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Centrifugal force in Ernst spacetime
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We show that in Ernst spacetime, which represents the gravitational field of a mass embedded in
a magnetic field, the centrifugal force acting on a particle in circular orbit reverses its sign twice,
once very close to r =3m, and again later at a distance far away from the center, depending upon
the combined values of M and B, the mass and the strength of the magnetic field. The second rever-
sal means that beyond a certain distance, depending upon Bm, in Ernst geometry no Keplerian
motion is possible for a test particle.

with

—r d8 ]+(r sin 8/A )dP

A=(1+8 r sin 8),
m =MG/c B =B&G' /c

Recently it has been shown by Abramowicz and Pra-
sanna' (AP) that in static spacetimes the commonly un-
derstood "centrifugal force" reverses its sign across the
circular photon orbit (which for the Schwarzschild solu-
tion is at r =3m ) at which the geodesic curvature radius
tends to infinity. Following this, Abramowicz and Mill-
er pointed out that the earlier obtained result of Chan-
drasekhar and Miller, regarding the decrease of the
ellipticity of quasistationarily contracting relativistic
MacLaurin spheroids with a fixed mass and a total angu-
lar momentum for r & 5m, can also be explained through
this effect of centrifugal force reversal close to the black-
hole radius. Prasanna and Chakrabarti, ' using the no-
tion of optical reference geometry invoked by
Abramowicz, Carter, and Lasota (ACL) in Kerr space-
time, showed that the centrifugal and Coriolis forces re-
verse sign at several different locations. More recently
Abramowicz and Bicak, considering the effect in
Reissner-Nordstrom spacetime, showed that some of the
peculiar properties of the circular motion of charged ul-
trarelativistic particles close to the circular photon orbit
can be better understood through the centrifugal force re-
versal. Abramowicz has pointed out, through intuitive
arguments and gedanken experiment, how one can appre-
ciate this effect in a physically meaningful approach.

It is generally believed in the study of extended struc-
tures such as galaxies that the effects of general relativity
are unimportant and further while considering the
dynamical effects the role of the magnetic field is com-
pletely ignored. However, it may not be out of the way
to try and understand qualitatively the effects of general
relativity and of the weak magnetic field in the spacetime
structure of massive extended objects. The only exact
solution of Einstein's equations known to represent the
spacetime of a massive body M embedded in an otherwise
uniform magnetic field B& is due to Ernst and is given
by the metric

ds = —A [(1—2m/r)dt (1 2m lr) 'd—r—

r sinO Zm1—
W4 r

The circumferential radius r of the projected circular or-
bit in this three-space is

—I /2
r sin8

1
2mr= g A2

The geodesic curvature radius A, as given in AP [Eq.
(2.17)],

A=r/[g '"V, (r)V„(r)]'~

turns out in this case (for 8=sr/2) to be

(6)

A =rA/[(1 —3m /r) —38 r (1—5m /3r)] . (7)

It is simple to recognize that %—+ ~ exactly at the loca-
tions of the extrema of the effective potential for photons
in Ernst spacetime:

(1—2m Ir), (&)
r 2

l being the specific angular momentum. Unlike in
Schwarzschild spacetime where there is only one circular
photon orbit at r =3m, in this case we find that there can
be in principle two such orbits which change with
different values of Brn.

If 0 is the angular velocity of a particle as measured by
the stationary observer at infinity, then

l =Or = (1 —2m/r)Qr
W4

(9)

Now following the approach of ACL as described in
AP we introduce the optical reference geometry through
the 3+ 1 conformal splitting:

ds =4( dt —+dl ),
(2)

dl =g,"dx'dx J (i,j= 1, . . . , 3) .

We get thus

@=A (1—2m/r),

g„„=(1—2m /r)

goo=r (1 —2m/r)
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FIG. 1. The photon effective potential as a function of the ra-
dial distance from the central body depicting the maximum and
the minimum.

FIG. 2. The photon effective potential as a function of the ra-
dial distance from the central body depicting the maximum and
the minimum.

Using the definition of the "orbit speed" U, as in AP, one
gets the centrifugal force CF acting on the particle,

mpv mpl
—2 2

r'
r A (r —2m)

r l A (r ——2m)

3m
r

—B r 3—5m
I'

(10)

and the gravitational force GF.

G = —B4=—2A +2B r 1—m 2 3m
F r r 2 2p

It is important to notice that, as r )2m, GF remains neg-
ative irrespective of the value of B whereas CF changes
sign at the roots of the cubic:

f (R)= —3B m R +5B m R +R —3=0

(R =rim).
The discriminant 6 of this cubic is given by

B'm'
27

(13 500B m —12 168B m + 108)

(12)

(13)

and thus, depending upon the values of Bm, 6 is either
positive, zero, or negative. It is easy to see that for
Bm )0.095, 6 is either zero or positive and for
Bm &0.095, 6 is negative. Writing Bm in the c.g.s. units
one finds that

Bm =2 X 10 BzM, (14)

which shows that BI-M has to be extremely large for
Bm) 0.095 (in fact for Bm=0.01 and M =10' M&Br
has to be )2. 5 X 109 6), which is very unrealistic. Thus
for any reasonable combination of Bm it is in fact very
small and thus less than 0.095, ensuring that all the three
roots of the cubic are real. From Eq. (12) it is clear that

the cubic can have only two positive roots, the other be-
ing negative. Hence neglecting the negative root (r+0)
one finds that the "centrifugal force" changes sign at two
places —one very close to r =3m, and the other far away
depending upon Bm.

It is not dificult to understand this behavior of centri-
fugal force reversal at two locations if one looks at the
structure of the effective potential for photons as depicted
in Figs. 1 and 2. Figure 1 shows the curves for small
values of Bm wherein one can see the minimum of the po-
tential occurring for values & 0.1, and Fig. 2 for extreme-
ly small values of Bm, the minimum occurring very far
away. As explained by Abramowicz the centrifugal
force attracts particles towards the stable circular photon
orbit which occurs at the minimum of the effective poten-
tial. Just to illustrate we also give in Figs. 3 and 4 the lo-
cation of the roots of f (R) wherein again it is clear that
for Bm =0.095 there appears a double root and for values
less than that, two distinct positive roots.

It is clear that for spacetimes having combined gravita-
tional and magnetic fields there exist two extrema for the
photon effective potential: a maximum around 3m and a
minimum quite far away. As the centrifugal force reverses
sign at both these points, the Keplerian law of motion is
thus valid only for the region inbetween these two photon
orbits.

It may be argued that for large-scale astronomical
structures such as galaxies, the mass distributions would
be such that it may not be suitable to consider a
Schwarzschild-like solution for the field. However, the
location where the second reversal of centrifugal force
occurs is really far away and the field gradient at this dis-
tance is very, very small. As can be seen from the num-
bers associated with the V,rt (Fig. 2) after the minimum
the raise is extremely small and thus for practical pur-
poses one can assume it to be almost Aat. Though the
magnetic field energy density is much smaller compared
to the radiation and dust in the outer regions of a struc-
ture such as a galaxy, the overall qualitative effect of the
magnetic field in reversing the force direction may have
significant consequences.
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FIG. 3. The location of the roots of Eq. (12) for different
values of Bm.

FIG. 4. The location of the roots of Eq. (12) for different
values of Bm.
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