [dx e™**F%x) . (5.3)

Here 6 indicates the Euler-angle dependence of the function explicitly.
We now see that the time ordering of J3/?) in the reduction formula of Eq. (3.9) yields

[(Ep—ExN)N'|$ *(k’;0)|B) [(Ez —Ey)*{B|$%(k;0)|N )]

B —_
} % Eg—Ey—o;
[(Ez—EN)*N'|¢%k;0)|B)[(Eg—EyN){ Bl *(k';0)IN)]
-+ , (5.4)
Ey—Ey+w,

where k and k’ denote the momenta of the incident and outgoing pions, respectively, and N and N’ the initial and final
nucleon states, respectively. Here we consider the elastic scattering so that E,.=E). Note that the scattering ampli-
tude Bj is of order N °.

B. Equal-time-commutator term of ¢, with the source function J,

Second, let us consider the equal-time-commutator term of the fluctuating field with the source function, the first
term within the curly brackets in Eq. (3.9). We find, after some straightforward manipulation,

Loy (y,0),J,(x,8)]=[@,(y,1),J.V(x,1)]+higher-power terms , (5.5)

where higher-power terms mean that they are of the second or higher power of the fluctuating fields and therefore give
only loop corrections in the scattering matrix. From now on we use “higher-power terms” in this meaning. Note that
this equal-time commutator yields the term of order 1/N,. We find, for the right-hand side of Eq. (5.5),

[oply, ), J\V(x,8)]= #{Td,QZ(x)g(bdc,(y)}++higher-power terms , (5.6)

where use has been made of the vanishing property of the symmetrized 2, in Eq. (4.6).
Substituting Eq. (5.6) into the first term in the curly brackets in Eq. (3.9), we find the scattering amplitude of order
N.!, denoted as B, to be

133 ) o, .
Blz-—ik—gfd%fd{v e®xe T Y( B (T, ®%Ux)EL,(y)} 4 |B) . (5.7)
Using (A3Db), one can show that

{T;,® §(Cd, \ a1 ——[¢"(x [T%[T ¢ (y)]]]1+higher-power terms . (5.8)

Here the commutators in the right-hand side are given by the naive ones, since the differences with the Dirac brackets
yield terms of higher power of the fluctuating fields. We found in this case that the terms calculated from the constraint
conditions in the definition of the Dirac brackets give rise to no contributions at the tree levels. Considering this and
inserting the intermediate baryon states B, we find that B, in the tree approximation is

Bi=—0; 3 (Ep—EN)[{N'|¢2*(k’;0)|B)(B|§ %k;0)|N)—(N'|%(k;0)|B)Y{(B|g *(k';0)IN)] . (5.9)
B

C. Equal-time-commutator term of ¢, with the source function J,

Third, we calculate the equal-time-commutator term of the time derivative of the field with the source function in Eq.
(3.9). In the tree approximation, we find

[@s(y, 0,0, (x,0)1=[p 2 (y, ), T 0%, )]+ [ Oy, ), TP (x, )]+ [ 0y, 1), K P (x,1)]
+[¢ Py, 1),JV(x,1) ]+ higher-power terms , (5.10)

where ¢ ¥’ and ¢ (!’ denote the first and second terms in Eq. (4.11), respectively, and the superscripts mean they are of
order N0 and N, !, respectively. J\©, etc., on the right-hand side have been defined in Sec. IV. Note that the equal-
time commutators in Eq. (5.10) yield terms of order N2 and N2 in the tree approximation.

The term of order N? is calculated to be
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[ Oy, 0),JOx, )] =iV, (x) SbCS(x—y)—%CDZ(x)Q)g(y) . 5.11)

Substituting this into the reduction formula for the equal-time-commutator term, we find, for the scattering amplitude,

B0=—-fd3x e I TKxp(x)
—%fd3xfd3yeik"‘e_ik'"y(N'|<I>lc’(y)(—V2+mf,)<1)‘c‘(x)|N) , (5.12)

where we have used the fact that @ is the zero-mode solution. Now using (A3a), we finally find

By=—V(k'—k)—wi 3 (Ez —Ey)[{N'|$2*(k’;0)|B)(B|$ (k;0)|N ) +(N'|§ ¢(k;0)|B)(B|g °*(k’;0)IN)], (5.13)
B

where ¥ denotes the Fourier transform. Note that we have also ignored loop corrections. We can see that the first
term of Eq. (5.13) is the amplitude from the background scattering, and the second denotes the zero-mode pole terms as
can be seen later on.

Let us consider the second term in Eq. (5.10), which yields the amplitude of order N, 2: The equal-time commutator
is given by

[q')(bO)(y’t)’J:iZ)(x’t)]_ {{gce ]-H{gde(y) Id} } +2[je’{Ic’ggcd)(X)gse(y)+§f;cd)(y)§?ie(x)}+}+)' (5.14)

87\.3
Using (A5), we find that the terms inside the small parentheses on the right-hand side are written as

(- )=—2[FUNTALITAIT 46 2 NN+3T 5 5y LIT AT 341D, (5.15)

where the square brackets are again taken as the naive ones in the tree approximation. Substituting Egs. (5.14) and
(5.15) into the reduction formula in Eq. (3.9), and using the definition of the scattering amplitude in Eq. (3.10), we read
the amplitude of order N, % to be

B,=— S (Ez—Ey)’[{N'|§2*(k’;0)|BY{(Bl|§ 2k;0)|N)+(N'|2(k;0)|B){BI *(k’;6)|N)] . (5.16)
B

Let us now consider the third term in Eq. (5.10). Note that ®% and Z,, are rewritten as

=i[L,,62],

- + (5.17)
Zp=— [ L. [1,,4:1le. ,
provided that the brackets are taken as naive ones. We now derive
K= ——41x S @I T 6 40N [Tap $ 6911 4 1@ (y, )+ 0 (%) (5.18)
3

Then the amplitude calculated from the third term in Eq. (5.10) is proportional to the matrix element between the ini-
tial and final nucleon states of

(T2(1,,[T,6 T [T, 001} 1= LT [64, [T [T%2111] . (5.19)

This is apparently zero in elastic scattering. Ignored terms by taking naive commutators in the above yield loop correc-
tions. We can therefore discard the contributions from the third term in Eq. (5.10) in the elastic-scattering amplitudes
within the tree approximation.

Now let us consider the fourth term in Eq. (5.10). The relevant commutator is written, after some algebra, in lowest
order, as

. . 1 4 ¥ a = ¥ ~ F a ~ N
[(ngl)(y’t)"]é”(x’t)]NZW({Ic’{[Id>¢s(X)]’{Ic’[Id"ﬁ?(y)]}+}+}++{Ica{[Ic’¢s(x)]7{Id’[1d7¢f(y)]}+}+}+) s
(5.20)
where Egs. (5.17) were used, and the commutator of = and © was calculated as
[Zar Ot 1= 15 (BucBo +8usBeq) - (5.21)

We find that the term in Eq. (5.20) is of higher order by % than the other amplitudes. This is easily seen, for example,
by means of dimensional counting: The left-hand side of Eq. (5.20) has a dimension (mass)(length ™ 4) in the ¢ =1 unit,
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while the right-hand side has a dimension (mass®)(length3), so that the right-hand side has %! dependence. Let us
now consider the case of the amplitude in B,. The left-hand side of Eq. (5.14) has the same dimension as that of Eq.
(5.20), while the right-hand side of Eq. (5.14), obtained by substituting Eq. (5.15) into Eq. (5.14), has a dimension
(mass*)(length ~!). It means that we must multiply %~ > onto the right-hand side. We similarly find that the amplitudes
B;, By, and the second term of Eq. (5.13) have the same 7% dependence as B,. This confirms the above statement that
Eq. (5.20) is higher order by #*. Hence the contribution can be neglected as that at the two-loop level. This situation is
the same as that in (1+ 1) scalar-meson theory,'® where the isospin operators are replaced with the canonical momen-
tum conjugate to the coordinate of the center of the soliton.

D. Pion-nucleon scattering amplitudes

Summing up all the amplitudes calculated so far, we find

B=B,+B,+B,+B,

—— P —k)+
% Ep—Ey—oy

In Eq. (5.22) we have defined the classical source function
(—V2+m2)$4Ux)=J4x;0) .
Then & 9(k;0) is written as

$4Uk;0)=7T %k;0)/w? .

(N'|Tb*(k’;6)|B )Y{B|T %(k;0)|N ) N (N'|J %k;6)|B){B|T*(x’;0)|N)

5.22
Ep—Ey+o; ( )

(5.23)

(5.24)

where J ¢(k;0) is the Fourier transform of Jé(x). Note that the amplitudes in Eq. (5.22) are just the desired Born ampli-
tudes of order V'N,. If we note that (B'|R,;|B) is given by Ags(T,)p5(S;)pp with Ayy=—1, Aya=1/V2, and

Apa=— 1, J 4(k;0) is written as

157
G (k)

j?(k;e):l ZMN SB’B.k(Ta)B'B ,

(5.25)

where M is the nucleon mass and the B'B coupling form factor is given by

mfr-i-k2

Gpp k)= —8TMy [ App Tk

with E(r)=[1+(ef,) 2 F"*+sin’F /r*)]'/%. This ex-
pression of the wBB' coupling agrees with its classical
definition used by many authors'* except for the factor
E (r) in the integrand on the right-hand side. It should
be noted that this expression is not altered even if the
fluctuations around the Skyrmion are introduced as
U =CXp{iTa [RaiiiF(r)_’_(pa /f-;r]} .

Note that F(r)—(1+m _r)e " /2 at large distance.

From this we note that Gy, is finite at k>=—m2. The
pseudoscalar coupling constant g_yy is given by
Gyp.(k*=—m2) and does not depend on the explicit

form of E(r) so far as E(r)—1 as r goes to infinity.
Therefore, the coupling constant agrees with that of Ad-
kins, Nappi, and Witten.!> In the case of massless pions,
it satisfies the Goldberger-Treiman relation. Here we
mention that the second term of Eq. (5.13) denotes the
zero-mode pole terms; this can be seen using Eq. (5.24)
and noting that the source function J¢ is finite at
k’=—m 127

VI. CONCLUSION AND DISCUSSION

We have calculated the P-wave pion-nucleon scattering
amplitudes in the Skyrme model. To describe the rota-
tional invariance of the system, we have used the collec-

fowrzdrjl(kr)sinF(r)E(r) ,

(5.26)

[
tive coordinate method and applied the Dirac quantiza-
tion method to the fluctuating pion fields around the
Skyrmion, the rotational zero modes being eliminated.
To obtain the Hamiltonian we symmetrized the canonical
momenta of the fluctuating fields following the prescrip-
tion of Tomboulis.!> The elimination of the zero modes
induces a linear-coupling term of pions to the Skyrmion
of order N, 372,

In describing the elastic pion-nucleon scattering, the
reduction formula was used. The equal-time-commutator
terms in the reduction formula give the amplitudes of or-
der N, ! and N2 in the tree approximation. Here the
term of order N, ! is obtained from the commutator of
the fields with source functions. Such a term usually van-
ishes because source functions do not involve canonical
momenta, but it does not for the present case because of
the nonlinear field theory with solitons. Note that Tom-
boulis’ symmetrization prescription of the momenta in
deriving the Hamiltonian is essential in obtaining the par-
ticular form of the amplitudes of order N[ ? in Eq. (5.16).
The amplitudes of order N? are obtained from the back-
ground scattering potential, in which the zero-mode pole
terms are involved and are calculated from the equal-
time-commutator terms. Now, calculating the time-
ordering terms from the linear-coupling term of order
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N %? and adding the above equal-time-commutator
terms, we finally obtain the same amplitudes as the Born
amplitudes calculated from the 7NN coupling of
order V/'N,. It should be noted that the terms of order
N, do not appear because of the cancellation between the
direct and crossed amplitudes. Consequently, we find
that the soliton model is able to describe accurately the
P-wave Born terms in pion-nucleon scattering.

We have calculated the amplitudes within the tree ap-
proximation and also disregarded the #* terms which are
considered as those at two loop levels. It is noted that
the situation completely corresponds to the case of the
(1+1)-dimensional meson field theory developed in Ref.
10. Therefore, our result is not special to the Skyrme
model.

In deriving the expressions of pion-nucleon scattering
amplitudes, we have not taken into account H'1) . We
consider that this is appropriate in the plane-wave ap-
proximation for the scattered pion wave functions. If we
transform the fluctuating fields ¢, to V'K ,,@,, then we
find that B, in Eq. (5.13) is not altered within the plane-
wave approximation. However, the other amplitudes
change their expressions. The nondiagonal terms of K,
in H{!) . yield the effect of scattering to flip the isospin.
Therefore, we must take into account the effect of the dis-
tortions of the incident and outgoing waves. This is not
within the purpose of this paper.

We have not considered the translational invariance,
which is important in the complete description of the P-
wave pion-nucleon scattering. Because the zero modes
for the translation are written as the sum of the S- and
D-wave functions, the inclusion of the translational
modes gives a large effect on the S and D waves. Further-
more, the translational modes couple to the rotational
ones. The resulting Born amplitudes in the P wave are
expected to be written in the center-of-mass system as

(N'|T’*(k’;0)|B){BI|J *(k;0)|N )
Ep(p+k)—Eyn(p)—ay

B=3

(N'|T %k;60)|BY(B|T 2*(k’;0)|N)
Epg(p+k)—Ey(p)+ o, ’

(6.1)

where p is the momentum of the nucleon and
Ep(p)=p*/2My+15(I,+1)/2A.

We would like to emphasize that our treatment is
based on conventional gauge fixing, and that all the
relevant terms are included to give the Born amplitudes.
Other formalisms are considered to be possible such as
the nonrigid gauge theory’ and the nonconstraint ap-
proach.!'® Here we make a brief comment on these ap-
proaches within the context of the (1-+ 1)-dimensional
meson theory discussed in our previous papers”!° in or-
der to avoid complications owing to the internal degrees
of freedom.

Holzwarth!® has recently given the argument that the
desired P-wave Born amplitudes are obtained easily by ig-
noring the constraints to eliminate the redundant degrees
of freedom coming from the introduction of the collective

coordinates. His argument is as follows: The time
derivative part of the original Lagrangian is written as

1 [dx $2x,00=1 [ [$2(x —R)+2d(x —R)¥(x,1)

+xix,0)], (6.2)

where we have expanded the original field ¢(x,?) into the
sum of the soliton configuration ¢,(x —R) centered at
R (¢) and the fluctuating field x(x,¢) around it. If we put
simply

. ., o P

¢s(x —R)=—R¢;(x —R) with R= YR

s

(6.3)

where M, is the soliton mass and ¢;(x)=d @, (x)/dx, we
have, for Eq. (6.2),
P> P

M, M,

Jdx ¢i(x —R)yx(x,0)+1 [dx 32, (6.4)
where P is the canonical momentum of R. The interac-
tion Hamiltonian then becomes

H,=—Misfdx ¢ (x —R)¥(x,1) , (6.5)
which corresponds to the interaction Hamiltonian
H;= [d’x A§¢,/2f, in the Skyrme model with 4§ be-
ing the time component of the axial-vector current hav-
ing isospin index a. In Eq. (6.5), x is replaced by the lab-
oratory momentum field 7, conjugate to Y at leading or-
der in the expansion by 1/M,, where M, plays the same
role as N, in the Skyrme model. If we transform w7, into
the soliton intrinsic field 7 as m,(x,#)=m(x —R,?), then
H; is written as

1

H=———
! 2M,

P, [dx ¢y(x)m(x,0) |, (6.6)

+

where we put x —R by x after the symmetrization of P
and ¢;(x —R) is taken. This Hamiltonian of order
M;l/ 2 vanishes, if we put the constraint conditions
f 7d; =0 to eliminate the redundant degree of freedom
and the resultant interaction of order N, */? at most.
Nevertheless, if we take the plane-wave approximation
for x(x,t), we have fortunately the correct Born terms by
combining them with the zero-mode pole terms.

We think that the nonconstraint approach may
succeed or fail in obtaining a correct result depending on
each case, because the quantization algorithm is not con-
cretely formulated in this nonconstraint approach: If the
commutation relations between the fluctuation fields and
their canonical conjugate momenta are put equal to the
canonical ones, the existence of zero-mode states would
break the perturbation theory, and if one wants to elimi-
nate the zero-mode states, one is required to put ap-
propriate constraints on the collective coordinates and
fluctuation fields.

In the nonrigid gauge condition theory,” as well as in
the nonconstraint approach, the Yukawa interaction
Hamiltonian of order M,”!/2 is written by y field as Eq.
(6.5), but not by x. Therefore, the source function of

M, 172 relevant to the Yukawa interaction, defined as
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P {[H esons (Hp X601+ [Hp, [H pegon, X(%,0]1 =(1,,D], (Ala)

is written by terms such as x? and Y7 in the lowest power Dy . =[1,,Dpy... ] - (A1b)

of the fluctuating fields, in contrast to our corresponding

source function of order M, 3’2, where there appears a We then find

term not involving the fluctuating fields, as seen in the [I2,D]={I,,D,}. (A2a)

first term in Eq. (4.5). This means that we have to deal _

with the loop corrections from the first, when we want to  [1 %, [T %,D]] {I {Ty,Dpy )+ + (A2b)

construct the scattering amplitudes with them. This w9 1= =

would be related to the fact that we need the loop correc- (72,012 [1%D1]= {Tos {1y, (10> Dopa } 4+ 3 4} + - (A2c)

tion even for the calculation of a singe soliton energy.” If  We also find

this is the case, we might have no reason why we could _ _

discard other loop corrections. [D,[I°D]]=-2D,D, , (A3a)

APPENDIX [D,[T%[1%D]]=—2{I,,Dy(Dy,+Dy, )} , (A3b)
. . |. .

Here we derive several expressions used in Sec. V. For where we used the following 1den‘t1ty to derive (A3):
simplicity, we use the notations D =R, and D=R,;. A(B.C —(BI{AC +[[A.BI.C Ad
Further, we write the commutators of these with the iso- (4.{B,C} ]+ =18, [4,C 4 ] +([4,B].C] . (Ad)
spin operators as follows: We now want to show that

J
—4([D,[T%[T%[I%D]111+3[[I%D],[T%[1%D]1])
= {Ta’ {Tb’ﬁbcha +Eccha +50anc +ﬁcach } + } + + { {Ta7ﬁac } + {Tb?Dbc ] + } + - (AS)
We first find that
[Ey[TZr[TZ>[TZrD]]]]:_ { a’{Ib’ (Dbac+Dbca+cha)} } 2cha (A6)
Then, using relations such as
Doy =Dy Ti€peqDys >
~ ~ - ~ (A7)
DcDbm :Dchba +(Ddb _Dbd )Dda ’
we find
[ﬁ,[fz’[jz,[jz’D]]]]z—6{70,{T 5 }+} 4{T {Ib’(D Dbc)Dca}+}+
_z{ja {T (5 ﬁ )Dbc} } cbacha . (A8)
Similarly, we find
[[Tzrﬁ]’[jz’[jz’D]]]:_[{Ta’ﬁac}+v{Tb’Dbc}+}+ { {Ib’Dbc }+}++2{ {Tb’ﬁchba}+}+ . (A9)

Using (A8) and (A9), we finally obtain (AS5).
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